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Recover x from y is generally an ill-posed inverse problem.
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 Mix model- and data-driven methods in 
various ways: e.g.

Learn the regularizer.
Plug-and-Play.
Unrolling.
Deep equilibrium.
Learn other inference methods and/or 
generative priors.
etc.

An extremely active area, with extensive 
literature and reviews.
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Recovery guarantees of DIP when optimized with gradient descent in :

Observation space : convergence to zero-loss ) early stopping strategy.

Object space : restricted injectivity of the forward operator on ⌃.

General loss functions verifying the Kurdyka-Łojasewicz (KL) property : role of

the desingularizing function on the convergence rate.

NN design : role of overparametrization for the two-layer DIP setting.
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Our setting.
Main recovery guarantees.
Case of the two-layer DIP.
Numerical results.
Conclusion.
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<latexit sha1_base64="miRsC+G1g+yrh9b5mq9s3mg6wwA="></latexit>

Definition (KL inequality) A continuously differentiable function f : Rn ! R satisfies the KL inequality if there
exists r0 > 0 and a strictly increasing function  2 C0([0, r0[) \ C1(]0, r0[) with  (0) = 0 such that

 0(f(z)�min f) krf(z)k � 1, 8z 2 [min f < f < min f + r0].

We use the shorthand notation f 2 KŁ (r0) for a function satisfying this inequality.
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We use the shorthand notation f 2 KŁ (r0) for a function satisfying this inequality.

<latexit sha1_base64="ZCx3gs8E15Vpi2qggSLqBgyKOxs="></latexit>

KL is a gradient domination inequality.
KL expresses the fact that f is sharp under a reparameterization of its values :

kr( � (f �min f))(z)k � 1, 8z 2 [min f < f < min f + r0],

hence the name ”desingularizing function” for  .
Popular Łojasiewicz inequality :  (s) = cs↵ with ↵ 2 [0, 1].
KL inequality plays a fundamental role in several fields of applied mathematics among which optimization,
neural networks, PDE’s, to cite a few.
KL closely related to error bounds used to derive complexity bounds of descent-like algorithms.



ESI’24-

Globalized KL functions

14

<latexit sha1_base64="miRsC+G1g+yrh9b5mq9s3mg6wwA="></latexit>

Definition (KL inequality) A continuously differentiable function f : Rn ! R satisfies the KL inequality if there
exists r0 > 0 and a strictly increasing function  2 C0([0, r0[) \ C1(]0, r0[) with  (0) = 0 such that

 0(f(z)�min f) krf(z)k � 1, 8z 2 [min f < f < min f + r0].

We use the shorthand notation f 2 KŁ (r0) for a function satisfying this inequality.

<latexit sha1_base64="ZCx3gs8E15Vpi2qggSLqBgyKOxs="></latexit>

KL is a gradient domination inequality.
KL expresses the fact that f is sharp under a reparameterization of its values :

kr( � (f �min f))(z)k � 1, 8z 2 [min f < f < min f + r0],

hence the name ”desingularizing function” for  .
Popular Łojasiewicz inequality :  (s) = cs↵ with ↵ 2 [0, 1].
KL inequality plays a fundamental role in several fields of applied mathematics among which optimization,
neural networks, PDE’s, to cite a few.
KL closely related to error bounds used to derive complexity bounds of descent-like algorithms.

<latexit sha1_base64="UkFiDtmsZOIscmt3sBQP0dziUHo="></latexit>

Examples :
Convex functions with sufficient growth.
Uniformly convex functions.
Real semi-algebraic functions and more generally, definable functions are KL.
Most examples of losses in applications are KL : MSE, `p-loss, Kullback-Leibler divergence, cross-entropy,
etc.
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="bJiQ/F/zy9wuzzY1F7hf15Q01R4="></latexit>

min
✓✓✓2⇥

Ly(Ag(u,✓✓✓))
<latexit sha1_base64="gOMLPfcxfJkqZD1B/3NPRovFeWY="></latexit>

A 2 Rm⇥n
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✓̇✓✓(t) = �r✓✓✓Ly(Ag(u,✓✓✓(t)))

✓✓✓(0) = ✓✓✓0.
<latexit sha1_base64="vp/flPATp6THAhDoZn89z/Q2/oM="></latexit>

✓✓✓`+1 = ✓✓✓` � s`r✓✓✓Ly(Ag(u,✓✓✓`)).

GF

GD
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ISEHD
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WLOG minLy(·) = 0.

Ly(·) 2 C1(Rm) whose gradient is locally Lipschitz continuous.

Ly(·) 2 KŁ (Ly(y(0)) + ⌘) for some ⌘ > 0.

Assumptions on the loss
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� 2 C1(R) and 9B > 0 such that supx2R |�0(x)|  B and �0 is B-Lipschitz continuous.
Assumptions on the activation
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All claims rely on the fact for a good initial point, the whole 
trajectory remains in a ball around it.
Closely related to the Hartman–Grobman theorem: 

local behaviour of an autonomous dynamical system in the 
neighbourhood of a hyperbolic equilibrium point is 
topologically conjugate to its linearization.

Relation to conservation laws (and symmetries of variational 
problems via E. Noether’s Theorem) of the gradient flow seen as 
an isolated evolving physical system.
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Restricted Injectivity
Condition (RIC)

Approximation errorOptimization error
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Restricted Injectivity
Condition (RIC)

Approximation errorOptimization error

Noise error
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Restricted Injectivity
Condition (RIC)

Approximation errorOptimization error

Noise error

Sample bounds for RIC can be given in a compressed sensing 
framework via the Gaussian width of the tangent cone.
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Restricted Injectivity
Condition (RIC)

Approximation errorOptimization error

Noise error

Sample bounds for RIC can be given in a compressed sensing 
framework via the Gaussian width of the tangent cone.
Trade-off between the expressivity of the model and the RIC.
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Theorem Suppose that our assumptions hold. Assume that the initialization ✓✓✓0 is such that

�min(Jg(0)) > 0 and R0 < R

where R0 and R obey

R0 =
2

�A�min(Jg(0))
 (Ly(y(0))) and R =

�min(Jg(0))

2LipB(✓✓✓0,R)(Jg)
.

Then

(i) the loss converges to 0 at a rate depending solely on  , �A and �min(Jg(0)).

(ii) ✓✓✓(t) (resp. x(t) = g(u,✓✓✓(t))) converges to a global minimizer ✓✓✓1 of Ly(Ag(u, ·)) (resp. x1 = g(u,✓✓✓1)), at
a rate depending solely on the desingularizing function  .

(iii) If Argmin (Ly(·)) = {y}, then limt!+1 y(t) = y. In addition, if Ly is convex then

ky(t)� yk  2 k"k when t � 4 ( �1(k"k))
�2
A�min(Jg(0))2

� (Ly(y(0))),

with  a primitive of � 02 .

etc.

Non degenerate 
initialization
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Non degenerate 
initialization

How to ensure this ?
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The role of overparametrization
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u is a uniform vector on Sd�1.
W(0) has iid N (0, 1) entries.
V(0) independent from W(0) and u and has iid columns with
identity covariance and D-bounded centred entries.
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Theorem Consider the one-hidden DIP layer network with the archi-
tecture parameters obeying

k � C 0��4
A n 

✓
C
⇣p

n log(d) +
p
m
⌘2

◆4

.

Then with probability at least 1� n�1 � d�1, ✓✓✓(0) = (W(0),V(0)) is
a nondegenerate initial point.
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u
<latexit sha1_base64="3/oZLryeh9RJXhJiJJZ90LzRioc="></latexit>8
<

:
✓̇✓✓(t) = �r✓✓✓Ly(Ag(u,✓✓✓(t)))

✓✓✓(0) = ✓✓✓0.
(1)

<latexit sha1_base64="k4JTxJewTcppX2qiej3AoYXnZj0="></latexit>

g(u,✓✓✓) =
1p
k
V�(Wu)

<latexit sha1_base64="fwfVBW1dWVFudRYuqvUaDMyL6+8="></latexit>

d
<latexit sha1_base64="hdYUtyYS1KPXw+T5J1nwxkJkjrs="></latexit>

k
<latexit sha1_base64="SMnAYtibSuRX4V/75s4FAZL1Udk="></latexit>n

<latexit sha1_base64="X7W94wFy3LqySfZraT3GvdHT7W0="></latexit>

Theorem Consider the one-hidden DIP layer network with the archi-
tecture parameters obeying

k � C 0��4
A n 

✓
C
⇣p

n log(d) +
p
m
⌘2

◆4

.

Then with probability at least 1� n�1 � d�1, ✓✓✓(0) = (W(0),V(0)) is
a nondegenerate initial point.

<latexit sha1_base64="o0K3nbueCyP3atlNjbmI5CzArBs="></latexit>

For the MSE loss, the bounds reads : k & n3m2.
If V is fixed and only is W is optimized for :

k & ��2
A n (C(n+m))2.

MSE : k & n2m.
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Our setting.
Main recovery guarantees.
Case of the two-layer DIP.
Numerical results.
Conclusion.
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="k4JTxJewTcppX2qiej3AoYXnZj0="></latexit>

g(u,✓✓✓) =
1p
k
V�(Wu)

<latexit sha1_base64="fwfVBW1dWVFudRYuqvUaDMyL6+8="></latexit>

d
<latexit sha1_base64="hdYUtyYS1KPXw+T5J1nwxkJkjrs="></latexit>

k
<latexit sha1_base64="SMnAYtibSuRX4V/75s4FAZL1Udk="></latexit>n

<latexit sha1_base64="lCqWyH5pPian2H+VX7PkXM6CzoI="></latexit>

Ly : MSE
<latexit sha1_base64="wSbAhQqDjuq7cKZHqlYJywFfaBE="></latexit>

Aij iid N (0, 1/m)

<latexit sha1_base64="NMLSw5Znc7CVeIP7+zKzJP7PHwg="></latexit>8
<

:
✓̇✓✓(t) = �rWLy(Ag(u,✓✓✓(t)))

✓✓✓(0) = ✓✓✓0.
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="k4JTxJewTcppX2qiej3AoYXnZj0="></latexit>

g(u,✓✓✓) =
1p
k
V�(Wu)

<latexit sha1_base64="fwfVBW1dWVFudRYuqvUaDMyL6+8="></latexit>

d
<latexit sha1_base64="hdYUtyYS1KPXw+T5J1nwxkJkjrs="></latexit>

k
<latexit sha1_base64="SMnAYtibSuRX4V/75s4FAZL1Udk="></latexit>n

<latexit sha1_base64="lCqWyH5pPian2H+VX7PkXM6CzoI="></latexit>

Ly : MSE
<latexit sha1_base64="wSbAhQqDjuq7cKZHqlYJywFfaBE="></latexit>

Aij iid N (0, 1/m)

<latexit sha1_base64="NMLSw5Znc7CVeIP7+zKzJP7PHwg="></latexit>8
<

:
✓̇✓✓(t) = �rWLy(Ag(u,✓✓✓(t)))

✓✓✓(0) = ✓✓✓0.

<latexit sha1_base64="Rk8Dh8LqfcDW9NODomW252wFZjE="></latexit>

Probability of converging to zero-loss for networks with different architecture
parameters confirming our theoretical predictions k & n2m.
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="k4JTxJewTcppX2qiej3AoYXnZj0="></latexit>

g(u,✓✓✓) =
1p
k
V�(Wu)

<latexit sha1_base64="fwfVBW1dWVFudRYuqvUaDMyL6+8="></latexit>

d
<latexit sha1_base64="hdYUtyYS1KPXw+T5J1nwxkJkjrs="></latexit>

k
<latexit sha1_base64="SMnAYtibSuRX4V/75s4FAZL1Udk="></latexit>n

<latexit sha1_base64="NMLSw5Znc7CVeIP7+zKzJP7PHwg="></latexit>8
<

:
✓̇✓✓(t) = �rWLy(Ag(u,✓✓✓(t)))

✓✓✓(0) = ✓✓✓0.
<latexit sha1_base64="JDoYu89TQA9n/BweGWQ0v34A5YQ="></latexit>

�i(A) = 1
1+i2

<latexit sha1_base64="3wlnn/WjLDtVTrFbFdalNJ9cFDI="></latexit>

Ly = ⌘(k·� yk2)

<latexit sha1_base64="pSdB/2mjD5FckrSNj23So4PuYiQ="></latexit>

⌘(s) = sp+1/(2(p+ 1)), p 2 [0, 1]
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="k4JTxJewTcppX2qiej3AoYXnZj0="></latexit>

g(u,✓✓✓) =
1p
k
V�(Wu)

<latexit sha1_base64="fwfVBW1dWVFudRYuqvUaDMyL6+8="></latexit>

d
<latexit sha1_base64="hdYUtyYS1KPXw+T5J1nwxkJkjrs="></latexit>

k
<latexit sha1_base64="SMnAYtibSuRX4V/75s4FAZL1Udk="></latexit>n

<latexit sha1_base64="NMLSw5Znc7CVeIP7+zKzJP7PHwg="></latexit>8
<

:
✓̇✓✓(t) = �rWLy(Ag(u,✓✓✓(t)))

✓✓✓(0) = ✓✓✓0.
<latexit sha1_base64="JDoYu89TQA9n/BweGWQ0v34A5YQ="></latexit>

�i(A) = 1
1+i2

<latexit sha1_base64="3wlnn/WjLDtVTrFbFdalNJ9cFDI="></latexit>

Ly = ⌘(k·� yk2)

<latexit sha1_base64="pSdB/2mjD5FckrSNj23So4PuYiQ="></latexit>

⌘(s) = sp+1/(2(p+ 1)), p 2 [0, 1]

<latexit sha1_base64="7RWRfZVRonxZd5MsapxKg74n1WU="></latexit>

Convergence to a noise-dominated region for different noise levels.

Theoretical bound

<latexit sha1_base64="5oHlbB0eNLXpnes4iSNQkHukMpU="> </latexit>

p = 0.2
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<latexit sha1_base64="xfDoDpxcW0Hpx3O7TuUYlk4zkGg="></latexit>

g(u,✓✓✓)

<latexit sha1_base64="/DHoVjkuRBp/ik/OMjH99eN44zE="></latexit>u

<latexit sha1_base64="k4JTxJewTcppX2qiej3AoYXnZj0="></latexit>

g(u,✓✓✓) =
1p
k
V�(Wu)

<latexit sha1_base64="fwfVBW1dWVFudRYuqvUaDMyL6+8="></latexit>

d
<latexit sha1_base64="hdYUtyYS1KPXw+T5J1nwxkJkjrs="></latexit>

k
<latexit sha1_base64="SMnAYtibSuRX4V/75s4FAZL1Udk="></latexit>n

<latexit sha1_base64="NMLSw5Znc7CVeIP7+zKzJP7PHwg="></latexit>8
<

:
✓̇✓✓(t) = �rWLy(Ag(u,✓✓✓(t)))

✓✓✓(0) = ✓✓✓0.
<latexit sha1_base64="JDoYu89TQA9n/BweGWQ0v34A5YQ="></latexit>

�i(A) = 1
1+i2

<latexit sha1_base64="3wlnn/WjLDtVTrFbFdalNJ9cFDI="></latexit>

Ly = ⌘(k·� yk2)

<latexit sha1_base64="pSdB/2mjD5FckrSNj23So4PuYiQ="></latexit>

⌘(s) = sp+1/(2(p+ 1)), p 2 [0, 1]

As expected
the smaller p the faster the convergence rate.
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<latexit sha1_base64="bB8SwKe5yE9pYrNRAEwxyQMvS4M="></latexit>

x
<latexit sha1_base64="G+RQ6HtjO1cxHd5UAGIKJYlUvdk="></latexit>x0

<latexit sha1_base64="fOnKnzYlIDhX17fjx8UzTA6JyPA="></latexit>x80
<latexit sha1_base64="yS/9KUYpn0OUkSAE/i15IolVodw="></latexit>x1000

<latexit sha1_base64="r2aMyDp4TdKZMvOz6TmJ6+UYVr4="></latexit>y1000

<latexit sha1_base64="1yS7t3Q+NKIXVCLUgd9d1U8TJ6k="></latexit>

y = Ax+ "
<latexit sha1_base64="WFJsdEs8YAr7VTjcgvmRDwqUi9U="></latexit>

" ⇠ N (0, 502)
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Discrete setting ✓.
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Non-smooth setting.
Other NN-based frameworks: PINNs, supervised setting.
Other overparametrization regimes.
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