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Inspiraling binary black holes (BBHs) that finally merge
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The system

• BBHs within general relativity (GR).

• In inspiral state, at 2nd post-Newtonian (PN) order.

• H = HNewt. +
1
c2

H1PN +
1
c4

H2PN

• Arbitrary masses, spins and eccentricity.
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• Why analytically? 

• Deepens understanding by exposing mathematical structure.

• Numerical integrations: slow and error-prone.                 [1703.03967: Chatziioannou, Klein, Yunes]
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Hamiltonian
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• 2019: 1.5PN solution.                [Cho, Lee: 1908.02927]

• 2021: 1.5PN solution (using action-angle variables).                [S.T., Cho, Stein: 2110.15351]
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⃗L
⃗L

⃗L = ⃗R × ⃗P = ⃗J − ⃗S1 − ⃗S2 .

Result: plane of motion



Result: plane of motion (ϵ ∼ 0.01)

22



Result: plane of motion (ϵ ∼ 0.01)

23



Result:  R = | ⃗R | (ϵ ∼ 0.01)

24



Result:  R = | ⃗R | (ϵ ∼ 0.01)

25



Result: , azimuthal angle of ϕ ⃗R

26



Result: , azimuthal angle of ϕ ⃗R

26



Result: , azimuthal angle of ϕ ⃗R

•               (still in progress).ϕ = ∫ (known function)(t) dt

26



Result: , azimuthal angle of ϕ ⃗R

•               (still in progress).ϕ = ∫ (known function)(t) dt

26



Result: , azimuthal angle of ϕ ⃗R

•               (still in progress).ϕ = ∫ (known function)(t) dt

• Massive reduction: 9-dim coupled ODEs  1-dim ODE.→
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• : via orbit-averaging (over 1PN orbit, not Newtonian).      [Kesden, Gerosa] 

• : via canonical perturbation theory; cast as a 1.5PN-like quasi-
Keplarian solution. 

• Solution not fully 2PN accurate because 

• amplitude is only partially 2PN. 

• orbit-averaging for spins.

( ⃗S1, ⃗S2)

R = | ⃗R |

Details
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Orbit averaging
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• We (almost) have an analytical solution for .( ⃗R , ⃗S1, ⃗S2)

•  as a 1-dim integral (in progress). ϕ

• Solution not fully 2PN, but still much better than the 1.5PN solution (by ~ 50 
times).

Summary
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• R time-scale = 30 —> 300 
orbits within t  = 10,000 s.
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• PN param = 0.01. 
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