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First steps under Costas’ supervision

November 1988 — CPHT — Ecole Polytechniqe
A new preprint had arrived
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String propagation on non-compact group manifolds is studied as an exactly solvable 
example of propagation on more general curved spacetimes. It is shown that for the only viable 
group SU(1,1) × G c string propagation is consistent classically but not quantum mechanically 
(unitarity is violated). This shows that conformal invariance of the corresponding o-model 
(vanishing of the r-functions) is not sufficient to guarantee unitarity. 

1. Introduction 

Class ica l  two-d imens iona l  conformal ly  invar iant  o-models  can be in te rpre ted  as 
s t r ing p r o p a g a t i o n  on the target  space. I t  is general ly  bel ieved that  if the target  
space  has one  t ime-l ike di rect ion and the cor respond ing /3 - func t ions  vanish then the 
quan t i zed  vers ion of  the o-model  is consis tent  (uni tary)  and  descr ibe  the quan tum-  
mechan ica l  s t r ing p ropaga t ion  [1]. To invest igate  the p rob l e m of  un i ta r i ty  it is very 
conven ien t  to use exact ly  solvable  models  and as is known,  pr inc ipa l  o -models  (with 
a W e s s - Z u m i n o - W i t t e n  term) are of  this k ind  and lead to a real iza t ion of  a 
K a c - M o o d y  a lgebra  [2]. The  ~ '  = M 4 × G c o-model ,  where M 4 is four -d imens iona l  
M i n k o w s k i  space  and G c is a compac t  group,  has of  course been shown to be  
un i t a ry  and  descr ibe  str ing p ropaga t i on  on ,/g. It would  be des i rable  to extend this 
m a n i f o l d  to more  general  Einstein spaces,  but  in seeking solvable  models  one is 
l imi ted  to the  case of , /g being a group manifold .  Ac tua l ly  N =  SU(1, 1) × G c is the 
on ly  group  man i fo ld  with a single, nont r iv ia l ly  e m b e d d e d  t ime-l ike direct ion.  So in 
this  p a p e r  we should  like to consider  the N-model as a first  step beyond  ,/k' = M 4 × G c 
in the  s tudy  of  str ing p ropaga t i on  on general  curved spaces. This mode l  const i tu tes  
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SU(1, 1) ∼ SL(2,R) ∼ AdS3 exact WZW model

issue: unitarity

How could that be?
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We analyse unitarity for a string theory based on an SU ( 1, 1 ) Wess-Zumino-Witten model and d free bosons. We show that 
given an extra condition between the spin and the KaY-Moody anomaly analogous to the compact SU(2) one, positivity is 
guaranteed for physical states up to level two. Moreover extra zero-norm states appear at some critical value of d, corresponding 
to the anomaly cancellation. We discuss the construction of a modular invariant partition function. 

Strings in non-stat ic backgrounds have recently at t racted some at tent ion [ 1 ]. Consistency requires that the 
underlying a-model  be conformal ly  invariant .  A p~rticularly simple case is the W Z W  model  on the SU ( 1, 1 ) 
group, manifold,  or on its universal covering SU ( 1,1 ). This can be thought of  as a three-dimensional  anti-de 
Sitter space - t ime  with a torsion background.  Alternat ively it corresponds to the F r e e d m a n - G i b b o n s  electrovac 
solution of  gauged supergravity [2] ,  which can be shown to leave space- t ime  supersymmetry  unbroken.  

Recently it has been argued that  string propagat ion on this background is not consistent i.e. that there are 
physical states with negative norms [3].  Such a conclusion is very surprising, since the background contains 
only one t ime-l ike component  and solves the conformal  invariance condi t ions i.e. the string classical equations 
of  motion; fur thermore  it is easy to see that unlike what happens in the compact  case, the torsion background 
has no Dirac-singulari ty,  which also means that the K a 6 - M o o d y  ( K M )  anomaly needs not be quant ized ~.  

The purpose of  this letter is to argue that string propagat ion on this background could be consistent,  provided  
one restricts the spin j of  the highest weight representat ions (hwr)  of  the su ( 1,1 )x current  algebra to the range 

½ x < ~ j < O ,  (1)  

where the KM anomaly  x is < - 2 .  This condi t ion has its analogue even in the compact  su (2)k case, where it is 
known to be required for uni tar i ty  [4].  It is also required in the construct ion of  uni tary hwr's of  the coset 
su ("T, 1 )x/u  (~"]) [ 5 ]. It is impor tant  to notice that in all these cases, ( 1 ) is obta ined by requiring posi t ivi ty of  the 
norm of  a~physical state a t  leve l  one .  

The su( 1,1 )x current  algebra is 

[jan,  jbn ] • a b c  , ab - - i f  c J , . + . +  (2)  ~ x r n g  ~ m + n  , 

and f a g  = e abc~2 with gab= ~cbdcc .  = d i a g (  - - + ) at, de We expect the anomaly  x to be negative so that there Z !  c J d  - -  " 

= l J m +  J m ,  the is only one negative metr ic  generator  that plays the role of  the t ime coordinate.  If  we take J +  • t - 2 
commuta t ion  relat ions (2)  read 

, [Jm, J . ]  = ½xmS,.+. ( 3 )  [ j +  j ; ] = 2 j 3 m + . + X m ~ m + . ,  ~ [ j + , j 3 ] = _ j , . + . + ,  [ j m , j 3 ] = j m + . ,  3 3 

Of  course we have ( J + ) * =  - J~-m.  

Laboratoire Propre du Centre National de la Recherche Scientifique, UPR A.0014. 
~l n3(SU(1, 1))=0. 
~2 Our normalizations are such that the highest root ~, corresponding to the global su( 1, 1 ) algebra has ~,2= 1", ~23 = I. 
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Unitarity restored with k/2 ≤ j < 0 (AdS radius ∼
√
−kα′)
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ABSTRACT 
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We discuss the consistency (unitarity) of string propagation on the non--compact group 
SU( 1, 1) x Gc and find the restrictions on the level of the Kac- Moody algebra for this propagation 
to be unitary. We also suggest some modifications to the Vuasoro generators and obtain a manifestly 
unitary string theory. 

MIRAMARE- TRIESTE 
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1. Introduction 

String propagation on the target space can be described by a classically 

conformal invariant two dimenaiona.l sigma model. For this relation to 

remain true at the quantum level and for a unitary quantum-mechanical 

string propagation, it is generally believed sufficient to require the vanishing 

of the corresponding beta functions for the different ba.ckground fields of 

the sigma model [1]. The solutions to the conformal invariance conditions of 

the sigma model give the curved space-time on which a Kaluza-Klein-type 

compa.ctification may, for example, be carried out. Unfortunately, there is 

a large number of possible candidates for the manifolds of compa.ctification 

and the low energy physics predicted from string theory depends crucially 

on the manifold we choose. Therefore, it is necessary to exactly solve the 

sigma. model to fully investigate unita.rity and compactification in string 

theories. 

A convenient way for this purpose is to study the propagation of 

strings defined on Lie group manifolds. In particular, the nonlinear sigma 

model on a group manifold is conformally invariant and can be used as a 

building block in string theory. Furthermore, it has been shown that the 

addition of the term to the principal sigma 

model has the effect of introducing a parallelizing torsion term which makes 

the corresponding generalized Riemann tensor zero [2]. Consequently, the 

beta functions, which are expressed as polynomials in this generalized Rie-

mann tensor, identically vanish [3]. Since for any group liianifold such a 

parallelizing torsion exists, one would expect string propagation on group 

manifolds to be unitary. 

The sigma model defined on the manifold .M = M. x G., where M• 

is four-dimensional Minkowski space and Gc is a compact c. •-ilp, has been 

shown to describe a unitary string propagation on .M j4]. In fact, string 

theory on a compact group manifold is solvable in the same manner that 

flat string theories are. A first step towards the generalizatiooof this mani-

Same conclusion



Ambitious agenda
complete & satisfactory proof of unitarity

role of continuous series

partition function

string bound states

string amplitudes

Prelude to the AdS advent?
Possibly . . . but o� the main stream



1990 Holly Grail
qantizing 2-dim gravity — matrix models reloaded
Trigger: Brézin & Kazakov, Douglas & Shenker, Gross & Migdal
Framework: non-critical strings→ dynamical Liouville mode

string theory ≡ 2-dim gravity plus ma�er fields

discretization & description in terms of matrix models
continuous double-scaling limit around multicritical points

contribution of all topologies
capturing the dynamics beyond perturbation: Painlevé I

Slogan: we are on the route to understanding non-perturbative
quantum gravity



First common paper

An intriguing observation in the matrix-model maelstrom
Doubling of equations and universality in matrix models of random
surfaces, PLB 247B (1990) 363 — Bachas, Petropoulos

arbitrary interaction potential in hermitian matrix models
→ two Painlevé I equations

potential deep consequences for the non-perturbative
dynamics of pure gravity



Subseqent collaboration after my PhD

In the discretized world
Topological models on the la�ice and a remark on string
theory cloning, CMP 152 (1992) 191 — Bachas, Petropoulos

�enched random graphs, J. Phys. A27 (1994) 6121 —
Bachas, de Calan, Petropoulos

Back to AdS-related string/brane theory
Anti-de Si�er D-branes, JHEP 02 (2001) 025 — Bachas,
Petropoulos

rigorous analysis of D-branes within an exact string model

reservations on generic validity of Randall–Sundrum’
phenomenological assumptions
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1962 — a new extension of Poincaré

Asymptotically flat spacetimes in 4 dimensions
asymptotic symmetry group [Bondi, van der Burg, Metzner ’62; Sachs ’62]

Lorentz n Supertranslations −→ 6 +∞ ≡ BMS4

BMS4 ≡ Conformal group on the null boundary I ±
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1962 —

A������������� ���� ���������� �� 4 ����������
asymptotic symmetry group [Bondi, van der Burg, Metzner & Sachs]

Lorentz n Supertranslations �! 6 + 1 ⌘ BMS4

BMS4 ⌘ Conformal Carroll group on a 3-dim null boundary

asympt. flat



1965 — a new limit of Poincaré

Classical non-relativistic limit: v/c → 0

Poincaré group→ Galilean group

Minkowski spacetime→ t ∈ R & x ∈ E3 Newton–Cartan

Exotic ultra-local limit v/c →∞ [Lévy-Leblond ’65; Sen Gupta ’66]

Poincaré group→ Carroll group

Minkowski spacetime→ Carrollian spacetime



Ultra-local limit

c → 0

c → 0

t t v = c = 0

O Ox x

1⁄c

By law: motion is forbidden

. . . unless you allow for tachyons or kindred excitations. . .

. . . at least from a particle perspective — branes might be be�er. . .



Carrollian spacetime [©Lévy-Leblond]

Through the looking glass [Lewis Carroll 1871]

“Well, in our country,” said Alice, still panting a li�le, “you’d generally get
to somewhere else if you run very fast for a long time, as we’ve been
doing.”
“A slow sort of country!” said the �een. “Now, here, you see, it takes
all the running you can do, to keep in the same place. If you want to get
somewhere else, you must run at least twice as fast as that!”

S

N N

W



Geometrically: spacetime with a degenerate metric

ds2 = 0× dt2 + dx2 ηµν →


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


isometries: Carroll group (Inönü–Wigner contr. of Poincaré)

conformal isometries: BMS group

Carrollian geometries materialize on null hypersurfaces
black-hole horizons

null boundaries I ±



Two main symptoms

Geometric structure ᾿Αγεωµέτρητος µηδεὶς εἰσίτω [Plato 427–348 BC]

Carrollian manifolds

Connections, torsion and curvature

Applications πάντα ἔξεστιν ἀλλ οὐ πάντα συµφέρει [1 Corinthians 10:23]

Hard-core
dynamics and equations
CCarr field theories & representation theory
black-hole horizons
bulk from boundary reconstruction
flat-space holography investigation

Entertaining
thermodynamics and statistical mechanics
exotic excitations and exotic fluids
cosmological applications, dark ma�er etc.
Stochastic rese�ing at zero rese�ing rate
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The revival of asymptotic symmetries

Where could BMS play a role?
In sca�ering processes

so� theorems

memory e�ects

general — beyond gravity

In gravity
Flat-space holography?



AdS versus flat: highlights

Einstein spacetimes
Finite solution space without generic gravitational radiation

AdS/CFT elementary features
incarnation of old ’t Hoo� & Susskind ideas on gravity dofs

fundamental theories: type IIB string and N = 4 SYM

holographic: dual field theory on a codim-1 time-like
hypersurface — the conformal boundary I & vevs–sources

boundary energy–momentum tensor plays a pivotal role

Facts for asymptotically flat spacetimes
Ricci-flat spacetimes have infinite-dim solution space and
generically gravitational radiation

conformal boundary I ± is null hence Carrollian

no clear concept of boundary energy–momentum tensor



Ideas for flat-space holography

Following the AdS4/CFT3 paradigm
dual CFT3 on the Carrollian conformal boundary I ±

must be invariant under CCarr3 ≡ BMS4

expected multi-sector (sca�ering, bound states & deep dofs)

possibly non-local, non-unitary or non-holographic dual

Utterly different path: flat4/CFT2 celestial approach
Framework S2 ≡ “spatial section” of the Carrollian bry.

2-dim en.–mom. tensor ∼
∫
C
∫
R Nab (news)

very exotic celestial CFT2

Features mostly designed for recasting radiation
S-matrix on Minkowski & so� theorems
not fund. theor. — not bound to gravity —
probably captures a sector only

could have been elaborated in the mid-80ies
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About Costas

Working together
common perspective: think first write next — a handful of
projects never completed

sometimes both strong characters — compromises
necessary & reached

Impact
Well-perceived work

Personal satisfaction
Always a rewarding experience



Regarding the field

Carroll & flat-space holography — pipe dream?
A few steps might help decide

analyse carefully AdS/CFT in the Λ→ 0 limit

recasting celestial in the suitable framework — Carrollian

More generally
Big and realistic picture is missing



L’éclectique est un philosophe qui foulant au pied le préjugé, la tradition,
l’ancienneté, le consentement universel, l’autorité, en un mot tout ce qui
subjugue la foule des esprits, ose penser de lui-même, remonter aux
principes généraux les plus clairs, les examiner, les discuter, n’adme�re
rien que sur le témoignage de son expérience et de sa raison ; et de toutes
les philosophies, qu’il a analysées sans égard et sans partialité, s’en faire
une particulière et domestique qui lui appartienne.

Denis Diderot
Encyclopédie ou Dictionnaire raisonné des sciences, des arts et des métiers, 1755.
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