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Total	mass	in	Newtonian	gravity

In	Newtonian	theory,	mass	is	operationally	defined	through	the	force	it	exerts		

Cavendish	balance	Orbital	motion

This	operation	can	be	performed	locally,	or	quasi-locally:		
the	total	mass	is	given	by	(the	gradient	of)	the	Newton	potential	across	any	surface	surrounding	the	
sources



Total	mass	in	Newtonian	gravity

In	Newtonian	theory,	mass	is	operationally	defined	through	the	force	it	exerts		

Cavendish	balance	

This	method	applies	also	to	general	relativity	for	stationary	configurations		
(no	gravitational	waves!)

Orbital	motion

This	operation	can	be	performed	locally,	or	quasi-locally:		
the	total	mass	is	given	by	(the	gradient	of)	the	Newton	potential	across	any	surface	surrounding	the	
sources

For	instance,	this	is	how	we	estimate	the	mass	of	Sagittarius	A*



No	local	observables	in	general	relativity

If	we	want	to	include	the	energy	of	gravitational	waves,	the	situation	becomes	more	complicated	

The	difficulties	can	be	seen	in	many	different	ways,	but	at	a	more	formal	level,	they	boil	down	to	the	
fact	that	it	is	not	possible	to	define	a	local	and	covariant	energy-momentum	tensor	for	the	
gravitational	field:	the	gravitational	contribution	is	necessarily	non-local

Famous	examples	of	non-local	observables:		
the	ADM	energy,	and	the	Bondi-Sachs	energy,		
are	defined	as	surface	integrals	asymptotically	far	away	from	the	sources
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What is the ST that puts us on a god cut? what is the relation between their corresponding SU(2)
subgroups? And the analogue description using vacua instead of cuts?

What if I boost it, can I then see a discrepancy with the Komar expression?
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No	local	observables	in	general	relativity

If	we	want	to	include	the	energy	of	gravitational	waves,	the	situation	becomes	more	complicated	

The	difficulties	can	be	seen	in	many	different	ways,	but	at	a	more	formal	level,	they	boil	down	to	the	
fact	that	it	is	not	possible	to	define	a	local	and	covariant	energy-momentum	tensor	for	the	
gravitational	field:	the	gravitational	contribution	is	necessarily	non-local

Conceptual	discussions	of	this	point	can	be	found	in	textbooks,	but	there	is	a	very	concrete	recent	
argument:	the	Carlotto-Schoen	solutions	(2014)

no	physical	acceleration,	no	tidal	forces

Spacetimes	with	positive	ADM	energy	which	are	everywhere	flat	expect	inside	a	sharp	cone

Flat

Famous	examples	of	non-local	observables:		
the	ADM	energy,	and	the	Bondi-Sachs	energy,		
are	defined	as	surface	integrals	asymptotically	far	away	from	the	sources
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What is the ST that puts us on a god cut? what is the relation between their corresponding SU(2)
subgroups? And the analogue description using vacua instead of cuts?

What if I boost it, can I then see a discrepancy with the Komar expression?
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Total	energy	is	a	truly	global	quantity	in	general	relativity

The	properties	of	the	Carlotto-Schoen	spacetimes	highlight	the	necessity	of	working	
with	a	full	2-sphere’s	worth	of	test	particles	in	the	asymptotic	region	in	order	to	take	into	account	
correctly	the	total	gravitational	energy	beyond	the	Newtonian	or	stationary	cases	



Total	energy	is	a	truly	global	quantity	in	general	relativity

To	make	the	discussion	more	concrete,	consider	first	the	stationary	case	of	the	Kerr	metric	
A	coordinate-independent	definition	of	its	mass	can	be	given	using	Komar’s	2-form:

S	here	can	be	any	surface	:	the	integral	is	independent	of	this	choice	
(the	proof	is	an	application	of	Noether’s	theorem)
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D✓@✓s = (D.90)

The associated charge split is

Q
BMS
@u

=
1

8⇡

I

S
(2M⇢ + Y

A
JA)✏S , F

BMS
⇠ =

1

32⇡

I

S
NAB�C

AB
✏S , (D.91) {qWZBMS}{qWZBMS}

where now

M⇢ := M � 1

8
⇢ABC

AB = �Re( 2 � �N) (D.92) {SM}{SM}

EBS = � 1

4⇡

I

S
Re( 2 + � ˙̄�)✏S (D.93)

1

r
(D.94)

=
1

16⇡

I

S
r(R(2) + ✓l✓n)✏S (D.95)

M = � 1

8⇡G

I

S
✏µ⌫⇢�r⇢

⇠
�
dx

µ ^ dx
⌫ (D.96)

79

time-translational	Killing	vector

In	this	context,	there	is	a	simple	operational	definition	of	the	mass:		
the	force	required	(at	infinity)	to	hold	a	unit	rest	mass	in	place	at	the	horizon

The	properties	of	the	Carlotto-Schoen	spacetimes	highlight	the	necessity	of	working	
with	a	full	2-sphere’s	worth	of	test	particles	in	the	asymptotic	region	in	order	to	take	into	account	
correctly	the	total	gravitational	energy	beyond	the	Newtonian	or	stationary	cases	



Total	energy	is	a	truly	global	quantity	in	general	relativity

To	make	the	discussion	more	concrete,	consider	first	the	stationary	case	of	the	Kerr	metric	
A	coordinate-independent	definition	of	its	mass	can	be	given	using	Komar’s	2-form:
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time-translational	Killing	vector

In	the	presence	of	GWs,	the	situations	changes	:	the	integral	depends	on	S	(its	shape,	its	location)		

One	way	out	of	the	ambiguity	is	to	take	the	limit	to	the	asymptotic	region,		
and	then	the	Komar	formula	can	be	related	to	the	ADM	and	BS	energies

This	is	the	sense	in	which	ADM	and	BS	energies	provide	good	gravitational	observables,		
and	they	are	manifestly	global	

The	question	we	want	to	address	is	whether	these	observables	admit	an	operational	definition	

The	properties	of	the	Carlotto-Schoen	spacetimes	highlight	the	necessity	of	working	
with	a	full	2-sphere’s	worth	of	test	particles	in	the	asymptotic	region	in	order	to	take	into	account	
correctly	the	total	gravitational	energy	beyond	the	Newtonian	or	stationary	cases	



Integral	over	a	whole	2-sphere	infinitely	far	away	from	the	source	
g	thought	experiment

Operational	definition	of	the	ADM	energy
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of general relativity, including those that have no Newtonian analogs. By carrying it out in di↵erent
asymptotic rest-frames one recovers the full information in P

ADM
a .

2.1 Preliminaries

The ADM 4-momentum is defined in the setting of 3+1 Hamiltonian framework. Let us fix a 3-
manifold ⌃ which is topologically R3 outside a compact set so that it has only one asymptotic end.
The fields of interest are a positive-definite 3-metric qab, its conjugate momentum p

ab, and the matter
density ⇢ and current j

a. From the perspective of the 4-d metric gab obtained by evolution, p
ab is

related to the extrinsic curvature k
ab via p

ab =
p
q

G (kab � kq
ab) and the matter density and current are

related to the stress-energy tensor via ⇢ = Tab⌧
a
⌧
b and j

a = Tbc⌧
b
q
ac, where ⌧

a is the unit time-like
normal to ⌃ with respect to the 4-metric gab. The initial data (qab, kab, ⇢, j

a) are subject to the scalar
and vector constraints of general relativity:

R� kabk
ab + k

2 = 16⇡G ⇢, and Da(k
ab � kq

ab) = 8⇡G j
b
. (1)

Here D and R are the (torsion-free) derivative operator and the scalar curvature defined by qab. In

the positive energy theorems one assumes the energy condition ⇢ � (jaja)
1
2 .

We are interested in the initial data that are asymptotically flat at spatial infinity. Thus, we require
that, outside a compact set, ⌃ admits a flat metric q̊ab and impose fall-o↵ conditions on components
of various fields in the Cartesian coordinates x

k̄ of q̊ab:

(i) (qāb̄ � q̊āb̄) = O(1r ); D̊c̄ qāb̄ = O( 1
r2 ); and, D̊c̄D̊d̄ qāb̄ = O( 1

r3 );

(ii) kāb̄ = O( 1
r2 ); and D̊c̄ kāb̄ = O( 1

r3 );
(iii) ⇢, jā, and the space-space components tāb̄ of Tab are all O( 1

r4 )

as r ! 1. Here r is the radial coordinate defined by x
k̄ and D̊ the (torsion-free) derivative operator

compatible with q̊ab. The fall-o↵ condition on the stress-energy tensor are motivated by the asymptotic
behavior of physically interesting Maxwell fields at spatial infinity.

Given such an initial data, the ADM energy EADM = �⌧
a
P

ADM
a is defined by

EADM =
1

16⇡G
lim
r̊!1

I

r=r�

(D̊c qbc � D̊b qac) q̊
ac

r̊
bd2

V (2)

where r̊
b = q̊

ab
D̊ar is the unit normal to the r = r� 2-spheres w.r.t. q̊ab. Thanks to our conditions

on the initial data, the integral is well-defined. Furthermore (although it is far from being clear from
its expression), it is positive and vanishes if and only of the initial data corresponds to Minkowski
space-time [14, 15].

2.2 Expressing the ADM Energy in terms of Curvature

To recast (2) in terms of the Riemann tensor Rabcd of the 4-d solution gab we will proceed in three
steps. In the first, we will recast it using of the Ricci curvature Rab of the physical 3-metric qab, in
the second, in terms of the Weyl curvature Cabcd of the 4-metric gab, and, in the third, using the full
Riemann tensor Rabcd. These expressions will refer only to the asymptotic behavior of r and not to
other features of the fiducial metric q̊ab, such as its derivative operator D̊.

To carry out the first step, one uses the following fact. The di↵erence between the derivative
operators D and D̊ is captured in a tensor field Cab

c:

(Da � D̊a)kb = Cab
c
kc 8 kc, where

Cab
c = �1

2 q
cm

�
D̊aqbm + D̊bqam � D̊mqab

�
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What is the ST that puts us on a god cut? what is the relation between their corresponding SU(2)
subgroups? And the analogue description using vacua instead of cuts?

What if I boost it, can I then see a discrepancy with the Komar expression?
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of general relativity, including those that have no Newtonian analogs. By carrying it out in di↵erent
asymptotic rest-frames one recovers the full information in P

ADM
a .

2.1 Preliminaries

The ADM 4-momentum is defined in the setting of 3+1 Hamiltonian framework. Let us fix a 3-
manifold ⌃ which is topologically R3 outside a compact set so that it has only one asymptotic end.
The fields of interest are a positive-definite 3-metric qab, its conjugate momentum p

ab, and the matter
density ⇢ and current j

a. From the perspective of the 4-d metric gab obtained by evolution, p
ab is

related to the extrinsic curvature k
ab via p

ab =
p
q

G (kab � kq
ab) and the matter density and current are

related to the stress-energy tensor via ⇢ = Tab⌧
a
⌧
b and j

a = Tbc⌧
b
q
ac, where ⌧

a is the unit time-like
normal to ⌃ with respect to the 4-metric gab. The initial data (qab, kab, ⇢, j

a) are subject to the scalar
and vector constraints of general relativity:

R� kabk
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2 = 16⇡G ⇢, and Da(k
ab � kq

ab) = 8⇡G j
b
. (1)

Here D and R are the (torsion-free) derivative operator and the scalar curvature defined by qab. In

the positive energy theorems one assumes the energy condition ⇢ � (jaja)
1
2 .

We are interested in the initial data that are asymptotically flat at spatial infinity. Thus, we require
that, outside a compact set, ⌃ admits a flat metric q̊ab and impose fall-o↵ conditions on components
of various fields in the Cartesian coordinates x

k̄ of q̊ab:
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r2 ); and D̊c̄ kāb̄ = O( 1
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(iii) ⇢, jā, and the space-space components tāb̄ of Tab are all O( 1

r4 )

as r ! 1. Here r is the radial coordinate defined by x
k̄ and D̊ the (torsion-free) derivative operator

compatible with q̊ab. The fall-o↵ condition on the stress-energy tensor are motivated by the asymptotic
behavior of physically interesting Maxwell fields at spatial infinity.

Given such an initial data, the ADM energy EADM = �⌧
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where r̊
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ab
D̊ar is the unit normal to the r = r� 2-spheres w.r.t. q̊ab. Thanks to our conditions

on the initial data, the integral is well-defined. Furthermore (although it is far from being clear from
its expression), it is positive and vanishes if and only of the initial data corresponds to Minkowski
space-time [14, 15].

2.2 Expressing the ADM Energy in terms of Curvature

To recast (2) in terms of the Riemann tensor Rabcd of the 4-d solution gab we will proceed in three
steps. In the first, we will recast it using of the Ricci curvature Rab of the physical 3-metric qab, in
the second, in terms of the Weyl curvature Cabcd of the 4-metric gab, and, in the third, using the full
Riemann tensor Rabcd. These expressions will refer only to the asymptotic behavior of r and not to
other features of the fiducial metric q̊ab, such as its derivative operator D̊.

To carry out the first step, one uses the following fact. The di↵erence between the derivative
operators D and D̊ is captured in a tensor field Cab

c:
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c
kc 8 kc, where

Cab
c = �1
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Using	Stokes’	theorem	and	the	Gauss-Codazzi	equation	:

and, since q̊ab is flat, the Ricci tensor Rab of qab is given by
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One then substitutes the expression (3) of Cab
c in (4) and uses the fall o↵ condition (i) in the definition

of asymptotic flatness, and the fact that r D̊aD̊br =
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q̊ab � D̊arD̊br) =: ˚̃qab is the metric induced by
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where r̊
a denotes the unit normal to the r = r� 2-spheres w.r.t. q̊ab. In arriving at (5), one has to

perform integration by parts and use Stokes’ theorem to set certain terms to zero.3 Therefore the
equality refers only to the integrals, not to the integrands. Eq. (5) immediately implies that the ADM
energy can be expressed in terms of the leading-order (i.e., 1

r3 -) part of the radial-radial component
of curvature Rab of the physical 3-metric [9]:
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This is in fact the expression of the ADM energy used in the Carlotto-Schoen analysis [1, 2].
In the second step, we wish to further recast the expression in terms of Weyl curvature of the

4-metric gab obtained by evolving the initial data. For this, one uses the fact that the electric part
Eab = Cacbd ⌧

b
⌧
d of the 4-d Weyl tensor on the 3-manifold ⌃ can be expressed in terms of the initial

data and the Ricci tensor Rab of the 4-metric gab as follows:
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Our asymptotic conditions on the stress-energy tensor of matter fields imply the 4-d Ricci tensor falls
of as O( 1

r4 ) and those on the extrinsic curvature imply that the terms quadratic in kab also fall-o↵ as
O( 1

r4 ). Therefore it immediately follows [9] that the ADM energy can also be written as:
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There is a covariant framework to describe spatial infinity in the 4-dimensional setting without any
3+1 decomposition [21]. In that framework the full ADM 4-momentum P

ADM
a is naturally expressed

in terms of the 4-d Weyl tensor. Eq. (8) is the ‘time’ component of that expression of P
ADM
a in the

rest frame chosen by ⌧
a which is orthogonal to our Cauchy surface ⌃.

Finally, note that our fall-o↵ conditions imply that the Ricci-tensor Rab of the 4-d metric gab falls
o↵ as 1

r4 . Therefore, we can also express the ADM energy in terms of the Riemann tensor as

EADM = � 1

8⇡G
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It is this expression that naturally suggests a thought experiment to measure EADM in any space-
time that is asymptotically flat at spatial infinity, including those obtained by the Carlotto-Schoen
construction.

3More precisely, one uses the fact that the 2-sphere integrals of the 2-divergence of vector fields r̊br̊aC
a
bc
˚̃qcd and

r̊br̊cCa
bc
˚̃qad, tangential to the r = r� 2-spheres, vanish by Stokes’ theorem.
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Thought	experiment	to	measure	the	ADM	energy:	measure	the	tidal	acceleration	of	a	spherical	
distribution	of	test	masses	
•essential	to	be	in	the	asymptotic	region	
•essential	to	cover	all	angular	directions

Integral	over	a	whole	2-sphere	infinitely	far	away	from	the	source	
g	thought	experiment

Operational	definition	of	the	ADM	energy
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What is the ST that puts us on a god cut? what is the relation between their corresponding SU(2)
subgroups? And the analogue description using vacua instead of cuts?

What if I boost it, can I then see a discrepancy with the Komar expression?
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of general relativity, including those that have no Newtonian analogs. By carrying it out in di↵erent
asymptotic rest-frames one recovers the full information in P

ADM
a .

2.1 Preliminaries

The ADM 4-momentum is defined in the setting of 3+1 Hamiltonian framework. Let us fix a 3-
manifold ⌃ which is topologically R3 outside a compact set so that it has only one asymptotic end.
The fields of interest are a positive-definite 3-metric qab, its conjugate momentum p

ab, and the matter
density ⇢ and current j

a. From the perspective of the 4-d metric gab obtained by evolution, p
ab is

related to the extrinsic curvature k
ab via p

ab =
p
q

G (kab � kq
ab) and the matter density and current are

related to the stress-energy tensor via ⇢ = Tab⌧
a
⌧
b and j

a = Tbc⌧
b
q
ac, where ⌧

a is the unit time-like
normal to ⌃ with respect to the 4-metric gab. The initial data (qab, kab, ⇢, j

a) are subject to the scalar
and vector constraints of general relativity:
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2 = 16⇡G ⇢, and Da(k
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ab) = 8⇡G j
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. (1)

Here D and R are the (torsion-free) derivative operator and the scalar curvature defined by qab. In

the positive energy theorems one assumes the energy condition ⇢ � (jaja)
1
2 .

We are interested in the initial data that are asymptotically flat at spatial infinity. Thus, we require
that, outside a compact set, ⌃ admits a flat metric q̊ab and impose fall-o↵ conditions on components
of various fields in the Cartesian coordinates x

k̄ of q̊ab:

(i) (qāb̄ � q̊āb̄) = O(1r ); D̊c̄ qāb̄ = O( 1
r2 ); and, D̊c̄D̊d̄ qāb̄ = O( 1
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(ii) kāb̄ = O( 1
r2 ); and D̊c̄ kāb̄ = O( 1

r3 );
(iii) ⇢, jā, and the space-space components tāb̄ of Tab are all O( 1

r4 )

as r ! 1. Here r is the radial coordinate defined by x
k̄ and D̊ the (torsion-free) derivative operator

compatible with q̊ab. The fall-o↵ condition on the stress-energy tensor are motivated by the asymptotic
behavior of physically interesting Maxwell fields at spatial infinity.

Given such an initial data, the ADM energy EADM = �⌧
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where r̊
b = q̊

ab
D̊ar is the unit normal to the r = r� 2-spheres w.r.t. q̊ab. Thanks to our conditions

on the initial data, the integral is well-defined. Furthermore (although it is far from being clear from
its expression), it is positive and vanishes if and only of the initial data corresponds to Minkowski
space-time [14, 15].

2.2 Expressing the ADM Energy in terms of Curvature

To recast (2) in terms of the Riemann tensor Rabcd of the 4-d solution gab we will proceed in three
steps. In the first, we will recast it using of the Ricci curvature Rab of the physical 3-metric qab, in
the second, in terms of the Weyl curvature Cabcd of the 4-metric gab, and, in the third, using the full
Riemann tensor Rabcd. These expressions will refer only to the asymptotic behavior of r and not to
other features of the fiducial metric q̊ab, such as its derivative operator D̊.

To carry out the first step, one uses the following fact. The di↵erence between the derivative
operators D and D̊ is captured in a tensor field Cab

c:
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Using	Stokes’	theorem	and	the	Gauss-Codazzi	equation	:

and, since q̊ab is flat, the Ricci tensor Rab of qab is given by

Rac = 2
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One then substitutes the expression (3) of Cab
c in (4) and uses the fall o↵ condition (i) in the definition

of asymptotic flatness, and the fact that r D̊aD̊br =
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where r̊
a denotes the unit normal to the r = r� 2-spheres w.r.t. q̊ab. In arriving at (5), one has to

perform integration by parts and use Stokes’ theorem to set certain terms to zero.3 Therefore the
equality refers only to the integrals, not to the integrands. Eq. (5) immediately implies that the ADM
energy can be expressed in terms of the leading-order (i.e., 1

r3 -) part of the radial-radial component
of curvature Rab of the physical 3-metric [9]:
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This is in fact the expression of the ADM energy used in the Carlotto-Schoen analysis [1, 2].
In the second step, we wish to further recast the expression in terms of Weyl curvature of the

4-metric gab obtained by evolving the initial data. For this, one uses the fact that the electric part
Eab = Cacbd ⌧

b
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d of the 4-d Weyl tensor on the 3-manifold ⌃ can be expressed in terms of the initial

data and the Ricci tensor Rab of the 4-metric gab as follows:
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Our asymptotic conditions on the stress-energy tensor of matter fields imply the 4-d Ricci tensor falls
of as O( 1

r4 ) and those on the extrinsic curvature imply that the terms quadratic in kab also fall-o↵ as
O( 1

r4 ). Therefore it immediately follows [9] that the ADM energy can also be written as:
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There is a covariant framework to describe spatial infinity in the 4-dimensional setting without any
3+1 decomposition [21]. In that framework the full ADM 4-momentum P

ADM
a is naturally expressed

in terms of the 4-d Weyl tensor. Eq. (8) is the ‘time’ component of that expression of P
ADM
a in the

rest frame chosen by ⌧
a which is orthogonal to our Cauchy surface ⌃.

Finally, note that our fall-o↵ conditions imply that the Ricci-tensor Rab of the 4-d metric gab falls
o↵ as 1

r4 . Therefore, we can also express the ADM energy in terms of the Riemann tensor as
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It is this expression that naturally suggests a thought experiment to measure EADM in any space-
time that is asymptotically flat at spatial infinity, including those obtained by the Carlotto-Schoen
construction.

3More precisely, one uses the fact that the 2-sphere integrals of the 2-divergence of vector fields r̊br̊aC
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bc
˚̃qcd and

r̊br̊cCa
bc
˚̃qad, tangential to the r = r� 2-spheres, vanish by Stokes’ theorem.
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What is the ST that puts us on a god cut? what is the relation between their corresponding SU(2)
subgroups? And the analogue description using vacua instead of cuts?
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Bondi-Sachs	energy	in	terms	of	expansions

This	relation	appears	for	instance	in	Hawking	‘68
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Bondi-Sachs	energy	in	terms	of	expansions
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for Kerr I can find them on line? just to see if i can still take t and r so simple
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Using	the	explicit	falloff	behaviour	of	the	metric	:
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convergence	of	ingoing	null	rays
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Thought	experiment	to	measure	the	BS	energy:		
measure	the	angular	average	of	the	ingoing	congruence	
in	the	asymptotic	region

See	the	paper	for	details	on	how	to	do	this



The	ADM	and	BS	energies	are	well-defined	observables	that	have	played	an	important	role	in	the	
understanding	and	development	of	general	relativity	

They	are	global	quantities:	to	be	measured	one	has	to	consider	a	full	2-sphere	in	the	asymptotic	region	

In	spite	of	being	typically	written	as	formal	metric	expressions,	they	can	be	recasted	so	that	their	
physical	meaning	becomes	manifest:		
•tidal	acceleration	for	the	ADM	energy	
•convergence	of	null	geodesic	congruences	for	the	BS	energy	

Operational	definition	is	then	possible	

On	a	more	speculative	side,	the	relation	of	the	Bondi-Sachs	energy	to	the	convergence	suggests	the	
possibility	that	the	energy	be	quantized	with	a	discrete	spectrum,	e.g.	loop	quantum	gravity

Conclusions


