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Hypotheses

• Ma#er distribu-on in the Universe: mainly composed of collisionless massive 
par-cles interac-ng mainly through gravita-onal force (interac-ons of other 
nature are at best very weak and neglected) 

• Dark energy is embodied by the cosmological constant

• Dark ma#er distribu-on follows Vlasov-Poisson equa-ons (Note: the equa-ons 
below ignore the expansion of the Universe)
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Model considered here: Cold Dark Matter

e.g., standard Cold Dark Matter model with neutralino of mass 100 Gev

• Smoothness of initial conditions at scales smaller or of the order of a pc
• Initial local velocity dispersion so small that it can be neglected in practice
Ø The dark matter distribution can be considered as a 3D sheet folding in 6D 

phase-space. 
Initial conditions: 

Ø The first dark matter (micro)halos to form are typically of earth mass and 
solar system size (e.g. Diemand, J., Moore, B., & Stadel, J. 2005, Nature, 433, 389)
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Abstract

Resolving numerically Vlasov-Poisson equations for initially cold systems can be reduced to following the evolution
of a three-dimensional sheet evolving in six-dimensional phase-space. We describe a public parallel numerical al-
gorithm consisting in representing the phase-space sheet with a conforming, self-adaptive simplicial tessellation of
which the vertices follow the Lagrangian equations of motion. The algorithm is implemented both in six- and four-
dimensional phase-space. Refinement of the tessellation mesh is performed using the bisection method and a local
representation of the phase-space sheet at second order relying on additional tracers created when needed at runtime.
In order to preserve in the best way the Hamiltonian nature of the system, refinement is anisotropic and constrained by
measurements of local Poincaré invariants. Resolution of Poisson equation is performed using the fast Fourier method
on a regular rectangular grid, similarly to particle in cells codes. To compute the density projected onto this grid, the
intersection of the tessellation and the grid is calculated using the method of Franklin and Kankanhalli [64, 65, 66]
generalised to linear order. As preliminary tests of the code, we study in four dimensional phase-space the evolution
of an initially small patch in a chaotic potential and the cosmological collapse of a fluctuation composed of two sinu-
soidal waves. We also perform a “warm” dark matter simulation in six-dimensional phase-space that we use to check
the parallel scaling of the code.
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1. Introduction

Stars in galaxies and dark matter in the Universe can be described as a smooth self-gravitating collisionless fluid
following Vlasov-Poisson equations,

@ f
@t
+ u.rr f � rr�.ru f = 0, (1)

�r� = 4⇡G⇢ = 4⇡G
Z

f (r,u, t) du, (2)

where f (r,u, t) represents the phase-space density at position r, velocity u and time t, � is the gravitational potential
and G is the gravitational constant.

In this article, we focus on the cold case, relevant to the dynamics of cold dark matter. In the concordant model of
large scale structure formation [121, 122], the matter content in Universe is indeed dynamically dominated by a cold
and collisionless component, designated by “dark” matter as it does not emit detectable light or radiation. The cold
nature of this component implies that the phase-space distribution function is initially concentrated on a phase-space
sheet: at the macroscopic level, the thickness of the this sheet is virtually null:

f (r,u, t = ti) = ⇢i(r) �D[u � ui(r)], (3)
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Simulation of the dark matter distribution

Colombi & Dubois, IAP
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Simula*on of the dark ma3er distribu*on

Colombi & Dubois, IAP
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Simula*on of the dark ma3er distribu*on

Colombi & Dubois, IAP
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« Cold Dark Ma4er » in a very small box

PM Vlasov

Colombi 2021, A&A 647, A66

Standard neutralino model
(see, e.g., Diemand, Moore & 
Stadel 2005, Nature 433, 389)
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The 4 steps of dark ma0er halos history
A. The pre-collapse phase: resolvable analy-cally with perturba-on theory, of high order 

when approaching shell-crossing; Lagrangian perturba-on theory can be applied, with 
the proper seJngs, slightly beyond shell-crossing (see, e.g., Bernardeau, Colombi, Gaztanaga, 
Scoccimarro 2002, PhR 367, 1)

B. The shell-crossing phase: Post-collapse Lagrangian perturba-on theory can be applied, 
with the proper seJngs, slightly beyond shell-crossing (Refs. Below)

C. The violent relaxa;on phase: establishment of a prompt power-law cusp during a 
monolithic phase with clear signatures of self-similarity (see, e.g., Ishiyama, Makino & Ebisuzaki, 
2010, ApJ 723, L195; Colombi 2021, A&A 647, A66; Delos & White 2023, MNRAS 518, 3509). Simula-ons 
needed. See talk of A. Parichha in the 2D case

D. The evolu;on towards a dynamical aBractor, the so-called NFW profile (Navarro, Frenk & 

White, 1996, ApJ 462, 563; 1997, ApJ 490, 493), during which mergers can (or not) take place. 
Signatures of Self-similarity are less evident but s-ll present through e.g. the pseudo-
phase-space density. Maximum entropy methods have been proposed to explain 
convergence to NFW. Simula-ons needed. 

Note: the same process as above is expected to apply for Warm Dark MaQer (WDM) models 
where the par-cle mass is about a few KeV. The smoothing scale is larger, and the ini-al 
velocity dispersion of dark maQer par-cles might not be neglected for accurate calcula-ons. 
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A. The pre-collapse phase
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Lagrangian equa8ons of mo8on

Lagrangian equa*ons of mo*on in the expanding Universe:

Lagrangian displacement field:

a : scale factor of the Universe
ρm: average matter density
δ : density contrast

Divergence: longitudinal part:

Mass conserva*on:

Curl:  transverse part:
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Lagrangian perturba8on theory

Perturba*ve expansion: 

Longitudinal:

Transverse:

Time operator:

Einstein de Si3er : 

Solu*on reconstruc*on: 

See, e.g., Bernardeau, F., Colombi, S., Gaztañaga, E., & Scoccimarro, R. 2002, Phys. Rep., 367, 1 
Rampf, C. 2012, JCAP, 2012, 004
Matsubara, T. 2015, Phys. Rev. D, 92, 023534
Below: notaTons of Saga, Taruya & Colombi 2018, PRL 121, 241302



www.vlasix.org

Linear Lagrangian perturba8on theory
Exact in 1D up to shell-crossing
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• 3 sine waves in a periodic box (following footpath of e.g. Moutarde et al. 
1991, ApJ 382, 377)

(εx, εy, εz)=(-24,   -4,   -3)  
(-24, -18, -12) 
(-18, -18, -18) 

: ‘’quasi’’ 1D
: “normal”
: ‘’Isotropic’’

aini=0.0005 

Saga, Taruya & Colombi, 2022, A&A 664, A3
Saga, Taruya & Colombi 2018, PRL 121, 241302

Tests of Lagrangian Perturba8on Theory
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Saga, Taruya & Colombi, 2022, A&A 664, A3

Phase-space diagram at collapse ?me
The intersec-on of the phase-space sheet (a 3D hypersurface) with the 
hyperplane y=z=0 (a 4D hypersurface) is a (set) of curve(s)
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B. The post-collapse phase: catastrophe theory
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Catastrophe theory: the simple case

Taylor expansion of the displacement field of around the initial singularity point:

See, e.g., V. I. Arnold, S. F. Shandarin, and I. B. Zeldovich, Geophysical and Astrophysical Fluid Dynamics 20, 111 (1982)
J. Hidding, S. F. Shandarin, and R. van de Weygaert, MNRAS 437, 3442 (2014) 
Feldbrugge, J., van de Weygaert, R., Hidding, J., & Feldbrugge, J. 2018, JCAP, 2018, 027
The simple case below: notations of Saga, Colombi & Taruya, 2023, A&A 678, A168 

Singular surface (or point/curve): 

Symmetric configura-on:
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Shortly aber shell-crossing: h=0 
corresponds to the collapse 
-me when a singular point 
appears. Collapse along x axis:

Then:

Extension of the pancake in 
configura-on space:

A3

A2

Saga, Taruya & Colombi, 2022, A&A 664, A3
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The shape of a pancake just after shell-crossing
using the ballistic approximation: validation of Perturbation theory again

In Lagrangian space: the pancake is an ellipsoid
In Eulerian space: it has a pancake shape with sharp A3 edge

Saga, Taruya & Colombi, 2022, A&A 664, A3

A3

A3

A2

A2
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Simula'on described in Colombi 2021, A&A 647, A66

« Cold Dark Ma4er » in a very
small box

(simula(on box size 12.5 h-1 pc)

Lagrangian space: Jacobian

Eulerian (configuration space): density

Eulerian (configura^on space): ray-traced (cumulated) density
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Eulerian (configura^on space): density

Eulerian (configura^on space): ray-traced (cumulated) densityLagrangian space: Jacobian

Simula'on described in Colombi 2021, A&A 647, A66

« Cold Dark Ma4er » in a very
small box

(simula(on box size 12.5 h-1 pc)
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Colombi 2021, A&A 647, A66

Eulerian (configuration space): density

Eulerian (configura^on space): ray-traced (cumulated) densityLagrangian space: Jacobian

Simula'on described in Colombi 2021, A&A 647, A66

« Cold Dark Ma4er » in a very
small box

(simula(on box size 12.5 h-1 pc)
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B. Post-collapse perturba1on theory: 
dynamics of a pancake
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Saga, Taruya & Colombi 2018, PRL 121, 241302

Colombi 2021
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The dynamics slightly beyond shell-crossing: 
Post-collapse perturba1on theory

Saga, Taruya & Colombi, 2022, A&A 664, A3
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Dynamics of pancakes: post-collapse perturba?on theory in 1D
Colombi 2015, MNRAS 446, 2902 
Taruya & Colombi 2017, MNRAS 470, 4858
Rampf, C., Frisch, U., & Hahn, O. 2021, MNRAS, 505, L90

• The main idea is that at collapse time the system presents a quasi-1D structure. 

• In 1D dynamics, linear Lagrangian perturbation theory provides exact solution prior to 
collapse time. It can be used as a first approximation of the dynamics just after collapse time.

• Correction to the force, hence to the motion, is computed just after collapse time assuming 
that x(Q) and v(Q) are third order polynomials of Lagrangian position Q, which is correct 
asymptotically in the Zel’dovich motion

Outer part of the 
“S” shape

Inner part of the 
“S” shape

6 A. Taruya and S. Colombi

3.3 Corrections to the Zel’dovich flow: basic
post-collapse PT results

Given the explicit expression for the force in the multi-
stream region and using the formal solution given by
Eqs. (17) and (18), we now compute corrections to the
Zel’dovich flow that we write as follows:

�u(Q; ⌧, b⌧c) =
Z ⌧

b⌧c
d⌧ 0 F (x(Q, ⌧

0)), (43)

�x(Q; ⌧, b⌧c) =
Z ⌧

b⌧c
d⌧ 0 �u(Q; ⌧ 0, b⌧c). (44)

We noticed in previous section that, depending on the La-
grangian position of interest, the expression for the force is
di↵erent and we have to divide the domain of the integrals
in Eqs. (43) and (44) into several pieces:

(i) ⌧0  ⌧ < b⌧c(Q): the position Q is located in the single-
valued region (i.e., |Q| > Qc) and the motion is still de-
scribed by the Zel’dovich solution. We have

x(Q; ⌧) = xZel(Q; ⌧) ⌘ q +  (q)D+(⌧), (45)

u(Q; ⌧) = uZel(Q; ⌧) ⌘  (q)
dD+(⌧)

d⌧
. (46)

(ii) b⌧c(Q)  ⌧ < ⌧c(Q): the position Q is in the multi-

valued region and satisfies Qc < |Q|  bQc, i.e. lies in the
outer part of the caustic. In addition to the Zel’dovich flow,
the corrections arising from the multi-stream flow need to
be added and we note them as follows:

x(Q; ⌧) = xZel(Q; b⌧c(Q)) +�xout(Q; ⌧, b⌧c(Q)), (47)

u(Q; ⌧) = uZel(Q; b⌧c(Q)) +�uout(Q; ⌧, b⌧c(Q)). (48)

In this region, which correspond to the tails of the S shape in
Fig. 1, the system is globally expanding in phase space and
gaining energy, at variance with the central part, which on
the contrary, contracts. This can be understood from com-
puting the variation of energy of a typical test particle dur-
ing a fraction of orbit. This phenomenon was studied in the
non-cosmological case by Colombi (2015) and the results
should not be fundamentally di↵erent in the cosmological
case studied here.

(iii) ⌧c(Q)  ⌧ : this corresponds to |Q|  Qc, i.e. the po-
sition Q now lies in the inner part of the multi-stream region
with respect to the caustic. Similarly to the above case, the
backreaction to Zel’dovich flow needs to be computed, in-
cluding at present both the multi-stream dynamics of the
inner part and the incoming flow from the outer part. We
may write

x(Q; ⌧) = xZel(Q; b⌧c(Q)) +�xin(Q; ⌧, b⌧c(Q)), (49)

u(Q; ⌧) = uZel(Q; b⌧c(Q)) +�uin(Q; ⌧, b⌧c(Q)). (50)

Note that the corrections �xin and �uin partly come
from outer part contributions, �xout(Q; ⌧c, b⌧c) and
�uout(Q; ⌧c, b⌧c). As mentioned in the previous point (ii),
in this region, which corresponds to the central part of the
S on Fig. 1, the system is globally contracting and losing
energy in favor of the tails of the S.

In what follows, we compute the backreaction to
Zel’dovich flow and derive the expressions for �x and �u

in each domain. The calculation for the corrected motion
is rather straightforward but needs several steps. Here, we
give a brief sketch of the calculation, deferring details to Ap-
pendix C. The final results are given in Eqs. (52) and (54) for
the outer part, Eqs. (56) and (58) for the inner part, together
with the coe�cients in Tables 1 and 2. Note that although
our expansion is rigorously valid only at third-order in Q,
higher-order contributions will appear in the corrections to
provide a continuous solution, up to fifth- and seventh-order
for the velocity and the position, respectively.

3.3.1 Velocity and position in the outer part:

Qc < |Q|  bQc

In the outer part of the multi-valued region, (ii), the correc-
tion to the velocity can be expressed as

�uout(Q; ⌧, b⌧c) = �
3
2
H

2
0 ⌦m,0

Z ⌧

b⌧c(Q)

d⌧ 0 a(⌧ 0)

⇥

n
J (Q; q0, ⌧

0) + F(q0, ⌧
0)
o
. (51)

In the above, while the first integral is performed with the
help of formulae in Appendix E, the second integral is com-
puted exactly. The whole derivation is provided in Appendix
C1. The resultant expression can be summarized as

�uout(Q; ⌧, b⌧c) = �
3
2
H

2
0 ⌦m,0 a(⌧0)

h
e↵1(⌧)Q+ e�1(⌧)Q3

+ e�1(⌧0)
n
bQ2
c(⌧)�Q

2
o3/2

+ e�1(⌧0)Q5
i
+ e✏1(⌧, b⌧c),

(52)

with the time-dependent coe�cients given in Table 1. Note
that the coe�cient e✏1 implicitly depends on the Lagrangian
position Q through b⌧c(Q) ' ⌧0 + (/8)Q2 but is not Taylor
expanded with respect to Q, for simplicity. A fully analyt-
ical theory, in particular to predict the power spectrum of
the projected density field, would in principle require such
a Taylor expansion. Performing it should not change signifi-
cantly the performances of post-collapse PT as presented in
this article.

Once �uout is obtained, the expression for the correc-
tion �xout is evaluated by further integrating Eq. (52) over
time:

�xout(Q; ⌧, b⌧c) =
Z ⌧

b⌧c(Q)

d⌧ 0 �uout(Q, ⌧
0). (53)

The resultant expression becomes (see Appendix C2 for
derivation):

�xout(Q; ⌧, b⌧c) = �
3
2
H

2
0 ⌦m,0 a(⌧0)

h
e↵2(⌧)Q+ e�2(⌧)Q3

+ e�2(⌧0)
n
bQ2
c(⌧)�Q

2
o5/2

+ e�2(⌧)Q5 + e⇣2(⌧)Q7
i

+ e✏2(⌧, b⌧c), (54)

with the time-dependent coe�cients presented in Table 1.
Note again the dependence on Q of parameter e✏2(⌧, b⌧c)
through b⌧c and the fact that we did not Taylor expand it
in polynomials of Q, as it would be required for a fully an-
alytical theory.

MNRAS 000, 1–27 (2015)

6 A. Taruya and S. Colombi

3.3 Corrections to the Zel’dovich flow: basic
post-collapse PT results

Given the explicit expression for the force in the multi-
stream region and using the formal solution given by
Eqs. (17) and (18), we now compute corrections to the
Zel’dovich flow that we write as follows:

�u(Q; ⌧, b⌧c) =
Z ⌧

b⌧c
d⌧ 0 F (x(Q, ⌧

0)), (43)

�x(Q; ⌧, b⌧c) =
Z ⌧

b⌧c
d⌧ 0 �u(Q; ⌧ 0, b⌧c). (44)

We noticed in previous section that, depending on the La-
grangian position of interest, the expression for the force is
di↵erent and we have to divide the domain of the integrals
in Eqs. (43) and (44) into several pieces:

(i) ⌧0  ⌧ < b⌧c(Q): the position Q is located in the single-
valued region (i.e., |Q| > Qc) and the motion is still de-
scribed by the Zel’dovich solution. We have

x(Q; ⌧) = xZel(Q; ⌧) ⌘ q +  (q)D+(⌧), (45)

u(Q; ⌧) = uZel(Q; ⌧) ⌘  (q)
dD+(⌧)

d⌧
. (46)

(ii) b⌧c(Q)  ⌧ < ⌧c(Q): the position Q is in the multi-

valued region and satisfies Qc < |Q|  bQc, i.e. lies in the
outer part of the caustic. In addition to the Zel’dovich flow,
the corrections arising from the multi-stream flow need to
be added and we note them as follows:

x(Q; ⌧) = xZel(Q; b⌧c(Q)) +�xout(Q; ⌧, b⌧c(Q)), (47)

u(Q; ⌧) = uZel(Q; b⌧c(Q)) +�uout(Q; ⌧, b⌧c(Q)). (48)

In this region, which correspond to the tails of the S shape in
Fig. 1, the system is globally expanding in phase space and
gaining energy, at variance with the central part, which on
the contrary, contracts. This can be understood from com-
puting the variation of energy of a typical test particle dur-
ing a fraction of orbit. This phenomenon was studied in the
non-cosmological case by Colombi (2015) and the results
should not be fundamentally di↵erent in the cosmological
case studied here.

(iii) ⌧c(Q)  ⌧ : this corresponds to |Q|  Qc, i.e. the po-
sition Q now lies in the inner part of the multi-stream region
with respect to the caustic. Similarly to the above case, the
backreaction to Zel’dovich flow needs to be computed, in-
cluding at present both the multi-stream dynamics of the
inner part and the incoming flow from the outer part. We
may write

x(Q; ⌧) = xZel(Q; b⌧c(Q)) +�xin(Q; ⌧, b⌧c(Q)), (49)

u(Q; ⌧) = uZel(Q; b⌧c(Q)) +�uin(Q; ⌧, b⌧c(Q)). (50)

Note that the corrections �xin and �uin partly come
from outer part contributions, �xout(Q; ⌧c, b⌧c) and
�uout(Q; ⌧c, b⌧c). As mentioned in the previous point (ii),
in this region, which corresponds to the central part of the
S on Fig. 1, the system is globally contracting and losing
energy in favor of the tails of the S.

In what follows, we compute the backreaction to
Zel’dovich flow and derive the expressions for �x and �u

in each domain. The calculation for the corrected motion
is rather straightforward but needs several steps. Here, we
give a brief sketch of the calculation, deferring details to Ap-
pendix C. The final results are given in Eqs. (52) and (54) for
the outer part, Eqs. (56) and (58) for the inner part, together
with the coe�cients in Tables 1 and 2. Note that although
our expansion is rigorously valid only at third-order in Q,
higher-order contributions will appear in the corrections to
provide a continuous solution, up to fifth- and seventh-order
for the velocity and the position, respectively.

3.3.1 Velocity and position in the outer part:

Qc < |Q|  bQc

In the outer part of the multi-valued region, (ii), the correc-
tion to the velocity can be expressed as

�uout(Q; ⌧, b⌧c) = �
3
2
H

2
0 ⌦m,0

Z ⌧

b⌧c(Q)

d⌧ 0 a(⌧ 0)

⇥

n
J (Q; q0, ⌧

0) + F(q0, ⌧
0)
o
. (51)

In the above, while the first integral is performed with the
help of formulae in Appendix E, the second integral is com-
puted exactly. The whole derivation is provided in Appendix
C1. The resultant expression can be summarized as

�uout(Q; ⌧, b⌧c) = �
3
2
H

2
0 ⌦m,0 a(⌧0)

h
e↵1(⌧)Q+ e�1(⌧)Q3

+ e�1(⌧0)
n
bQ2
c(⌧)�Q

2
o3/2

+ e�1(⌧0)Q5
i
+ e✏1(⌧, b⌧c),

(52)

with the time-dependent coe�cients given in Table 1. Note
that the coe�cient e✏1 implicitly depends on the Lagrangian
position Q through b⌧c(Q) ' ⌧0 + (/8)Q2 but is not Taylor
expanded with respect to Q, for simplicity. A fully analyt-
ical theory, in particular to predict the power spectrum of
the projected density field, would in principle require such
a Taylor expansion. Performing it should not change signifi-
cantly the performances of post-collapse PT as presented in
this article.

Once �uout is obtained, the expression for the correc-
tion �xout is evaluated by further integrating Eq. (52) over
time:

�xout(Q; ⌧, b⌧c) =
Z ⌧

b⌧c(Q)

d⌧ 0 �uout(Q, ⌧
0). (53)

The resultant expression becomes (see Appendix C2 for
derivation):

�xout(Q; ⌧, b⌧c) = �
3
2
H

2
0 ⌦m,0 a(⌧0)

h
e↵2(⌧)Q+ e�2(⌧)Q3

+ e�2(⌧0)
n
bQ2
c(⌧)�Q

2
o5/2

+ e�2(⌧)Q5 + e⇣2(⌧)Q7
i

+ e✏2(⌧, b⌧c), (54)

with the time-dependent coe�cients presented in Table 1.
Note again the dependence on Q of parameter e✏2(⌧, b⌧c)
through b⌧c and the fact that we did not Taylor expand it
in polynomials of Q, as it would be required for a fully an-
alytical theory.

MNRAS 000, 1–27 (2015)
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Collapse occurs at peaks of the ini-al density: 

At collapse the mo-on can be expanded
at third order in the Lagrangian coordinate

Calcula-on of the accelera-on is then facilitated 
by the fact that the mul-valued equa-on 
x(Q)=x(Q’) has simple solu-ons

Taruya & Colombi 2017, MNRAS 470, 4858
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Final expressions for the correc-ons of the mo-on are cumbersome: par-al result

Taruya & Colombi 2017, MNRAS 470, 4858
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Example in 1D: collapse and evolution of a single sine wave
Taruya & Colombi 2017, MNRAS 470, 4858 A3+ A2
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Post-collapse perturba8on theory in 3D
Saga, Colombi, &Taruya, 2023, A&A 678, A168 
Saga et al., in prepara^on

• Generaliza-on of the previous calcula-ons to the 2D and 3D cases is 
straigh\orward, but even more cumbersome

• It uses the fact that shortly a]er collapse, the structure of the system remains 
quasi-1D, with the shape of a pancake

• The calcula-on of the force field along shell-crossing axis is analogous to the 1D 
case

• In the other axes of the mo-on, the system does not experience (yet) shell-
crossing, which allows one to exploit directly higher order perturba-on theory 
results, as long as convergence is achieved
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Example: preliminary results

Saga et al., in preparation

Acceleration along x-axis: 
Saga, Colombi & Taruya, 
2023, A&A 678, A168 

Phase-space diagrams:
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Perspec'ves
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• The calcula6ons can poten6ally be iterated un#l next 
crossing #me and so on to obain a toy model of first 
instants of violent relaxa#on (example in 1D: Colombi 2015, MNRAS 
446, 2902)

• However:
o Shell crossings can take place along other axes
o The general case is asymmetrical: the 3 sines wave 

symmetry is too restric#ve
o A link remains to be established with self-similarity
o The real life of a dark maAer halo is complex, with 

successive mergers
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Beyond post-collapse: 2 sine waves with different amplitudes
Sousbie & Colombi 2016, JCP 321, 644; Pariccha et al 2024
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Colombi 2021, A&A 647, A66

The violent relaxation phase: self-similarity?

See talk of A. Parichha for the 2D case
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Colombi 2021, A&A 647, A66

Phase-space slices : « CDM » halos

Colombi 2021, A&A 647, A66


