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The current gravitational wave universe



The current gravitational wave universe



The future gravitational wave universe

Einstein Telescope science case (2021)

LISA definition study report (2023)



Gravitational waveforms

LISA definition study report 2023



The different methods

Small mass-ratio expansion

Gravitational self force

Numerical

Relativity

Weak field expansions

Post Newtonian/Minkowskian

Black hole

perturbation theory

1 0
1

0

Mass ratio m2/m1

C
om
pa
ct
ne
ss

(m
1
+
m
2
)/
r

▷ Inspiral-Merger-Ringdown (IMR): effective-one-body, phenomenological &

surrogate models



The different methods: gravitational self-force
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▷ extreme mass ratio inspiral

▷ expansion in q = m1
m2

≪ 1

▷ resonances, par ex. 2:3

Barack & Pound ’18



The different methods: numerical relativity

▷ solving the full Einstein equations

▷ computationally expensive

▷ add spins, eccentricity, etc.

I. Markin, T. Dietrich, H. Pfeiffer, A. Buonanno (Potsdam University and Max

Planck Institute for Gravitational Physics)
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The different methods: post-Newtonian

▷ expansion in ϵ =
v2
12
c2

∼ G(m1)

r12c2
≪ 1

▷ point-particle approximation

▷ add spins, tides, etc.

Tanay et al. ’23
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Full IMR waveform: the EOB class

LISA waveform white paper ’23



Full IMR waveform: the Phenom class

h(f) = A(f) eψn(f) ψn = {φ0,..7, σ0..4, β1..3, α0..5}

Kwok et al. ’21



A short introduction to PN modelling in GR

The Lagrangian approach

S =

∫
d4x

√
−g R

[
g, ∂g, ∂2g

]
+ Sm [yρ, vρ; gµν ]

Einstein field equations: Rµν − 1
2 g

µν R = 8π Tµν

defining hµν ≡
√
−g gµν − ηµν , we rewrite it as

□hµν︸ ︷︷ ︸
flat d’Alembertian ηρσ∂ρ∂σ

=

matter fields︷ ︸︸ ︷
16πG

c4
|g|Tµν + Λµν [h, ∂h, ∂2h]︸ ︷︷ ︸

non-linearities: Λ∼h∂2h+∂h∂h+h∂h∂h+···

≡ 16πG

c4
τµν(x, t)
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The hierarchy of scales

Internal zone r ≤ rs

▷ point-particle approximation

Sm = −
∑
a

ma

∫
dτa

▷ finite-size effects: tides, spins

Stid. =

∫
dτ
[
µ(l)GLG

L + ν(l)HLH
L
]
, GL = −∇L−2Cµl−1ρνlσu

ρuσ

Sspin =

∫
dτ

[
pµu

µ +
1

2
SµνΩ

µν

]
, Sµνpν = 0 (Spin Sup. Cond.)

▷ integrating out the internal dofs: one-particle EFT



Solving the wave equation: the retarded solution

hµν(x, t) =
16πG

c4
(
□−1

retτ
µν
)
(x, t)

Flat-space retarded propagator(
□−1

retτ
)
(x, t) ≡ − 1

4π

∫
R3

d3x′

|x− x′|
τ

(
x′, t− |x− x′|

c

)
▷ This is an integral over the past light cone of the point (x, t)

 

 

source



The hierarchy of scales

Internal zone r ≤ rs
▷ point-particle approximation

▷ finite-size effects: tides, spins

▷ integrating out the internal dofs: one-particle EFT

Near zone rs < r < R

τ
(
x′, t− |x−x′|

c

)
|x− x′| =

τ (x′, t)

|x− x′| −
τ̇ (x′, t)

c
+

|x− x′|
2c2

τ̈
(
x′, t

)
+ · · ·

▷ generates a PN expansion: h̄µν =
∑∞

m=2
1

cm
h̄µν
m with

□h̄µν
m = 16πG

Tµν︸︷︷︸
source

+ Λµν︸︷︷︸
nonlinearities

 , ∂ν h̄
µν
m = 0

◦ divergences when r ≫ λGW and x → y1,2: dimensional

regularization

◦ conservative orbital dynamics

◦ integrating out the potential modes: binding potential



The hierarchy of scales

Internal zone r ≤ rs
▷ point-particle approximation

▷ finite-size effects: tides, spins

▷ integrating out the internal dofs: one-particle EFT

Near zone rs < r < R
▷ conservative orbital dynamics

▷ integrating out the potential modes: binding potential

Wave zone r ≫ λ

τ
(
x′, t− |x−x′|

c

)
|x− x′| =

τ
(
x′, t− r

c

)
r

− x′j∂j

(
τ
(
x′, t− r

c

)
r

)
+ · · ·

1. PM expansion: hαβ
ext =

∑∞
n=1 G

nhαβ
(n)

□hαβ
(n) = Λαβ

n

[
h(1), ..., h(n−1)

]
, ∂βh

αβ
(n) = 0

2. most general solution: hαβ
(n)[IL, JL︸ ︷︷ ︸

source

; WL, XL, YL, ZL︸ ︷︷ ︸
gauge

]

▷ radiative power loss and gravitational waveform

▷ integrating out the radiation modes: EFT of dynamical multipoles

Interplay between near and wave zone
▷ hereditary effects: tails, memory

▷ radiation-reaction forces



The hierarchy of scales

Internal zone r ≤ rs
▷ point-particle approximation

▷ finite-size effects: tides, spins

▷ integrating out the internal dofs: one-particle EFT

Near zone rs < r < R

▷ conservative orbital dynamics

▷ integrating out the potential modes: binding potential

Wave zone r ≫ λ

▷ radiative power loss and gravitational waveform

▷ integrating out the radiation modes: EFT of dynamical multipoles

Interplay between near and wave zone

▷ hereditary effects: tails, memory
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Gravitation waveforms

Gravitational wave field

HTT
ij =

2G

c4R
Pijkl(N)

{
Ükl

(
T − R

C

)
+O

(
1

c

)}
+O

(
1

R2

)

Energy balance equation

⟨dE
dt

⟩ = −⟨F⟩ with F ≡
(
dE

dt

)GW

=
G

c5

[
...
U ij

...
U ij +O

(
1

c2

)]

Dynamics period decay
dP

dt
, eccentricity

de

dt

GW modes amplitude a(t) ∝ (tc − t)1/4, phase ϕ(t) ∝ (tc − t)5/8



State-of-the-art in GR - dynamics

Dynamics

PN order non-spinning spinning tides

SO SS higher spins
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State-of-the-art in GR - flux and GW modes

Dissipative flux

PN order non-spinning spinning tides

SO SS higher spins
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▷ Small eccentricity waveforms up to 4PN



Post-Newtonian and post-Minkowskian formalisms

Traditional PN: direct iteration and integration in the direct space

Effective Field Theory: diagramatic and integration in Fourier space

Scattering amplitudes: PM expansion, diagrammatic and integration in

Fourier space



What about 5PN and beyond?

Synergies between different techniques

NRGR – EFT techniques

◦ gravitational potential, 5PN hereditary terms

on-going

Scattering amplitudes

◦ QFT 2-body interaction as an EFT

◦ extract classical part

◦ map to bound systems

◦ 3-loops complete −→ 4PM

Self force : O (ν)

◦ 5PN and 6PN partial



Application to scalar-tensor theories

SST =
c3

16πG

∫
d4x

√
−g

[
R− 1

2
gαβ∂αφ∂βφ

]
+ Sm [m, A(φ) gαβ ]

Field equations in Einstein frame
□hµν = 16πGτµν with τµν = Tµν︸︷︷︸

source

+ Λµν︸︷︷︸
∇h·∇h

+ Λµν
ST︸︷︷︸

∼∇φ·∇φ

□φ = 16πGτs with τs = TS︸︷︷︸
source

+ ΣS︸︷︷︸
∼h∂2φ+∂h∂φ+∇φ·∇φ

▷ a good starting point for more complicated theories

◦ Einstein-scalar-Gauss-Bonnet, Einstein-Maxwell-dilaton

▷ PN expansion for φ ∼ h00

▷ no hair theorem but scalarized neutron stars



Internal zone: point-particles and beyond

Point-like sources

Spp = −
∫

dτama(ϕ)

◦ minimal coupling, non-spinning massive objects

▷ potentially scalarized objects: ma(ϕ) [Eardley ’75]

NSs Tolman–Oppenheimer–Volkoff equations

BHs matching to known (analytical) solutions [Julié 2017, Julié-Berti 2019]

Spinning particles

▷ beyond the mass monopole: coupling to dipole and higher multipoles

Spp = −
∫

dτa

[
Pµ (ϕ, . . . )u

µ − 1

2
Sµν (ϕ, . . . ) Ω

µν + · · ·
]

▷ spin supplementary condition: SµνPν = 0 [Tulczyjew ’59]
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Beyond point particles: scalar tides

Reminder in GR

▷ electric and magnetic type Love numbers

▷ effacement principle: start at 5PN ∼
(
v
c

)10
In scalar-tensor

▷ scalar dipole moment Ei ∝ ∂iϕ ⇒ scalar-induced tidal deformability

▷ enhanced effect wrt GR: 3PN
Creci et al. ’23

▷ more important at low frequency (LISA) or highly scalarized objects
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Different types of tidal effects

Stidal = − c

2

∑
a=1,2

∫
dτa

{
λa (ϕ)

(
∇⊥

αφ
)
a
(∇α

⊥φ)a +
1

2
µa (ϕ)

(
∇⊥

αβφ
)
a

(
∇αβ

⊥ φ
)
a

+ νa (ϕ)
(
∇⊥

αβφ
)
a
(Gαβ)a − 1

2c2
ca(ϕ) (Gαβ)

a (Gαβ)a

}
with (Gµν)a = −c2 (Cµρνσ)a u

ρ
a u

σ
a an ∇⊥

µ ≡
(
δνµ + uµu

ν
)
∇ν

Scalar LO (3PN), NLO (4PN), NNLO (5PN)

▷ dimensionless scalar tidal deformability: ks ≡ Gλs
c2 R3 −→︸︷︷︸

Gm
Rc2

∼1

3PN

▷ leading order in the eoms

∆a(fs) ∝ a(N) ·
[
m2

m1
δ2 k

(s)
1 +

m1

m2
δ1 k

(s)
2

]
R3

r3
[LB 2018]

Gravito-scalar LO (5PN)

Gravitational (electric and magnetic type) LO (5PN)
[LB, Dones & Mougiakakos, 2023]



The ST equations of motion

dv1

dt
=−Geff m2

r212
n12 +

A1PN

c2︸ ︷︷ ︸
conservative terms

+
A1.5PN

c3︸ ︷︷ ︸
rad. reac.

+
A2PN

c4︸ ︷︷ ︸
cons.

+
A2.5PN

c5︸ ︷︷ ︸
rad. reac.

+
Ainst

3PN

c6︸ ︷︷ ︸
cons, local

+
Atail

3PN

c6︸ ︷︷ ︸
cons, nonloc.

+
Atidal

3PN

c6︸ ︷︷ ︸
cons, local

Differences w.r.t. GR

◦ Dissipative effects start at 1.5PN (v.s. 2.5PN in GR)

◦ Tidal effects start at 3PN (v.s. 5PN in GR)

◦ A conservative scalar tail term at 3PN : Atail
3PN ∝ M

∫ +∞
−∞

dt′

|t−t′| Is
(4)
i (t′)

[LB ’18, ’19, Mougiakakos & LB in prep. (’24)]



The scalar and gravitational fluxes

F =
32c5ν2x5

5Geff

[
1 +

Fgrav
1PN

c2
+

Fgrav
1.5PN

c3
+

Fgrav
2PN

c4

]
+

4c5ν2x4

3Geff
ζS2

− · F
scal, tidal
2PN

c4

+
4c5ν2x5

3Geff
ζS2

−

[
x−1 +

F scal
0PN

c0
+

F scal
0.5PN

c1
+

F scal
1PN

c2
+

F scal
1.5PN

c3
+

F scal
2PN

c4

]

x ≡
(

Geffmω
c3

)2/3
, ν ≡ m1m2

m2

Differences w.r.t. GR

◦ Scalar flux starts at -1PN, known at 1.5PN: 2PN in progress

◦ Scalar tidal contribution at 2PN

◦ Scalar memory term at 1.5PN: δUij ∝ 1
c3

∫
dt′

|t−t′| Is
(2)
i (t′)Is

(2)
j (t′)

◦ Scalar tail term at 0.5PN: δUs
i ∝ M

c3

∫
dτ ln

(
τ
τ0

)
Is

(3)
i (t− τ)

[LB, Blanchet & Trestini 2022, Dones, Trestini & LB in prep. (’24)]



Concluding remarks



Small coupling curvature corrections

S =

∫
d4x

√
−g

[
R− 1

2
∇aφ∇aφ+ α f(φ)G

]
+ Sm[ψm; g]

dv1
dt

=
A3PN

c6︸ ︷︷ ︸
ST

+αf ′(φ)
a(LO)

c2︸ ︷︷ ︸
new th.

Some examples with hairy BH solutions

◦ Einstein-scalar-Gauss-Bonnet: G = RabcdR
abcd − 4RabR

ab +R2

▷ [α] = [length]2 =⇒ 3PN effect [Julié & Berti 2018, 2019, van Gemeren et al. 2023, LB, Dones &

Mougiakakos 2023]

◦ Chern-Simmons gravity (parity-violating): G = 1
2
ϵρσαβ Rνµρσ Rµν

αβ

▷ [α] = [length]2 =⇒ 4PN effect (spins only) [Loutrel, Tanaka, Yagi & Yunes 2012, 2018]

◦ Cubic gravity: φ = 1, G = Cµνρσ Cρσ
αβC

µναβ

▷ [α] = [length]4 =⇒ 5PN effect



Future prospects

▷ Many recent progresses in the simplest theories:

▷ scattering angle [Jain 2023, LB, Jain & Mougiakakos in prep.]

▷ higher order gravity [LB, Giri & Lehner in prep.]

▷ Synergies with numerical relativity results: full IMR models

▷ Important for the future: non-perturbative effects (scalarization),

spins, dynamical tides

▷ Missing theories or very preliminary: Lorentz-violating, DHOST,

massive gravity, etc.
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Thank you!





Supplementary



Total number of accumulated cycles

D. Trestini, PhD thesis (2023)



The basics of EOB

Credits: Buonanno & Sathyaprakash

▷ Canonical transformation: (r, ϕ, pr, pϕ) −→ (R,Φ, PR, PΦ)

H2body −→ Heff −→ HEOB =M
√
1 + 2ν (Heff − 1)



Current status

EOB Hamiltonian

▷ 2PN in simple ST theories [Julié 2017]

▷ 3PN [Julié et al. 2022; Jain et al. 2022]

▷ includes non-local in time tail terms

▷ extended to include LO contribution in EsGB



Spins

Effective field theory description (as for GR)

Smat =

∫
dτA

pµuµ +
1

2
SµνΩ

µν +
1

m2
Cφ∗S αν u

ν∇µφ −1

6
JγνσαRγνσα︸ ︷︷ ︸

quadrupole corr.


A

▷ obtained by doing pµ −→ Pµ (uµ,Ωµν , gµν , Rµνρσ, φ, ∂φ, . . .)

▷ modified spin supplementary condition SµνPν = 0

▷ LO (2PN) dynamics: SS, monopole-quadrupole, scalar-dipole [Loutrel

et al. 2018]

▷ Corrections to the phase at 1.5PN (SO, SS) and 2PN (scalar dipole)

[Loutrel et al. 2022]



Scalarizations

▷ PN results can apply to already (adiabatically) scalarized objects

◦ scalar charges computed by matching to known solutions

▷ dynamical scalarization

◦ effective description: [Khalil et al;, 2022]
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