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Gravitational waves from 
the early universe



How can GW help to probe the universe?

because of the weakness of the gravitational interaction the universe 
is “transparent” to GWs
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GW can bring direct information from the early universe: 
phenomena occurring in the early universe can produce stochastic 

GW backgrounds (SGWB) a fossil radiation like the CMB 

tests of high energy phenomena 

early 
universe

How can GW help to probe the universe?



Binaries of compact objects (black holes, neutron stars…) orbiting around 
each other and possibly merging emit GWs  

Provide information on binary formation and evolution, cosmological 
structure formation, black hole growth and environment, tests of General 

Relativity in strong and weak regime, tests of the cosmic expansion… 
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Danny 
Laghi

How can GW help to probe the universe?



Summary of the lecture

• GW equation of motion in FLRW and its relevant solutions  
• Characterisation of a stochastic GW background from the 

early universe  
• What is and will be known on the SGWB, with a digression 

on PTA measurement 
• A few examples of SGWB sources with characteristic 

solutions

C.C. and D.G. Figueroa, “Cosmological backgrounds of GWs”, arXiv:1801.04268 
M. Maggiore, “Gravitational waves”, volume 1 and 2, Oxford University Press



• GWs emerge naturally in General Relativity as a causal theory of 
gravitation, in which there must be some form of radiation propagating 
information causally: GWs! 

• “waves” are propagating perturbations over a background:  

1. take a background space-time metric (the gravitational field)  
2. define a small perturbation over this background metric 
3. insert it into the equations that describe the space-time dynamics 

(Einstein equations) 
4. (if everything goes well) one finds a dynamical solution for the 

perturbation which is propagating as a wave -> GWs!

GW propagation equation in FLRW
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ds2 = �dt2 + a2(t) (�ij + hij) dx
idxj Neglecting scalar and 

vector perturbations
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Ḡµ⌫ + �Gµ⌫ = 8⇡G (T̄µ⌫ + �Tµ⌫)
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and isotropic background
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“The Cosmic Microwave Background”, R. Durrer, Cambridge University Press, 2008



Perfect fluid
Source: tensor 

anisotropic stress
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(@ivi = 0, @i⇧ij = 0, ⇧ii = 0)

In the cosmological context: 
energy momentum tensor of the matter content of the 

universe (background + perturbations)

NO GWs FROM THE HOMOGENEOUS MATTER COMPONENT
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ḧij(x, t) + 3H ḣij(x, t)�
r2

a2
hij(x, t) = 16⇡G⇧ij(x, t)
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Tµ⌫ = T̄µ⌫ + �Tµ⌫

GW propagation equation in FLRW

4.

COMMENT: In cosmology, the FLRW space-time is homogeneous and isotropic, so tensor 
modes can be defined also when λ ～ LB  (exemple: horizon re-entry after inflation), but 
one cannot say these are GWs, unless modes are well within the horizon (λ ≪ LB)



GW propagation equation in FLRW

One exploits the translational invariance and performs a F.T. in space
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Source: tensor 
anisotropic stress

In the cosmological context: 
energy momentum tensor of the matter content of the 

universe (background + perturbations)
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hij(x, t) = 16⇡G⇧ij(x, t)4.



GW propagation equation in FLRW

The evolution equation 
decouples for each 
polarisation mode
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h00
r (k, ⌘) + 2H h0

r(k, ⌘) + k2 hr(k, ⌘) = 16⇡Ga2 ⇧r(k, ⌘)

conformal time, Hubble factor and comoving wavenumber

One exploits the translational invariance and performs a F.T. in space

Source: tensor 
anisotropic stress

In the cosmological context: 
energy momentum tensor of the matter content of the 

universe (background + perturbations)

<latexit sha1_base64="kIk/fsc8yHYbEUKlzPA8vbMosXg="></latexit>
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Hr(k, ⌘) = a hr(k, ⌘)
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h00
r (k, ⌘) + 2H h0

r(k, ⌘) + k2 hr(k, ⌘) = 16⇡Ga2 ⇧r(k, ⌘)

Solution of the homogeneous equation
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Power-law scale factor
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hr(k, ⌘) =
Ar(k)

an⌘n�1
jn�1(k⌘) +

Br(k)

an⌘n�1
yn�1(k⌘)

Covering matter (n=2) and radiation domination (n=1), and De Sitter inflation n=-1)
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a(⌘) = an⌘
n

Two notable limiting cases: sub-Hubble and super-Hubble modes

GW propagation equation in FLRW
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CASE 1: Sub-Hubble modes, relevant for propagation after the source stops
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In this limit, GWs 
are plane waves 
with redshifting 

amplitude

Suppose the source operates in a time interval ηfin - ηin in the radiation 
dominated era

Matching at ηfin with the homogeneous solution to find the GW signal today
<latexit sha1_base64="Konc3ZensRoC4h6hGWT3Rt/FAAk="></latexit>
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GW propagation equation in FLRW
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What are the coefficients Ar(k) and Br(k) from the initial condition?



CASE 2: Super-Hubble modes, relevant for inflationary tensor perturbations
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Initial condition 
from inflation, 
Ar(k) constant 

After Hubble re-entry, 
GWs oscillating as plane 

waves and redshifting 
with the expansion

Full solution with inflationary initial conditions 
Hubble re-entry at the radiation-matter transition

GW propagation equation in FLRW

Decaying mode, 
negligible



Why sources in the early universe produce SGWBs?

LIGO website

A stochastic GW background is a signal for which only the statistical properties can 
be accessed because it is given by the incoherent superposition of sources that 

cannot be individually resolved

• For example, the superposition of deterministic GW signals from astrophysical 
binary sources with too low signal-to-noise ratio, or too much overlap in time 
and frequency -> confusion noise (Examples: LVK, LISA, PTAs…) 

• Early universe GW sources produce SGWBs because they are homogeneously  

and isotropically distributed over the entire universe, and correlated on scales 
much  smaller than the detector resolution



Why sources in the early universe produce SGWBs?

<latexit sha1_base64="Fy2erUQJTwZxdbzjX28AyaLNVsw=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBDEQ9gVRY8BLx4jmAckS5iddJIxszPLzKwQlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlAhurO9/eyura+sbm4Wt4vbO7t5+6eCwYVSqGdaZEkq3ImpQcIl1y63AVqKRxpHAZjS6nfrNJ9SGK/lgxwmGMR1I3ueMWic1OihE97xbKvsVfwayTIKclCFHrVv66vQUS2OUlglqTDvwExtmVFvOBE6KndRgQtmIDrDtqKQxmjCbXTshp07pkb7SrqQlM/X3REZjY8Zx5Dpjaodm0ZuK/3nt1PZvwozLJLUo2XxRPxXEKjJ9nfS4RmbF2BHKNHe3EjakmjLrAiq6EILFl5dJ46ISXFX8+8tytZrHUYBjOIEzCOAaqnAHNagDg0d4hld485T34r17H/PWFS+fOYI/8D5/ACs4jto=</latexit>

`⇤
characteristic length-scale of the source 
(typical size of variation of the tensor anisotropic stresses)

A GW source acting at time t✻ in the early universe cannot produce a signal 
correlated on length/time scales larger than the causal horizon at that time
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Why sources in the early universe produce SGWBs?

A GW source acting at time t✻ in the early universe cannot produce a signal 
correlated on length/time scales larger than the causal horizon at that time

<latexit sha1_base64="INJDhmIK3B6GS6CKZSmM06AbAsg=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBGkYElE0WXBTZcV7AOaGCbTm3bo5OHMRAih/oobF4q49UPc+TdO2yy09cCFwzn3cu89fsKZVJb1baysrq1vbJa2yts7u3v75sFhR8apoNCmMY9FzycSOIugrZji0EsEkNDn0PXHN1O/+whCsji6U1kCbkiGEQsYJUpLnllxgHOv5nB4wE2vdp+f2RPPrFp1awa8TOyCVFGBlmd+OYOYpiFEinIiZd+2EuXmRChGOUzKTiohIXRMhtDXNCIhSDefHT/BJ1oZ4CAWuiKFZ+rviZyEUmahrztDokZy0ZuK/3n9VAXXbs6iJFUQ0fmiIOVYxXiaBB4wAVTxTBNCBdO3YjoiglCl8yrrEOzFl5dJ57xuX9at24tqo1HEUUJH6BidIhtdoQZqohZqI4oy9Ixe0ZvxZLwY78bHvHXFKGYq6A+Mzx8wP5PQ</latexit>

`⇤  H
�1
⇤

Angular size on the sky 
today of a region in which 

the SGWB signal is 
correlated `2(T⇤)
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Angular diameter distance

Number of uncorrelated regions accessible today
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⇠ ⇥�2
⇤

<latexit sha1_base64="OTsBz1a/8jRhL28wJIYO26K7/u8="></latexit>

⇥(T⇤ = 100GeV) ' 10�12deg

Suppose a GW detector angular resolution of 10 deg 
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z⇤ . 17
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⇥(z⇤ = 1090) ' 0.9 deg

Only the statistical properties of the signal can be accessed



• We access today the GW signal from many independent horizon volumes:  
hij(x,t) must be treated as a random variable, only its statistical properties can 
be accessed, e.g. its correlator 

where <…> is an ensemble average 

• The universe is homogeneous and isotropic, so the GW source is operating 
everywhere at the same time with the same average properties (“a-causal” initial 
conditions from Inflation)  

• Under the ergodic hypothesis, the ensemble average can be substituted with 
volume / time averages: we identify this average with the volume / time one 
necessary to define the GW energy momentum tensor 

• Notable exception: SGWB from Inflation (intrinsic quantum fluctuations that 
become classical (stochastic) outside the horizon)

Why sources in the early universe produce SGWBs?
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hhr(x, ⌘1)hs(y, ⌘2)i



The SGWB is in general homogenous and isotropic, unpolarised and Gaussian

<latexit sha1_base64="8HWUL9OSUG5I/eIGBRc7OxV+Y4U="></latexit>

hhij(x, ⌘1)hlm(y, ⌘2)i = Fijlm(|x� y|, ⌘1, ⌘2)
As the FLRW space-time

If the sourcing process preserves parity

Central limit theorem: the signal comes from the 
superposition of many independent regions 

Helicity basis
There are 

exceptions!
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e±2
ij =

e+ij ± i e⇥ij
2

<latexit sha1_base64="asLwUvoFBgewZH6clQE4cgsx2uY="></latexit>

hh+2(k, ⌘)h+2(k, ⌘)� h�2(k, ⌘)h�2(k, ⌘)i = hh+(k, ⌘)h⇥(k, ⌘)i = 0

Certainly some induced anisotropy, e.g. the dipole with 
respect to the cosmological frame

More challenging to detect than the “monopole” 

Characterisation of a primordial SGWB



{
Statistical 

homogeneity and 
isotropy

Gaussianity: the two-point 
correlation function is 

enough to fully describe 
the SGWB

Unpolarised

Power spectrum of the GW amplitude

Related to the variance of the 
GW amplitude in real space

For freely propagating sub-Hubble modes, and taking the time-average:
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hc(k, ⌘) /
1

a2(⌘)
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hc(k, t)
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hhij(x, ⌘)hij(x, ⌘)i = 2

Z +1

0

dk

k
h2
c(k, ⌘)
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hhr(k, ⌘)h
⇤
p(q, ⌘)i =

1

a2(⌘)
[hAr(k)A

⇤
p(q)i+ hBr(k)B

⇤
p(q)i]

<latexit sha1_base64="ITXxUePfhDwCG0mmpySO9qGUW44="></latexit>

hr(k, ⌘) =
Ar(k)

a(⌘)
eik⌘ +

Br(k)

a(⌘)
e�ik⌘

Characterisation of a primordial SGWB



Power spectrum of the GW energy density

<latexit sha1_base64="4k2lNg7ralbcLDRf8eAhMwrra5Y="></latexit>

⇢GW =
hḣij(x, t) ḣij(x, t)i

32⇡G
=

hh0
ij(x, ⌘)h

0
ij(x, ⌘)i

32⇡Ga2(⌘)
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Z +1

0

dk

k

d⇢GW

dlogk
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d⇢GW

dlogk
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k2 h2
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16⇡Ga2(⌘)
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h0
c
2
(k, ⌘) ' k2 h2

c(k, ⌘)
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⇢GW / 1

a(⌘)4
GW energy density scales like radiation for 

freely propagating sub-Hubble modes  
(free massless particles)

<latexit sha1_base64="kzPgKMHXcVFf5ium1Avr4ZCeHAc="></latexit>

d⇢GW

d log k

For freely propagating sub-Hubble modes, and taking the time-average:

Characterisation of a primordial SGWB



GW energy density parameter

<latexit sha1_base64="0Rmq+vqTQpWoPN8hlOCcliZ1woQ="></latexit>

h2 ⌦GW(k, ⌘0) =
h2⇢⇤
⇢c

✓
a⇤
a0

◆4 ✓ 1

⇢⇤

d⇢GW

dlogk
(k, ⌘⇤)

◆

Evaluated today, for a source 
that operated at time η✻ 

• The source has stopped operating so the waves are freely propagating  

• The expansion of the universe is negligible over the time of the 
measurement so that the SGWB appears stationary 

• One can F.T. in time as well 

To make connection with the detection process one assumes that
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Characterisation of a primordial SGWB
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Power spectral density



What is/will be known about the SGWB
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What is/will be known about the SGWB
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Integrated upper 
bounds from CMB and 
BBN probing radiation-

like energy density



• GW contribute to the energy density in the universe and change its 
background evolution

What is/will be known about the SGWB

• The abundances of elements produced at Big Bang Nucleosynthesis 
(BBN) depend on the relative abundance of neutrons and protons, 
which depends on the Hubble scale at T ∼ MeV  

• The Cosmic Microwave Background (CMB) monopole and anisotropy 
spectrum depend on the Hubble scale at decoupling T ∼ 0.3 eV, on the 
matter-radiation equality… 

• Bounds on the integrated GW energy density at/previous to the BBN 
and CMB epochs
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H
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3
⌃i⇢i(T )

CAREFUL! Plot “wrong”…



What is/will be known about the SGWB
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Low-frequency 
bounds from CMB 
anisotropies and 

polarisation



• temperature anisotropy:  
limit by Planck

• polarisation: BB spectrum measured 
by BICEP and Planck generated at 
photon decoupling time, from 
Thomson scattering of electrons by a 
quadrupole temperature anisotropy 
in the photons

�T

T
= �

Z t0

tdec

ḣij n
injdt

polarisation patterns

generated by 
primordial scalar 

and tensor 
perturbations

generated only by 
primordial tensor 

perturbations or by 
foregrounds 

Cosmic microwave background
frequency range of detection: 10-18 Hz < f <  10-16 HZ
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Cosmic microwave background

only upper bounds on the 
primordial component for now

Planck collaboration: arXiv:1807.06205

Galloni et al: arXiv:2208.00188



Cosmic microwave background

This constraint is usually 
represented in the context of 
Inflation as a bound on the 

tensor-to-scalar ratio

Projected sensitivity on the 
tensor-to-scalar ratio

Calabrese et al, arXiv:2503.14454

A. Challinor, https://indico-dpt.unige.ch/event/1/
contributions/31/attachments/16/19/

Challinor_Geneva2025.pdf

https://indico-dpt.unige.ch/event/1/contributions/31/attachments/16/19/Challinor_Geneva2025.pdf
https://indico-dpt.unige.ch/event/1/contributions/31/attachments/16/19/Challinor_Geneva2025.pdf
https://indico-dpt.unige.ch/event/1/contributions/31/attachments/16/19/Challinor_Geneva2025.pdf


What is/will be known about the SGWB
Present and future GW obsevatories:  
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Earth-based interferometers

arm length L = 4 km 

frequency range of detection:  
10 Hz < f < 5kHZ

• Black hole coalescing binaries of masses few to hundred solar masses (BHBs)  
• Neutron Star and NS-BH binaries / SN explosions 
• Stochastic GW background

LIGO/Virgo (operating) 3rd generation ET, CE (future)

arm length L ~15-20 km 

frequency range of detection:  
1 Hz < f < 104 HZ

http://www.et-gw.eu/index.phphttps://www.ligo.org/

DETECTION TARGETS:

factor 20 improvement in sensitivity



Earth-based interferometers

Last catalogue GWTC-4: 
128 binary mergers 

detected, including NS-
BH and NS-NS mergers 

Individually resolved 
BHBs, NSBs, NS-BH

LVK Collaboration: arXiv::2508.18082



Earth-based interferometers

SGWB from BHBs and NSBs  

Stochastic GW background: for now, only upper bounds 

LVK Collaborations, arXiv:2508.20721

Most probably no 
cosmological SGWB 

detection by LVK, masked 
by astrophysical 

foreground detection 
expected for ～2030 

<latexit sha1_base64="2Owzmh+TqS6laZgd9BRqERU+Rs0="></latexit>

⌦GW(f) = ⌦ref

✓
f

25Hz

◆↵

Detection via cross-correlation of 
signals from different detectors



What is/will be known about the SGWB
Present and future GW observatories: LISA
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LISA: Laser Interferometer Space Antenna

10
−4

Hz < f < 1 Hz

frequency range of detection:

• no seismic noise  
• much longer arms than on Earth

• Launch in ~2035 
• two masses in free fall per spacecraft  
• 2.5 million km arms 
• picometer displacement of masses

Space-based interferometers: LISA

LISA Consortium arXiv:1702.00786



M. Colpi et al, arXiv:2402.07571 - LISA Red Book

Space-based interferometers: LISA

DETECTION TARGETS:



Space-based interferometers: LISA

Stochastic GW background

• Confusion noise from the binaries in the Galaxy (mainly WD binaries) 
• Confusion noise from extra-galactic binaries (WD binaries and BHBs) 
• Candidates from the early universe, in particular at the EW scale

M. Colpi et al, arXiv:2402.07571 - LISA Red Book

Detecting a SGWB with LISA 
is challenging: no cross-

correlation, need to assume 
knowledge of the noise  

(possibility of null channels)



What is/will be known about the SGWB
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Present and future GW observatories:  
Pulsar Timing Arrays
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Pulsar timing arrays

frequency range of detection: 10-9 Hz < f <  10-7 HZ

DETECTION TARGETS:

CPTA, EPTA, NANOGrav, PPTA -> IPTA

Individual emission and stochastic background from inspiralling Super Massive 
Black Hole Binaries (SMBHBs) with masses ~109 M⦿ at the centre of galaxies

• rotating, magnetised neutron stars emitting 
periodic radio-frequency EM pulses -> can be 
used as clocks in the sky  

• the radio pulses are emitted at very regular 
time intervals, but their arrival times can be 
altered by a GW passing between the pulsar 
and the Earth 

• First a timing model of the pulsar is 
constructed, which is then compared to 
observations to infer the timing residuals where 
the GW effect is looked for



Pulsar timing arrays
Principle of the measurement: gravitational redshift caused by gravitational 
waves emitted by far-away sources and travelling through spacetime between 
the pulsars and the Earth
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Photon from pulsar:

Effect of the metric perturbation on a single beam:  
not measurable unless one knows the reference quantities
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Pulsar timing arrays
Principle of the measurement: compare with the next pulse
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<latexit sha1_base64="rWoN+aZerAT//ffAs8+bVvy+xP4=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRKR6rLgxmUF+4A2lsn0ph06mYSZiVJC/sONC0Xc+i/u/BsnbRbaemDgcM693DPHjzlT2nG+rdLa+sbmVnm7srO7t39QPTzqqCiRFNs04pHs+UQhZwLbmmmOvVgiCX2OXX96k/vdR5SKReJez2L0QjIWLGCUaCM9pIOQ6IkfpDIbYjas1py6M4e9StyC1KBAa1j9GowimoQoNOVEqb7rxNpLidSMcswqg0RhTOiUjLFvqCAhKi+dp87sM6OM7CCS5gltz9XfGykJlZqFvpnMQ6plLxf/8/qJDq69lIk40Sjo4lCQcFtHdl6BPWISqeYzQwiVzGS16YRIQrUpqmJKcJe/vEo6F3W3UW/cXdaazaKOMpzAKZyDC1fQhFtoQRsoSHiGV3iznqwX6936WIyWrGLnGP7A+vwBQC2TAw==</latexit>re

<latexit sha1_base64="vQKHyh8R1nJNVs5DVNsgI6HDyIE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFNy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbTm9zvPlKlmRT3ZhZTP8JjwUJGsLHSQzqIsJkEYaqyocyG1Zpbd+dAq8QrSA0KtIbVr8FIkiSiwhCOte57bmz8FCvDCKdZZZBoGmMyxWPat1TgiGo/nafO0JlVRiiUyj5h0Fz9vZHiSOtZFNjJPKRe9nLxP6+fmPDaT5mIE0MFWRwKE46MRHkFaMQUJYbPLMFEMZsVkQlWmBhbVMWW4C1/eZV0Lupeo964u6w1m0UdZTiBUzgHD66gCbfQgjYQUPAMr/DmPDkvzrvzsRgtOcXOMfyB8/kDT1+TDQ==</latexit>ro

<latexit sha1_base64="3GzwCSdbHeGecMAn9arfnccrVRE=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlEqsuCGxcuKtgHtKFMppN26GQSZiZKifkUNy4UceuXuPNvnLRZaOuBgcM593LPHD/mTGnH+bZKa+sbm1vl7crO7t7+gV097KgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn17nfveBSsUica9nMfVCPBYsYARrIw3t6u1ggnU6CLGe+EGaZNnQrjl1Zw60StyC1KBAa2h/DUYRSUIqNOFYqb7rxNpLsdSMcJpVBomiMSZTPKZ9QwUOqfLSefQMnRplhIJImic0mqu/N1IcKjULfTOZR1TLXi7+5/UTHVx5KRNxoqkgi0NBwpGOUN4DGjFJieYzQzCRzGRFZIIlJtq0VTEluMtfXiWd87rbqDfuLmrNZlFHGY7hBM7AhUtowg20oA0EHuEZXuHNerJerHfrYzFasoqdI/gD6/MH8XyUdg==</latexit>

Lû

<latexit sha1_base64="pD+Qen1/aFZZy3adAbRhSeYdkW8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8aqXauCrXankcBTiFM7gAD66hBndQhyYwQHiGV3hzHpwX5935WLSuOfnMCfyB8/kD6TGNBQ==</latexit>x

<latexit sha1_base64="/Qbq6aCGyUuRsNVDMEFSCpC61x8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1gNOE+xEdKREKRtFKTRyUK27VXYCsEy8nFcjRGJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHRGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeiuGtnwmVpMgVWy4KU0kwJvOvyVBozlBOLaFMC3srYWOqKUObTcmG4K2+vE7aV1WvVq01ryv1eh5HEc7gHC7Bgxuowz00oAUMODzDK7w5j86L8+58LFsLTj5zCn/gfP4A4yGNAQ==</latexit>

t

<latexit sha1_base64="dkyVvtNLaqbaRvZyWvjuNsC9J6M=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVooZREpLosuHFZwT6gDWEynbZjJ5MwcyOEUH/FjQtF3Poh7vwbJ20W2nrgwplz7mXuPX7EmQLb/jYKG5tb2zvF3dLe/sHhkXl80lVhLAntkJCHsu9jRTkTtAMMOO1HkuLA57Tnz24yv/dIpWKhuIckom6AJ4KNGcGgJc8sQ1XV6sP61EvZw7yavWqeWbEb9gLWOnFyUkE52p75NRyFJA6oAMKxUgPHjsBNsQRGOJ2XhrGiESYzPKEDTQUOqHLTxfJz61wrI2scSl0CrIX6eyLFgVJJ4OvOAMNUrXqZ+J83iGF87aZMRDFQQZYfjWNuQWhlSVgjJikBnmiCiWR6V4tMscQEdF4lHYKzevI66V40nGajeXdZabXyOIroFJ2hKnLQFWqhW9RGHURQgp7RK3oznowX4934WLYWjHymjP7A+PwBn1OTeQ==</latexit>

t(s),
hij(t

(s))
<latexit sha1_base64="sOVoRrfbp1Fp0eCo2bMymY9xOZI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPBi8eK9gPaUDbbSbt0swm7E6GU/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXplIY8rwvp7C2vrG5Vdwu7ezu7R+UD49aJsk0xyZPZKI7ITMohcImCZLYSTWyOJTYDsc3c7/9iNqIRD3QJMUgZkMlIsEZWeme+tgvV7yqt4D7l/g5qUCORr/82RskPItREZfMmK7vpRRMmSbBJc5KvcxgyviYDbFrqWIxmmC6OHXmnlll4EaJtqXIXag/J6YsNmYSh7YzZjQyq95c/M/rZhRdB1Oh0oxQ8eWiKJMuJe78b3cgNHKSE0sY18Le6vIR04yTTadkQ/BXX/5LWhdVv1at3V1W6vU8jiKcwCmcgw9XUIdbaEATOAzhCV7g1ZHOs/PmvC9bC04+cwy/4Hx8A1dgjdk=</latexit>

te

<latexit sha1_base64="NKgNkSHAemvxAOjLmQJg6Tov6VM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzigg3LFrboLkHXi5aQCOZqD8ld/GLM04gqZpMb0PDdBP6MaBZN8VuqnhieUTeiI9yxVNOLGzxanzsiFVYYkjLUthWSh/p7IaGTMNApsZ0RxbFa9ufif10sxvPEzoZIUuWLLRWEqCcZk/jcZCs0ZyqkllGlhbyVsTDVlaNMp2RC81ZfXSfuq6tWqtfvrSqORx1GEMziHS/CgDg24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nD1FQjdU=</latexit>

ta
<latexit sha1_base64="UXfIZw7sP0KYoTnicWNQNiLcWjM=">AAAB7HicbVBNS8NAFNz4WetX1aOXxSIIQklEqseCF48VTFtoQ9lsX9qlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMzMY9+bMJXCoOt+O2vrG5tb26Wd8u7e/sFh5ei4ZZJMc/B5IhPdCZkBKRT4KFBCJ9XA4lBCOxzfzfz2E2gjEvWIkxSCmA2ViARnaCUf+3DZ7Feqbs2dg64SryBVUsDmv3qDhGcxKOSSGdP13BSDnGkUXMK03MsMpIyP2RC6lioWgwny+bJTem6VAY0SbZ9COld/T+QsNmYShzYZMxyZZW8m/ud1M4xug1yoNENQfPFRlEmKCZ1dTgdCA0c5sYRxLeyulI+YZhxtP2Vbgrd88ippXdW8eq3+cF1tNIo6SuSUnJEL4pEb0iD3pEl8wokgz+SVvDnKeXHenY9FdM0pZk7IHzifP15Ijmg=</latexit>

te + P

<latexit sha1_base64="/xk4/MCObKITONwUypRrUGXcOeI=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMgBMKuSPQY0IPHCHlBsobeyWwyZPbBTK8SlvyHFw+KePVfvPk3TpI9aGJBQ1HVTXeXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRjDdZJCPV8UBzKULeRIGSd2LFIfAkb3vjm5nffuRKiyhs4CTmbgDDUPiCARrpAftQrpd7t1wi0Ea/WLIr9hx0lTgZKZEM9X7xqzeIWBLwEJkErbuOHaObgkLBJJ8WeonmMbAxDHnX0BACrt10fvWUnhllQP1ImQqRztXfEykEWk8Cz3QGgCO97M3E/7xugv61m4owTpCHbLHITyTFiM4ioAOhOEM5MQSYEuZWykaggKEJqmBCcJZfXiWti4pTrVTvL0u1WhZHnpyQU3JOHHJFauSO1EmTMKLIM3klb9aT9WK9Wx+L1pyVzRyTP7A+fwAitJGj</latexit>

ta + P +�T

This effect is present only because the gravitational wave is time-dependent 

<latexit sha1_base64="oZDBnwGefXXUWtuwCYq5pKmmzrQ="></latexit>

�T =
1

2
ûiûj

Z L

0
ds [hij(te + P + s, re + sû)� hij(te + s, re + sû)]

<latexit sha1_base64="SDpnchcNC9OhLHM6Y8ilM6gJ5vE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2ilfjYIQqKHmcnzYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGt34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqKYMbUoVG4K3+vI66VzVvUa98XBdazaLOMpwBudwCR7cQBPuoQVtYBDDM7zCm4POi/PufCxbS04xcwp/4Hz+AIAZkWk=</latexit>rs

SMBHB

“Gravitational Waves Vol 2”,  
M. Maggiore, Oxford University Press 2018 S. Taylor, arXiv:2105.13270 



Wave propagating in k direction:
<latexit sha1_base64="aXOanMmwof0fnqFJmE5R7Rx3FSE="></latexit>

hij(X) with X = te + s� k̂ · re � s k̂ · û

Pulsar timing arrays

<latexit sha1_base64="I9gIRo0QizRZskJifkcpXivKJaw=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFZK0pnVXcOOygn1AE8pkOmmHTiZhZlIooX/ixoUibv0Td/6Nk7aCih4YOJxzL/fMCVNGpbLtD6O0sbm1vVPereztHxwemccnXZlkApMOTlgi+iGShFFOOooqRvqpICgOGemF05vC782IkDTh92qekiBGY04jipHS0tA0/QlSuR8jNQmjfLpYDM2qbV03PffKhbZl2w235hXEbdTdGnS0UqAK1mgPzXd/lOAsJlxhhqQcOHaqghwJRTEji4qfSZIiPEVjMtCUo5jIIF8mX8ALrYxglAj9uIJL9ftGjmIp53GoJ4uI8rdXiH95g0xFzSCnPM0U4Xh1KMoYVAksaoAjKghWbK4JwoLqrBBPkEBY6bIquoSvn8L/Sde1HM/y7urVVmtdRxmcgXNwCRzQAC1wC9qgAzCYgQfwBJ6N3Hg0XozX1WjJWO+cgh8w3j4BqBiUWg==</latexit>

k̂
<latexit sha1_base64="zgjPCD27HgDtgNR/Z261Q6Av4Lo=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFdK0pnVXcOOygn1AE8pkOmmHTiZhZlIoIX/ixoUibv0Td/6Nk7aCih4YOJxzL/fMCRJGpbLtD6O0sbm1vVPereztHxwemccnPRmnApMujlksBgGShFFOuooqRgaJICgKGOkHs5vC78+JkDTm92qRED9CE05DipHS0sg0vSlSmRchNQ3CLMrzkVm1reuW61w50LZsu+nU3YI4zYZThzWtFKiCNToj890bxziNCFeYISmHNTtRfoaEopiRvOKlkiQIz9CEDDXlKCLSz5bJc3ihlTEMY6EfV3Cpft/IUCTlIgr0ZBFR/vYK8S9vmKqw5WeUJ6kiHK8OhSmDKoZFDXBMBcGKLTRBWFCdFeIpEggrXVZFl/D1U/g/6TlWzbXcu0a13V7XUQZn4Bxcghpogja4BR3QBRjMwQN4As9GZjwaL8brarRkrHdOwQ8Yb5+rJJRc</latexit>

m̂

<latexit sha1_base64="nfnMmhcie357YZexByhf+VcjfgE=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFdK0pnVXcOOygn1AE8pkOmmHTiZhZlIoIX/ixoUibv0Td/6Nk7aCih4YOJxzL/fMCRJGpbLtD6O0sbm1vVPereztHxwemccnPRmnApMujlksBgGShFFOuooqRgaJICgKGOkHs5vC78+JkDTm92qRED9CE05DipHS0sg0vSlSmRchNQ3CjOf5yKza1nXLda4caFu23XTqbkGcZsOpw5pWClTBGp2R+e6NY5xGhCvMkJTDmp0oP0NCUcxIXvFSSRKEZ2hChppyFBHpZ8vkObzQyhiGsdCPK7hUv29kKJJyEQV6sogof3uF+Jc3TFXY8jPKk1QRjleHwpRBFcOiBjimgmDFFpogLKjOCvEUCYSVLquiS/j6Kfyf9Byr5lruXaPabq/rKIMzcA4uQQ00QRvcgg7oAgzm4AE8gWcjMx6NF+N1NVoy1jun4AeMt0+sqpRd</latexit>

n̂

<latexit sha1_base64="rWoN+aZerAT//ffAs8+bVvy+xP4=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRKR6rLgxmUF+4A2lsn0ph06mYSZiVJC/sONC0Xc+i/u/BsnbRbaemDgcM693DPHjzlT2nG+rdLa+sbmVnm7srO7t39QPTzqqCiRFNs04pHs+UQhZwLbmmmOvVgiCX2OXX96k/vdR5SKReJez2L0QjIWLGCUaCM9pIOQ6IkfpDIbYjas1py6M4e9StyC1KBAa1j9GowimoQoNOVEqb7rxNpLidSMcswqg0RhTOiUjLFvqCAhKi+dp87sM6OM7CCS5gltz9XfGykJlZqFvpnMQ6plLxf/8/qJDq69lIk40Sjo4lCQcFtHdl6BPWISqeYzQwiVzGS16YRIQrUpqmJKcJe/vEo6F3W3UW/cXdaazaKOMpzAKZyDC1fQhFtoQRsoSHiGV3iznqwX6936WIyWrGLnGP7A+vwBQC2TAw==</latexit>re

<latexit sha1_base64="vQKHyh8R1nJNVs5DVNsgI6HDyIE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFNy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbTm9zvPlKlmRT3ZhZTP8JjwUJGsLHSQzqIsJkEYaqyocyG1Zpbd+dAq8QrSA0KtIbVr8FIkiSiwhCOte57bmz8FCvDCKdZZZBoGmMyxWPat1TgiGo/nafO0JlVRiiUyj5h0Fz9vZHiSOtZFNjJPKRe9nLxP6+fmPDaT5mIE0MFWRwKE46MRHkFaMQUJYbPLMFEMZsVkQlWmBhbVMWW4C1/eZV0Lupeo964u6w1m0UdZTiBUzgHD66gCbfQgjYQUPAMr/DmPDkvzrvzsRgtOcXOMfyB8/kDT1+TDQ==</latexit>ro

<latexit sha1_base64="3GzwCSdbHeGecMAn9arfnccrVRE=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlEqsuCGxcuKtgHtKFMppN26GQSZiZKifkUNy4UceuXuPNvnLRZaOuBgcM593LPHD/mTGnH+bZKa+sbm1vl7crO7t7+gV097KgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn17nfveBSsUica9nMfVCPBYsYARrIw3t6u1ggnU6CLGe+EGaZNnQrjl1Zw60StyC1KBAa2h/DUYRSUIqNOFYqb7rxNpLsdSMcJpVBomiMSZTPKZ9QwUOqfLSefQMnRplhIJImic0mqu/N1IcKjULfTOZR1TLXi7+5/UTHVx5KRNxoqkgi0NBwpGOUN4DGjFJieYzQzCRzGRFZIIlJtq0VTEluMtfXiWd87rbqDfuLmrNZlFHGY7hBM7AhUtowg20oA0EHuEZXuHNerJerHfrYzFasoqdI/gD6/MH8XyUdg==</latexit>

Lû

<latexit sha1_base64="pD+Qen1/aFZZy3adAbRhSeYdkW8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rEF+wFtKJvtpF272YTdjVhCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/Pbj6g0j+W9mSToR3QoecgZNVZqPPVLZbfizkFWiZeTMuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JuVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVa8aqXauCrXankcBTiFM7gAD66hBndQhyYwQHiGV3hzHpwX5935WLSuOfnMCfyB8/kD6TGNBQ==</latexit>x

<latexit sha1_base64="/Qbq6aCGyUuRsNVDMEFSCpC61x8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1gNOE+xEdKREKRtFKTRyUK27VXYCsEy8nFcjRGJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHRGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeiuGtnwmVpMgVWy4KU0kwJvOvyVBozlBOLaFMC3srYWOqKUObTcmG4K2+vE7aV1WvVq01ryv1eh5HEc7gHC7Bgxuowz00oAUMODzDK7w5j86L8+58LFsLTj5zCn/gfP4A4yGNAQ==</latexit>

t

<latexit sha1_base64="dkyVvtNLaqbaRvZyWvjuNsC9J6M=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVooZREpLosuHFZwT6gDWEynbZjJ5MwcyOEUH/FjQtF3Poh7vwbJ20W2nrgwplz7mXuPX7EmQLb/jYKG5tb2zvF3dLe/sHhkXl80lVhLAntkJCHsu9jRTkTtAMMOO1HkuLA57Tnz24yv/dIpWKhuIckom6AJ4KNGcGgJc8sQ1XV6sP61EvZw7yavWqeWbEb9gLWOnFyUkE52p75NRyFJA6oAMKxUgPHjsBNsQRGOJ2XhrGiESYzPKEDTQUOqHLTxfJz61wrI2scSl0CrIX6eyLFgVJJ4OvOAMNUrXqZ+J83iGF87aZMRDFQQZYfjWNuQWhlSVgjJikBnmiCiWR6V4tMscQEdF4lHYKzevI66V40nGajeXdZabXyOIroFJ2hKnLQFWqhW9RGHURQgp7RK3oznowX4934WLYWjHymjP7A+PwBn1OTeQ==</latexit>

t(s),
hij(t

(s))
<latexit sha1_base64="sOVoRrfbp1Fp0eCo2bMymY9xOZI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPBi8eK9gPaUDbbSbt0swm7E6GU/gQvHhTx6i/y5r9x2+ag1QcDj/dmmJkXplIY8rwvp7C2vrG5Vdwu7ezu7R+UD49aJsk0xyZPZKI7ITMohcImCZLYSTWyOJTYDsc3c7/9iNqIRD3QJMUgZkMlIsEZWeme+tgvV7yqt4D7l/g5qUCORr/82RskPItREZfMmK7vpRRMmSbBJc5KvcxgyviYDbFrqWIxmmC6OHXmnlll4EaJtqXIXag/J6YsNmYSh7YzZjQyq95c/M/rZhRdB1Oh0oxQ8eWiKJMuJe78b3cgNHKSE0sY18Le6vIR04yTTadkQ/BXX/5LWhdVv1at3V1W6vU8jiKcwCmcgw9XUIdbaEATOAzhCV7g1ZHOs/PmvC9bC04+cwy/4Hx8A1dgjdk=</latexit>

te

<latexit sha1_base64="NKgNkSHAemvxAOjLmQJg6Tov6VM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzigg3LFrboLkHXi5aQCOZqD8ld/GLM04gqZpMb0PDdBP6MaBZN8VuqnhieUTeiI9yxVNOLGzxanzsiFVYYkjLUthWSh/p7IaGTMNApsZ0RxbFa9ufif10sxvPEzoZIUuWLLRWEqCcZk/jcZCs0ZyqkllGlhbyVsTDVlaNMp2RC81ZfXSfuq6tWqtfvrSqORx1GEMziHS/CgDg24gya0gMEInuEV3hzpvDjvzseyteDkM6fwB87nD1FQjdU=</latexit>

ta
<latexit sha1_base64="UXfIZw7sP0KYoTnicWNQNiLcWjM=">AAAB7HicbVBNS8NAFNz4WetX1aOXxSIIQklEqseCF48VTFtoQ9lsX9qlm03YfRFK6G/w4kERr/4gb/4bt20O2jqwMMzMY9+bMJXCoOt+O2vrG5tb26Wd8u7e/sFh5ei4ZZJMc/B5IhPdCZkBKRT4KFBCJ9XA4lBCOxzfzfz2E2gjEvWIkxSCmA2ViARnaCUf+3DZ7Feqbs2dg64SryBVUsDmv3qDhGcxKOSSGdP13BSDnGkUXMK03MsMpIyP2RC6lioWgwny+bJTem6VAY0SbZ9COld/T+QsNmYShzYZMxyZZW8m/ud1M4xug1yoNENQfPFRlEmKCZ1dTgdCA0c5sYRxLeyulI+YZhxtP2Vbgrd88ippXdW8eq3+cF1tNIo6SuSUnJEL4pEb0iD3pEl8wokgz+SVvDnKeXHenY9FdM0pZk7IHzifP15Ijmg=</latexit>

te + P

<latexit sha1_base64="/xk4/MCObKITONwUypRrUGXcOeI=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMgBMKuSPQY0IPHCHlBsobeyWwyZPbBTK8SlvyHFw+KePVfvPk3TpI9aGJBQ1HVTXeXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRjDdZJCPV8UBzKULeRIGSd2LFIfAkb3vjm5nffuRKiyhs4CTmbgDDUPiCARrpAftQrpd7t1wi0Ea/WLIr9hx0lTgZKZEM9X7xqzeIWBLwEJkErbuOHaObgkLBJJ8WeonmMbAxDHnX0BACrt10fvWUnhllQP1ImQqRztXfEykEWk8Cz3QGgCO97M3E/7xugv61m4owTpCHbLHITyTFiM4ioAOhOEM5MQSYEuZWykaggKEJqmBCcJZfXiWti4pTrVTvL0u1WhZHnpyQU3JOHHJFauSO1EmTMKLIM3klb9aT9WK9Wx+L1pyVzRyTP7A+fwAitJGj</latexit>

ta + P +�T

<latexit sha1_base64="oUp0WDqGz0S6O67LjFf6zLqtr/g="></latexit>

�T =
1

2

ûiûj

1� k̂ · û

Z te+L�k̂·re�Lk̂·u

te�k̂·re
dX [hij(X + P )� hij(X)]

<latexit sha1_base64="SDpnchcNC9OhLHM6Y8ilM6gJ5vE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2ilfjYIQqKHmcnzYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGt34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqKYMbUoVG4K3+vI66VzVvUa98XBdazaLOMpwBudwCR7cQBPuoQVtYBDDM7zCm4POi/PufCxbS04xcwp/4Hz+AIAZkWk=</latexit>rs

SMBHB

Principle of the measurement: compare with the next pulse



Pulsar timing arrays
Supposing the source is the inspiral of a super massive black hole binary: 
what is the typical scale of the time variation of the metric perturbation? 

<latexit sha1_base64="T6RzFxi6AIXQCpLZflKZD+xiIHY="></latexit>

f(⌧) =
1

⇡

✓
5

256

◆3/8
1

(GMc)
5/8 ⌧3/8

' 10
�8

Hz

<latexit sha1_base64="ShBd3rysDQacTkCVDKbfGXcTpoc="></latexit>

Mc ' 109 M�

⌧ = 4⇥ 104 yrs
for

GW varies on 
a scale of 

about 3 years Period of the 
pulsar: 

millisecond

Taylor 
expand

Relative change 
 in the rate of the 

pulses measured on 
Earth because of the 

GW passing by:

<latexit sha1_base64="oUp0WDqGz0S6O67LjFf6zLqtr/g="></latexit>

�T =
1

2

ûiûj

1� k̂ · û

Z te+L�k̂·re�Lk̂·u

te�k̂·re
dX [hij(X + P )� hij(X)]

Earth term Pulsar term

<latexit sha1_base64="WH/zPHfwcjOyyoKjRAg12lPaut4="></latexit>

�T

P
' 1

2

ûiûj

1� k̂ · û
[hij(te + L, ro)� hij(te, re)]

<latexit sha1_base64="g+mN5HhG/s1d8At6bVmQm3wG4f8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEqseCBz1WsB/QhLLZbtqlu5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtk4yRWiLJDxR3QhrypmkLcMMp91UUSwiTjvR+G7udyZUaZbIJzNNaSjwULKYEWys1HfduJ8HSqD7zqwZcI78vlv1at4CaJ34BalCgWbf/QoGCckElYZwrHXP91IT5lgZRjidVYJM0xSTMR7SnqUSC6rDfHH5DF1YZYDiRNmSBi3U3xM5FlpPRWQ7BTYjverNxf+8Xmbi2zBnMs0MlWS5KM44Mgmax4AGTFFi+NQSTBSztyIywgoTY8Oq2BD81ZfXSfuq5tdr9cfraqNRxFGGMziHS/DhBhrwAE1oAYEJPMMrvDm58+K8Ox/L1pJTzJzCHzifP2lqkt8=</latexit>

fGWP ⌧ 1

Mc =
(m1 m2)3/5

(m1 +m2)1/5

Time to coalescence
Chirp mass



Pulsar timing arrays

<latexit sha1_base64="T6RzFxi6AIXQCpLZflKZD+xiIHY="></latexit>

f(⌧) =
1

⇡

✓
5

256

◆3/8
1

(GMc)
5/8 ⌧3/8

' 10
�8

Hz

<latexit sha1_base64="ShBd3rysDQacTkCVDKbfGXcTpoc="></latexit>

Mc ' 109 M�

⌧ = 4⇥ 104 yrs
for

GW varies on 
a scale of 

about 3 years Period of the 
pulsar: 

millisecond

Taylor 
expand

<latexit sha1_base64="oUp0WDqGz0S6O67LjFf6zLqtr/g="></latexit>

�T =
1

2

ûiûj

1� k̂ · û

Z te+L�k̂·re�Lk̂·u

te�k̂·re
dX [hij(X + P )� hij(X)]

NB: this is the change in the frequency of the pulses due to the GWs, calculated 
between two successive geodesics, and NOT the redshift experienced by a photon on 
the same geodesic (usual gravitational redshift, depending on      ) 

However, the two expressions become the same in the limit of infinitesimal P    

<latexit sha1_base64="88P0s3B3u3iMum5stK7utK/Kbng=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy4cVnBPiANZTKdtGMnkzBzI5TQz3DjQhG3fo07/8Zpm4W2Hhg4nHMPc+8JUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8Lx7czvPHFtRKIecJLyIKZDJSLBKFrJ7w0SJKN+Lh6n/UrVrblzkFXiFaQKBZr9ypdNsyzmCpmkxviem2KQU42CST4t9zLDU8rGdMh9SxWNuQny+cpTcm6VAYkSbZ9CMld/J3IaGzOJQzsZUxyZZW8m/uf5GUY3QS5UmiFXbPFRlEmCCZndTwZCc4ZyYgllWthdCRtRTRnalsq2BG/55FXSvqx59Vr9/qraaBR1lOAUzuACPLiGBtxBE1rAIIFneIU3B50X5935WIyuOUXmBP7A+fwBSpCRRg==</latexit>

ḣij

<latexit sha1_base64="g+mN5HhG/s1d8At6bVmQm3wG4f8=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEqseCBz1WsB/QhLLZbtqlu5uwuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtk4yRWiLJDxR3QhrypmkLcMMp91UUSwiTjvR+G7udyZUaZbIJzNNaSjwULKYEWys1HfduJ8HSqD7zqwZcI78vlv1at4CaJ34BalCgWbf/QoGCckElYZwrHXP91IT5lgZRjidVYJM0xSTMR7SnqUSC6rDfHH5DF1YZYDiRNmSBi3U3xM5FlpPRWQ7BTYjverNxf+8Xmbi2zBnMs0MlWS5KM44Mgmax4AGTFFi+NQSTBSztyIywgoTY8Oq2BD81ZfXSfuq5tdr9cfraqNRxFGGMziHS/DhBhrwAE1oAYEJPMMrvDm58+K8Ox/L1pJTzJzCHzifP2lqkt8=</latexit>

fGWP ⌧ 1

Supposing the source is the inspiral of a super massive black hole binary: 
what is the typical scale of the time variation of the metric perturbation? 

Time to coalescence

Mc =
(m1 m2)3/5

(m1 +m2)1/5

Chirp mass



Pulsar timing arrays
<latexit sha1_base64="1LoTVlUmiHPHuIigZNVBA9+PtqQ="></latexit>

�T

P
' 1

2

ûiûj

1� k̂ · û
[hij(te + L, ro)� hij(te, re)]

<latexit sha1_base64="bgmBFVbTcFl4z/3aiHWGeLxviUE="></latexit>

⇠ 7 · 10�23 pc

dL

✓
Mc

M�

◆5/3 ✓ fGW

10�8 Hz

◆2/3

' 7 · 10�16

<latexit sha1_base64="rdTe4JwoZ3hvdeeocnua+mKsNfk=">AAACF3icbVDLSgMxFM34rPVVdekmWAQXpcyIVF0IBTcuLFSwD2jqkMmkbWgyGZOMUIb+hRt/xY0LRdzqzr8xfSy09cCFwzn3cu89QcyZNq777SwsLi2vrGbWsusbm1vbuZ3dupaJIrRGJJeqGWBNOYtozTDDaTNWFIuA00bQvxz5jQeqNJPRrRnEtC1wN2IdRrCxkp8rVnyCNBP0Hnru3TkqVPwUyVCaIULZ0L++8FwXFVKkBKzEZOjn8m7RHQPOE29K8mCKqp/7QqEkiaCRIRxr3fLc2LRTrAwjnA6zKNE0xqSPu7RlaYQF1e10/NcQHlolhB2pbEUGjtXfEykWWg9EYDsFNj09643E/7xWYjpn7ZRFcWJoRCaLOgmHRsJRSDBkihLDB5Zgopi9FZIeVpgYG2XWhuDNvjxP6sdFr1Qs3Zzky+VpHBmwDw7AEfDAKSiDK1AFNUDAI3gGr+DNeXJenHfnY9K64Exn9sAfOJ8/B4Sd+g==</latexit>

Mc ' 109 M�

dL = 100Mpc

Relative change 
 in the rate of the 

pulses measured on 
Earth because of 

the GW passing by:

Timing residuals:

A GW with period of a few years induces a 
timing residual of order 100 nsec, the 
precision of pulsar monitoring! 

This renders the measurement possible, 
provided one has at least a few years of data

<latexit sha1_base64="I/LBhiZKYTyKJrSgq4BC5ChK1Mg=">AAACGnicbVBNSwMxEM3Wr1q/qh69BItQQcquSvUiFDzosYpthW4p2XRqQ5PsmmSFsuzv8OJf8eJBEW/ixX9jWito64OBl/dmyMwLIs60cd1PJzMzOze/kF3MLS2vrK7l1zfqOowVhRoNeaiuA6KBMwk1wwyH60gBEQGHRtA/HfqNO1CahfLKDCJoCXIjWZdRYqzUznuXxat24iuBzxrpyYG/h0ePgdLprq+ZgFtcdn9UqYGm7XzBLbkj4GnijUkBjVFt59/9TkhjAdJQTrRuem5kWglRhlEOac6PNUSE9skNNC2VRIBuJaPTUrxjlQ7uhsqWNHik/p5IiNB6IALbKYjp6UlvKP7nNWPTPW4lTEaxAUm/P+rGHJsQD3PCHaaAGj6whFDF7K6Y9ogi1Ng0czYEb/LkaVLfL3nlUvnisFCpjOPIoi20jYrIQ0eogs5RFdUQRffoET2jF+fBeXJenbfv1owzntlEf+B8fAF/lp9T</latexit>

R(TGW = 3yrs) ' 60 nsec

TGW = 3 yrs

A. Lommen, Rep. Prog. Phys. 78 124901 (2015)

<latexit sha1_base64="XMjnzfqsphC5h3xkPlkEVY6/ylA="></latexit>

R(T ) =

Z tref+T

tref

dt
�T

P



Pulsar timing arrays
HOWEVER! The signal from a single pulsar is very noisy: varying morphology of the 
pulses, propagation noise due to the dispersion by the interstellar medium, time 
referencing (time standards and solar system barycentre)…

Correlation between many pulsars to beat down the noise

<latexit sha1_base64="1LoTVlUmiHPHuIigZNVBA9+PtqQ="></latexit>

�T

P
' 1

2

ûiûj

1� k̂ · û
[hij(te + L, ro)� hij(te, re)]

<latexit sha1_base64="I9gIRo0QizRZskJifkcpXivKJaw=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFZK0pnVXcOOygn1AE8pkOmmHTiZhZlIooX/ixoUibv0Td/6Nk7aCih4YOJxzL/fMCVNGpbLtD6O0sbm1vVPereztHxwemccnXZlkApMOTlgi+iGShFFOOooqRvqpICgOGemF05vC782IkDTh92qekiBGY04jipHS0tA0/QlSuR8jNQmjfLpYDM2qbV03PffKhbZl2w235hXEbdTdGnS0UqAK1mgPzXd/lOAsJlxhhqQcOHaqghwJRTEji4qfSZIiPEVjMtCUo5jIIF8mX8ALrYxglAj9uIJL9ftGjmIp53GoJ4uI8rdXiH95g0xFzSCnPM0U4Xh1KMoYVAksaoAjKghWbK4JwoLqrBBPkEBY6bIquoSvn8L/Sde1HM/y7urVVmtdRxmcgXNwCRzQAC1wC9qgAzCYgQfwBJ6N3Hg0XozX1WjJWO+cgh8w3j4BqBiUWg==</latexit>

k̂
<latexit sha1_base64="zgjPCD27HgDtgNR/Z261Q6Av4Lo=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFdK0pnVXcOOygn1AE8pkOmmHTiZhZlIoIX/ixoUibv0Td/6Nk7aCih4YOJxzL/fMCRJGpbLtD6O0sbm1vVPereztHxwemccnPRmnApMujlksBgGShFFOuooqRgaJICgKGOkHs5vC78+JkDTm92qRED9CE05DipHS0sg0vSlSmRchNQ3CLMrzkVm1reuW61w50LZsu+nU3YI4zYZThzWtFKiCNToj890bxziNCFeYISmHNTtRfoaEopiRvOKlkiQIz9CEDDXlKCLSz5bJc3ihlTEMY6EfV3Cpft/IUCTlIgr0ZBFR/vYK8S9vmKqw5WeUJ6kiHK8OhSmDKoZFDXBMBcGKLTRBWFCdFeIpEggrXVZFl/D1U/g/6TlWzbXcu0a13V7XUQZn4Bxcghpogja4BR3QBRjMwQN4As9GZjwaL8brarRkrHdOwQ8Yb5+rJJRc</latexit>

m̂

<latexit sha1_base64="nfnMmhcie357YZexByhf+VcjfgE=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwFdK0pnVXcOOygn1AE8pkOmmHTiZhZlIoIX/ixoUibv0Td/6Nk7aCih4YOJxzL/fMCRJGpbLtD6O0sbm1vVPereztHxwemccnPRmnApMujlksBgGShFFOuooqRgaJICgKGOkHs5vC78+JkDTm92qRED9CE05DipHS0sg0vSlSmRchNQ3CjOf5yKza1nXLda4caFu23XTqbkGcZsOpw5pWClTBGp2R+e6NY5xGhCvMkJTDmp0oP0NCUcxIXvFSSRKEZ2hChppyFBHpZ8vkObzQyhiGsdCPK7hUv29kKJJyEQV6sogof3uF+Jc3TFXY8jPKk1QRjleHwpRBFcOiBjimgmDFFpogLKjOCvEUCYSVLquiS/j6Kfyf9Byr5lruXaPabq/rKIMzcA4uQQ00QRvcgg7oAgzm4AE8gWcjMx6NF+N1NVoy1jun4AeMt0+sqpRd</latexit>

n̂

<latexit sha1_base64="rWoN+aZerAT//ffAs8+bVvy+xP4=">AAAB9XicbVDLSsNAFL2pr1pfVZdugkVwVRKR6rLgxmUF+4A2lsn0ph06mYSZiVJC/sONC0Xc+i/u/BsnbRbaemDgcM693DPHjzlT2nG+rdLa+sbmVnm7srO7t39QPTzqqCiRFNs04pHs+UQhZwLbmmmOvVgiCX2OXX96k/vdR5SKReJez2L0QjIWLGCUaCM9pIOQ6IkfpDIbYjas1py6M4e9StyC1KBAa1j9GowimoQoNOVEqb7rxNpLidSMcswqg0RhTOiUjLFvqCAhKi+dp87sM6OM7CCS5gltz9XfGykJlZqFvpnMQ6plLxf/8/qJDq69lIk40Sjo4lCQcFtHdl6BPWISqeYzQwiVzGS16YRIQrUpqmJKcJe/vEo6F3W3UW/cXdaazaKOMpzAKZyDC1fQhFtoQRsoSHiGV3iznqwX6936WIyWrGLnGP7A+vwBQC2TAw==</latexit>re

<latexit sha1_base64="vQKHyh8R1nJNVs5DVNsgI6HDyIE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFNy4r2Ae0Y8mkmTY0kwxJRinD/IcbF4q49V/c+Tdm2llo64HA4Zx7uScniDnTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkoQttEcql6AdaUM0HbhhlOe7GiOAo47QbTm9zvPlKlmRT3ZhZTP8JjwUJGsLHSQzqIsJkEYaqyocyG1Zpbd+dAq8QrSA0KtIbVr8FIkiSiwhCOte57bmz8FCvDCKdZZZBoGmMyxWPat1TgiGo/nafO0JlVRiiUyj5h0Fz9vZHiSOtZFNjJPKRe9nLxP6+fmPDaT5mIE0MFWRwKE46MRHkFaMQUJYbPLMFEMZsVkQlWmBhbVMWW4C1/eZV0Lupeo964u6w1m0UdZTiBUzgHD66gCbfQgjYQUPAMr/DmPDkvzrvzsRgtOcXOMfyB8/kDT1+TDQ==</latexit>ro

<latexit sha1_base64="3GzwCSdbHeGecMAn9arfnccrVRE=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlEqsuCGxcuKtgHtKFMppN26GQSZiZKifkUNy4UceuXuPNvnLRZaOuBgcM593LPHD/mTGnH+bZKa+sbm1vl7crO7t7+gV097KgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn17nfveBSsUica9nMfVCPBYsYARrIw3t6u1ggnU6CLGe+EGaZNnQrjl1Zw60StyC1KBAa2h/DUYRSUIqNOFYqb7rxNpLsdSMcJpVBomiMSZTPKZ9QwUOqfLSefQMnRplhIJImic0mqu/N1IcKjULfTOZR1TLXi7+5/UTHVx5KRNxoqkgi0NBwpGOUN4DGjFJieYzQzCRzGRFZIIlJtq0VTEluMtfXiWd87rbqDfuLmrNZlFHGY7hBM7AhUtowg20oA0EHuEZXuHNerJerHfrYzFasoqdI/gD6/MH8XyUdg==</latexit>

Lû

Earth term:  
GW left the source at 

time 
<latexit sha1_base64="sQhHBWgrCje2irDS4KZVWKY1zrc=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLIEhLIlJdFty4cFHBPqANYTKdtEMnM2FmIpQ0G3/FjQtF3PoZ7vwbp20W2nrgwuGce7n3niBmVGnH+bYKK6tr6xvFzdLW9s7unr1/0FIikZg0sWBCdgKkCKOcNDXVjHRiSVAUMNIORjdTv/1IpKKCP+hxTLwIDTgNKUbaSL59pH1yfleZpL0ghNIXFemnKssmvl12qs4McJm4OSmDHA3f/ur1BU4iwjVmSKmu68TaS5HUFDOSlXqJIjHCIzQgXUM5iojy0tkDGTw1Sh+GQpriGs7U3xMpipQaR4HpjJAeqkVvKv7ndRMdXnsp5XGiCcfzRWHCoBZwmgbsU0mwZmNDEJbU3ArxEEmEtcmsZEJwF19eJq2Lqlur1u4vy/V6HkcRHIMTcAZccAXq4BY0QBNgkIFn8ArerCfrxXq3PuatBSufOQR/YH3+AGzUllM=</latexit>

te + L� |ro � rs|

<latexit sha1_base64="SDpnchcNC9OhLHM6Y8ilM6gJ5vE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWy2m3bpZhN2J0IJ+RlePCji1V/jzX/jts1BWx8MPN6bYWZekEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md3O/+8S1EbF6xFnC/YiOlQgFo2ilfjYIQqKHmcnzYbXm1t0FyDrxClKDAq1h9WswilkacYVMUmP6npugn1GNgkmeVwap4QllUzrmfUsVjbjxs8XJObmwyoiEsbalkCzU3xMZjYyZRYHtjChOzKo3F//z+imGt34mVJIiV2y5KEwlwZjM/ycjoTlDObOEMi3srYRNqKYMbUoVG4K3+vI66VzVvUa98XBdazaLOMpwBudwCR7cQBPuoQVtYBDDM7zCm4POi/PufCxbS04xcwp/4Hz+AIAZkWk=</latexit>rs

Pulsar term:  
GW left the source at 

time 
<latexit sha1_base64="lk2zidQLVDrCt6RRk35EcYv9vMk=">AAAB/nicbZDNSsNAFIUn9a/Wv6i4cjNYBDeWRKS6LLhxWcHWQhvCZDpph04mYeZGKGnAV3HjQhG3Poc738Zpm4W2Hhj4OPde7p0TJIJrcJxvq7Syura+Ud6sbG3v7O7Z+wdtHaeKshaNRaw6AdFMcMlawEGwTqIYiQLBHoLRzbT+8MiU5rG8h3HCvIgMJA85JWAs3z4Cn51Psl4QYmVI+ZnO84lvV52aMxNeBreAKirU9O2vXj+macQkUEG07rpOAl5GFHAqWF7ppZolhI7IgHUNShIx7WWz83N8apw+DmNlngQ8c39PZCTSehwFpjMiMNSLtan5X62bQnjtZVwmKTBJ54vCVGCI8TQL3OeKURBjA4Qqbm7FdEgUoWASq5gQ3MUvL0P7oubWa/W7y2qjUcRRRsfoBJ0hF12hBrpFTdRCFGXoGb2iN+vJerHerY95a8kqZg7RH1mfP1Oglb4=</latexit>

te � |re � rs|

This term is different for 
each pulsar

In the correlation the Earth term in general dominates, 
but the pulsar term can create noise (unless one can 

determine the delay of each pulsar) 
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Response of a pair of pulsars to a stochastic GW background

<latexit sha1_base64="xdDaHbK3PXBHZ+yJFWGAQlBsEyI="></latexit>

hRa(T )Rb(T )i =
Z tref+T

tref

dt0
Z tref+T

tref

dt00h�T

P
(t0)

����
a

�T

P
(t00)

����
b

i

<latexit sha1_base64="Nm6CoAtmHIwvhkN2WhzwDO/tIps="></latexit>

F r
a (k̂) =

ûi
aû

j
ae

r
ij(k̂)

2(1� k̂ · û)
Earth 
term 

put Earth at 
origin to simplify

Pulsar 
term 

<latexit sha1_base64="Q6YO32tyZhi8FCLf+vzhVcqmpjc="></latexit>

hhr(k, ⌘)h
⇤
p(q, ⌘)i =

8⇡5

k3
�(3)(k� q) �rp h

2
c(k, ⌘)

Use SGWB 
power spectrum

The Earth term 
dominates

<latexit sha1_base64="mV5oqcFZPL6WuGBqJUbBdPYOx7U="></latexit>

�T

P
(t0)

����
a

=
X

r

Z
dk3

(2⇡)3
hr(k)F

r
a (k̂)e

�ik(t0�k̂·ro)
h
1� eikLa(1�k̂·ûa)

i

<latexit sha1_base64="HulZkLRU9VUtYksq88rEvcH63gA=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Ae0oWy2k3bpZpPuboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJaPZpqgH9Gh5CFn1FipTXsSJyTolytu1V2ArBMvJxXI0eiXv3qDmKURSsME1brruYnxM6oMZwJnpV6qMaFsTIfYtVTSCLWfLc6dkQurDEgYK1vSkIX6eyKjkdbTKLCdETUjverNxf+8bmrCWz/jMkkNSrZcFKaCmJjMfycDrpAZMbWEMsXtrYSNqKLM2IRKNgRv9eV10rqqerVq7eG6Uq/ncRThDM7hEjy4gTrcQwOawGAMz/AKb07ivDjvzseyteDkM6fwB87nD+eKj0w=</latexit>

a 6= b<latexit sha1_base64="lEsQ3yidH6URbZ8OecgnsxOvai8="></latexit>h
1� eikLa(1�k̂·ûa)

i h
1� e�ikLb(1�k̂·ûb)

i
' 1

“Detector response”

and SMBHB 
not in pulsar 

direction<latexit sha1_base64="BUSRmINzKXufOoiwamgtpU7Jeg4="></latexit>

kLa = O(2⇡ · 10
�8

Hz · 500 pc) = O(3000) � 1
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<latexit sha1_base64="xdDaHbK3PXBHZ+yJFWGAQlBsEyI="></latexit>

hRa(T )Rb(T )i =
Z tref+T

tref

dt0
Z tref+T

tref

dt00h�T

P
(t0)

����
a

�T

P
(t00)

����
b

i

<latexit sha1_base64="LAD6botuGCcZaR3h1YnNpB1k3bI="></latexit>

= C(✓ab)
Z 1

0
df

h2
c(f)

(2⇡)2f3
[1 + cos(2⇡f(T � tref)]

Response of a pair of pulsars to a stochastic GW background

angle 
between 
pulsars

<latexit sha1_base64="tPhdtw4sdzJyOmZT1TmzBgXPLFQ="></latexit>

C(✓ab) =
Z

dk̂

4⇡

X

r

F a
r (k̂)F

b
r (k̂)

<latexit sha1_base64="FLgJBUpwMTYPZAMiUg85Sk7K/Pk=">AAACGnicbZBNS8MwGMfT+TbnW9Wjl+AQJuJoVaYXYeDF4wT3AmsZaZZuYWlTklQcpZ/Di1/FiwdFvIkXv43ZWkQ3Hwj58f8/D8nz9yJGpbKsL6OwsLi0vFJcLa2tb2xumds7LcljgUkTc8ZFx0OSMBqSpqKKkU4kCAo8Rtre6Grit++IkJSHt2ocETdAg5D6FCOlpZ5pXzq+QDix0+Q0Pf7hWnrfS5CXHmWXw/igkuFhzyxbVWtacB7sHMogr0bP/HD6HMcBCRVmSMqubUXKTZBQFDOSlpxYkgjhERqQrsYQBUS6yXS1FB5opQ99LvQJFZyqvycSFEg5DjzdGSA1lLPeRPzP68bKv3ATGkaxIiHOHvJjBhWHk5xgnwqCFRtrQFhQ/VeIh0jHo3SaJR2CPbvyPLROqnatWrs5K9freRxFsAf2QQXY4BzUwTVogCbA4AE8gRfwajwaz8ab8Z61Fox8Zhf8KePzG/AVoXM=</latexit>

=
1

3
� 1

6
xab + xab log(xab)

<latexit sha1_base64="hhX1Z/qcQrhr8kvnlyWOkcUzKWk=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0WpC0tSpLoRCm5cVrAPaEqZTCft0MmDmRuxhPyBG3/FjQtF3Lp15984TbPQ6oELh3Pu5d573EhwBZb1ZRSWlldW14rrpY3Nre0dc3evrcJYUtaioQhl1yWKCR6wFnAQrBtJRnxXsI47uZr5nTsmFQ+DW5hGrO+TUcA9TgloaWAe3w8S4qaXjicJTew0qaUV+9ShocIOjBmQzD4ZmGWramXAf4mdkzLK0RyYn84wpLHPAqCCKNWzrQj6CZHAqWBpyYkViwidkBHraRoQn6l+kv2T4iOtDLEXSl0B4Ez9OZEQX6mp7+pOn8BYLXoz8T+vF4N30U94EMXAAjpf5MUCQ4hn4eAhl4yCmGpCqOT6VkzHRCcDOsKSDsFefPkvadeqdr1avzkrNxp5HEV0gA5RBdnoHDXQNWqiFqLoAT2hF/RqPBrPxpvxPm8tGPnMPvoF4+Mba6KcRg==</latexit>

xab =
1

2
(1� cos ✓ab)

<latexit sha1_base64="apkdExtTS+zJ/hyBi917t4SfgfI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7AekoWy2m3bpZhN2J0IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2glv49jjnSQ03A2qNbcursAWSdeQWpQoDWofvWHCctirpBJaozvuSkGOdUomOSzSj8zPKVsQkfct1TRmJsgX5w8IxdWGZIo0bYUkoX6eyKnsTHTOLSdMcWxWfXm4n+en2F0G+RCpRlyxZaLokwSTMj8fzIUmjOUU0so08LeStiYasrQplSxIXirL6+TzlXda9QbD9e1ZrOIowxncA6X4MENNOEeWtAGBgk8wyu8Oei8OO/Ox7K15BQzp/AHzucPn5iRfQ==</latexit>

✓ab

Hellings and Downs curve, characteristic of a GW signal 
because consequence of the quadrupolar nature of GWs 

“Gravitational Waves Vol 2”,  
M. Maggiore, Oxford 

University Press 2018
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time referencing errors generate a correlated noise but:  
• noise from uncertainties on the time standards on Earth is independent on the pulsar angles 
• noise from uncertainties on the solar system barycentre position take the form of a (rotating) 

dipole (dependent on the cosinus of the angle) -> can contaminate the quadrupole 

Observation of the Hellings and Downs curve is smoking gun 
evidence of GW detection 

(not only SGWB but also from a single SMBHB - Cornish & Sesana arXiv:1305.0326)

A SGWB from SMBHBs is the best 
candidate source in PTA frequency band

What are SMBHBs? 
• They have been observed in the core of galaxies and are the 

central engine of active galactic nuclei 
• They can originate from the collapse of massive stars (~100 M⦿) 

or gas clouds (~ 104 M⦿), and then grow in mass through gas 
accretion and/or mergers following the collision of their host 
galaxies (but their origin is still to be confirmed, they can also be 
primordial…) 

• JWST sees SMBHs up to very high redshift z ~ 11 
• Their presence is linked to the formation of galaxies and matter 

structure in the Universe
Core of NGC 4261 from Hubble
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HOWEVER! 
• To emit GWs, SMBHs must be paired in gravitationally bound binaries in the GW 

emitting regime: separation of ~ 0.01-0.001 pc 
• Binaires can be formed after the collision of two galaxies: the MBH previously at the 

centre of galaxies get to ~ kpc separation (X-ray evidence from dual AGNs) 
• Dynamical friction drives the two MBH towards the centre of the new galaxy until 

they form a bound binary 
• 3-body interaction with the surrounding stars subsequently shrinks the binary to pc 

separation 
• How to get them to the millipc separation necessary for GW emission and merger 

within one Hubble time? “LAST PARSEC PROBLEM” 
• maybe more stars arrive, or there is gas drag from interaction with a circumbinary 

disk, and/or another MBH arrives… 

NGC 2207

Dual AGN NGC6240 X-ray + 
optical emissionSDSSCGB 10189 Hubble space telescope

If PTAs observe the SGWB from SMBHBs it means that 
SMBHBs exist and merge in the universe! 
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How does the SGWB from SMBHBs look like?

Characteristic strain: 
red spectrum 

<latexit sha1_base64="JhGNlK11du/EYDMbaJzg7cpZNEg=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVJIq1YtQ8OKxgv2AJpTNdtMu3WzC7kYsIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMCxLOlHacb2ttfWNza7u0U97d2z84tI8qHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk9uZ332kUrFYPOhpQv0IjwQLGcHaSAO74mGejPGNF0pMsnqeXeQDu+rUnDnQKnELUoUCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TQve6miCSYTPKJ9QwWOqPKz+e05OjPKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq89jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjbFLQJq6yCcFdfnmVdOo1t1Fr3F9Wm80ijhKcwCmcgwtX0IQ7aEEbCDzBM7zCm5VbL9a79bFoXbOKmWP4A+vzB9ijlFQ=</latexit>

↵ =
2

3

<latexit sha1_base64="gJiN43M4sP54jagWuJTFNDdfHRk=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbAaDEAvDrmi0ESI2dkYwD0jWMDuZJENmH8zMCmHZxl+xsVDE1s+w82+cTbbQxAMXDufcy733uCFnUlnWt5FbWFxaXsmvFtbWNza3zO2dhgwiQWidBDwQLRdLyplP64opTluhoNhzOW26o+vUbz5SIVng36txSB0PD3zWZwQrLXXNvavLjofVkGAe3yYl23qIj+2z5KhrFq2yNQGaJ3ZGipCh1jW/Or2ARB71FeFYyrZthcqJsVCMcJoUOpGkISYjPKBtTX3sUenEkwcSdKiVHuoHQpev0ET9PRFjT8qx5+rO9Fg566Xif147Uv0LJ2Z+GCnqk+mifsSRClCaBuoxQYniY00wEUzfisgQC0yUzqygQ7BnX54njZOyXSlX7k6L1WoWRx724QBKYMM5VOEGalAHAgk8wyu8GU/Gi/FufExbc0Y2swt/YHz+ALIslTA=</latexit>

A = O(10�15)
<latexit sha1_base64="ZRUc4o21PalUiXg6uRuIOihgd6o=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZZEpLoRCm5cVrAPaGKYTCft0JkkzEyEELJx46+4caGIW//BnX/jNM1CqwcunDnnXube48eMSmVZX0ZlYXFpeaW6Wltb39jcMrd3ujJKBCYdHLFI9H0kCaMh6SiqGOnHgiDuM9LzJ1dTv3dPhKRReKvSmLgcjUIaUIyUljxzP/AyR3AoSJBf2s5x8UhFfped2Lln1q2GVQD+JXZJ6qBE2zM/nWGEE05ChRmScmBbsXIzJBTFjOQ1J5EkRniCRmSgaYg4kW5WXJHDQ60MYRAJXaGChfpzIkNcypT7upMjNZbz3lT8zxskKrhwMxrGiSIhnn0UJAyqCE4jgUMqCFYs1QRhQfWuEI+RQFjp4Go6BHv+5L+ke9qwm43mzVm91SrjqII9cACOgA3OQQtcgzboAAwewBN4Aa/Go/FsvBnvs9aKUc7sgl8wPr4BpP6YCQ==</latexit>

fref = 1yr�1with

Timing residuals power 
spectral density: 

Also red spectrum 

at

<latexit sha1_base64="UKLaz5TypG16UCFcgJMnztBXd+s=">AAACEnicbVDJSgNBEO2JW4xb1KOXwSAklzAjEr0IgVw8RjQLZIZQ0+lJmvQsdNcIYZhv8OKvePGgiFdP3vwbO8tBEx8UPN6roqqeFwuu0LK+jdza+sbmVn67sLO7t39QPDxqqyiRlLVoJCLZ9UAxwUPWQo6CdWPJIPAE63jjxtTvPDCpeBTe4yRmbgDDkPucAmqpX6zc9VPwsrJfuXYCwBEFkTaysoMjhjCzKk5zxLXfL5asqjWDuUrsBSmRBZr94pcziGgSsBCpAKV6thWjm4JETgXLCk6iWAx0DEPW0zSEgCk3nb2UmWdaGZh+JHWFaM7U3xMpBEpNAk93Ts9Wy95U/M/rJehfuSkP4wRZSOeL/ESYGJnTfMwBl4yimGgCVHJ9q0lHIIGiTrGgQ7CXX14l7fOqXavWbi9K9foijjw5IaekTGxySerkhjRJi1DySJ7JK3kznowX4934mLfmjMXMMfkD4/MHODSdMQ==</latexit>

Sab(f) = C(✓ab)�(f)

<latexit sha1_base64="zAexN2t0lkvit4mXMLFPid/hWPw="></latexit>

�(f) =
A2

(2⇡)2
f�3
ref

✓
f

fref

◆��

with

<latexit sha1_base64="5dk9g7vn8sNu6cKWO2LIXc2WUbo=">AAACBnicbVBNS8NAEN34WetX1KMIwSIIQklaqV4KBS8eK9gPaEKZbDft0t0k7G6EEnLy4l/x4kERr/4Gb/4bt20O2vpg4PHeDDPz/JhRqWz721hZXVvf2CxsFbd3dvf2zYPDtowSgUkLRywSXR8kYTQkLUUVI91YEOA+Ix1/fDP1Ow9ESBqF92oSE4/DMKQBxaC01DdP3CFwDvWKCywewUW17gYCcOpUs7Sa9c2SXbZnsJaJk5MSytHsm1/uIMIJJ6HCDKTsOXasvBSEopiRrOgmksSAxzAkPU1D4ER66eyNzDrTysAKIqErVNZM/T2RApdywn3dyUGN5KI3Ff/zeokKrr2UhnGiSIjni4KEWSqypplYAyoIVmyiCWBB9a0WHoGOQenkijoEZ/HlZdKulJ1auXZ3WWo08jgK6BidonPkoCvUQLeoiVoIo0f0jF7Rm/FkvBjvxse8dcXIZ47QHxifP+H8mCA=</latexit>

� = 2↵+ 3 =
13

3

<latexit sha1_base64="Cta9BiVAehy+WlU4eMAtbfssQ+A=">AAACHXicbVDLSgNBEJz1bXxFPXoZDEI8GHYlqBch4sWjglEhG5fZSU92cPbBTK8Qlv0RL/6KFw+KePAi/o2TmIOvgoaiqpvurjBT0qDrfjgTk1PTM7Nz85WFxaXllerq2oVJc82hzVOV6quQGVAygTZKVHCVaWBxqOAyvDke+pe3oI1Mk3McZNCNWT+RQnKGVgqqzSjgdbF9eOQrEFj3hWa8EGUhgsLXMdUgytLXsh/h9nWx4zOVRawMqjW34Y5A/xJvTGpkjNOg+ub3Up7HkCBXzJiO52bYLZhGyRWUFT83kDF+w/rQsTRhMZhuMfqupFtW6VGRalsJ0pH6faJgsTGDOLSdMcPI/PaG4n9eJ0dx0C1kkuUICf9aJHJFMaXDqGhPauCoBpYwrqW9lfKI2YDQBlqxIXi/X/5LLnYb3l5j76xZa7XGccyRDbJJ6sQj+6RFTsgpaRNO7sgDeSLPzr3z6Lw4r1+tE854Zp38gPP+CeCeonU=</latexit>

hc(f) = A

✓
f

fref

◆�↵

Prediction from SMBHBs 
formation scenarios

Circular binary

Where does this spectral shape come from?



SGWB from a population of inspiralling binaries 
<latexit sha1_base64="JhGNlK11du/EYDMbaJzg7cpZNEg=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwVJIq1YtQ8OKxgv2AJpTNdtMu3WzC7kYsIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMCxLOlHacb2ttfWNza7u0U97d2z84tI8qHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk9uZ332kUrFYPOhpQv0IjwQLGcHaSAO74mGejPGNF0pMsnqeXeQDu+rUnDnQKnELUoUCrYH95Q1jkkZUaMKxUn3XSbSfYakZ4TQve6miCSYTPKJ9QwWOqPKz+e05OjPKEIWxNCU0mqu/JzIcKTWNAtMZYT1Wy95M/M/rpzq89jMmklRTQRaLwpQjHaNZEGjIJCWaTw3BRDJzKyJjbFLQJq6yCcFdfnmVdOo1t1Fr3F9Wm80ijhKcwCmcgwtX0IQ7aEEbCDzBM7zCm5VbL9a79bFoXbOKmWP4A+vzB9ijlFQ=</latexit>

↵ =
2

3
with

<latexit sha1_base64="Cta9BiVAehy+WlU4eMAtbfssQ+A=">AAACHXicbVDLSgNBEJz1bXxFPXoZDEI8GHYlqBch4sWjglEhG5fZSU92cPbBTK8Qlv0RL/6KFw+KePAi/o2TmIOvgoaiqpvurjBT0qDrfjgTk1PTM7Nz85WFxaXllerq2oVJc82hzVOV6quQGVAygTZKVHCVaWBxqOAyvDke+pe3oI1Mk3McZNCNWT+RQnKGVgqqzSjgdbF9eOQrEFj3hWa8EGUhgsLXMdUgytLXsh/h9nWx4zOVRawMqjW34Y5A/xJvTGpkjNOg+ub3Up7HkCBXzJiO52bYLZhGyRWUFT83kDF+w/rQsTRhMZhuMfqupFtW6VGRalsJ0pH6faJgsTGDOLSdMcPI/PaG4n9eJ0dx0C1kkuUICf9aJHJFMaXDqGhPauCoBpYwrqW9lfKI2YDQBlqxIXi/X/5LLnYb3l5j76xZa7XGccyRDbJJ6sQj+6RFTsgpaRNO7sgDeSLPzr3z6Lw4r1+tE854Zp38gPP+CeCeonU=</latexit>

hc(f) = A

✓
f

fref

◆�↵

<latexit sha1_base64="+4Hsp4oivqqJiMcEhOuMz3oJHt4="></latexit>

⌦GW(f) =
2⇡2

3H2
0

f
2
h
2
c(f) = ⌦GW(fref)

✓
f

fref

◆2/3

in terms of the power spectrum of 
the GW energy density becomes

<latexit sha1_base64="MW3vlzrGv5RFLrY5QuWL/QNUdY4="></latexit>

⇢(tot)GW

⇢c
=

Z 1

0

df

f
⌦GW(f) =

Z
d⇠

Z
dVc

Z
d⌧c

d3N(z, ⌧c, ⇠, ✓)

d⇠dVcd⌧c

⇢(event)GW

⇢c

Parameters of the 
binary signal  

(essentially chirp 
mass)

Coming 
volume

Time to 
coalescence

Number density of GW 
sources (given within an 
astrophysical model for 
the binary population)

GW energy 
emitted by a 
single event 

<latexit sha1_base64="Fb0Bjsd0phKNaNNioy/yzu3713o="></latexit>

⇢(event)GW

⇢c
=

1

16⇡G⇢c

hḣ2
+ + ḣ2

⇥i
(1 + z)4

At the source



SGWB from a population of inspiralling binaries 
<latexit sha1_base64="qasfg8Lpdk3u5BUQQxzZvzpBqrM="></latexit>

ḣ+(tS) =
4⇡2/3

a(tS)r
(GMc)

5/3
⇣1 + cos2 ✓

2

⌘d[f2/3(tS) cos(2�(tS))]

dtS
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In the limit of circular 
orbit with slowly 
varying radius

<latexit sha1_base64="v/2HynfV2qHDpIGtcTtVn1h/JTA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI8BLx4jmgckS5id9CZDZmeHmVkhhHyEFw+KePV7vPk3TpI9aLSgoajqprsrUoIb6/tfXmFtfWNzq7hd2tnd2z8oHx61TJpphk2WilR3ImpQcIlNy63AjtJIk0hgOxrfzP32I2rDU/lgJwrDhA4ljzmj1kntnuIk7t/3yxW/6i9A/pIgJxXI0eiXP3uDlGUJSssENaYb+MqGU6otZwJnpV5mUFE2pkPsOippgiacLs6dkTOnDEicalfSkoX6c2JKE2MmSeQ6E2pHZtWbi/953czG1+GUS5VZlGy5KM4EsSmZ/04GXCOzYuIIZZq7WwkbUU2ZdQmVXAjB6st/SeuiGtSqtbvLSr2ex1GEEziFcwjgCupwCw1oAoMxPMELvHrKe/bevPdla8HLZ47hF7yPb8W+jzY=</latexit>

⇡fS
<latexit sha1_base64="NhLZcDP1etCWFNXVSkvIpvEChKA=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRFqsuCG5eV2ge0NUymk3boZBJmboQQ6q+4caGIWz/EnX/jtM1CWw9cOJxz78y9x48F1+A431ZhY3Nre6e4W9rbPzg8so9POjpKFGVtGolI9XyimeCStYGDYL1YMRL6gnX96c3c7z4ypXkk7yGN2TAkY8kDTgkYybPLeDCKIAtmXmsgBA681kPNsytO1VkArxM3JxWUo+nZX+YRmoRMAhVE677rxDDMiAJOBZuVBolmMaFTMmZ9QyUJmR5mi+Vn+NwoIxxEypQEvFB/T2Qk1DoNfdMZEpjoVW8u/uf1EwiuhxmXcQJM0uVHQSIwRHieBB5xxSiI1BBCFTe7YjohilAweZVMCO7qyeukU6u69Wr97rLSaORxFNEpOkMXyEVXqIFuURO1EUUpekav6M16sl6sd+tj2Vqw8pky+gPr8wfWbJRB</latexit>
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Extra factor
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SGWB from a population of inspiralling binaries 
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SGWB amplitude determined by 
the population characteristics 

and the cosmology
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Express the integral over time to 
coalescence in terms of frequency and 
change to frequency at the observer
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fS = f(1 + z)



• The assumption of 
homogeneous and isotropic 
SGWB isn’t justified at high 
frequency: SMBHBs are 
less numerous, the SGWB 
slope is steeper, and 
discreteness starts to 
appear with spikes due to 
the loudest SMBHBs 

• Interactions with the 
binary environment makes 
hardening stronger and 
suppresses SGWB power at 
low frequency 

• Eccentricity enhances GW 
emission at higher 
frequencies 

L.Z. Kelley et al, arXiv:1702.02180

SGWB from a population of inspiralling binaries 

The features of the SGWB power spectrum (amplitude A, slope α…) 
depend on the population characteristics such as the binary merger 

rate, its dependence with mass and redshift, the 
surrounding stellar density, the initial binary eccentricity…



Pulsar timing arrays

In 2020, NANOGrav (followed by EPTA and PPTA) has announced the 
presence of a common red noise in their 12.5 years data

NANOGrav collaboration: arXiv:2009.04496
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J. Antoniadis et al, arXiv:2306.16214

In 2023, all PTAs have confirmed the observation of a common red noise 
supplemented by evidence for the Hellings-Downs correlation

EPTA 
results:
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logA = �13.94+0.23
�0.48 � = 2.71+1.18

�0.73 B = 60

DR2new (10.3 yrs):

DR2full (25 yrs):
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Pulsar timing arrays



G. Agazie et al, arXiv:2306.16213
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A = �6.4+4.2
�2.7 ⇥ 10�15

� = 3.2+0.6
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B = 226

Pulsar timing arrays

NANOGrav 
results:

In 2023, all PTAs have confirmed the observation of a common red noise 
supplemented by evidence for the Hellings-Downs correlation



CC, Nature Rev. Phys. 6 (2024), 5291-293

IPTA Collaboration, 
arXiv:2309.00693

• The slopes are shallower than 13/3 (but maybe the model isn’t fully adapted…) 
• The amplitude is consistent with the one from a SMBHBs SGWB 
• All datasets are consistent within 1σ as shown by IPTA

But the signal 
could also be of 

primordial origin…

Pulsar timing arrays



Examples of SGWB sources in the early universe



GWs can bring direct information from very early stages of the universe 
evolution, to which we have no direct access through em radiation —> 

amazing discovery potential

BBN ~0.1 MeV

Tested cosmology



No guaranteed GW signal: predictions rely on untested 
phenomena, and are often difficult to estimate (non-linear 

dynamics, strongly coupled theories… )

New physics

~1 TeV

Tested physics

BBN ~0.1 MeV



New physics

~1 TeV

Tested physics

Many GW generation processes are related to PHASE TRANSITIONS

BBN ~0.1 MeV



New physics

~1 TeV

Tested physics

Phase transition: some field in the universe changes from one state to 
another, which has become more energetically favourable due to a change 

in external conditions (e.g. a change in temperature)

BBN ~0.1 MeV



Inflation: phase transition of the Inflaton field

New physics



GUT phase transition or similar: related to the breaking of the 
symmetries of the high-energy theory describing the universe  

New physics

GUT 
?



Peccei-Quinn phase transition: invoked to solve the 
strong CP problem

~107-1011 GeV

New physics



Electroweak phase transition: phase transition of the Higgs field, 
driven by the temperature decrease as the universe expands 

~150 GeV

Tested physicsNew physics



QCD phase transition: phase transition related to the strong 
interaction, confinement of quarks into hadrons

~0.1 GeV

Tested physics

BUT! Difficult to analyse, since 
strongly coupled theory



Possible sources of tensor anisotropic stress in the early universe: 

• Scalar field gradients 

• Bulk fluid motion 

• Gauge fields  

• Second order scalar perturbations, Πij from a combination of  

• … 
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SGWB from a stochastic source in the radiation era
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The components of the anisotropic stress must be treated as   
random variables 

because we cannot access the detailed properties of the generation 
processes at the moment they operated



SGWB from a stochastic source in the radiation era

 unequal time correlator of the anisotropic stress
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We now proceed with two approximate analytical solutions of the GW 
propagation equation: 

• Fast source operating for less than one Hubble time -> peaked SGWB 
power spectrum 

• Continuous source operating for several Hubble times -> extended 
SGWB power spectrum

SGWB from a stochastic source in the radiation era

 unequal time correlator of the anisotropic stress
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operating in a time interval ηfin - ηin in the radiation dominated era
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SGWB from a stochastic source in the radiation era

 unequal time correlator of the anisotropic stress
<latexit sha1_base64="ST2yapZNevINSNC/PP8fXXPd6UU="></latexit>

h⇧r(k, ⌧)⇧
⇤
p(q, ⇣)i =

(2⇡)3

4
�(3)(k� q) �rp ⇧(k, ⌧, ⇣)

Anisotropic stress 
power spectral 

density at unequal 
time 

Typical example: first order phase transition

We now proceed with two approximate analytical solutions of the GW 
propagation equation: 

• Fast source operating for less than one Hubble time -> peaked SGWB 
power spectrum



GW amplitude power spectrum today for modes kη0 ≫ 1
<latexit sha1_base64="O8q2KyjXSHCC6ph4AHkH8uFwTgQ="></latexit>

hhr(k, ⌘0)h
⇤
p(q, ⌘0)i =

1

a20
[hAr(k)A

⇤
p(q)i+ hBr(k)B

⇤
p(q)i]

<latexit sha1_base64="W68hiEm+ADmwJo8piQZBSNoJj+Y="></latexit>

d⇢GW

dlogk
=

k2 h2
c(k, ⌘0)

16⇡Ga20

(freely propagating sub-
Hubble modes)

GW energy density power spectrum today for modes kη0 ≫ 1

SGWB from a FAST stochastic source in the radiation era

<latexit sha1_base64="/gwo4B0YSvKxfzM36u10496cA3A="></latexit>

= 8⇡5 �(3)(k� q) �rp
h2
c(k, ⌘0)

k3

<latexit sha1_base64="VVuDoACEMtUZnq2TK8+1B7p3U18="></latexit>

dωGW

dlogk
(k, ε0) =

4

ϑ

G

a40
k3

∫ ωfin

ωin

dϖ a3(ϖ)

∫ ωfin

ωin

dϱ a3(ϱ) cos[k(ϖ → ϱ)]!(k, ϖ, ϱ)



GW amplitude power spectrum today for modes kη0 ≫ 1
<latexit sha1_base64="O8q2KyjXSHCC6ph4AHkH8uFwTgQ="></latexit>

hhr(k, ⌘0)h
⇤
p(q, ⌘0)i =

1

a20
[hAr(k)A

⇤
p(q)i+ hBr(k)B

⇤
p(q)i]

<latexit sha1_base64="pvVhvdYDvvBBKKnF1kF6iIKt+8I="></latexit>

�⌘ = ⌘fin � ⌘in ⌧ H
�1
⇤

<latexit sha1_base64="hRY7rc2kd2KwrdNMmmgThia2vNw=">AAAB+XicdVDLSgNBEJyNrxhfqx69DAYhQgi7cU3iLejFYwTzgGwIs5NJMmT2wUxvICz5Ey8eFPHqn3jzb5xNIqhoQUNR1U13lxcJrsCyPozM2vrG5lZ2O7ezu7d/YB4etVQYS8qaNBSh7HhEMcED1gQOgnUiyYjvCdb2Jjep354yqXgY3MMsYj2fjAI+5JSAlvqm6TZ4YVJ0gcRFlwE575t5q3RVq5SdCrZKllW1y3ZKylXnwsG2VlLk0QqNvvnuDkIa+ywAKohSXduKoJcQCZwKNs+5sWIRoRMyYl1NA+Iz1UsWl8/xmVYGeBhKXQHghfp9IiG+UjPf050+gbH67aXiX143hmGtl/AgioEFdLloGAsMIU5jwAMuGQUx04RQyfWtmI6JJBR0WDkdwten+H/SKpfsy5J15+Tr16s4sugEnaICslEV1dEtaqAmomiKHtATejYS49F4MV6XrRljNXOMfsB4+wSJxJL2</latexit>

⇧(k, ⌧, ⌘) constant over
<latexit sha1_base64="IXhGZUmUlvul0EuMHWv+t22Qjqo=">AAAB8XicdVDLTgJBEJz1ifhCPXqZSEw8kV1EwBtRDx4xkUcEQmaHBibMzm5mek0I4S+8eNAYr/6NN//GWcBEjVbSSaWqO91dfiSFQdf9cJaWV1bX1lMb6c2t7Z3dzN5+3YSx5lDjoQx102cGpFBQQ4ESmpEGFvgSGv7oMvEb96CNCNUtjiPoBGygRF9whla6a1+BRNYGZN1M1s2dl4v5QpG6OdcteXkvIflS4bRAPaskyJIFqt3Me7sX8jgAhVwyY1qeG2FnwjQKLmGabscGIsZHbAAtSxULwHQms4un9NgqPdoPtS2FdKZ+n5iwwJhx4NvOgOHQ/PYS8S+vFWO/3JkIFcUIis8X9WNJMaTJ+7QnNHCUY0sY18LeSvmQacbRhpS2IXx9Sv8n9XzOO8u5N4Vs5WIRR4ockiNyQjxSIhVyTaqkRjhR5IE8kWfHOI/Oi/M6b11yFjMH5Aect0/IoJEA</latexit>

�⌘

<latexit sha1_base64="bgOYGv0Wzp0LORGbDl8nxPSde1o=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBZBPIQkjW29Fb14rGDaQhvLZrtpl242YXcjlNDf4MWDIl79Qd78N27aCir6YODx3gwz84KEUaks68MorKyurW8UN0tb2zu7e+X9g7aMU4GJh2MWi26AJGGUE09RxUg3EQRFASOdYHKV+517IiSN+a2aJsSP0IjTkGKktOShwdlddVCuWOZFo+a4NWiZllW3HTsnTt2tutDWSo4KWKI1KL/3hzFOI8IVZkjKnm0lys+QUBQzMiv1U0kShCdoRHqachQR6WfzY2fwRCtDGMZCF1dwrn6fyFAk5TQKdGeE1Fj+9nLxL6+XqrDhZ5QnqSIcLxaFKYMqhvnncEgFwYpNNUFYUH0rxGMkEFY6n5IO4etT+D9pO6Z9blo3bqV5uYyjCI7AMTgFNqiDJrgGLeABDCh4AE/g2eDGo/FivC5aC8Zy5hD8gPH2CWdCjm0=</latexit>

a3⇤
<latexit sha1_base64="bgOYGv0Wzp0LORGbDl8nxPSde1o=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBZBPIQkjW29Fb14rGDaQhvLZrtpl242YXcjlNDf4MWDIl79Qd78N27aCir6YODx3gwz84KEUaks68MorKyurW8UN0tb2zu7e+X9g7aMU4GJh2MWi26AJGGUE09RxUg3EQRFASOdYHKV+517IiSN+a2aJsSP0IjTkGKktOShwdlddVCuWOZFo+a4NWiZllW3HTsnTt2tutDWSo4KWKI1KL/3hzFOI8IVZkjKnm0lys+QUBQzMiv1U0kShCdoRHqachQR6WfzY2fwRCtDGMZCF1dwrn6fyFAk5TQKdGeE1Fj+9nLxL6+XqrDhZ5QnqSIcLxaFKYMqhvnncEgFwYpNNUFYUH0rxGMkEFY6n5IO4etT+D9pO6Z9blo3bqV5uYyjCI7AMTgFNqiDJrgGLeABDCh4AE/g2eDGo/FivC5aC8Zy5hD8gPH2CWdCjm0=</latexit>

a3⇤
<latexit sha1_base64="N6HqCvS94CnKeud7Pco9lao2GTc=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuQhJjW3dFNy4r2Ae0oUymk3bozCSdmQgl9CfcuFDErb/jzr9x0lZQ0QMXDufcy733hAmjSjvOh7Wyura+sVnYKm7v7O7tlw4OWypOJSZNHLNYdkKkCKOCNDXVjHQSSRAPGWmH4+vcb98TqWgs7vQ0IQFHQ0EjipE2UqenKCcT6PZLZce+rFU8vwId23GqrufmxKv65z50jZKjDJZo9EvvvUGMU06Exgwp1XWdRAcZkppiRmbFXqpIgvAYDUnXUIE4UUE2v3cGT40ygFEsTQkN5+r3iQxxpaY8NJ0c6ZH67eXiX1431VEtyKhIUk0EXiyKUgZ1DPPn4YBKgjWbGoKwpOZWiEdIIqxNREUTwten8H/S8mz3wnZu/XL9ahlHARyDE3AGXFAFdXADGqAJMGDgATyBZ2tiPVov1uuidcVazhyBH7DePgHcw4/c</latexit>' 1

<latexit sha1_base64="rg8gnBNyIANWex11MYO8ZMpdiq4=">AAAB/HicdVDLSsNAFJ34rPVV7dLNYBFchSTWtu6KblxWsA9oQphMJ+3QySTMTIQQ6q+4caGIWz/EnX/jpK2gogcuHM65l3vvCRJGpbKsD2NldW19Y7O0Vd7e2d3brxwc9mScCky6OGaxGARIEkY56SqqGBkkgqAoYKQfTK8Kv39HhKQxv1VZQrwIjTkNKUZKS36lOnWJQn7uighSPnMZg7ZfqVnmRavh1BvQMi2raTt2QZxm/awOba0UqIElOn7l3R3FOI0IV5ghKYe2lSgvR0JRzMis7KaSJAhP0ZgMNeUoItLL58fP4IlWRjCMhS6u4Fz9PpGjSMosCnRnhNRE/vYK8S9vmKqw5eWUJ6kiHC8WhSmDKoZFEnBEBcGKZZogLKi+FeIJEggrnVdZh/D1Kfyf9BzTPjetm3qtfbmMowSOwDE4BTZogja4Bh3QBRhk4AE8gWfj3ng0XozXReuKsZypgh8w3j4BmiOUvg==</latexit>

k⌘in ⌧ 1

<latexit sha1_base64="FoKyqu3nsWJrR9d62HYl+Pd3s+0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUzZCpY1t3RTcuK9gHtEPJpJk2NpMZkoxQhv6DGxeKuPV/3Pk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHn1xlfueeSsUicaunMfVCPBIsYARrI7X7TVaenA6KJWRf1KsVtwqRjVDNqTgZqdTcMxc6RslQAks0B8X3/jAiSUiFJhwr1XNQrL0US80Ip7NCP1E0xmSCR7RnqMAhVV46v3YGT4wyhEEkTQkN5+r3iRSHSk1D33SGWI/Vby8T//J6iQ7qXspEnGgqyGJRkHCoI5i9DodMUqL51BBMJDO3QjLGEhNtAiqYEL4+hf+TdsV2zm1045Yal8s48uAIHIMycEANNMA1aIIWIOAOPIAn8GxF1qP1Yr0uWnPWcuYQ/ID19gkQRI7N</latexit>

⇧(k)

<latexit sha1_base64="W68hiEm+ADmwJo8piQZBSNoJj+Y="></latexit>

d⇢GW

dlogk
=

k2 h2
c(k, ⌘0)

16⇡Ga20

(freely propagating sub-
Hubble modes)

SUPPOSE:

SGWB from a FAST stochastic source in the radiation era

<latexit sha1_base64="/gwo4B0YSvKxfzM36u10496cA3A="></latexit>

= 8⇡5 �(3)(k� q) �rp
h2
c(k, ⌘0)

k3

GW energy density power spectrum today for modes kη0 ≫ 1

<latexit sha1_base64="VVuDoACEMtUZnq2TK8+1B7p3U18="></latexit>

dωGW

dlogk
(k, ε0) =

4

ϑ

G

a40
k3

∫ ωfin

ωin

dϖ a3(ϖ)

∫ ωfin

ωin

dϱ a3(ϱ) cos[k(ϖ → ϱ)]!(k, ϖ, ϱ)



GW energy density parameter today for modes 1/η0 ≪ k ≪ 1/ηin

From the time integrals

SGWB from a FAST stochastic source in the radiation era

{

<latexit sha1_base64="65iaUPJV3TdZtuh5vqqgRRV5efg="></latexit>

h2⌦GW(k, ⌘0) =
3

2⇡2
h2⌦0

rad

✓
g0
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◆ 1
3

(�⌘H⇤)
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✓
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⇢rad
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(k`⇤)
3P̃GW(k)

<latexit sha1_base64="KQnlrzw2VNIM5DIe9Ja9FTdSMo0=">AAACHHicbVDLSgMxFM3UV62vqks3wSJUkTLTSnUjFF3ocgT7gE47ZNLbNjTzIMkIZeiHuPFX3LhQxI0Lwb8xfSy09UDg5JxzSe7xIs6kMs1vI7W0vLK6ll7PbGxube9kd/dqMowFhSoNeSgaHpHAWQBVxRSHRiSA+B6Huje4Hvv1BxCShcG9GkbQ8kkvYF1GidKSmy05NssPji8d4Nw9aZecU0f0QzfR8qhd1DfFeAewrRXh45v6SIfdbM4smBPgRWLNSA7NYLvZT6cT0tiHQFFOpGxaZqRaCRGKUQ6jjBNLiAgdkB40NQ2ID7KVTJYb4SOtdHA3FPoECk/U3xMJ8aUc+p5O+kT15bw3Fv/zmrHqXrQSFkSxgoBOH+rGHKsQj5vCHSaAKj7UhFDB9F8x7RNBqNJ9ZnQJ1vzKi6RWLFjlQvnuLFe5mtWRRgfoEOWRhc5RBd0iG1URRY/oGb2iN+PJeDHejY9pNGXMZvbRHxhfP/ApoBA=</latexit>

!(k) = ω3→ ε
2
! P̃GW(k)



GW energy density parameter today for modes 1/η0 ≪ k ≪ 1/ηin

{
<latexit sha1_base64="bui9MEbyqZg4851u0QHMAy7LQgo=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEurAk4mtZdOPOCvYBbSyT6aQdOnkwMxFqCP6KGxeKuPU/3Pk3TtostHpg4HDOvdwzx404k8qyvozC3PzC4lJxubSyura+YW5uNWUYC0IbJOShaLtYUs4C2lBMcdqOBMW+y2nLHV1mfuueCsnC4FaNI+r4eBAwjxGstNQzd7o+VkOCeXKdVmzrLjk8TQ96ZtmqWhOgv8TOSRly1HvmZ7cfktingSIcS9mxrUg5CRaKEU7TUjeWNMJkhAe0o2mAfSqdZJI+Rfta6SMvFPoFCk3UnxsJ9qUc+66ezLLKWS8T//M6sfLOnYQFUaxoQKaHvJgjFaKsCtRnghLFx5pgIpjOisgQC0yULqykS7Bnv/yXNI+q9knVujku1y7yOoqwC3tQARvOoAZXUIcGEHiAJ3iBV+PReDbejPfpaMHId7bhF4yPbygKlF8=</latexit>

O(10�6)

{

<latexit sha1_base64="3QBk2HbigVQjpFUfSH/Sg9Qz4Hk=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJliEurBkRNFl0Y07K9gHtLFMppN26GQSZiZCCQF/xY0LRdz6He78GydtF1o9MHA4517umePHnCntul9WYWFxaXmluFpaW9/Y3LK3d5oqSiShDRLxSLZ9rChngjY005y2Y0lx6HPa8kdXud96oFKxSNzpcUy9EA8ECxjB2kg9e68bYj0kmKc3WQW59+kxQtlRzy67VXcC5y9BM1KGGeo9+7Pbj0gSUqEJx0p1kBtrL8VSM8JpVuomisaYjPCAdgwVOKTKSyfxM+fQKH0niKR5QjsT9edGikOlxqFvJvOwat7Lxf+8TqKDCy9lIk40FWR6KEi4oyMn78LpM0mJ5mNDMJHMZHXIEEtMtGmsZEpA81/+S5onVXRWdW9Py7XLWR1F2IcDqACCc6jBNdShAQRSeIIXeLUerWfrzXqfjhas2c4u/IL18Q2WeJSV</latexit>

O(10�11)

Value for detection 
at LISA

{

Factor depending 
slightly on the 

generation epoch 
through the 
number of 

relativistic d.o.f.

<latexit sha1_base64="/G8cQoPXBdv4TS1iCWLtFYAcO2o=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEurAkYtFl0Y07K9gHtLFMppN26OTBzESoIfgrblwo4tb/cOffOGmz0OqBgcM593LPHDfiTCrL+jIKC4tLyyvF1dLa+sbmlrm905JhLAhtkpCHouNiSTkLaFMxxWknEhT7Lqdtd3yZ+e17KiQLg1s1iajj42HAPEaw0lLf3Ov5WI0I5sl1WrGtu+S4lh71zbJVtaZAf4mdkzLkaPTNz94gJLFPA0U4lrJrW5FyEiwUI5ympV4saYTJGA9pV9MA+1Q6yTR9ig61MkBeKPQLFJqqPzcS7Es58V09mWWV814m/ud1Y+WdOwkLoljRgMwOeTFHKkRZFWjABCWKTzTBRDCdFZERFpgoXVhJl2DPf/kvaZ1U7VrVujkt1y/yOoqwDwdQARvOoA5X0IAmEHiAJ3iBV+PReDbejPfZaMHId3bhF4yPbyaElF4=</latexit>

O(10�5)

Only slow, very 
anisotropic processes 

have the chance to 
generate detectable 

SGWB signals  
for sub-Hubble sources

SGWB from a FAST stochastic source in the radiation era

<latexit sha1_base64="AI6XVIEiWy7B9MNJrGfgseIa5Zs=">AAAB/XicbVDJSgNBFHwTtxi3cbl5aQxCPBhmxPUW9OLNCGaBZAw9nU7SpGehu0eIw+CvePGgiFf/w5t/Y08yB00saCiq3uNVlxtyJpVlfRu5ufmFxaX8cmFldW19w9zcqssgEoTWSMAD0XSxpJz5tKaY4rQZCoo9l9OGO7xK/cYDFZIF/p0ahdTxcN9nPUaw0lLH3Gl7WA0I5vFNUrKt+/jwIjnomEWrbI2BZomdkSJkqHbMr3Y3IJFHfUU4lrJlW6FyYiwUI5wmhXYkaYjJEPdpS1Mfe1Q68Th9gva10kW9QOjnKzRWf2/E2JNy5Ll6Ms0qp71U/M9rRap37sTMDyNFfTI51Is4UgFKq0BdJihRfKQJJoLprIgMsMBE6cIKugR7+suzpH5Utk/LJ7fHxcplVkcedmEPSmDDGVTgGqpQAwKP8Ayv8GY8GS/Gu/ExGc0Z2c42/IHx+QMuipRo</latexit>

O(10�9)
<latexit sha1_base64="RoeI1uC5mx5Gw1++zyaUgO0ePcY=">AAAB/XicbVDJSgNBFHwTtxi3cbl5aQxCPBhm3I9BL96MYBZIxtDT6SRNeha6e4Q4DP6KFw+KePU/vPk39iRz0MSChqLqPV51uSFnUlnWt5Gbm19YXMovF1ZW19Y3zM2tugwiQWiNBDwQTRdLyplPa4opTpuhoNhzOW24w6vUbzxQIVng36lRSB0P933WYwQrLXXMnbaH1YBgHt8kJdu6jw+Pk4OOWbTK1hholtgZKUKGasf8ancDEnnUV4RjKVu2FSonxkIxwmlSaEeShpgMcZ+2NPWxR6UTj9MnaF8rXdQLhH6+QmP190aMPSlHnqsn06xy2kvF/7xWpHoXTsz8MFLUJ5NDvYgjFaC0CtRlghLFR5pgIpjOisgAC0yULqygS7CnvzxL6kdl+6x8entSrFxmdeRhF/agBDacQwWuoQo1IPAIz/AKb8aT8WK8Gx+T0ZyR7WzDHxifPyVmlGI=</latexit>

O(10�3)

Value detected 
at PTA

<latexit sha1_base64="bui9MEbyqZg4851u0QHMAy7LQgo=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEurAk4mtZdOPOCvYBbSyT6aQdOnkwMxFqCP6KGxeKuPU/3Pk3TtostHpg4HDOvdwzx404k8qyvozC3PzC4lJxubSyura+YW5uNWUYC0IbJOShaLtYUs4C2lBMcdqOBMW+y2nLHV1mfuueCsnC4FaNI+r4eBAwjxGstNQzd7o+VkOCeXKdVmzrLjk8TQ96ZtmqWhOgv8TOSRly1HvmZ7cfktingSIcS9mxrUg5CRaKEU7TUjeWNMJkhAe0o2mAfSqdZJI+Rfta6SMvFPoFCk3UnxsJ9qUc+66ezLLKWS8T//M6sfLOnYQFUaxoQKaHvJgjFaKsCtRnghLFx5pgIpjOisgQC0yULqykS7Bnv/yXNI+q9knVujku1y7yOoqwC3tQARvOoAZXUIcGEHiAJ3iBV+PReDbejPfpaMHId7bhF4yPbygKlF8=</latexit>

O(10�6)

<latexit sha1_base64="65iaUPJV3TdZtuh5vqqgRRV5efg="></latexit>
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rad
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2
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⇢rad

◆2

(k`⇤)
3P̃GW(k)



GW energy density parameter today for modes 1/η0 ≪ k ≪ 1/ηin

Fast source: 
independent on k for 
large enough scales 

(uncorrelated)

<latexit sha1_base64="INJDhmIK3B6GS6CKZSmM06AbAsg=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBGkYElE0WXBTZcV7AOaGCbTm3bo5OHMRAih/oobF4q49UPc+TdO2yy09cCFwzn3cu89fsKZVJb1baysrq1vbJa2yts7u3v75sFhR8apoNCmMY9FzycSOIugrZji0EsEkNDn0PXHN1O/+whCsji6U1kCbkiGEQsYJUpLnllxgHOv5nB4wE2vdp+f2RPPrFp1awa8TOyCVFGBlmd+OYOYpiFEinIiZd+2EuXmRChGOUzKTiohIXRMhtDXNCIhSDefHT/BJ1oZ4CAWuiKFZ+rviZyEUmahrztDokZy0ZuK/3n9VAXXbs6iJFUQ0fmiIOVYxXiaBB4wAVTxTBNCBdO3YjoiglCl8yrrEOzFl5dJ57xuX9at24tqo1HEUUJH6BidIhtdoQZqohZqI4oy9Ixe0ZvxZLwY78bHvHXFKGYq6A+Mzx8wP5PQ</latexit>
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characteristic size of 
the shear stresses

slope 
depending on 

the source 
details

<latexit sha1_base64="GvJtNNuaK3Wv8cZg/VYH3Htke/s=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEI4qEkouix6MVjBfsBTQib7aRdupvE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZF6acKe0431ZpZXVtfaO8Wdna3tmt2nv7bZVkkkKLJjyR3ZAo4CyGlmaaQzeVQETIoROObqZ+5xGkYkl8r8cp+IIMYhYxSrSRArs68oDz4NRTTMADdgO75tSdGfAycQtSQwWagf3l9ROaCYg15USpnuuk2s+J1IxymFS8TEFK6IgMoGdoTAQoP58dPsHHRunjKJGmYo1n6u+JnAilxiI0nYLooVr0puJ/Xi/T0ZWfszjNNMR0vijKONYJnqaA+0wC1XxsCKGSmVsxHRJJqDZZVUwI7uLLy6R9Vncv6s7dea1xXcRRRofoCJ0gF12iBrpFTdRCFGXoGb2iN+vJerHerY95a8kqZg7QH1ifP/H1kp4=</latexit>

k`⇤ ' 1

White noise

SGWB from a FAST stochastic source in the radiation era

<latexit sha1_base64="65iaUPJV3TdZtuh5vqqgRRV5efg="></latexit>

h2⌦GW(k, ⌘0) =
3

2⇡2
h2⌦0

rad

✓
g0
g⇤

◆ 1
3

(�⌘H⇤)
2

✓
⇢⇧
⇢rad

◆2

(k`⇤)
3P̃GW(k)



GW energy density parameter today for modes 1/η0 ≪ k ≪ 1/ηin

<latexit sha1_base64="gWfEZhS6l8hrdbh4yuWzJd3sUTw=">AAACGnicbVDLSgNBEJz1bXytevQyGATNIe6KokfRS44RzAOyYemddOKQ2Qczs0JY8h1e/BUvHhTxJl78G2eTPWi0YIaiqpvuriARXGnH+bLm5hcWl5ZXVktr6xubW/b2TlPFqWTYYLGIZTsAhYJH2NBcC2wnEiEMBLaC4XXut+5RKh5Ht3qUYDeEQcT7nIE2km+77rGHGnzHE4IOaf57Ieg7BiKrjf3KRHGPD8GveCiEXzny7bJTdSagf4lbkDIpUPftD68XszTESDMBSnVcJ9HdDKTmTOC45KUKE2BDGGDH0AhCVN1sctqYHhilR/uxNC/SdKL+7MggVGoUBqYyX1vNern4n9dJdf+im/EoSTVGbDqonwqqY5rnRHtcItNiZAgwyc2ulN2BBKZNmiUTgjt78l/SPKm6Z1Xn5rR8eVXEsUL2yD45JC45J5ekRuqkQRh5IE/khbxaj9az9Wa9T0vnrKJnl/yC9fkNRQSegQ==</latexit>

1/⌘0 ⌧ k ⌧ H⇤ ⌧ 1/(a⇤`⇤){ {
Causality of the 
sourcing process

Range of validity 
of the solution

SGWB from a FAST stochastic source in the radiation era

<latexit sha1_base64="mrhNpIRBT8RC3srNt8Nn3tCQDAk=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRBILMKu7zJooZ0RzAOycZmd3CRDZnaXmVkhLPkCG3/FxkIRW2s7/8bJo9DEAwOHc+7lzjl+xJnStv1tpRYWl5ZX0quZtfWNza3s9k5NhbGkUKUhD2XDJwo4C6CqmebQiCQQ4XOo+/3LkV9/AKlYGNzpQQQtQboB6zBKtJG8bN69EdAlXuJKga/qw0K/6EYyjHSIC30XOPcOivdHXjZnl+wx8DxxpiSHpqh42S+3HdJYQKApJ0o1HTvSrYRIzSiHYcaNFUSE9kkXmoYGRIBqJeM4Q5w3Sht3QmleoPFY/b2REKHUQPhmUhDdU7PeSPzPa8a6c95KWBDFGgI6OdSJOTZhR93gNpNANR8YQqhk5q+Y9ogkVJsGM6YEZzbyPKkdlpzT0sntca58Ma0jjfbQPiogB52hMrpGFVRFFD2iZ/SK3qwn68V6tz4moylrurOL/sD6/AFZeZsH</latexit>

⌦GW(k) / (k`⇤)
3

<latexit sha1_base64="65iaUPJV3TdZtuh5vqqgRRV5efg="></latexit>

h2⌦GW(k, ⌘0) =
3

2⇡2
h2⌦0

rad

✓
g0
g⇤

◆ 1
3

(�⌘H⇤)
2

✓
⇢⇧
⇢rad

◆2

(k`⇤)
3P̃GW(k)



• Characteristic time of the source evolution

• Characteristic time of the GW production 
from the Green’s function:

• GW production goes faster than source evolution for all 
relevant wave-numbers including the spectrum peak  

• One assumes that the source is constant in time for a finite 
time interval (which can be larger than the Hubble time)

• One can then easily integrate to find the GW spectrum

<latexit sha1_base64="UAor2GB8firnFvKubAmXFppail8=">AAACEHicbVBNS8NAEN34WetX1KOXxSKKh5JIUS9C0YvHClaFpoTNdqKLu0nYnRRKyE/w4l/x4kERrx69+W/cfhz8ejDweG+GmXlRJoVBz/t0pqZnZufmKwvVxaXllVV3bf3SpLnm0OapTPV1xAxIkUAbBUq4zjQwFUm4iu5Oh/5VH7QRaXKBgwy6it0kIhacoZVCdyfogURGMSx4eRzEmvEiACnDvbLoh0WgFdXKlGXo1ry6NwL9S/wJqZEJWqH7EfRSnitIkEtmTMf3MuwWTKPgEspqkBvIGL9jN9CxNGEKTLcYPVTSbav0aJxqWwnSkfp9omDKmIGKbKdieGt+e0PxP6+TY3zULUSS5QgJHy+Kc0kxpcN0aE9o4CgHljCuhb2V8ltmQ0GbYdWG4P9++S+53K/7B/XGeaPWPJnEUSGbZIvsEp8ckiY5Iy3SJpzck0fyTF6cB+fJeXXexq1TzmRmg/yA8/4FvAedrw==</latexit>

�tc =
`⇤
vrms

<latexit sha1_base64="CKtD4Lutbj9V6imrdoYDrKNgc1g=">AAACC3icbVBNS8NAEN3Ur1q/qh69LC2Cp5KIqMeiF48V7Ac0JWw2m3bpbhJ2J0oJuXvxr3jxoIhX/4A3/43bNgdtfTDweG+GmXl+IrgG2/62Siura+sb5c3K1vbO7l51/6Cj41RR1qaxiFXPJ5oJHrE2cBCslyhGpC9Y1x9fT/3uPVOax9EdTBI2kGQY8ZBTAkbyqjU3YAIIBi9zlcTDhxy7mkvshorQzMmzce5V63bDngEvE6cgdVSg5VW/3CCmqWQRUEG07jt2AoOMKOBUsLzippolhI7JkPUNjYhkepDNfsnxsVECHMbKVAR4pv6eyIjUeiJ90ykJjPSiNxX/8/ophJeDjEdJCiyi80VhKjDEeBoMDrhiFMTEEEIVN7diOiImBTDxVUwIzuLLy6Rz2nDOG2e3Z/XmVRFHGR2hGjpBDrpATXSDWqiNKHpEz+gVvVlP1ov1bn3MW0tWMXOI/sD6/AHmkJr7</latexit>

�tgw ⇠ 1

k

<latexit sha1_base64="AuLmG0NG+mIBuAo/WKkO2Co2xj4=">AAACBXicbVDLSsNAFJ34rPUVdamLwSKIi5JIUVdSdOOygn1AE8JkOmmHzkzCzKRQQjZu/BU3LhRx6z+482+ctllo64ELh3Pu5d57woRRpR3n21paXlldWy9tlDe3tnd27b39lopTiUkTxyyWnRApwqggTU01I51EEsRDRtrh8Hbit0dEKhqLBz1OiM9RX9CIYqSNFNhHw2svkghnoyDzJIeSqzzPPMJYcJYHdsWpOlPAReIWpAIKNAL7y+vFOOVEaMyQUl3XSbSfIakpZiQve6kiCcJD1CddQwXiRPnZ9IscnhilB6NYmhIaTtXfExniSo15aDo50gM1703E/7xuqqMrP6MiSTUReLYoShnUMZxEAntUEqzZ2BCEJTW3QjxAJhRtgiubENz5lxdJ67zqXlRr97VK/aaIowQOwTE4BS64BHVwBxqgCTB4BM/gFbxZT9aL9W59zFqXrGLmAPyB9fkDGxKY+Q==</latexit>

k >
vrms

`⇤

<latexit sha1_base64="u9Cmf9omdLB9DY8P50KPjOVZoJk=">AAACFHicbVDLSgMxFM3UV62vqks3wSIIQpmRoi6LblxJBfuATimZNNOGJpkhuSOUoR/hxl9x40IRty7c+Tdm2iLaeiBwOOdccu8JYsENuO6Xk1taXlldy68XNja3tneKu3sNEyWasjqNRKRbATFMcMXqwEGwVqwZkYFgzWB4lfnNe6YNj9QdjGLWkaSveMgpASt1iyd+jwkgGLqpryUOuRr7hktfEhhQItKb8U+Adoslt+xOgBeJNyMlNEOtW/z0exFNJFNABTGm7bkxdFKigVPBxgU/MSwmdEj6rG2pIpKZTjo5aoyPrNLDYaTtU4An6u+JlEhjRjKwyWxZM+9l4n9eO4HwopNyFSfAFJ1+FCYCQ4SzhnCPa0ZBjCwhVHO7K6YDogkF22PBluDNn7xIGqdl76xcua2UqpezOvLoAB2iY+Shc1RF16iG6oiiB/SEXtCr8+g8O2/O+zSac2Yz++gPnI9vkCmfKA==</latexit>

�tfin ⇠ N �tc

A. Roper Pol et al, arXiv:2201.05630

SGWB from a FAST stochastic source in the radiation era

<latexit sha1_base64="GeHpzz4d98vOB2t1xahrLCJRHxs="></latexit>

h2⌦GW(k, ⌘0) / h2⌦0
rad

✓
g0
g⇤

◆ 1
3
✓

⇢⇧
⇢rad

◆2

(k`⇤)
3P̃GW(k)

⇢
ln2[1 +H⇤�tfin] if k �tfin < 1
ln2[1 + (k/H⇤)�1] if k �tfin � 1



Transition from
<latexit sha1_base64="cv9hNzdLjEfV6NzlrQInAP3vLLI=">AAACB3icbVBNS8NAEN3Ur1q/qh4FWSyCeKiJFvVY9OKxgv2ApoTNdtIu3U3i7kYooTcv/hUvHhTx6l/w5r9x2+agrQ8GHu/NMDPPjzlT2ra/rdzC4tLySn61sLa+sblV3N5pqCiRFOo04pFs+UQBZyHUNdMcWrEEInwOTX9wPfabDyAVi8I7PYyhI0gvZAGjRBvJK+4PvNSVAsdABiNXMQH3uOLG7MQFzr1jr1iyy/YEeJ44GSmhDDWv+OV2I5oICDXlRKm2Y8e6kxKpGeUwKriJgpjQAelB29CQCFCddPLHCB8apYuDSJoKNZ6ovydSIpQaCt90CqL7atYbi/957UQHl52UhXGiIaTTRUHCsY7wOBTcZRKo5kNDCJXM3Ippn0hCtYmuYEJwZl+eJ43TsnNePrutlKpXWRx5tIcO0BFy0AWqohtUQ3VE0SN6Rq/ozXqyXqx362PamrOymV30B9bnD06lmPI=</latexit>

kpeak ' 4⇡/`⇤
<latexit sha1_base64="LnMAdAJP9/riDZYVJjpZvP7Lxs8=">AAAB+nicbVDLTsMwEHTKq5RXCkcuFhUSpyoBBBwruHAsEn1IbVo5rtNasZ3IdkBVaP+ECwcQ4sqXcONvcNocoGWklUYzu9rd8WNGlXacb6uwsrq2vlHcLG1t7+zu2eX9pooSiUkDRyySbR8pwqggDU01I+1YEsR9Rlp+eJP5rQciFY3EvR7HxONoKGhAMdJG6tvlsHc2TbuSQx1NpmHPLfXtilN1ZoDLxM1JBeSo9+2v7iDCCSdCY4aU6rhOrL0USU0xI5NSN1EkRjhEQ9IxVCBOlJfOTp/AY6MMYBBJU0LDmfp7IkVcqTH3TSdHeqQWvUz8z+skOrjyUiriRBOB54uChJk3YZYDHFBJsGZjQxCW1NwK8QhJhLVJKwvBXXx5mTRPq+5F9ezuvFK7zuMogkNwBE6ACy5BDdyCOmgADB7BM3gFb9aT9WK9Wx/z1oKVzxyAP7A+fwCTVJOP</latexit>

k3 to k1 Can be smoother if 
<latexit sha1_base64="wr7q6jUIA2L7HBB25Z/7mJruQ3g=">AAACD3icbVBNS8NAEN34bf2KevSyWBRPNVFRj0UvHhWsCk0Im+1El+5u4u5EKKH+Ai/+FS8eFPHq1Zv/xrT2oK0PBh7vzTAzL86ksOh5X87Y+MTk1PTMbGVufmFxyV1eubBpbjg0eCpTcxUzC1JoaKBACVeZAaZiCZdx+7jnX96BsSLV59jJIFTsWotEcIalFLmbRWAUZdi9bwdWKLil/nbQAomMYtT3EqG7lcitejWvDzpK/AGpkgFOI/czaKU8V6CRS2Zt0/cyDAtmUHAJ3UqQW8gYb7NraJZUMwU2LPr/dOlGqbRokpqyNNK++nuiYMrajorLTsXwxg57PfE/r5ljchgWQmc5guY/i5JcUkxpLxzaEgY4yk5JGDeivJXyG2YYxzLCXgj+8Muj5GKn5u/Xds/2qvWjQRwzZI2sky3ikwNSJyfklDQIJw/kibyQV+fReXbenPef1jFnMLNK/sD5+AZK5Zwu</latexit>

at k ' 1/�tfin
<latexit sha1_base64="8lJhzJ0uCxhYLy+wPLMglRpinIU=">AAACDHicbVDLSsNAFJ34rPVVdelmsAjioiYq6kqKbrqsYB/QhDCZTtqhk0mYuRFK6Ae48VfcuFDErR/gzr9x0nahrQcGDuecy9x7gkRwDbb9bS0sLi2vrBbWiusbm1vbpZ3dpo5TRVmDxiJW7YBoJrhkDeAgWDtRjESBYK1gcJv7rQemNI/lPQwT5kWkJ3nIKQEj+aWy22UCCAY/c1WEQy5H186JGxHoUyKy2sg/LpqUXbHHwPPEmZIymqLul77cbkzTiEmggmjdcewEvIwo4FSwUdFNNUsIHZAe6xgqScS0l42PGeFDo3RxGCvzJOCx+nsiI5HWwygwyXxLPevl4n9eJ4Xwysu4TFJgkk4+ClOBIcZ5M7jLFaMghoYQqrjZFdM+UYSC6S8vwZk9eZ40TyvOReXs7rxcvZnWUUD76AAdIQddoiqqoTpqIIoe0TN6RW/Wk/VivVsfk+iCNZ3ZQ39gff4AgIqaoQ==</latexit>

�tfin > 1/H⇤
<latexit sha1_base64="RvfuG7na2e4IPyYISNL2uT8bzpw="></latexit>

⌦gw, peak /

✓
⇢⇧
⇢rad

◆2

(H⇤`⇤)
2

A. Roper Pol et al, arXiv:2201.05630

𝖿3 at low frequency: 
uncorrelated source

𝖿1 at intermediate frequency: 
duration of the source

Peak at f ~ 1/𝓁∗ 

Slope at high 
frequency depends on 

the source details 

SGWB from a FAST stochastic source in the radiation era



Suppose the source is operating continuously in the radiation dominated era

SGWB from a CONTINUOUS stochastic source in the 
radiation era

Typical example: topological defects

• No matching at the end time of the source  
• No free sub-Hubble modes

<latexit sha1_base64="+WcoFyiacOtUmQKnn7J/id0wazc="></latexit>

H
rad
r (k, ⌘) =

16⇡G

k

Z ⌘

⌘in

d⌧ a(⌧)3 sin[k(⌘ � ⌧)]⇧r(k, ⌧)
<latexit sha1_base64="//vPp9xEiW1EHMr4+Yc15fto6do=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoUEoiFd0IRTddVrAPaEKZTCft0MkkzEyEEvIjbvwVNy4UceFG/BsnbRba9sCFwzn3cu89XsSoVJb1YxTW1jc2t4rbpZ3dvf0D8/CoI8NYYNLGIQtFz0OSMMpJW1HFSC8SBAUeI11vcpf53UciJA35g5pGxA3QiFOfYqS0NDDrzUEi0ooTIDX2/GSSVqFDFDq/gcipwvFqc2CWrZo1A1wmdk7KIEdrYH45wxDHAeEKMyRl37Yi5SZIKIoZSUtOLEmE8ASNSF9TjgIi3WT2XQrPtDKEfih0cQVn6t+JBAVSTgNPd2aHykUvE1d5/Vj5125CeRQrwvF8kR8zqEKYRQWHVBCs2FQThAXVt0I8RgJhpQMt6RDsxZeXSeeiZl/WrPt6uXGbx1EEJ+AUVIANrkADNEELtAEGT+AFvIF349l4NT6Mz3lrwchnjsE/GN+/4iOhJw==</latexit>

Hr(k, ⌘) = a hr(k, ⌘)
<latexit sha1_base64="gTtQCuQlXw20TPYtHJmo8d6iEaE="></latexit>

hr
→(k, ω) =

16εG

a(ω)

∫ ω

ωin

dϑ a(ϑ)3 cos[k(ω → ϑ)]!r(k, ϑ)

<latexit sha1_base64="EalCppjtKzcBbkwKyPEAwk0j6go="></latexit>

hh0
r(k, ⌘)h

0
p
⇤
(q, ⌘)i = 8⇡5

k3
�(3)(k� q) �rp h

0
c
2
(k, ⌘)

<latexit sha1_base64="byaEMP3D9MhWQEnd1FV9z9S4djA="></latexit>

dωGW

dlogk
=

h→
c
2(k, ε)

16ϑGa2(ε)

<latexit sha1_base64="WhGhzKgM55tYP+cGJz30p7FngmA="></latexit>

dωGW

dlogk
(k, ε) =

4

ϑ

G

a4
k3

∫ ω

ωin

dϖ a(ϖ)3
∫ ω

ωin

dϱ a(ϱ)3 G(k, ε, ϖ, ϱ)!(k, ϖ, ϱ)



SGWB from a CONTINUOUS stochastic source in the 
radiation era

Typical example: topological defects

• Scaling (property of the topological defects network)  

• Decays very fast in off-diagonal  

• Decays as a power law on the diagonal 

<latexit sha1_base64="kzSw8ttW9kSHi7VTvkUlOLqPwAI=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBLx61jw4rGC/YCmlM120i7dbOLuRKm1P8WLB0W8+ku8+W9M2hy09cHA470ZZub5sRQGHefbWlpeWV1bL2wUN7e2d3bt0l7DRInmUOeRjHTLZwakUFBHgRJasQYW+hKa/vAq85v3oI2I1C2OYuiErK9EIDjDVOrapaGHLPEU3NGh9wjIil277FScKegicXNSJjlqXfvL60U8CUEhl8yYtuvE2BkzjYJLmBS9xEDM+JD1oZ1SxUIwnfH09Ak9SpUeDSKdlkI6VX9PjFlozCj0086Q4cDMe5n4n9dOMLjsjIWKEwTFZ4uCRFKMaJYD7QkNHOUoJYxrkd5K+YBpxjFNKwvBnX95kTROKu555ezmtFyt5nEUyAE5JMfEJRekSq5JjdQJJw/kmbySN+vJerHerY9Z65KVz+yTP7A+fwDK5pOz</latexit>

k⌧ 6= k⇣
<latexit sha1_base64="h4zBXtFkGbiVyAZDF7Z68knkcmA=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0VwVRLxtREKblxWsA9oYplMJ+2QySTM3Cg19D/cuFDErf/izr9x0mahrQcuHM65l3vv8RPBNdj2t1VaWl5ZXSuvVzY2t7Z3qrt7bR2nirIWjUWsuj7RTHDJWsBBsG6iGIl8wTp+eJ37nQemNI/lHYwT5kVkKHnAKQEj3YcukPQKh+4TA1LpV2t23Z4CLxKnIDVUoNmvfrmDmKYRk0AF0brn2Al4GVHAqWCTiptqlhAakiHrGSpJxLSXTa+e4COjDHAQK1MS8FT9PZGRSOtx5JvOiMBIz3u5+J/XSyG49DIukxSYpLNFQSowxDiPAA+4YhTE2BBCFTe3YjoiilAwQeUhOPMvL5L2Sd05r5/dntYajSKOMjpAh+gYOegCNdANaqIWokihZ/SK3qxH68V6tz5mrSWrmNlHf2B9/gC2GpIB</latexit>

k⌧ = k⇣

<latexit sha1_base64="WhGhzKgM55tYP+cGJz30p7FngmA="></latexit>

dωGW

dlogk
(k, ε) =

4

ϑ

G

a4
k3

∫ ω

ωin

dϖ a(ϖ)3
∫ ω

ωin

dϱ a(ϱ)3 G(k, ε, ϖ, ϱ)!(k, ϖ, ϱ)

D. Figueroa et al, arXiv:1212.5458

Suppose the source is operating continuously in the radiation dominated era

<latexit sha1_base64="BR0F3nBZNCK5sM0Fvv491Za+XKk="></latexit>

!(k, ω, ε) =
v4→
ωε

U(kω, kε)
a2(ω)a2(ε)



SGWB from a CONTINUOUS stochastic source in the 
radiation era

Typical example: topological defects

Progressively 
independent on the 

upper bound

TODAY FLAT SPECTRUM 
AT SUB-HORIZON MODES 
IN THE RADIATION ERA

D. Figueroa et al, arXiv:1212.5458

<latexit sha1_base64="dP8EyQiTZ4OYJfGooSIeprf5Chg="></latexit>

h2!GW(f) =
32

3
h2!rad

(
v

MPl

)4

F [U ]
RD(→)

<latexit sha1_base64="xCSqmp1M1YoMQN4c+sxamKxpDYY="></latexit>

dωGW

dlogk
(k, ε) =

32

3
!rad

ωc
a4

(
v

MPl

)4 ∫ x

xin

dx1

∫ x

xin

dx2
→
x1x2 G(x, x1, x2)U(x1, x2)

Suppose the source is operating continuously in the radiation dominated era

D. Figueroa et al, arXiv:1212.5458



SGWB from a CONTINUOUS stochastic source in the 
radiation era

Typical example: topological defects

CC and Figueroa arXiv:1801.04268



Examples of signals



Inflation: phase transition of the Inflaton field

New physics



GW signal from (slow roll) inflation

Gw detectors offer the amazing opportunity to probe the inflationary 
power spectrum (and the model of inflation) down to the tiniest scales 

BUT! The signal in the standard slow roll scenario is too low because 
of CMB observational bound

aLIGO/Virgo

3rdGEN
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G
W

<latexit sha1_base64="EGx1m6/w4hfBao/q7Fffm3ButP4="></latexit>

V 1/4 → 1016 GeV
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• tensor to scalar ratio
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• scalar amplitude at CMB pivot scale k⇤ =
0.05

Mpc
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

r = Ph/PR
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

GW signal from (slow roll) inflation
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• GW signal extended in frequency:

continuous sourcing of GW as modes re-enter the Hubble horizon
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r→ < 0.038

• transfer function as modes re-enter the Hubble scale



GW signal from (non-standard) inflation
There is the possibility to enhance the signal going beyond the standard inflationary 

scenario: adding extra fields, modifying the inflaton potential, modifying the 
gravitational interaction, adding a phase with stiff equation of state…
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Example: inflaton-gauge field coupling

quadratic 
inflaton 
potential

⇤ =
MPl
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OTHER SIGNATURES/
CONSTRAINTS:  

non-gaussianity, chirality, 
primordial black holes

N. Bartolo et al, arXiv:1610.06481 
N. Bartolo et al, arXiv:1806.02819
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V (ω) +
ω

4!
Fµω F̃

µω

Add a term in the Lagrangian coupling 
pseudo-scalar inflaton to gauge fields 

Production of gauge fields and 
consequently of GWs through the source

EXAMPLE IN THE LISA BAND:

Predictions of the signal must be refined accounting for non-linearity of the system



Example: GW signal from second order scalar perturbations 
and associated primordial black holes

LISA CosWG, arXiv:2501.11320

• At linear order in cosmological perturbation theory, scalar and tensor perturbations 
are decoupled and evolve separately, but at second order they mix 

• Gradients in the scalar component can source the tensor component at second order: 
since the scalar fluctuations are order of 10-5, the tensors are small 

• However, if the scalar component is enhanced, the induced tensor component can be 
important (e.g. from a phase of ultra slow-roll close to reheating) 

• The enhanced scalar density fluctuations can collapse upon horizon reentry and 
produce primordial black holes whose properties are linked to those of the tensor 
spectrum
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Second order in curvature 
perturbation  
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The signal depends on the shape of the curvature 
power spectrum, several phenomenological 

models are proposed 



A. Riotto, https://indico.math.cnrs.fr/event/5766/contributions/
5153/attachments/2801/3587/Paris2021.pdf

N. Bartolo et al, arXiv:1810.12218, arXiv:1810.12224

Source, Πij from a 
combination of
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EXAMPLE OF 
SIGNAL IN THE 

LISA BAND:

Interesting for LISA: PBH in the 
mass window in which they can be 

the totality of the Dark Matter
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MH

M→
→ 7↑ 10↑11 k

1012 Mpc↑1

Predictions of the 
signal are fairly 

model dependent  

Example: GW signal from second order scalar perturbations 
and associated primordial black holes

https://indico.math.cnrs.fr/event/5766/contributions/5153/attachments/2801/3587/Paris2021.pdf
https://indico.math.cnrs.fr/event/5766/contributions/5153/attachments/2801/3587/Paris2021.pdf
https://indico.math.cnrs.fr/event/5766/contributions/5153/attachments/2801/3587/Paris2021.pdf


Example: resonant particle production at preheating
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Kofman et al. arXiv:hep-ph/9704452

GW sourced from 
inhomogeneous field
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Garcia-Bellido and Figueroa, astro-ph/0701014

Aggarwal et al, arXiv:2501.11723

high frequency detectors up to 1018 GeV,  
but sensitivity still above BBN and CMB bounds



An example of possible detection at PTA?

<latexit sha1_base64="h8Z4H3tuGYMmjWqVk4OmH2PDobo="></latexit>

⇥
✓

f

fRD

◆ 2(3w�1)
3w+1

J. Antoniadis et al, 
arXiv:2306.16227

Very small value of 
r at CMB scale

Strong degeneracy between the 
two parameters
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nT = �0.16 log10 r + 0.46
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Compatible with CMB 
bound from Planck 

2020 relaxing slow roll
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r < 0.076 Would this be 
compatible with slow 

roll and a stiff equation 
of state? Marginally

Bound between 0 and -2

<latexit sha1_base64="yYHTywSispr8+Ac7DbmKQlSq7J4=">AAACCnicbVBNS8NAEN34WetX1aOX1SJ4kJAUtR4LXjxWsCo0IWy2k7q4m8TdiVBCz178K148KOLVX+DNf+O29uDXg4HHezPMzItzKQx63oczNT0zOzdfWaguLi2vrNbW1s9NVmgOHZ7JTF/GzIAUKXRQoITLXANTsYSL+Pp45F/cgjYiS89wkEOoWD8VieAMrRTVtoI+U4pFZaAVjcFgsJcIHNLACAU3tOE2o1rdc70x6F/iT0idTNCOau9BL+OFghS5ZMZ0fS/HsGQaBZcwrAaFgZzxa9aHrqUpU2DCcvzKkO5YpUeTTNtKkY7V7xMlU8YMVGw7FcMr89sbif953QKTo7AUaV4gpPxrUVJIihkd5UJ7QgNHObCEcS3srZRfMc042vSqNgT/98t/yXnD9Q/dg9P9eqs1iaNCNsk22SU+aZIWOSFt0iGc3JEH8kSenXvn0XlxXr9ap5zJzAb5AeftExGjmdk=</latexit>

�best fit ' 2.7
<latexit sha1_base64="KsDidvZ90py0mPHh9lpzovOTwak=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5D4XhbcuKzQF7QhTKaTduhkEmZuhBr6JW5cKOLWT3Hn3zhts9DWAwOHc87l3jlhKrgG1/22SmvrG5tb5e3Kzu7eftU+OGzrJFOUtWgiEtUNiWaCS9YCDoJ1U8VIHArWCcd3M7/zyJTmiWzCJGV+TIaSR5wSMFJgV2XQxP0hmESMXecisGuu486BV4lXkBoq0Ajsr/4goVnMJFBBtO55bgp+ThRwKti00s80SwkdkyHrGSpJzLSfzw+f4lOjDHCUKPMk4Ln6eyInsdaTODTJmMBIL3sz8T+vl0F06+dcphkwSReLokxgSPCsBTzgilEQE0MIVdzciumIKELBdFUxJXjLX14l7XPHu3auHi5r9XpRRxkdoxN0hjx0g+roHjVQC1GUoWf0it6sJ+vFerc+FtGSVcwcoT+wPn8AP4WSLQ==</latexit>

nT & 0.3

<latexit sha1_base64="J6+W8NJJlanuDAWK882ArusvZI8=">AAACCnicbVDLSsNAFJ34rPUVdekmWoRKaUlaq26EghuXFfqCJpTJdNIOnZmEmYmlhK7d+CtuXCji1i9w5984fSy09cCFwzn3cu89fkSJVLb9baysrq1vbKa20ts7u3v75sFhQ4axQLiOQhqKlg8lpoTjuiKK4lYkMGQ+xU1/cDvxmw9YSBLymhpF2GOwx0lAEFRa6pgnbg8yBm/Ked6p5dxAQJQUs06+NDwfJ6Vhzhl3zIxdsKewlokzJxkwR7VjfrndEMUMc4UolLLt2JHyEigUQRSP024scQTRAPZwW1MOGZZeMn1lbJ1ppWsFodDFlTVVf08kkEk5Yr7uZFD15aI3Ef/z2rEKrr2E8ChWmKPZoiCmlgqtSS5WlwiMFB1pApEg+lYL9aGOQ+n00joEZ/HlZdIoFpzLQvn+IlOpzONIgWNwCrLAAVegAu5AFdQBAo/gGbyCN+PJeDHejY9Z64oxnzkCf2B8/gBO8ZjA</latexit>

� = 5� nT +
2(1� 3w)

3w + 1

⌦GW(f) =
3

128
⌦rad rP⇤

R

✓
f

f⇤

◆nT
"
1

2

✓
feq
f

◆2

+
16

9

#

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



phase transitions predicted by the standard model of particle 
physics: electroweak and QCD

EW~150 GeV QCD~150 MeV

Tested physics



First order phase transitions

• We know that at least two PTs occurred in the universe, the EW one and the QCD 
one: according to the standard model, they are both crossovers 

• However, sizeable (detectable) GW generation requires a first order PT, proceeding 
through the nucleation of true vacuum bubbles 

Second order phase transition First order phase transition

Image credit: E. Senaha, Symmetry 2020



First order phase transitions

• We know that at least two PTs occurred in the universe, the EW one and the QCD 
one: according to the standard model, they are both crossovers 

• However, sizeable (detectable) GW generation requires a first order PT, proceeding 
through the nucleation of true vacuum bubbles 

T. Boekel and J. Schaffner-Bielich, 
arXiv:1105.0832

M. Hindmarsh et al, 
arXiv:2008.09136

QCDPTEWPT



First order phase transitions

• We know that at least two PTs occurred in the universe, the EW one and the QCD 
one: according to the standard model, they are both crossovers 

• However, sizeable (detectable) GW generation requires a first order PT, proceeding 
through the nucleation of true vacuum bubbles 

QCDPT

might become first order in  
BSM EW sector extensions:  

SM + light scalars (SM+singlet, 
SUSY, 2HDM, composite Higgs…) 

Depends on the conditions in the 
early universe: might become first 
order if the lepton asymmetry in 

the universe is large

D. Schwarz and Stuke, 
arXiv:0906.3434 

M. Middeldorf-Wygas et al, 
arXiv:2009.00036

OTHER EXAMPLES OF POSSIBLE FOPTs:

• Effective approaches: heavy new physic represented by higher dimensional operators 
• Conformal models: e.g. conformal symmetry breaking with dilaton 
• New symmetries: extend the SM with e.g. U(1)B-L  

• Hidden sectors: provide also dark matter candidates, PT can be as strong as one wants  
• Peccei Quinn can be first order depending on the realisation

EWPT

Opportunity to probe high energy physics 
scenarios beyond the standard model



Sources of tensor anisotropic stress (and thereby GWs)  
at a first order phase transition: 

• Bubble collision 
(scalar field gradients) 

• Bulk fluid motion 

• Electromagnetic fields  
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Several processes, rich 
phenomenology!

First order phase transitions

sound waves and/
or turbulence



If the PT is strong and non-linearities in the bulk fluid develop: fraction 
of kinetic energy in turbulent motions

Most of these parameters are known (at least in principle) given a 
PT model + numerical simulations of the fluid dynamics
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ω =
Kturb

K

First order phase transitions

The signal depends on the following parameters

• The temperature of the FOPT T✻ 
• The amount of energy available in the source K, connected to the PT strength 
• The size of the anisotropic stresses, connected to the bubble size R✻ = vw/β 
• The bubble wall velocity vw

numerical simulations are necessary to infer the GW signal because of 
non-linear dynamics and/or complicated fluid shells profiles and/or 

intrinsic randomness of the process

Determined by the effective potential

Determined by the bubble expansion dynamics and 
interaction, and by the fluid dynamics (sound speed fixed)
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vw,K



First order phase transitions

The signal depends on the following parameters

LISA CosWG, 
arXiv:2403.03723

Determined by the effective potential

Determined by the bubble expansion dynamics and 
interaction, and by the fluid dynamics (sound speed fixed)
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vw,K

• The temperature of the FOPT T✻ 
• The amount of energy available in the source K, connected to the PT strength 
• The size of the anisotropic stresses, connected to the bubble size R✻ = vw/β 
• The bubble wall velocity vw
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1Hz < f < 1000Hz
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106 GeV ↭ T→ ↭ 1010 GeV

LVK constraints from non-
detection

Parameter to which the signal amplitude is inversely proportional

Peccei-Quinn phase 
transition
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107→8 GeV ↭ Fa ↭ 1010→11 GeV

CC et al, ArXiv:2406.02359 

LIGO Virgo Kagra

Badger et al, arXiv:2209.14707

First order phase transitions
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1MeV ↭ T→ ↭ 1GeV

Parameter to which the signal amplitude is inversely proportional

CC et al, ArXiv:2406.02359 

PTAs offer the possibility 
to probe the 

QCD energy scale

Parameter space 
region that could 

explain the 
measurement

Pulsar Timing Arrays

Afzal et al arXiv:2306.16219

First order phase transitions



LISA offers the 
possibility to probe the 
EW energy scale and 

beyond 
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10GeV ↭ T→ ↭ 105 GeV

Parameter to which the signal amplitude is inversely proportional

CC et al, ArXiv:2406.02359 

Laser interferometer space antenna

First order phase transitions



Template-based 
reconstruction of the 

thermodynamic 
parameters of the first 

order PT for  
bubble collisions  

accounting for 
foregrounds and 
assuming a two-

parameters noise model 

LISA CosWG, 
arXiv:2403.03723

Examples of detectable signal from the EWPT



LISA CosWG, 
arXiv:2403.03723

Template-based 
reconstruction of the 

thermodynamic 
parameters of the first 

order PT for  
sound waves + 

turbulence  

accounting for 
foregrounds and 
assuming a two-

parameters noise model 
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Examples of detectable signal from the EWPT
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k ⇠ HQCD

The the signal is fit with 
the low frequency tail, and 
the spectrum has a break 
at a scale comparable to 

the horizon at the QCD PT

• T✻ must be close to the QCD scale, the amount of energy available in anisotropic 
stress K must be high (at least 10% of the total energy density of the universe, and 
size of the anisotropic stresses R✻ = vw/β must be close to the horizon

An example of possible detection at PTA?

The PTA signal is compatible with GWs generated by MHD turbulence 
at the QCD scale



To summarise:

• SGWB might reveal a powerful tool to probe the early universe and high energy 
physics 

• The spectral shape must be predicted with good accuracy in order to disentangle the 
different sources (and also for foregrounds) 

• General considerations about the characteristics of the spectral shape are possible in 
some cases, to pin down at least the class of SGWB sources  

• Inflation: new physics but observationally compelling, extended GW signal in 
frequency, only accessible by CMB unless one goes beyond the standard slow roll 
scenario (there are well motivated scenarios!) 

• Topological defects: amazing potential to probe high energy theory, but need to 
account for GW signal model dependent 

• Electroweak PT: at the limit of tested physics, GW signal can be accessed/
constrained by LISA only for models beyond the standard model of particle physics 

• QCD PT: tested physics but difficult to predict, GW signal can be accessed/
constrained by PTA only for models beyond the standard model of particle physics 

• SGWBs from the primordial universe might seem speculative but their potential 
to probe fundamental physics is great and amazing discoveries can be around 
the corner, especially after the PTA results!


