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We will focus on two applications of perturbation theory (BHPT)
Evolution of EMRIs
Perturbation parameter given by the mass ratio:

e =mim <1

Ringdown: quasi-normal ringing of the remnant produced by a
compact binary merger

A merger of two BHs is a pretty violent event!

Still, can apply perturbation theory after the merger has
relaxed to a nearly stationary Kerr or Schwarzschild BH.




T'he Teukolsky equation: intro

* Teukolsky equation is a powertful tool to study perturbations ot BH spacetimes

“ One can solve only 1 complex second-order difterential equation, as opposed to
ten coupled equations

* The Teukolsky equation is separable into radial ODEs by decomposing the
angular dependence into spin-weighted spheroidal harmonic modes.

“ In particular, it allows to:
« Compute the quasi-normal-modes of perturbed BHs

* Obtain the necessary input for adiabatic inspirals



Null tetrad

“ A set of linearly independent four-vectors
(EF n#, mb, )
Choose £#, n* so that they align with some “special” null geodesics that
- are related to ingoing and outgoing radiation
- satisfy certain relationships that greatly simplify the perturbation equations
Metric can be written as g,5 = — £,y — €40, + mig + mgi,,

+ We can project arbitrary tensors into the this tetrad in the usual way e.g. R, = ¢,¢; R, where

e!! = ox"/dy“ (which give us tetrad vector components in coordinate basis)



Newman-Penrose scalars

* In th tetrad formalism, one can study perturbations in terms of some complex scalar quantities
¥ ,n = 0...4 obtained by contracting the Weyl tensor with the tetrad four-vectors:
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* These complex scalars encode the 10 degrees of freedom of the Weyl tensor.

* The Riemann tensor can be decomposed into a tracefree part (Weyl tensor) and a trace part (Ricci tensor)



T'he physical interpretation of Wy and ‘¥,

* The Einstein field equations imply that Riemann tensor is related to the distribution of matter in
spacetime

* The trace-free part, on the other hand, represents the true gravitational degrees of freedom of the
Riemann tensor, or, in other words the true radiative degrees of freedom of the gravitational field

* E.g. in vacuum flat spacetime, knowing that

% ROin = COin — —hlj (all other components are zero)

Z

« One can use the previous definitions to show that, asymptotically ¥, (h e iﬁx)

+ The numerical prefactor depends on the tetrad normalisation



The Teukolsky equation

» Wy =W, = 0in the background and oy — oy + £V i, so perturbations of these two scalars are
gauge invariant in linear perturbation theory and represent the physical radiative degrees of
freedom of the gravitational field

* In regions where they satisfy the homogeneous Teukolsky equations, the two scalars above are
not independent (they are related by some identities called the Teukolsky-Starobinsky identities)

* The scalars satisfy some master equations that are fully separable into a radial and angular parts
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The Teukolsky equation

+ The angular part contains some functions S,,, called spin-weighted spheroidal harmonics (not to be
confused with spin-weighted spherical harmonics!)

« Spin-weighted spheroidal harmonics come up as natural basis functions to work with in perturbation theory
(and in particular ringdown GW signals)

How do these functions relate to the more familiar .Y, ?
* In Schwarzschild, spin-weighted spheroidal harmonics reduce to spin-weighted spherical harmonics

* In Kerr, we can relate the two basis functions via spherical-spheroidal mixing coefficients
JSSz;kfmfm/ SYL”mdQ - /’tmff’m’(a)ém,m’

+ Mode mixing between spherical harmonics in Kerr happens between modes with the same m because
of the axial symmetry of the spacetime



Adiabatic inspirals
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adiabaticity hypothesis breaks down
Chapman-Bird et al., https:/ /arxiv.org/pdf/2506.09470



https://arxiv.org/pdf/2506.09470

Computational recipe

Excluding resonances:

Assumes that the inspiral evolves slowly due to gravitational radiation
reaction

Compute the evolution of the fundamental phases describing polar, radial
and azimuthal motion ®@,, ®,, @, together with evolution of orbital
elements.

Compute forcing functions and amplitudes associated for snapshot via
Teukolsky equation

Expensive! Precompute data and interpolate them so that waveform
generation is fast

Evolve the orbital parameters via flux-balance laws



Sourced Teukolsky equation

* For adiabatic inspirals, we need to solve the sourced Teukolsky equation
OlY,| =T
* The source term is rather involved (see, e.g. Hughes, Phys. Rev. D 61, 084004 (2000))

* Let’s just say it depends on the projections on the null tetrad of the stress-energy
tensor of a geodesic:

T (z) = ,u/dT uuP 5@ [z — 2(7)]

— i [ drutu’ (—g) 5[t~ ]S [r — (1) 616 — O(7)] 616 — ¢(7)



Integrability of Kerr Geodesics

* Geodesic orbits in Kerr are characterised by 3 constants of motion, related to the presence of two
Killing vectors and a Killing tensor

« E (conserved energy per unit rest mass)
« L, (conserved z-component of angular momentum per unit rest mass)

+ C = K"u u, (Carter constant normalised per unit squared mass)

* The conservation of E and L can be intuitively understood in terms of the symmetry of the Kerr
metric under time-translations and rotations around the BH spin axis

« Carter constant has more elusive meaning: for a non-spinning BH or in the weak field (r — o0), it
can be identified with L* — L~



Orbital parametrisation

Motion parametrised by quasi-
Keplerian orbital elements:

2r,r
: p -
(semi-latus rectum) : p = E
rat 7,
= P
(eccentricity): e =
ra+ 1,

' : Lvnch&Burke arXiv:2411.04955
x; = cos I (cosine of the orbital ynché&Burke arXiv

inclination)



Input from Teukolsky equation (1)

« The radial part of the solution to Teukolsky eq. y,, . (r) has asymptotic behaviour

Wyma(Ts @) = 22 r7e'®™, r — oo Orbit-averaged GSF contribution regular at spatial infinity

— 7 Ae' @M p — r_ Orbit-averaged GSF contribution regular at the horizon

[ ] (] [} [ ] (] [ ] a [}
where 1 is the tortoise coordinate, r, is the radius of the event horizon and Q; = & (horizon
Mr,

rotation frequency)

» The Z?n/i > coefficients are key quantities entering the calculation of energy, angular momentum flux,
etc, e.g. for fluxes to infinity
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Forcing terms

| dC e SRl 85 TR
. Time-averaged GW fluxes — =—-{— ) —|— | withC={E,L,Q}
’ dt dt dt

+ BEnter forcing term for orbital elements «

do v T 20 2(0) _ mi [ da dE Oa /dL
Ezﬂ[fc(x)(aapae)xl)-{_o(y):l a Mo |:8E dt GW+BL dt aW ’

Chapman-Bird et al.arXiv:2506.09470

Constants of motion slowly evolve under the dissipative effect of radiation emitted out to infinity and
into the horizon



Putting everything together

* One also needs for each snapshot the mode amplitudes

Hfmn(t) — Aﬁmn( ) QSEmn(g wmn)ezmqb

associated with each combination of (m,n, k) indices associated with the triperiodic

motion of the orbit
Pkn(t) = mPy(t) + kPg(t) + n®,.(2).

* These are given by A (D ) Z2 (a,p,e, ;)
fmn — =

w2 (a’ p, €, :EI)

+ Putting everything together h(t Z.Agmn(t) 2 Yim (0, ¢)eEmn(®),

Emn
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Normal modes

oy 10y

Co0x? V2 or
* Imposing some boundary conditions,

w(t,0) = w(r,L) =0

* Can write solution as a linear superposition
of normal modes w(z, x) = Z A e "y (x)
n

“ Characteristic vibration frequencies that are
related to the tension and density of the
string

Mode 1




(Juasi-normal modes

* In BH spacetimes, energy is dissipated through the horizon and there’s a potential term,
whose precise form depends on the type of master equation employed

* The corresponding “vibration modes” of a perturbed BH become complex valued
quantities, called quasi-normal-modes (QNMs)

* QNMs correspond to perturbations satisfying physically meaningful boundary conditions:
* Nothing should come out of the horizon: “ingoing boundary condition”

* Nothing should come in from infinity: “outgoing boundary condition”

—iw(t—7y)

U(r, = +00) =€ ,
—iw (t+7y4) |

U(r, > —o0) = e



(Juasi-normal modes

+ For each (£, m) index, there’s a discrete set of complex frequencies w,,, ,

R
£ .mn

I

a)z,”,m,n — W i la)f,m,n

where the real part gives the oscillation frequency and the imaginary part determines the damping time.

* The fundamental mode n = 0 is the least damped mode, i.e. the longest-lived

“ QNMs frequencies can be computed via numerical or approximate methods, e.g. Leaver’s method Proc.
Roy. Soc. Lond. A 402 (1985) 285-298.

“ Waveform models directly incorporate some of these results



Ringdown description in IMR models

- If no mode-mixing:

h;nnjfgef-RD(;) — A fm(t)eiqgfm(f)e—if’fmof

where 0, is the complex frequency of the least-damped quasi-normal-mode
Otm0 — Zﬂffmo S5 i/Tfm
- A, (), ¢,,(t) are some amplitudes and phases with coefficients fitted to NR simulations and test-particle waveforms.

- Ansatz above is inspired by linear perturbation theory

- However, effectively these amplitudes and phases capture other non-linear contributions present in the numerical
data



Mode-mixing

« Let’s focus for simplicity on fundamental modes, n = ()
{¢ x1: x2} =13, —0.3,0.}

4000 ———

« Start from the ringdown strain expressed in terms of S, : -~ 9'32NR
- S Z :
= Z SSmeh 2 3800 L @'32, PhenXHM
: D @22, PhenXHM

3600
Now we can use the spherical-spheroidal mixing coefficients to |
convert this into an expansion in terms of the .Y,  basis:

h = Z sYemh, mée' m fm

oo 30001

@,

» Depending on the magnitude of 1, ,,.,, and hbf,m, some harmonics
might show evidence of mode-mixing with some of their neighbours,

e.g. (3,2) will mix with the (2,2) Garcia-Quirés PRD 102, 064002 (2020)



(ONMs at second order in Pl

6G,, _h;;)_ =10

GR is a nonlinear theory, second-order effects in BH perturbation theory

5G,, hﬁ) Sragtes [hu) h(,?],

abt Ea
will also manifest in the ringdown signal

The frequency spectrum of quadratic QNMs is distinct from the linear QNM spectrum; there will be additional frequencies,
e.g.

a)lxﬂlmlnIszmznz = a)flmlnl + a)l/ﬂzmznz

Detection prospects with LISA investigated by one of the participants! Yi+, PRD 109, 124029 (2024 )



Numerical Relativity

Eleanor Hamilton
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What is Numerical Relativity?

e NR attempts to solve the Einstein Field Equations (EFEs)

1
G/w o R/w — Eg””R - 871'T//w

on a computer
e These equations have two physical degrees of freedom

* NR requires us to solve the Cauchy problem-i.e. the process of constructing a solution to a
partial differential equation given data on some boundary or initial hypersurface

26
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Foliations of spacetime

e A Cauchy surface is a space like hypersurface X N

in a Lorentzian manifold . such that each
timeline or null curve without end points

intersects 2 exactly once

e A family of such surfaces is called a foliation of

the spacetime
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lllustration of a foliation of spacetime. Taken from
https://www.damtp.cam.ac.uk/user/us248/Lectures/Notes/gwnr.pdf



https://www.damtp.cam.ac.uk/user/us248/Lectures/Notes/gwnr.pdf
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Foliations of spacetime

e Label these hyper surfaces by a constant ¢

* Normal to hypersurtace therefore V 1

e Unit normal:
n, = — aVMt
where a is the lapse function
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lllustration of a foliation of spacetime. Taken from
https://www.damtp.cam.ac.uk/user/us248/Lectures/Notes/gwnr.pdf

28
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Foliations of spacetime

e We require a proper time derivative, given by
(0,)"u = an* + p*

where f(# is the shift

e The induced metric on X is given by
Yab = Sab T "y

lllustration of a foliation of spacetime. Taken from
https://www.damtp.cam.ac.uk/user/us248/Lectures/Notes/gwnr.pdf

29
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Foliations of spacetime

e o and /" determine how co-ordinates evolve

from one slice 2, to 2, ; along the time
direction (0,)"

-
//l
-

e o determines how much proper time elapses
between time slices along the normal vector n*

e (¥ determines how much spatial co-ordinates
are shifted wrt the normal vector n*

lllustration of a foliation of spacetime. Taken from
https://www.damtp.cam.ac.uk/user/us248/Lectures/Notes/gwnr.pdf

30
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Extrinsic curvature

normal direction at @

-
”
-

/"
-

e n' does not remain normal to 2 as we parallel n
° ® ° \\.
transport it from point P to point O
e The extent to which n* deviates from the
normal direction defines the extrinsic
curvature r >
/ //, \.‘.\.\ /I
| \
;/ / ’// ) . ’;
V/ \\\!

lllustration of curve embedding. Taken from
https://www.damtp.cam.ac.uk/user/us248/Lectures/Notes/gwnr.pdf
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Extrinsic curvature

normal direction at @

* The extrinsic curvature K, can be written in B

terms of the acceleration of normal observers T

U : .
aﬁ —Nn Vﬂnﬁ. \\\
K/w = -V WMy, —n,a,
e K, canalso be written as the Lie derivative of
the 3-metric [oE
1 N '/
K,m/ - = 5 n/ N\ /a’

lllustration of curve embedding. Taken from
https://www.damtp.cam.ac.uk/user/us248/Lectures/Notes/gwnr.pdf

32
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ADM formalism

* Need to evolve the spatial metric y,, and extrinsic curvature K,

e Return to the EFEs:

|
G;w — R/w — Eg/wR — 87ZTW @

e Steps to obtain constraint and evolution equations:

1. Project ® twice onto time
2. Project ® once onto space and once onto time
3. Take the Lie derivative along n* of the spatial metric

4. Project the trace-revered version of & twice onto space

33
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ADM formalism

e Resulting expressions:
1. Hamiltonian contraint: & + K* — K"K, = 16zp
. Momentum constraint: D, K — D K}, = — 87j,

2
3. Induced metric evolution equation: &£ y,; = — 2K ;4
4

. Extrinsic curvature evolution equation:

1 1

* Analogous to Maxwell’s field equations in electromagnetism

34
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ADM formalism

Inspect the form of the 4 equations which make up the ADM or 3+1 formulation of the EFEs:
e 4 equations; no time derivatives
e Constraints preserved under evolution equations

e 2 degrees of freedom (as expected)

Obtain intial data from simulations by solving constraint equations

35
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Alternative formalisms

e The ADM formalism is not well-posed

e Current NR codes employ alternative formulations of the EFEs, such as
e Generalised harmonic gauge (GHG)
e BSSN, Z4 gauges

36
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Types of NR codes

e Different NR codes use
e Widely used BBH NR codes:

e SpEC/SpECTRE
e BAM, Einstein Toolkit, MAYA, LazEv...

o different formulations of the EFEs
o different treatments of the singularities

e different numerical methods

37
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Numerical methods

e Finite differencing e Spectral decomposition

e Formulate series representation:

N
fx)y =) fMx)
n=1

e Error falls off exponentially

Demonstration of Adaptive Mesh Refinement
From https://www.phys.ufl.edu/courses/phz6607/fall20/Reports/
Daniel_George_Numerical_Relativity.pdf

38



Treatment of singularities

* Moving punctures * Excision

N
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Figure 3. lllustration of Bll ecxcision with one spatial dimcnsion suppressed.

FIG. 2. Emdeding diagram of a two-dimensional slice (1 = Black grid points are updated regularly in time. white points inside the AH

const, & = /2) of the maximal solution (17)—(20). The distance (large circle) are excluded from the time evolution and gray points mark the
to the rotation axis is R. In contrast to Fig. 1 there is only one excision boundary and need to be updated in time using sideways differencing

operators [35], extrapolation [58| or are filled in through regular update with

asymptotically flat end. The other end is an infinitely long spectral methods [59].

cvlinder with radius R, = 3M /2.

Hannam, M., et al. "Wormholes and trumpets: Schwarzschild

spacetime for the moving-puncture generation." Physical
Review D 78.6 (2008): 064020.
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Extraction of Gravitational Waves

o

The spacetime around the black holes is evolved
at the centre of the simulation

Gravitational waves propagate outwards and are
then extracted

We measure the metric perturbation

W, =h, —h,

Obtain the strain via Fixed Frequency Integration

https://medium.com/@AndreKosmos/the-numerical-relativity-breakthrough-
for-binary-black-holes-502e6f2b4b9%e
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Gravitational waveforms

] 1 1 1 ] I ] ] ] ]
O 4 s -
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LIGO-Virgo Collaboration "GW151226: observation of gravitational waves from a 22-solar-mass binary black hole coalescence." Physical review
letters 116.24 (2016): 241103.
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Limitations of numerical waveforms
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e NR waveforms are the closest we can get to an

exact solution of the EFEs, but they are limited by

numerical error

e 2 main sources of numerical error:

e Finite extraction radii

e Finite resolution

e Accuracy is dominated by the phase error

1.2 ,
- = R,=90 === R, =60 !
1.01 == R, =80 — R =00
..... R... =170
0.8
,ﬁ 0.6
— R o
0.4 i e
P Ry e e T
0.2 RN
(] A I S—
2000 “1500 -1000 500 0

LM

FIG. 7. Extraction radius dependence of the absolute error in
the time domain co-precessing phase, relative to the Richardson-
extrapolated phase. The phases have been aligned at merger.

Hamilton, E., et al. "Catalog of precessing black-hole-binary numerical-relativity
simulations." Physical Review D 109.4 (2024): 044032.
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Limitations of numerical waveforms

O Resolution
| 0O Extraction radius o
0.037 o]
. . | o
e Richardson extrapolation: | &
q* =q+ A’ “© 0.0271 o o
‘ O
- o
0.017 - | | 0
® Measurln convergencenrequrllres 3 waveforms: - o ©
(AZ) A A | o i
R A R R S ST S
1 : .
Q(Az) —q(Ay)  AF— A1 n

e Find d hich minimi FIG. 5. The value é as given by Eq. (9) as a function of
Aniel EelAgfElEs el it wulnlieh anlinlianisiss convergence order. The circle markers represent waveforms of

0 = ‘ q (Al) —q (Az) ‘ - C‘ q (Az) —q (A3) ‘ differing resolution. The square markers represent waveforms at
differing extraction radii. The configuration g =8, 7 = 0.8,
0, s = 150° was used in this analysis.

Hamilton, E., et al. "Catalog of precessing black-hole-binary numerical-relativity
simulations." Physical Review D 109.4 (2024): 044032.
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Current NR catalogues

a 2025 Catalog
® 2019 Catalog

 There is a range of publicly available NR

catalogues covering different parameter spaces
and suitable for different applications:

e BBH: BAM, MAYA, RIT, SXS
e BNS: CoRe, SACRA

e |argest available catalogue is the SXS catalogue

q Xcff X1 X2l

Scheel, Mark A., et al. "The SXS Collaboration’s third catalog of binary black hole
simulations." Classical and Quantum Gravity (2025).
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