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Based on a number of papers with   
              DANIELE DORIGONI, CONGKAO WEN,  FERNANDO ALDAY,  SHAI CHESTER,  SYLVIU PUFU,  YIFAN WANG 

NOVEL MODULAR FORMS ARISING IN CORRELATORS IN N=4 SYM

• This talk will concern exact results in N=4 supersymmetric               Yang-Mills
<latexit sha1_base64="a9l+hO1iJ0JTCPWE+6EU6X0AtVc="></latexit>

SU(N)

with complex coupling constant 
<latexit sha1_base64="kOQ2d3eXW5GRcCyaPpK+rU7PeXs="></latexit>

τ =
θ

2π
+ i

4π

g2
Y M

:= τ1 + iτ2

• Supersymmetric localisation determines certain INTEGRATED CORRELATION FUNCTIONS 

NON-LOCAL SUPERSYMMETRIC OBSERVABLES      (cf. Wilson loops) 

Holographic relationship with type IIB superstring amplitude on 
<latexit sha1_base64="0j1WkoQ8RdHv8IJJ/muWgsyABI0="></latexit>

AdS5 × S5

Exact expressions for any     and all    
<latexit sha1_base64="ADu2rR25nq6X4+buaFxfpn0zeEc="></latexit>

N <latexit sha1_base64="S7VQ+aqdZKNRv62Zq43f/ARtb58="></latexit>τ

MONTONEN-OLIVE DUALITY of gauge theory           S-DUALITY of Type IIB superstring

•  MODULAR INVARIANCE                   - manifest:
<latexit sha1_base64="7U+7bn4liT4ghN/4CZRyXSpmXq4="></latexit>

SL(2,Z)
<latexit sha1_base64="5UrIkoEPn2hKoWhB2SEkCDgZ3go="></latexit>↔

AdS/CFT



• Correlator is not supersymmetric but integrated correlator is
<latexit sha1_base64="10phJlRLq9LHE67aC2A/KXE4sKI="></latexit>

Gi
N (τ, τ̄) =

∫
dUdV µi(U, V )TN (U, V, τ, τ̄)

[Binder, Chester, Pufu, Wang arXiv:1902.06263]

where the measure                is designed to preserve supersymmetry,
<latexit sha1_base64="pJsjxhbaVlJJkW/PGlWwMptBo8U="></latexit>

µi(U, V )

<latexit sha1_base64="Ja4ghkbk6cSosdJBEZ2yy23s9X8="></latexit>

U = 1 + r2 − 2r cos θ , V = r2

box diagram

• Two examples of measures

<latexit sha1_base64="7lmydsbp4e2eZUe+FHmwcQwkUC4="></latexit>
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0
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∫ π

0
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r sin2 θ

U2
TN (U, V, τ, τ̄)
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G2
N (τ, τ̄) = −96

π

∫ ∞

0
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∫ π

0
dθ

r sin2 θ

U2
D̄1111(U, V ) (TN (U, V, τ, τ̄) + Tfree(U, V ))

SUPERSYMMETRIC YANG-MILLS INTEGRATED CORRELATORS
<latexit sha1_base64="enio+ElDL8yCO1thWpoTsSndYn4="></latexit>

N = 4

• Consider the correlator of four superconformal primaries
<latexit sha1_base64="y1egaXx1bMCaqgRiXR+RtyMsP+M="></latexit>
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cross ratios

<latexit sha1_base64="SFBMC4dFEsT+Afjl+Q0zuxExdqc="></latexit>

⟨O2(x1)O2(x2)O2(x3)O2(x4)⟩ ∼ I4(xi;Yi) TN (U, V, τ, τ̄)

factor out dependence
 on R-symmetry

Holographic dual of the four-graviton amplitude in 
<latexit sha1_base64="uudDPW03egBfh0ONYJBkK7tK5DY="></latexit>

AdS5 × S5



<latexit sha1_base64="cEm8GmBgk1uM1QsPMf7bZwDnv9A="></latexit>

N = 2� �
m�0

N = 4

•              supersymmetric YM                 in the limit in which the mass of hypermultiplet in adjoint rep. vanishes 
<latexit sha1_base64="363wDywZrohdrb6H593DBoEKNuE="></latexit>

N = 2� <latexit sha1_base64="gbcM3B118ynEAizoPMyWrZ9mbR8="></latexit>

� N = 4

SUPERSYMMETRIC LOCALISATION

• But the            limit of derivatives of                     with respect to     may be nontrivial as we will see.
<latexit sha1_base64="bfrFB6q4/Fv9o92/C4C9Nb973Kg="></latexit>

m = 0
<latexit sha1_base64="eK395C+cosmip8gl5XgdnhZCpXU="></latexit>

ZN (m, τ, τ̄) <latexit sha1_base64="rZ4VM9Bo9Ly+ezpm7uIPSGE+gI0="></latexit>m

is the one-loop determinant factor and is expressed 
in terms of a standard function (the BARNES G-FUNCTION) 

<latexit sha1_base64="q4s8+3XQjxC910l5R+OHERYZbYw="></latexit>

Zpert(m, ai)
<latexit sha1_base64="m34VdoFBkuphU6PK/1Q5Fi/rpeo="></latexit>

Zinst(m, ai)describes Coulomb branch instantons at the 
south pole and anti-instantons at the north pole of     .

(Express as a sum of Young diagrams)

<latexit sha1_base64="8UsLSkXlz1g9mAZI1J5FYcx2Icc="></latexit>

S4

[Nekrasov]

mass parameter

• The partition function of            SYM                          . 
<latexit sha1_base64="KVqPSdx2gTyzs5BLogpmQiL1nnM="></latexit>

N = 4
<latexit sha1_base64="apF5al+ry3Dw27DVU0pyTzlFRiU="></latexit>

ZN (0, τ, τ̄) = 1

<latexit sha1_base64="uMFQU+/pDea7RezrKimjYIApIJ4="></latexit>

m → 0 Limit

[Pestun arXiv:0712.2824 ]

Vandermonde determinant Nekrasov instanton
partition function

perturbative factor

classical localized action
<latexit sha1_base64="P2XhZNSt15kNdZWWa6YJLQkPeGM="></latexit>

ZN (m, τ, τ̄) =
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dNa δ(
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∑
j a2

j Zpert(m, aij) |Zinst(m, aij , τ)|2
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<latexit sha1_base64="9YXiCOQeReB34LY79cAEdw6jLvk="></latexit>aij = ai − aj

<latexit sha1_base64="11yUNLcXa0tw8wGJ+RvC0fqWX2E="></latexit>

(N − 1)
<latexit sha1_base64="g7t0WsH/qlSJmNKTtnSVfINCFq4="></latexit>

N = 2∗
<latexit sha1_base64="TqYYDwqIO6Dk02/1o3vf0zfYX6U="></latexit>

su(N)on S4• Localized partition function of               is a             -dimensional integral over the Lie algebra            .       .    . 
Integrate over VEV’s of coulomb branch vector multiplet.



LEADS TO A REMARKABLY SIMPLE  MODULAR INVARIANT EXPRESSION FOR 
<latexit sha1_base64="l/bbrpHljB5v+OM74WC9Cy/vhig="></latexit>

GN (τ, τ̄)

RELATION TO LOCALISED           PARTITION FUNCTION
<latexit sha1_base64="H/hPDLHKxWOmAEo0W/HFF8AKhS8="></latexit>

N = 2∗

• Correlators are obtained by four derivatives acting on                     the partition function of the              theory on S4  
<latexit sha1_base64="2mHZGqPEw4qrLsKKhAkA6oy+aKI="></latexit>

ZN (m, τ, τ̄)
<latexit sha1_base64="g7t0WsH/qlSJmNKTtnSVfINCFq4="></latexit>

N = 2∗

• Consider the exact perturbation expansion for many values of    .
<latexit sha1_base64="vmHXGo5SWV9rQLXtzutC6hwJgp0="></latexit>

N

• Analysis of                 is complicated. 
    

<latexit sha1_base64="xoiXP8CrrG1kmyDXVo3H1gvbins="></latexit>

GN ≡ G1
N

• Consider the exact 1-instanton contribution for many values of    .
<latexit sha1_base64="vmHXGo5SWV9rQLXtzutC6hwJgp0="></latexit>

N

• Generalise to the k-instanton contribution.

[Binder,  Chester,  Pufu,  Wang,  arXiv:1902.06263]• Equality with integrated correlators on R4 shown in 
Uses supersymmetric Ward identities and accounts for operator mixing on S4. 

<latexit sha1_base64="YBBzr78iUWMIg6oEQiHS1hEfvGU="></latexit>

G2
N (τ, τ̄) = ∂4

m logZN (m, τ, τ̄)|m=0 Not considered in this talk

<latexit sha1_base64="okedlHYfpQHqOe9LxGOao0Pd3cA="></latexit>

G1
N (τ, τ̄) =

1

4
∆τ ∂

2
m logZN (m, τ, τ̄)|m=0

<latexit sha1_base64="/nz05ESzgQX5meJmgFBTtLbX0i4="></latexit>

∆τ = 4τ22 ∂τ∂τ̄Considered in this talk



<latexit sha1_base64="zhPxSlb1DZNTNIgQOJa12Ufn15Y="></latexit>

GN (τ, τ̄) =
∑

(m,n)∈Z2

∫ ∞

0
e−πt |m+nτ|2

τ2 BN (t)dt

2 DIM. LATTICE REPRESENTATION

• Note that                                 ,   and                                                                            
. 

<latexit sha1_base64="1mkjdaPEei1esOocg2ANMEXgjsE="></latexit>

BN (t) =
1

t
BN (1/t)

<latexit sha1_base64="oP8RcCPEqI705sghL7DuL0Q/SbI="></latexit>∫ ∞

0
BN (t)dt =

N(N − 1)

4

•                invariance is manifest:
<latexit sha1_base64="ndVTaL/FIqpC6TJF6/B1OnfIroU="></latexit>

SL(2, Z)

<latexit sha1_base64="bQu08s0a0UxZyTrM5hdGfY37rrw="></latexit>

� � a� + b

c� + d

<latexit sha1_base64="c/crt3m00zykINofgi5rgR4Lkfo="></latexit>

a, b, c, d � Z
<latexit sha1_base64="4sntu5l14yrvv2e7Ctax+3i1MOo="></latexit>

ad � bc = 1[Montonen-Olive]

Holographic image of S-duality in type IIB superstring.

<latexit sha1_base64="MSzJpq1JsKadbRnAJErKlTAnbNI="></latexit>

BN (t) =
QN (t)

(1 + t)2N+1
where and             is a rational polynomial of order                . 
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QN (t)
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(2N − 1)
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B3(t) =
18t5 � 99t4 + 126t3 � 99t2 + 18t

(1 + t)7

<latexit sha1_base64="noMNyXXGf8RJNMoEIo9aobZlf0E="></latexit>

B2(t) =
9t3 − 30t2 + 9t

(1 + t)5
e.g.                    :                                                                        :

<latexit sha1_base64="N0Bq+eXdK3QQRQAXmFGBNf2+zLs="></latexit>

SU(3)
<latexit sha1_base64="mAEAPuBL5gfJjGr2vcrLVZNoiv8="></latexit>

SU(2)

THE MAIN FORMULA

where               and                is a JACOBI polynomial.
<latexit sha1_base64="8gDp9wCTqSSelL9EF6+4cXdrnpQ="></latexit>

z =
1 + t2

1− t2
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P (α,β)
N (z)
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QN (t) = �1

4
N(N � 1)(1 � t)N�1(1 + t)N+1

�
(3 + (8N + 3t � 6)t) P (1,�2)

N (z) +
3t2 � 8Nt � 3

t + 1
P (1,�1)

N (z)

�
• General     : 

<latexit sha1_base64="vmHXGo5SWV9rQLXtzutC6hwJgp0="></latexit>

N



• Coefficients are RATIONAL MULTIPLES OF ODD ZETA VALUES.   

PERTURBATION EXPANSION 

• Recall the UNINTEGRATED CORRELATOR has very complicated dependence on cross ratios involving polylogs,

<latexit sha1_base64="cKDML2nm6aJb8opMGN3R6TBc83A="></latexit>

L = 1, 2e.g.

First non-planar contribution

• NON-PLANAR CORRECTIONS BEGIN AT FOUR LOOPS – as is known from Feynman perturbation theory.

[Fleury and Pereira] [Eden, Heslop, Korchemsky, Sokatchev] [Boels, Kniehl, Tarasov, Yang]

Interesting pattern of non-planarity determined to arbitrary order.

• The INTEGRATED CORRELATOR is much simpler.   The coefficients can be compared with  calculations  
     from Feynman diagrams.                                                  [Belokurov and Usyukina, 1983] [Usyukina, 1991] [Wen and Zhang 2022] 

<latexit sha1_base64="j6KdKWTpoa8sDkmCbXjOcfItvNA="></latexit>
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N

4�2
=

N

�
��1
2‘t Hooft expansion
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• Since             this equation determines               for all            In terms of              .  
<latexit sha1_base64="fq2OUzGNqsN3oMkFlvFQCv5RXBM="></latexit>

N > 2
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G2(�, �̄)
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GN (�, �̄)
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G1 = 0

LAPLACE DIFFERENCE EQUATION

• Solutions can be expressed in terms of NON-HOLOMORPHIC EISENSTEIN SERIES

• The integrated correlator satisfies a 
     
         LAPLACE DIFFERENCE EQUATION:

where                                 is the hyperbolic laplacian.  
<latexit sha1_base64="4Aff7BIWxgHIcwt2V4/hPXhiLhQ="></latexit>

�� = �2
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�
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�2
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<latexit sha1_base64="wfsw9CIJMwYQs/pZ4nvWWSJ+koo="></latexit>

(�� � 2) GN (�, �̄) = N2 [GN+1(�, �̄) � 2GN (�, �̄) + GN�1(�, �̄)] � N [GN+1(�, �̄) � GN�1(�, �̄)]



<latexit sha1_base64="93lEoWBIvCdMFHdMbZx4Wmww+0o="></latexit>

(�� � s(s � 1)) E(s; �, �̄) = 0• LAPLACE EIGENVALUE EQUATION

C.F. NON-HOLOMORPHIC EISENSTEIN SERIES

Fourier modes

<latexit sha1_base64="8Qnm2CF8bBcnc6NDR7k33hsoGeA="></latexit>

s ∈ C
<latexit sha1_base64="vaOxke/9Nz8DWAzBQX33mwquJtA="></latexit>
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�
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2
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=

�

(m,n) �=(0,0)

1

�(s)
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0
e�t� |m+n�|2

�2 ts�1dt
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=
�

k�Z
Fk(s; �2) e2�ik�1

• Non-zero modes
   (instantons)

<latexit sha1_base64="F4HqyVqA0xfXmeane+BJzsWFUzU="></latexit>

Fk(s; �2) =
4

�(s)
|k|s� 1

2 �1�2s(|k|)
�

�2 Ks� 1
2
(2�|k|�2) , k �= 0

�
�2��

(. . . ) e�2�|k|�2
characteristic of INSTANTON or ANTI-INSTANTON 

divisor sum
<latexit sha1_base64="w4MXA7iXIXxmos74S7kMTk3ECwo="></latexit>

σr(k) =
∑

d|k

dr

Bessel
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SL(2, Z) :

<latexit sha1_base64="pRq8MDob+gcUZIcK0xcAgBC5C84="></latexit>

� � a� + b

c� + d
<latexit sha1_base64="bTYS2bPzurqzdaTnBf0PqwbBYx4="></latexit>

a, b, c, d � Z <latexit sha1_base64="/fcHVo/5eqdved564JLIurA/mAw="></latexit>

ad � bc = 1

Modular function

<latexit sha1_base64="SvqP3eGgJfrl1eEyuF4RPCT+5+E="></latexit>

(g2
Y M

/4π)s−1
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(4π/g2
Y M

)s

• Zero mode
    (perturbative)

<latexit sha1_base64="USPgqMEnyYIe8kE5f26t0hAELUU="></latexit>
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2�(2s)

�s
�s
2 +

2
�

� �(s � 1
2 )�(2s � 1)

�s�(s)
�1�s
2

TWO POWER-BEHAVED TERMS

PERTURBATIVEPERTURBATIVE (singular)



• INSTANTON CONTRIBUTIONS

EXPRESSION FOR INTEGRATED CORRELATOR

e.g. for 
<latexit sha1_base64="haw2xH/GlCbD7UOtIzzQQmQnXR0="></latexit>

SU(2)
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c2(s) =
(−1)s

2
(s− 1)(1− 2s)2 Γ(s+ 1)

Formal Infinite sum of 
Eisenstein series

(with integer-index)
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GN (τ, τ̄) =
N(N − 1)

8
+

1

2
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cN (s)E(s, τ, τ̄)

e.g.           in
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k = 1
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SU(2)
<latexit sha1_base64="KhaPxqN6auPtLw/dE0j4Sg+Bt3g="></latexit>
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�
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8
+

9

32y
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+ · · ·

�
<latexit sha1_base64="PhkY2PcjXj+HA0HsEnYgrlTm7Ls="></latexit>

y = ��2 =
4�2

g2
Y M

<latexit sha1_base64="hiEkksgCKKwWDBooonjqOBagsqA="></latexit>

g2
Y M

� 0

• PERTURBATIVE TERMS.:   Infinite sum of                           terms infinite sum of                                  terms!  
<latexit sha1_base64="YnNzKx05r7QDT/fKRIPYQFaujEQ="></latexit>

τ s2 = (4π/g2
Y M

)s
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τ1−s
2 = (g2

Y M
/4π)s−1

after Borel resummation
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Integer index 
Eisenstein series.
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BN (t) =
1

t
BN (1/t)with where the coefficients are given by 
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∞∑
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cN (s)
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• Asymptotic series that is not Borel summable.  Requres non-perturbative completion (RESURGENCE) 

• The behaviour            is characteristic of a WORLD-SHEET INSTANTON in string theory since                             . 

LARGE-   EXPANSION
<latexit sha1_base64="0n1XKS6Y984CtK0NLsT9RuLTs/Y="></latexit>

N
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G(0)(�) =
��

n=1

4(�1)n+1�(2n + 1)�
�
n + 3

2

�2

�2n+1�(n)�(n + 3)
�n1. Small-   expansion<latexit sha1_base64="Yp2DlNsFwPCV1nOxAOqvqeOU5bI="></latexit>

� Radius of convergence 
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|�| � �2

Proportional to 
PLANAR DIAGRAMS
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N2

BOREL SUM 
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GN (�, �̄) �
��

g=0

N2�2g G(g)(�)‘t Hooft Expansion
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� = g2
Y M

N = 4���1
2 N

‘t Hooft coupling
SUPPRESSES INSTANTONS so

duality is not manifest

2.  Large-   expansion
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� Divergent sum 
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G(0)(λ) ∼ 1

4
+
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n=1

Γ
(
n− 3

2

)
Γ
(
n+ 3

2

)
Γ(2n+ 1)ζ(2n+ 1)

22n−2π Γ(n)2λn+1/2

BUT SINCE WE KNOW THE EXACT FUNCTION WE CAN DETERMINE ITS LARGE-N                COMPLETION ANALYTICALLY
<latexit sha1_base64="Q536L2HhjLS5lCIAm109DTEcZIw="></latexit>

SL(2,Z)



• Close connection to well-established BPS terms in low energy expansion of IIB superstring in the flat space limit. 

• Series of ½-integer index Eisenstein series.

MODULAR INVARIANT LARGE-   EXPANSION
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d4R4
Supergravity

• Note the absence of terms with integer powers of        , such as the term of order         . 
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Such terms arise in the        expansion of                                                         .
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Fixed -       Expansion
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Y M INSTANTONS NOT SUPPRESSED – S-duality is manifest.

• The        expansion is holographically related to the low energy expansion of the dual IIB superstring amplitude
     in                  .            
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• THE SECOND CORRELATOR
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OTHER RESULTS

Sum over   (p,q) string world-sheets wrapping an equatorial S2 in S5.
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(∆τ − s(s− 1))E(s, s1, s2) = E(s1)E(s2)

• Coefficients of the        expansion: involve GENERALISED EISENSTEIN SERIES
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intriguing number theoretic properties -  lattice representation and holomorphic cusp forms. 

• GENERAL CLASSICAL GROUPs 
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Holographically related to type IIB in 
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Tension of (p,q) strings
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uses AdS/CFT dictionary

• COMPLETION OF LARGE-    EXPANSION:   Non-convergent         expansion completed by                 term  
<latexit sha1_base64="pp5CHGJO4aelRhzFllrU3R1fl0w="></latexit>

N
<latexit sha1_base64="rz0/WX/0E2ZYrSjh28Ra3K5ZXMY="></latexit>

1/N
<latexit sha1_base64="8Z5eX+7xuFrfSuo7PjYIqvWGolA="></latexit>

e�(... )
�

N

Modular invariant 
completion



It’s a very great pleasure to participate in this celebration of the contributions of Costas.

I have very happy memories of collaborating with Costas and absorbing his wisdom.

Less happy memories of struggling to complete forms for the EU network 
organized by Lars Brink in which we were the ENS and Cambridge node leaders.

Although it is difficult to imagine you genuinely retiring, . 

HAPPY RETIREMENT COSTAS !


