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Part A Post-Newtonian Theory L




Post-Newtonian / Minkowskian Approximations

Post-Newtonian / Minkowskian |
* Perturbation from flat spacetime

8ab = Hab + Ghab T @(62)’
» Post-Newtonian (PN): system velocity

Weak field expansions $ € Vz/cz,
e = - Post-Minkowskian: Gravitational

Potential = € ~ G,
* Application: Inspiral, all masses
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Fig.1 LISA Waveform White Paper
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Post-Newtonian / Minkowskian Approxmatlons

1975 1980 1985 1990 1995 2000 2005’
Year

 Perturbation from flat spacetime

« Post-Minkowskian: Gravitational

Post-Newtonian / I\/Imkowsklan v

8ab = Hab + Ghab + @(62)’

» Post-Newtonian (PN): system velocity

— vz/cz,

-

Potential = ¢ ~ G,

* Application: Inspiral, all masses

* |nitially implemented by Einstein

* Used to confirm Hulse-Taylor binary

pulsar


https://arxiv.org/abs/2311.01300

The Landau-Lifshitz Formalism

Harmonic Coordinates and a Wave Equation ~ 3
< —-
Introduce ‘gothic inverse metric’, ¢ = /—gg“, and the tensor density, H?? = q** g4 — q“g"°. It can be shown,
162G 162G
g™ = 2A=g)G + — (=)™ =0, —(=g)T™ + 11, ")

. H" has same symmetries of Riemann tensor (you can check) = 0, H*? = (

* Conservation for the total energy-momentum pseudotensor.

Introduce harmonic coordinates, d,g*” = 0 and the potentials, h° = n® — ¢ = 0,h" = 0,

167G

= 0uH = = IR + b0, = 0.h0h" = —(=g) (T +1,,)
hab — 7: ( g)(Tab_l_tLLab)_l_hcdacdhab_ ()Ch“d()dhbc — Tt Tab
C

c4

Marta yesterday: the stress-energy pseudotensor, 7#" = (— g)(T”” + tfz + tgy ) = 6b7“b =3



Green’s Functions

Solving the Wave Equation "

X

« >

|
Wave Equation: [Jh% = — % = h(x) = JG(x N7 (x"d*x’', where G is

the retarded Green'’s function satisfying,

116G (x,x) = — 4n5(x — x). Field point x = (ct, X),

For flat spacetime,

Source point x’ = (ct’, X')

ot —ct'— |x—=X'|) , o0
G, (x,x") = S— = 20(ct — ct)o[(ct — ct)* — | x — X'|7],
| X — X'
/ = =/ ab v v/ v/
N hab=4_G 5(ct—cf —Ix—x ‘)T“b(x’)dét ,=4_GJ'T (t — \_x—_x \/C,)c)d3
c4 | x — X'] c4 | x — X'
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Solving the Wave Equation

Integration Domains

Domain: past light cone of the field point, x; divide into near
zone and wave zone, h% = hfﬁ + h“%b,

4G abl._ —_—/ / ,—/
B J’ Tt — |x — X' Cx)d3x’
NIW

:>hab -

Near zone integration with far zone field point

4G ™t —|\x=%|lc,y) .. _ ,
— hj;? — TJ J - p 5()7 —X)d3yd3x,
c* ) | X — X'|

4G (_l)fa [
= — .
¢t = £

1

r

J Tt — | x| /c, )'c’)x'Ld3x’],
M

Far-away zone (r — 00),

4G 1 [0\ ,
= ho(x) = — ) Z"L< ) J 79 (1, ¥)x L3y + O(r2).
’ /A

4
re or
=0




Solving the Wave Equation

Integration Domains

Domain: past light cone of the field point, x; divide into near
zone and wave zone, h% = hfﬁ + h“%b,

4G J (1 — \_x —jc’\/c, X') 5,
NIW | X — X'

| X — X'| is small => Taylor expand 7

4G J ab(z ¥) 0

ab

ab —/ 3.7
— —7Y(t, XY+ ...d°x/,
“ " cor (2, X')

J b, 37 | x = | dPy
/A



Solving the Wave Equation

Integration Wave Zone
Wave zone integration with wave zone field point

A(s,r) = ]r+s Fe6) dr’

» p/(n—1) ’

B(s,r) = /r+s &) dr’,

r/(n—l)



Solving PN ~
Reiteratively \\‘

Solve simultaneously for source term 7% and metric g“b

\)

Add perturbation to fields and solve
n+1/2hab

b _ _ab
/ 8ni1/2) = 8m T € (n+1/2)

Calculate OPN source term
| v
Calculate next +0.5PN source term

ab
Lint+1/2)

Flat metric
gab — ”ab #
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Example: Perfect Fluid =

Energy-momentum tensor,

=(p+ &/c* + plc?HHuu® + pg®

and rescaled mass density, p™* = /—gvyp,

= p =[1—-1/2(v/c)* + O(c™H]p*,

Assuming n“b,

c2TY = p* + O(c7?),
C_IT(())j — p*VJ + @(C_z),

Tg = O(1),

Universitat
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Recall for near zone field point integrating over near zo

1 4
h“b—— ' =D J T O ) P o ey
/A

4 | A F
¢t = C\c

4G * 4
h0 = J' P By O(c™) = —=U(t,x) + O(c™)
C2 ‘X — x’l c2
4G'*Jt,’ll R
hO] [ 4 ( X) 3x’ 4+ @(6_4) — UJ(t, )C) + @(C_4)
C3 ‘x X ‘ C3L y

ik _ _4 Mass current density Vector potential
hl il @’



Example: Perfect Fluid ;

———

Recall gothic inverse metric, q?? = /[—gg® =n® - h?* = g = —ggag, —_—
This gives, SO we have,
— h lh h. ht* lhh I 00 3 0042 I kk —6
gaﬂ—naﬂ‘l' aﬂ_z na,B+ ol ’3_5 af g00=—1+5h —g(h ) +Eh +@(C ),
] | .
+ (ghz - Zhu huv)naﬁ T 0(G3)’ 80j = — hY + @(C_S),

gi = S (14+5h%) + O(c™).

2
Finally 8o = — 14 5 U+ O(c™),
C

4 . 4
8o = — U+ 0(c™),

- Universitat ‘
UAI~B de les Illes Balears

2
g = Op(1+—U) + O(c™).




Post-Newtonian / Minkowskian
Current Status (from LISA Waveform White Paper)

\

Dvynamics Dissipative flux ® Recent prOgr fH-E-hL
N order || non-spinning non-spinning spinning ' ' '
PN ord |-m | non-spinning n. new 4.5PN dissipative

Spins ‘_ higher spins
results.

e PM research active,
with interactions with
the amplitudes
community.

:  Challenges at 5PN
S3 order: finite size and
tidal effects enter.

Table 9. Waveform White Paper

« MBHBs will need longer
NR or higher PN.
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Part B The Self-Force




What is the Self-Force? ~

Metric Perturbation \3

Perturb the background space time:

Farzone: g, — gl(f\f) + ehy + 0(62)

Einstein Field Equations:

Gavlg] = 87 Taplg], ==

OLlg] + €0Gaplh) = BT ablg] + O(€2)

}_Lab —+ QRacbdiLCd = —167TTab[g] -+ 0(6)

Stress-Energy Tensor:

S, = —m / v —Zap 2420\
Y
Universitat a_,gb,, 70
U~I;.B de les Illes Balears # Tab[g] (QU) — m/ & a'8 bz. Z 54(51?,2()\/))d)\/,
Y




What is the Self-Force?

Resulting Equation of Motion

Conservation: o Z Z

Tab

__m/V

ga/b/za Zb

/

Tab

v | e
= m
d)\/ \/_ga/b/ ia’ Zb,

Dz o
—m / e S R | da( 2NN
a’b’
Dz¢ . D3¢ b,
* ) = kz » - — (Fabc . rabc) szc

/g b’Z Z

m/V

ga’b’za Zb’

By Oa(, Z(N))dN,

Oa(x,z(N))dN,

In perturbed spacetime: 1

I S—

Universitat B haeu™ + O(c)
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Comparison with PN

* Gauge invariant quantities
Pa ra m ete r Spa Ce » Read off unknown PN coetficients

e Calibrate EOB

===
Ok—,w

Weak field expansions
Post Newtonian/Minkowskian
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Figure1credit: Maarten Van de Meent .
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https://arxiv.org/abs/2311.01300

Zero Order

Test mass on geodesic In Kerr spacetime

* (Geodesic characterised by 3 constants:
JA — (E, LZ’ Q)

« [ Energy,

e L_: Azimuthal Angular Momentum

« (): Carter constant related to orbital inclination

- Phases ¢, = (¢,, @y, ¢,4) with frequencies

do,

dt
o1 I Universitat
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= $£2,(Jp)

[image credit: Steve Drasco]




Adding the self-force for waveforms

(Perturbations) ~ 3

* Orbit description:

= Two-timescale: d > (2 0 | eij 0 "‘
» Perturbed variables (¢4, J,) for orbit. "t Yop,  dt 0F,
- Full set of system parameters: £, ~ (J4, My, Jpp).
Phase frequencies: 4P = QU7+ QD7) +
. q =2 s 0 (Fp)
- dfa _ 7o (1) 2
. Evolution (slow) of system parameters: . =e(F7(Fp) Hel ' fp) + O(e*)

. Multiscale Waveform: h;, = [Ghl(,;)(f 4) + Gzhﬁ)( J 1)+ @(63)] e—im¢¢

- Universitat
Ulb

Flanagan et al., Pound et al., Miller et al., Van de Meent et al.



Regularising

Matched Expansions

Near zone:

R<1

4— Buffer zone:
e < RK1

<+ Far zone:
R>¢  8w=09w +ehu+0()
(e < 1)

Solve in the buffer zone!

= MiSaquations of motion




Regularising

I\

Flat Spacetime ~ 3
* Electromagnetism AP = —47717'“
e 2 Solutions: A(/’;, et)/(adv)(x) — G(+/_)ﬁ ] I/(X')délx’ Aﬁet — Al}% + Ag
\ A = : (Aver + Agay)
/ Ay = —Amj#
V4
/ \ A=Al — Alg = ; (Afer — Al
" Retarded solution Advanced solution A/“}f{ —
VLR Universitat IR R may, = [+ eFfiu’




Regularising <

Curved Spacetime N
<

o Electromagnetism: [ J]A#* — R¥ AY = — 41" ><
: : U _ v [ N A4 /

. 2 Solutions: A(M) @ dv)(x) = JG( gt (x )\/ g(x)d x \

e Hadmard constructed Green’s functions: /\%

Gy (X, %) = Uyplx, x)04(0) =V, (X, X)O,(—0) /Reta ded Advanced

* Governing equation:

Giﬂy,(x, x') — R//G

1 (X X) = = 41g,,,6,(x, x')

91 1: 3 Universitat
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Regularising .

Curved Spacetime: Detweiler-Waiting Singular Field

* Look for solutions of the type:

|

G(S) ($, ZE‘/) — [Gret ($, I/) + Gado (Q?, '/E/) I H('/E7 zl)]

2
1
G(R) ('T? ZC/) — 5 [Gret ('/L‘a CE/) i Gadv (ZIZ‘, ZIZ‘/) + H(ZC, aj/)]

* Where /\%

« H(x,Xx') is solution to homogeneous wave equation / \
« Symmetric in its arguments eg. H(x, x') = H(X', x) Retarded

Recall: G.(x,x") = U(x, x)5.(0) — V(x, X)O4(—0),\§
Mo de les Illes Balears — G(S)(X, xl) — %[U(X, x/)é(a) _ V(X, X,)((")(U)] /

UIB Universitat

Adva

+ Gg(x,x)=0 when x & I*(x') \ /
¢+ Gr(x,x) =0 when xe€l (x), Gpgx)=G,(xx) when x&lI(x)




Regularising

Curved Spacetime: Detweiler-Waiting Singular Field

|

» Scalar | 1 | |
Ux.x) | [ Gis)(x: ) = S [U(x, x)8(0) = V(x, x)(©(0)]
(D(S) — D0 1 — J V(x,x'(7))dr
O, U — T=T et (I)(S)(x) — J' G(S)(x, x/) dT
* Electromagnetism
. u®Ue (x, x) Tl =g, . | o
As) = 26, 1 | u“ Ve (x, x'(r))dr
* Gravity
a, b'rrab A= ady o
a u u U Cl’b’(x’ X) adv T /
h(S% B 20, u® ] N J uu”V ba’b’(xax (7))dr

_ T=T}¢;
X _xret

A~ o O
UIB (llgrlzz‘lllgsrgglteglg o(x,x') = %gdb(x)éx“’éxb + A, (x)0xYox" ox¢
M-

+B , (x)éx¥ox?ox6x? ... 26 =0,0




Self-Force Methods

Solving the wave equation \‘)
}_Lab —+ 2Racbd}_LCd — —1677Tab[g] -+ 0(6)

* Mode-Sum: Barack & Ori (2001)

. Spheroidal harmonic decomposition = h(’”ef)

Z Fﬁ(fret) Fcf(S) (j)) |
14

20 + 1 _
Ar—0 47
» Effective Source: Golbourn & Barack, Vega & Detweiler (2007) (

Numerically solve for regularised field



Self-Force Methods

Solving the wave equation \: -

Matched Expansions: Schwarzschild Scalar, Casals et al. (2013)

Locally: G (x,x") = %[l» x,x)o,(c) — V(x,x) (O (—0)]

T

= f.(x) = q2var+ G, x(t)dt' = — ¢°V, J V(x, x(7)dr + J G*(x, x(7))dz |, \

< < — Q0

Decompose Green Function into Fourier and spheroidal harmonic modes,

Gt = 2 J dwe™¢=¢)mwi=00g (S, (0)G,, (1),
£m * —X

and use Residue Theorem,

__ 4 HF 4 GQNM GBC

Gfma) — “Ymow Cmaw Cmw




Produced by Josh Mathews for LISA Waveform White Paper

Current Status

From LISA Waveform White Paper

Background Orbital
Spacetime Configuration

Circular
Schwarzschild _
Eccentric
Circular
Eccentric Equatorial
Generic

Resonances

3

Adiabatic Post-1-adiabatic
1SF 1SF 2SF Spin Effects Spin Effects
(Dissipative) | (Conservative)  (Dissipative) | (Conservative) | (Dissipative)

v ¥ ¥ Evolving Waveform v ¥ Driven Inspiral

AL AL

v Snapshot Calculation

AL AL
VY , ¥Y¥V* V,¥Y*
AAA AAA
v YY* A
v V™
X X

*(Anti-)Aligned Spin Only


https://bhptoolkit.org/WaSABI/

On the horizon...

Plunge and Merger within the self-force framework

)
. timescale ¢!
. (Post-Leading Transition)
timescale ¢ 17 (scaled frequency

adopted): AQ = (Q — Q,)e™ >

. (Post-Geodesic) timescale

5800 6200 6400 6600

t | Mo

1PA inspiral [Wardell et al, 2021]
=== 2PLT transition to plunge [LK, Compeére, Durkan, Pound, 2024]
=== OPG plunge [LK, Compere, Pound, 2025]
. NR: SXS:BBH:1107 q=10

Taken from Lorenzo Klchler’s Capra talk, 2025, see L.Klchler et al, arXiv:2506.02189



https://arxiv.org/pdf/2506.02189

On the horiZOn HEN " | v —~ i — vy =0 ¢=1— 10000
SF-PN Hybrid Inspirals ' -
- at high-mass 4

rathS :R ':f e Hybrid vs 1PA

- at 3> PN vs 1PA
comparable masses (where 1PA R
deviates)

45PN Energy flux

Taken from Loic Honet’s Capra talk, 2025

 1GSF Energy flux

(j = 10.0 )% = 0.8 )%2“ — (0.5

* Evolution .
equatIOnS frOm ) m SXS:BBH:2515 = Hybrid = PN = No secondary spin

flux-bajance A
equation VVVVVV\/VVVVVV\/WUuuuuwuuuwmmw

NROBOTNINAN DALY A AAAHHH.

-~ o o 107 XTI VAU AN ARV VAVAY i
o1 1: I Universitat g i=tetetes VIV
Mo de les Illes Balears 7 1000 2000 | oooo | 4000 |

t [ Mio]




On the horizon...

Worldtube Excission

* Redline represents trajectory of
smaller object.

* Cyan is the world tube excised
around this object, within which
a perturbative analytical solution
IS used.

* Field equations outside this
world tube are solved with full
3+1 NR simulations

* Only in Schwarzschild scalar
eccentric case (for now)

o1 I Universitat

e de les Illes Balears

Taken from N.A.Wittek et al., arXiv:2410.22290



https://arxiv.org/abs/2410.22290

Self-Force Semi-Analytical Method

3 :
Green’s Functions G

 Matched Expansions: Casals et al. (arXiv:1306.0884) Schwarzschild Scalar

T T

/ = —
+ Gr) (X, x(7))dr" = — q° vV, [JT+ V(x, x(7"))dt + J < GT(x, x(r’))dr] \

B ( k

INn Kerr with mode-
sum self-field:

$ = — 0.00366¢/M

f.(x) = qzva[

T, T,

]\[2 ‘Gret |

[Casals, Kavanagh
& Ottewill’16] [Barack & Ori’99]



https://arxiv.org/abs/1306.0884

On the horizon ... Challenges

Resonances by a third body \i,

* | lied to you earlier,

d 7 4
dt

- ¢ [Ff(\O)(jB: T qFf(xjcz'(jC) T €F1§1)(j8) T @(62)] , g ~ M*M.x./R, ijxl/z)(jB) = Z FA,nkm(])ei(nqr+kq¢+mq9)

n,k,m

Resonances occur when ng, + kq¢ + mqgy =0

Snapshot - RM - w/o resonance _
—— Snapshot - Osc 1

tm.:’r - t (SeC)

UIB Un iverSitat Taken from P.Gupta et al., arXiv:2205.04808

Mo de les Illes Balears



https://arxiv.org/pdf/2205.04808

Status Summary
Challenges & Prospects

* 1st order Kerr generic SF has been solved
(slowly),

 Several avenues of improved methods en
route

e Crosschecks between different methods
common

 OPA Kerr FAST EMRI waveforms (100ms) now
available for equatorial eccentric orbits

 1PA Schwarzschild circular waveforms available
via bhptoolkit.

- Universitat
UAI~B de les Illes Balears

2nd order Kerr generic is extremely difficult,

» Separate pathways to Kerr and eccentric’én route-

—

Schwarzschild scalar offline grid for fast waveforms >
used 3 million CPUs, Kerr generic most likely 3 billion.

Environment (including N-bodies) and beyond Einstein |
have not been included in any EMRI waveform tools “
(but on the way - currently not included in DDPC)

Transition to Plunge and Plunge methods are
emerging

New PN-SF hybrid methods show promise in Kerr

Worldtube excision methods allow full power of
NR applied to high-mass ratios (Schwarzschild
scalar only)

New semi-analytical methods for 1GSF showing
promise (Kerr scalar only)
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