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Symmetry: a fundamental tool

Poincaré group: isometry of Minkowski
designs the relativistic dynamics

organizes the particle spectrum: mass and spin

shapes the sca�ering amplitudes

constrains the theory of fundamental interactions



Limits and extensions of Poincaré

Classical non-relativistic limit: v/c → 0

Poincaré group→ Galilean group

Minkowski spacetime→ t ∈ R & x ∈ E3

Exotic ultra-local limit v/c →∞ [Lévy-Leblond ’65; Sen Gupta ’66]

Poincaré group→ Carroll group

Minkowski spacetime→ Carrollian manifold

Unexpected extension [Bondi, van der Burg, Metzner ’62; Sachs ’62]

the asymptotic symmetry group of 4-dim asymptotically flat
spacetimes is infinite-dimensional: BMS4



�estions, challenges and aim of the talk

Physical/geometric occurrences of Carroll

Relationship Carroll-BMS

Application to flat-space holography
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Ultra-local limit

c → 0

c → 0

t t v = c = 0

O Ox x

1⁄c

By law: motion is forbidden
. . . unless you allow for tachyons or kindred excitations. . .



Carrollian spacetime [©Lévy-Leblond]

Through the looking glass [Lewis Carroll 1871]

“Well, in our country,” said Alice, still panting a li�le, “you’d generally get
to somewhere else if you run very fast for a long time, as we’ve been
doing.”
“A slow sort of country!” said the �een. “Now, here, you see, it takes
all the running you can do, to keep in the same place. If you want to get
somewhere else, you must run at least twice as fast as that!”
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Cambridge–Marseille–Tours [original revival works]

Geometrically: spacetime with degenerate metric

ds2 = 0× dt2 + dx2 ηµν →




0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1




time-like kernel nµ →




1
0
0
0


 zero-norm vector



Invariance of the Carrollian geometry: isometry group
4 translations t → t + t0 x i → x i + x i

0

6 point transformations
3 rotations x i → Ri

jx
j

3 boosts with v i = c2Bi + O (c4)→ 0
|Bi| < 1/c → +∞ is “all the running you can do”




t ′ = limc→0 γ
(
t − v·x

c2

)
= t − B · x

x′‖ = limc→0 γ
(
x‖ − v‖t

)
= x‖

x′⊥ = x⊥
→ relative time & absolute Euclidean space

Carrollian is “dual” to Galilean

Formally Inönü–Wigner contraction
Carroll group ≡ translations nrotations & Carroll boosts



Important remarks

No motion but Carrollian dynamics exists
Fluids: ∂µTµν = 0 −→

c→0
time & space Carrollian equations

Fields: �Φ = 0 −→
c→0

Carrollian scalar field e.g. ∂2
t Φ = 0

All this can be extended for curved Carrollian manifolds
Carrollian geometry: degenerate metric plus kernel

ds2 = qµνdxµdxν qµνnν = 0

Extra equipment: connection→ torsion & curvature
Note: Levi–Civita is not unique→ physical implications

Carroll group: acts on the tangent space
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Example: the lightcone

Back to Minkowski: light rays along x

ct − x = u0 constant: light-like (null) hypersurface (3-dim)

ct

u0

O x

the induced metric on the 3-dim null hypersurface is
degenerate: ds2 = −c2dt2 + dx2 + dy2 + dz2 = dy2 + dz2



In general

Null hypersurfaces yield Carrollian geometries
Black-hole horizons — ordinary Carrollian (not Galilean!)

Asymptotic null infinity in gravitational fields produced by
localized mass distributions — conformal Carrollian



Null infinity I ± — the realm of radiation

Minkowski again ct ± r = tan(ct ′ ± r ′)→ {t ′, r ′} compact

ds2 = −c2dt2 + dr2 + r2
(
dϑ2 + sin2 ϑdϕ2

)

= Ω(t ′, r ′)
(
−c2dt ′2 + dr ′2 + f (r ′) sphere

)

radial light rays: constant ct ± r i.e. constant ct ′ ± r ′

ct ct’

r r’

ℐ+

ℐ−

i+

i−

i0O O

incoming radiation originates from I −

outgoing radiation heads towards I +

I − ∪I + is the null conformal boundary



The same holds for gravitational radiation
Solving Einstein’s equations with localized ma�er→

{
M , ds2

}177

senting the absence of incoming radiation. But incoming waves f  do not destroy
the asymptotic conditions (since the conditions are applied only to future null 
infinity), nor, moreover, do incoming waves which die off suitably in time (cf. also 
Statchel 1966). I t  will be important to recognize that such incoming waves are 
admitted by the formalism, since they will play an important role in the interpreta-
tion of the new conserved quantities.

New conservation laws for zero rest-mass fields

/  2 -surfaces
at infinity

increasing

Fi g u r e  1. Quantities may be defined by 2-surface integrals at infinity o n u  =  const. If such a 
quantity is to contain no contribution from outgoing waves, then the integral must be 
independent of u.

I t  will be observed from figure 1, however, that we cannot expect to measure any 
contribution from incoming waves to such a quantity by examining its 
u-dependence. The flux at infinity which shows up in the u-dependence can involve 
only outgoing field (see Penrose 1964, 1965). We might envisage measuring the 
incoming contribution if, instead, we were to use an advanced time parameter t) arid 
define our quantity at past null infinity on b = const. This apparently works for 
energy-momentum, but a curious feature of the new conserved quantities is that

integral of a second expression at infinity. Thus, it is really only behaviour at infinity that is 
involved, here, and it is not essential to have started from a quantity with vanishing 
4-divergence defined throughout all space-time. In fact, for the new conservation laws 
described here, no such quantity appears naturally to arise.

f  That is, waves for which the disturbance is restricted to lie entirely to the past of a null 
hypersurface which opens out into the past. The existence of such waves would appear to be 
ensured by consideration of a time-reversed initial value problem. Dispersion effects (i.e. time- 
reversed ‘tails’) would then only affect regions to the past of this null hypersurface.
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Figure: Newman–Penrose 1968

Key message
Einstein dynamics in

{
M , ds2

}
↔ Carrollian dynamics on I ±
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AdS/CFT I — building Einstein spacetimes

Solving Einstein’s eqations EMN + ΛGMN = 0 Λ < 0

choose a gauge with a radial coordinate r , expand ds2
bulk

impose bry. conditions, solve iteratively for all f (u, ϑ, ϕ)s

finite solution space without generic gravitational radiation
conformal bry. 1st and 2nd fundamental forms: gµν & Tµν

∇µTµν = 0

asymptotic symmetries (Dirichlet bry. conditions) in 4 dim
conformal group of the 3-dim bry. ≡ SO(3, 2) −→ 10
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boundary
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AdS/CFT II — holographic principle

AdS/CFT correspondence in a nutshell
incarnation of old ’t Hoo� & Susskind ideas on gravity dofs

fundamental theories: type IIB string and N = 4 SYM
holographic: dual field theory on a codim-1 time-like
hypersurface — the conformal boundary I

bulk field = leading + subleading
〈subleading〉bry. CFT = δIbulk

δleading vevs & sources

pivotal ingredients: conjugate to each other
conserved bry. en.–mom. tensor (sublead. — vev) Tµν ∼ 1/r

the bry. metric (leading — source) gµν ∼ r2



AdS versus flat I — asymptotics

From AdSn to flatn dim n = d + 2

Λ = − (n−1)(n−2)
2 k2→ 0 cbry. = k×Rcelestial sphere × cbulk
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I �
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I ± is a null hypersurface→ Carrollian geometry

asymptotic isometry group BMSn ≡ Lorentz n Supertransls.
≡ conformal Carrollian group CCarr(n− 1)



Flat versus AdS II — Carrollian boundary fields

Solving Einstein for asymptotically flat spacetimes dim 4
Ricci-flat spacetimes have∞-dim solution space

1 Carrollian boundary geometry (degenerate metric & kernel)
2 radiation (shear tensor)�

free — part of the boundary Carrollian connection
3 Carrollian momenta (stress, ma�er flux, energy flux)�

generalized Carrollian conservation laws
4 Chthonian fields (deeper in 1/r)�

evolution Carrollian equations

all information is reached as Λ = −3k2 → 0 carefully
Laurent expansion of AdS en.–mom. tensor→ 3 & 4�

Tµν =
∑

n∈Z k2nTµν
(n)



Form of the metric — expansion in r# — no logs

ds2
bulk = 2

u
k2 (dr + rA) + r2ds2 + rCABθ

AθB +
1
k4 FABθ

AθB

+
∞∑

s=1

1
rs

(
f(s)

u2

k4 + 2
u
k2 f(s)Aθ

A + f(s)ABθ
AθB
)

using a boundary Cartan frame adapted to a congruence u

ds2 = ηABθ
AθB = −

(
θ0̂
)2

+ δabθ
aθb

u = −kθ0̂ = −k2
(
Ωdu − bidx i

)
= k2µ

with

f(s)A & f(s)AB transverse wrt u

all coe�icients of definite Weyl weight



Ideas for flat-space holography I il buono

Following the AdS4/CFT3 paradigm
dual CFT3 on the Carrollian conformal boundary I ±

must be invariant under BMS4 ≡ SL(2,C) n sT ≡ CCarr3

Comparaison n’est pas raison
the vev–source relationship is blured

clearly multi-sector (sca�ering, bound states & deep dofs)

possibly non-local, non-unitary or non-holographic

Great deal of novelties to handle — slow progress



Ideas for flat-space holography II il bruto

Flat/CFT = limk→0 AdS/CFT
Consider appropriate bulk diagrams — harsh task requires care

Preliminary results beyond the classical solution reconstruction
for the radiative sector



Ideas for flat-space holography III il cattivo

The celestial sphere
S2 is a cut of I ±

Lorentz group SL(2,C) acts on S2 as Möbius transfs.
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asymptotic symmetry group [Bondi, van der Burg, Metzner & Sachs]

Lorentz n Supertranslations �! 6 + 1 ⌘ BMS4

BMS4 ⌘ Conformal Carroll group on a 3-dim null boundary

asympt. flat
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Lorentz n Supertranslations �! 6 + 1 ⌘ BMS4

BMS4 ⌘ Conformal Carroll group on a 3-dim null boundary
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U������ ��������� ����: ����4/CFT2 ��������� ��������
F�������� S2 ⌘ “spatial section” of the Carrollian bry.

2-dim en.–mom. tensor ⇠
R

C
R

R Nab (news)

F������ mostly designed for recasting radiation S-matrix
on Minkowski & so� theorems — not fund. theor.

not bound to gravity — could have been elaborated in the 80ies

Möbius are conformal transformations . . . il n’y a qu’un pas . . .



Utterly different path: Flat4/CFT2 celestial approach
Framework S2 ≡ “spatial section” of the Carrollian bry.

2-dim en.–mom. tensor ∼
∫
C
∫
R Nab (news)

Feature mostly designed for recasting radiation S-matrix
on Minkowski & so� theorems — not fund. theor.
〈scat. ampl.〉Mink. ∼ 〈correl. 〉S2

not bound to gravity — could have been elaborated in the 80ies

S2 conformal weights are the bulk-boost eigenvalues ∈ 1 + i R

Exotic CFT2 with intriguing results and recent e�orts to recast
them in the appropriate Carrollian language — more is needed
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Carrollian physics and flat holography

Facts
Carrollian structures are well understood

bulk Einstein’s equations are mapped onto Carrollian
boundary dynamics

an infinite number of data emerge in the solution space

a genuine boundary energy–momentum tensor is available
satisfactory understanding of

gravitational losses reflecting Carroll boost breaking
charges, magnetic charges and duality properties

Expectations
work out genuine Carrollian CFTs in 3 dim
elaborate on Carrollian–Chthonian holography

shear/news sca�ering sector at order r
energy–momentum & Chthonian sector at 1/rm∀m ≥ 1

make contact with the celestial approach



Starring: A. Campoleoni, L. Ciambelli, A. Delfante, A. Fiorucci,
R. Leigh, C. Marteau, N. Mi�al, S. Pekar, A. Petkou, M. Petropoulos,
D. Rivera, R. Ruzziconi, K. Siampos, M. Vila�e
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