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1. Equivalence principle

2. Vanishing torsion 
 ∇𝑋𝑋𝑌𝑌 − ∇𝑌𝑌𝑋𝑋 = 𝑋𝑋,𝑌𝑌

General relativity from first axioms

⇒ Spacetime is a manifold

Symmetric Christoffel symbols 
(geodesic equations from a 
variational principle)

3. Poisson equation Fix the constants to be 
compatible with Newton

⇒

⇒
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𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

4

General relativity

Einstein tensor
Spacetime geometry

(𝑔𝑔𝜇𝜇𝜇𝜇 metric tensor)

Stress energy tensor
Spacetime contents
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Alternatives to General Relativity

Scalar field theories

Quasilinear theories

Tensor theories

Scalar-tensor theories

Vector-tensor theories

Bimetric theories

Non-metric theories

Metric theories
(General Relativity)

(Brans-Dicke)

(Lightman-Lee)

(Nordström)

(Whitehead)

(Will–Nordtvedt)
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Einstein Field Equations (EFE)

𝐺𝐺𝑡𝑡𝑡𝑡 𝐺𝐺𝑡𝑡𝑡𝑡 𝐺𝐺𝑡𝑡𝑡𝑡 𝐺𝐺𝑡𝑡𝑡𝑡
𝐺𝐺𝑡𝑡𝑡𝑡 𝐺𝐺𝑡𝑡𝑡𝑡 𝐺𝐺𝑡𝑡𝑡𝑡 𝐺𝐺𝑡𝑡𝑡𝑡
𝐺𝐺𝑡𝑡𝑡𝑡 𝐺𝐺𝑡𝑡𝑡𝑡 𝐺𝐺𝑡𝑡𝑡𝑡 𝐺𝐺𝑡𝑡𝑡𝑡
𝐺𝐺𝑡𝑡𝑡𝑡 𝐺𝐺𝑡𝑡𝑡𝑡 𝐺𝐺𝑡𝑡𝑡𝑡 𝐺𝐺𝑡𝑡𝑡𝑡

=
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝑡𝑡𝑡𝑡 𝑇𝑇𝑡𝑡𝑡𝑡 𝑇𝑇𝑡𝑡𝑡𝑡 𝑇𝑇𝑡𝑡𝑡𝑡
𝑇𝑇𝑡𝑡𝑡𝑡 𝑇𝑇𝑡𝑡𝑡𝑡 𝑇𝑇𝑡𝑡𝑡𝑡 𝑇𝑇𝑡𝑡𝑡𝑡
𝑇𝑇𝑡𝑡𝑡𝑡 𝑇𝑇𝑡𝑡𝑡𝑡 𝑇𝑇𝑡𝑡𝑡𝑡 𝑇𝑇𝑡𝑡𝑡𝑡
𝑇𝑇𝑡𝑡𝑡𝑡 𝑇𝑇𝑡𝑡𝑡𝑡 𝑇𝑇𝑡𝑡𝑡𝑡 𝑇𝑇𝑡𝑡𝑡𝑡

10 non-linear coupled differential equations

Symmetric tensors

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

...at each point of the 4D-spacetime (tensor field)

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇

𝐺𝐺𝜇𝜇𝜇𝜇 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇𝜇𝜇𝜇𝜇
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Too complicated

1. Analytical formulas ⇒ 10 differential equations that 
applies everywhere

2. Diagonal terms only 4 differential equations⇒
3. Spatial symmetries 2 differential equations⇒

Schwarzschild metric
(black hole)

Friedmann-Lemaître-Robertson-Walker metric 
(FLRW) (expansion of the Universe)
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Some historical perspective

10 equations: too complicated

The Cosmological Principle
The most reasonable first thing to do to compute a model of the 

Universe by hand

1915: General relativity (Einstein)

1922-1924: First derivation of FLRW (Friedmann)

1924: M331, M32, M31 [Andromeda] are outside of the Milky Way (Hubble)
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The cosmological principle

Cosmological Principle
At a sufficiently large scale, the Universe is 

homogeneous and isotropic

No cosmological principle ⇝ no calculation by hand

𝐺𝐺00 0 0 0
0 𝐺𝐺𝑖𝑖𝑖𝑖 0 0
0 0 𝐺𝐺𝑖𝑖𝑖𝑖 0
0 0 0 𝐺𝐺𝑖𝑖𝑖𝑖

=
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇00 0 0 0
0 𝑇𝑇𝑖𝑖𝑖𝑖 0 0
0 0 𝑇𝑇𝑖𝑖𝑖𝑖 0
0 0 0 𝑇𝑇𝑖𝑖𝑖𝑖

𝑇𝑇𝜇𝜇𝜇𝜇 = 𝜌𝜌𝑐𝑐2 + 𝑃𝑃 𝑢𝑢𝜇𝜇𝑢𝑢𝜇𝜇 + 𝑃𝑃𝑔𝑔𝜇𝜇𝜇𝜇
Perfect fluid

𝑑𝑑𝑠𝑠2 = −𝑐𝑐2𝑑𝑑𝑡𝑡2 + 𝑎𝑎 𝑡𝑡 2𝛾𝛾𝑖𝑖𝑖𝑖𝑑𝑑𝑥𝑥𝑖𝑖𝑑𝑑𝑥𝑥𝑖𝑖
FLRW metric
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Friedmann-Lemaître equations

𝐺𝐺00 0 0 0
0 𝐺𝐺𝑖𝑖𝑖𝑖 0 0
0 0 𝐺𝐺𝑖𝑖𝑖𝑖 0
0 0 0 𝐺𝐺𝑖𝑖𝑖𝑖

=
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑇𝑇00 0 0 0
0 𝑇𝑇𝑖𝑖𝑖𝑖 0 0
0 0 𝑇𝑇𝑖𝑖𝑖𝑖 0
0 0 0 𝑇𝑇𝑖𝑖𝑖𝑖

⇒
3𝐻𝐻2 + 3

𝑘𝑘𝑐𝑐2

𝑎𝑎2
= 8𝜋𝜋𝐺𝐺𝜌𝜌

−3
𝐻𝐻2

𝑐𝑐2
− 2

�̇�𝐻
𝑐𝑐2
−
𝑘𝑘
𝑎𝑎2

=
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑃𝑃
⇒

�̇�𝑎
𝑎𝑎

2

=
8𝜋𝜋𝐺𝐺

3
𝜌𝜌 −

𝑘𝑘𝑐𝑐2

𝑎𝑎2

�̈�𝑎
𝑎𝑎

= −
4𝜋𝜋𝐺𝐺

3
𝜌𝜌 +

3𝑃𝑃
𝑐𝑐2

�𝐺𝐺00 = 𝑇𝑇00
𝐺𝐺𝑖𝑖𝑖𝑖 = 𝑇𝑇𝑖𝑖𝑖𝑖

Cosmological Principle ⇔ 2 differential equations on 𝑎𝑎 𝑡𝑡
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Universe content

Ω𝑋𝑋 =
𝜌𝜌𝑋𝑋
𝜌𝜌𝐶𝐶

=
8𝜋𝜋𝐺𝐺
3𝐻𝐻2 𝜌𝜌𝑋𝑋

Mix of non-interacting perfect fluids

𝑃𝑃𝑋𝑋 = 𝑤𝑤𝑋𝑋𝜌𝜌𝑋𝑋𝑐𝑐2 𝑤𝑤𝑋𝑋 = �
⁄1 3  for radiation 𝑅𝑅

0 for matter 𝑀𝑀
−1 for dark energy Λ

𝐻𝐻 𝑡𝑡 2

𝐻𝐻02
= Ω𝑅𝑅0𝑎𝑎 𝑡𝑡 −4 + Ω𝑀𝑀0𝑎𝑎 𝑡𝑡 −3 + Ω𝑘𝑘0𝑎𝑎 𝑡𝑡 −2 + ΩΛ0

Final equation under its canonical form
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Universe evolution
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Cosmic Microwave Background

Power-spectrum 
only captures

Gaussian processes

Need bispectrum, 
trispectrum... to capture

primordial non-gaussianities



LAPP – LSST Group Meeting – 2024/01/30 Vincent Reverdy – The Master Plan (1/N)

Going beyond with simulations

N-body dynamic solverInitial conditions Cluster finder

Random noise

Cosmological 
model Light-cones builder

Populating clusters 
with mock galaxies

Lensing simulations

Other Post-
processing analyses

Pre-processing Cosmological simulation Post-processing

Dark Matter Simulation

 ⇒ "Purely Gravitational N-Body Simulation"
 ≠ Hydrodynamical simulation
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Initial conditions

16

Random noise (seed)

Power spectrum

Zel'dovich approximation
(linear regime)

Initial (𝑧𝑧~30) quasi-
homogeneous distribution 

of particles with small 
perturbations 𝑥𝑥𝑖𝑖 , 𝑣𝑣𝑖𝑖FLRW cosmological model
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N-body gravitational solvers: particles and meshes

17

PP: Particle-Particle

 𝒪𝒪 𝑁𝑁2

 Short distance: Particle-Particle
 Long distance: Particle-Particle

PM: Particle-Mesh

 𝒪𝒪 𝑁𝑁 log𝑁𝑁
 Short distance: Particle-Mesh
 Long distance: Particle-Mesh

P3M: Particle-Particle Particle-Mesh 

 𝒪𝒪 𝑁𝑁 log𝑁𝑁 /𝒪𝒪 𝑁𝑁
 Short distance: Particle-Particle
 Long distance: Particle-Mesh
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Simulation box: periodic and expanding

18

Simulation box Periodic boundary 
conditions

Coordinate system to take 
expansion into account
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Initial density distribution Matter particles Cubic mesh: Regular or 
Adaptive Mesh Refinement
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Core of the iterative process for each particle

20

𝒙𝒙𝒊𝒊
𝒗𝒗𝒊𝒊

𝝆𝝆

𝜱𝜱

𝒂𝒂𝒊𝒊

𝒙𝒙𝒊𝒊
𝒗𝒗𝒋𝒋

𝒙𝒙𝒋𝒋
𝒗𝒗𝒋𝒋

 1) For each cell 𝒄𝒄 containing particles with position 𝒙𝒙𝒊𝒊 and velocity 𝒗𝒗𝒊𝒊

 2) Interpolate density 𝝆𝝆 in cell 𝒄𝒄 depending on surrounding particles

 4) From 𝚽𝚽 interpolate back the acceleration 𝒂𝒂 at position 𝒙𝒙𝒊𝒊

 3) From 𝝆𝝆 compute the gravitational potential 𝚽𝚽

 5) From 𝒂𝒂 compute the new speed 𝒗𝒗𝒋𝒋 of each particle


7)

 R
es

ta
rt 

at
 1

) w
ith

 u
pl

oa
de

d 
po

si
tio

n
𝒙𝒙 

an
d 

sp
ee

d
𝒗𝒗 

 6) From 𝒗𝒗𝒋𝒋 compute the new position 𝒙𝒙𝒋𝒋 of each particle
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And that's how large scale cosmic structure formation is simulated

21

Initial conditions of the 
simulation (~homogeneous)

Gravitational collapse and 
structure formation
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Octrees in 3D

PM-AMR: Adaptive Mesh Refinement

22

Quadtrees in 2D
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Interpolation schemes: NGP, CIC, TSC...

23

CIC

Cloud-in-Cell

NGP

Nearest Grid Point

TSC

Triangular Shaped Cloud

2D

1D

Cells 1D 2D 3D
NGP 1 1 1
CIC 2 4 8
TSC 3 9 27
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Simulation coordinates

24

t  3

t  2

t  4

t  5

t  6 t  7

t  1

z  3

z  2

z  4z  5z  6z  7

z  1

Comoving 
space

Redshift 
space
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Properties of pure dark matter simulations

25

Main parameters

 Initial positions and speed of particles
 Cosmological model
 Box size
 Number of particles
 Resolution in mass (particle mass)
 Resolution in size (minimum cell size)
 Resolution in time (time step)

Solver parameters (examples)

 Algorithm
 Discretization strategy
 Refinement strategy
 Floating-point precision
 Interpolation scheme
 Parallelization strategy
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The biggest lie of cosmological simulations

26

𝑮𝑮𝝁𝝁𝝁𝝁 =
8𝜋𝜋𝐺𝐺
𝑐𝑐4

𝑻𝑻𝝁𝝁𝝁𝝁

What is NOT done in cosmological simulations

 Cosmological simulations are NOT solving general relativity

What is done in cosmological simulation

 Solve newtonian gravity in a homogeneous expanding background
 Expansion is pre-computed (FLRW solver)
 Instantaneous propagation of gravity
 ⇒ see debates on the Backreaction Conjecture

Precomputed 
FLRW metric

Matter density 
dynamics
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Averaging does not commute

27

Ω𝑀𝑀,Ω𝑅𝑅 ,ΩΛ, …

AveragingEvolution

EvolutionAveraging

averaging evolution 𝑋𝑋
≠

evolution averaging 𝑋𝑋

Analogy

Temperature field in climate 
simulations
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Reminder

General relativity is a purely 
local theory

Comoving coordinates is an 
approximation

Each observer has a different 
notion of space and time
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Precision cosmology (sort of)

We aim at doing precision cosmology with petabytes of
observational data using a simplifying 100-years old model
back when we didn't know if there was anything else than
the Milky Way.

Next time
How can we do better?
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