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Questions to know you

• Have you already computed a cross-section?  

• With MadGraph or another tool? 

• What about loop amplitudes, NLO? 

• Have you done it for BSM, with FeynRules?
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Questions

• How many particle in the final state can we predict? 

• How accurate are our predictions? 

• When do they fail? 

• Do we know the shape well? 

• How can we check if our results are correct?
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• There many more to know about tools that what I 
will cover here 

• The content reflect my own bias and interest 

• I used content by colleagues (O. Mattelaer, M. Zaro, 
R. Frederic)

Disclaimer
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Why do we need numerical tools?
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• Algorithmic 

• Less error prone 

• Long

Why automated tools 
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Many diagrams
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Figure 1: Schematic of the structure of a pp ! tt event, as modelled by PYTHIA. To
keep the layout relatively clean, a few minor simplifications have been made: 1) shower
branchings and final-state hadrons are slightly less numerous than in real PYTHIA events,
2) recoil effects are not depicted accurately, 3) weak decays of light-flavour hadrons are
not included (thus, e.g. a K0

S meson would be depicted as stable in this figure), and 4)
incoming momenta are depicted as crossed (p! �p). The latter means that the beam
remnants and the pre- and post-branching incoming lines for ISR branchings should be
interpreted with “reversed” momentum, directed outwards towards the periphery of the
figure; this avoids beam remnants and outgoing ISR emissions having to criss-cross the
central part of the diagram.
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Figure taken from Bierlich et al., 2022 (Pythia8.3 manual)
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Figure 1: Schematic of the structure of a pp ! tt event, as modelled by PYTHIA. To
keep the layout relatively clean, a few minor simplifications have been made: 1) shower
branchings and final-state hadrons are slightly less numerous than in real PYTHIA events,
2) recoil effects are not depicted accurately, 3) weak decays of light-flavour hadrons are
not included (thus, e.g. a K0

S meson would be depicted as stable in this figure), and 4)
incoming momenta are depicted as crossed (p! �p). The latter means that the beam
remnants and the pre- and post-branching incoming lines for ISR branchings should be
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figure; this avoids beam remnants and outgoing ISR emissions having to criss-cross the
central part of the diagram.
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A visual example of pile-up in the ATLAS tracker: a Run 1 Z → event collected at an 
instantaneous luminosity L = 0.5x10 34 cm-2 s-1 in 8 TeV pp collisions. Two thick yellow lines 
show muon tracks from the Z final state, triggered among pileup events.
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Figure 1: Schematic of the structure of a pp ! tt event, as modelled by PYTHIA. To
keep the layout relatively clean, a few minor simplifications have been made: 1) shower
branchings and final-state hadrons are slightly less numerous than in real PYTHIA events,
2) recoil effects are not depicted accurately, 3) weak decays of light-flavour hadrons are
not included (thus, e.g. a K0

S meson would be depicted as stable in this figure), and 4)
incoming momenta are depicted as crossed (p! �p). The latter means that the beam
remnants and the pre- and post-branching incoming lines for ISR branchings should be
interpreted with “reversed” momentum, directed outwards towards the periphery of the
figure; this avoids beam remnants and outgoing ISR emissions having to criss-cross the
central part of the diagram.
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C. Degrande

1. The new physics is weakly coupled  

2. The new physics is strongly coupled 

3. The new physics is heavy 

4. The new physics is light

Under which assumptions?



Leading order at fixed order



C. Degrande

Which tools

Only if the BSM 
model is not available

For the exercices 
Today : SM only

Who has Mathematica?
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• Evaluate M for fixed helicity of external particles
➡Multiply M with M* -> |M|^2 
➡Loop on Helicity and average the results
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ū4 = fct(~p4,m4)

ℳ = ((ūeγμv)
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ū4 = fct(~p4,m4)

ℳ = ((ūeγμv)
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Spin and co

In MG : No spin sum 
• Faster 
• needed to describe the final/initial state

Mattelaer Olivier Japan 2024
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(ŝ

,µ
F
,µ

R
)

� a
,b

M
as

te
r 

fo
rm

u
la

 f
or

 t
h

e 
LH

C

M
at

te
la

er
 O

liv
ier

Ja
pa

n 
20

23
12

x
1
E

x
2
E

`+
`�

Ph
as

e-
sp

ac
e 

in
te

gr
al

Pa
rt

on
 d

en
si

ty
 

fu
nc

tio
ns

Pa
rt

on
-le

ve
l c

ro
ss

 
se

ct
io

n

�
dx

1
dx

2
d�

F
S
f a

(x
1
,µ

F
)f

b
(x

2
,µ

F
)⇥̂

a
b�

X
(ŝ
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Number of diagrams
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+3γ, + 4γ 120, 840
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• grows factorially with the number of external legs 

• only e,  so far, increases with the number of particles and 
interactions in the model 

• increases with the number of loops 

• In MG, generate different processes with increasing number 
of final state particles 

• generate e+ e- > mu+ mu- 

• display diagrams

μ, γ

Number of diagrams
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Cross-section

6 49. Kinematics

49.4.5 Multibody decays
The above results may be generalized to final states containing any number of particles by

combining some of the particles into “e�ective particles” and treating the final states as 2 or 3
“e�ective particle” states. Thus, if pijk... = pi + pj + pk + . . ., then

mijk... =
Ò

p2
ijk... , (49.26)

and mijk... may be used in place of e.g., m12 in the relations in Sec. 49.4.3 or Sec. 49.4.4 above.

49.5 Cross sections

p3, m3

p
n+2, m

n+2

.�

.�

.

p1, m1

p2, m2

Figure 49.5: Definitions of variables for production of an n-body final state.

The di�erential cross section is given by

d‡ = (2fi)4|M |2

4
Ò

(p1 · p2)2 ≠ m2
1m2

2

◊ d�n(p1 + p2; p3, . . . , pn+2) . (49.27)

[See Eq. (49.12).] In the rest frame of m2(lab),

Ò
(p1 · p2)2 ≠ m2

1m2
2 = m2p1 lab; (49.28a)

while in the center-of-mass frame

Ò
(p1 · p2)2 ≠ m2

1m2
2 = p1cm

Ô
s . (49.28b)

49.5.1 Two-body reactions

p1, m1

p2, m2

p3, m3

p4, m4

Figure 49.6: Definitions of variables for a two-body final state.

Two particles of momenta p1 and p2 and masses m1 and m2 scatter to particles of momenta p3 and

31st May, 2024

From the PDG

2 49. Kinematics

49.3 Lorentz-invariant amplitudes
The matrix elements for a scattering or decay process are written in terms of an invariant

amplitude ≠iM . As an example, the S-matrix for 2 æ 2 scattering is related to M by

ÈpÕ
1pÕ

2 |S ≠ 1| p1p2Í = i(2fi)4 ”4(p1 + p2 ≠ pÕ
1 ≠ pÕ

2)M (p1, p2; pÕ
1, pÕ

2) . (49.8)

The state normalization is such that

ÈpÕ|pÍ = (2fi)3 2Ep ”3(pÕ ≠ p) , (49.9)

with Ep =


p2 + m2.
For a 2 æ 2 scattering process producing unstable particles 1Õ and 2Õ decaying via 1Õ æ 3Õ4Õ

and 2Õ æ 5Õ6Õ the matrix element for the complete process can be written in the narrow width
approximation as:

M (12 æ 3Õ4Õ5Õ6Õ) =
ÿ

h1Õ ,h2Õ

M (12 æ 1Õ2Õ)M (1Õ æ 3Õ4Õ)M (2Õ æ 5Õ6Õ)
(m2

3Õ4Õ ≠ m2
1Õ + im1Õ�1Õ)(m2

5Õ6Õ ≠ m2
2Õ + im2Õ�2Õ) . (49.10)

Here, mij is the invariant mass of particles i and j, mk and �k are the mass and total width of
particle k, and the sum runs over the helicities of the intermediate particles. This enables the cross
section for such a process to be written as the product of the cross section for the initial 2 æ 2
scattering process with the branching ratios (relative partial decay rates) of the subsequent decays.
A more sophisticated treatment, beyond the narrow width approximation, can be found in the
review on "Resonances".

49.4 Particle decays
The partial decay rate of a particle of mass M into n bodies in its rest frame is given in terms

of the Lorentz-invariant matrix element M by

d� = (2fi)4

2M
|M |2 d�n (P ; p1, . . . , pn), (49.11)

where d�n is an element of n-body phase space given by

d�n(P ; p1, . . . , pn) = ”4 (P ≠
nÿ

i=1
pi)

nŸ

i=1

d3pi

(2fi)32Ei
. (49.12)

This phase space is reduced by combinatoric factors whenever there are identical particles in the
final state. The phase space can be generated recursively, viz.

d�n(P ; p1, . . . , pn) = d�j(q; p1, . . . , pj)
◊ d�n≠j+1 (P ; q, pj+1, . . . , pn)(2fi)3dq2 , (49.13)

where q2 = (
qj

i=1 Ei)2 ≠
---
qj

i=1 pi

---
2
. This form is particularly useful in the case where a particle

decays into another particle that subsequently decays.
49.4.1 Survival probability

If a particle of mass M has mean proper lifetime · (= 1/�) and has momentum (E, p), then
the probability that it lives for a time t0 or greater before decaying is given by

P (t0) = e≠t0 �/“ = e≠Mt0 �/E , (49.14)

and the probability that it travels a distance x0 or greater is

P (x0) = e≠Mx0 �/|p| . (49.15)

31st May, 2024

Phase space integral : how to do it numerically 

What do we expect : 
•  
• At high energy : ,  
• goes to zero at threshold  
• lorentz invariant

σ ∝ α2

σ ∝ 1/s s = (p1 + p2)2

Ex : check it in MG

Who knows s, t, u?
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At the LHC

Mattelaer Olivier Japan 2023 12

x1E x2E

`+ `�

Phase-space 
integral

Parton density 
functions

Parton-level cross 
section

�
dx1dx2d�FS fa(x1, µF )fb(x2, µF ) ⇥̂ab�X(ŝ, µF , µR)

�

a,b

Master formula for the LHC
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long distance

long distance
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Master formula for the LHC
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Parton density functions

Mattelaer Olivier Japan  2023

10!

Parton Kinematics 

!! Examples: 

!! Higgs: M~100 GeV/c2 

!! LHC: <xp>=100/14000"0.007 

!! TeV: <xp>=100/2000"0.05 

!! Gluino: M~1000 GeV/c2 

!! LHC: <xp>=1000/14000"0.07 

!! TeV: <xp>=1000/2000"0.5 

!! Parton densities rise dramatically towards low x 

!! Results in larger cross sections for LHC, e.g. 

!! factor ~1000 for gluinos 

!! factor ~40 for Higgs 

!! factor ~10 for W’s 

pdf’s measured in deep-inelastic scattering!

(at "s=14 TeV)!

Ratio of Luminosity: LHC at 7 TeV vs Tevatron 

!! Power of collider can be 

fully characterized by ratio 

of parton luminosities 

!! Ratio larger for gg than qq 

!! Due to steap rise of gluon 

towards low x 

!! MX=100 GeV 

!! gg: R"10, e.g. Higgs 

!! qq: R"3, e.g. W and Z 

!! MX=800 GeV  

!! gg: R"1000, e.g. SUSY 

!! qq: R"20, e.g. Z’ 
11!

At small x (small ŝ), gluon domination.
At large x valence quarks

LHC formidable at large mass –
For low mass, Tevatron backgrounds smaller

13

Parton densities

Energy evolution of the PDF is calculable
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Hadron colliders

Mattelaer Olivier Japan  2023

Ratio of Luminosity: LHC at 7 TeV vs Tevatron 

!! Power of collider can be 

fully characterized by ratio 

of parton luminosities 

!! Ratio larger for gg than qq 

!! Due to steap rise of gluon 

towards low x 

!! MX=100 GeV 

!! gg: R"10, e.g. Higgs 

!! qq: R"3, e.g. W and Z 

!! MX=800 GeV  

!! gg: R"1000, e.g. SUSY 

!! qq: R"20, e.g. Z’ 
11!

14

Hadron colliders
�

dx1dx2d�FS fa(x1, µF )fb(x2, µF ) ⇥̂ab�X(ŝ, µF , µR)
�

a,b
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• Partonic frame is boosted along the z direction compared to the lab frame 
(each parton has a different energy) 

•  z axis is the beam axis 

•
scattering angle  with the beam ( ,

) 

•  is around the beam axis 

•

θ y = log ( E + pz

E − pz )
η = log (

| ⃗p | + pz

| ⃗p | − pz )
ϕ

ΔR = Δy2 + Δϕ2

Hadron collider kinematic

̂z

̂x

̂y
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Integration over phase space

Mattelaer Olivier Japan 2024

Monte Carlo Integration

σ =
1

2s

∫
|M|2dΦ(n)

Calculations of cross section or decay widths involve 
integrations over high-dimension phase space of very 
peaked functions:

Dim[Φ(n)] ∼ 3n

22

Needs :  
• general and flexible (process/cut independent) method 
• generate events
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Integration
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Integration
I =

∫ 1

0

dx cos
π

2
x

IN = 0.637 ± 0.307/
√

N

Z
dq2

(q2 �M2 + iM�)2

IN = 0.637 ± 0.307/
√

N

Z
dxC
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dxC

• MonteCarlo
• Trapezium
• Simpson
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N
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Integration
I =

∫ 1

0

dx cos
π

2
x

IN = 0.637 ± 0.307/
√

N

Z
dq2

(q2 �M2 + iM�)2

IN = 0.637 ± 0.307/
√

N

Z
dxC

• MonteCarlo
• Trapezium
• Simpson

Method of evaluation
1/

p
N

1/N4

1/N2

simpson MC
3 0,638 0,3
5 0,6367 0,8
20 0,63662 0,6
100 0,636619 0,65
1000 0,636619 0,636



C. Degrande

Integration

Mattelaer Olivier Japan  2023 23

Integration
I =

∫ 1

0

dx cos
π

2
x

IN = 0.637 ± 0.307/
√

N

Z
dq2

(q2 �M2 + iM�)2

IN = 0.637 ± 0.307/
√

N

Z
dxC

Mattelaer Olivier Japan  2023 23

Integration
I =

∫ 1

0

dx cos
π

2
x

IN = 0.637 ± 0.307/
√

N

Z
dq2

(q2 �M2 + iM�)2

IN = 0.637 ± 0.307/
√

N

Z
dxC

• MonteCarlo
• Trapezium
• Simpson

Method of evaluation
1/

p
N

1/N4

1/N2

Mattelaer Olivier Japan  2023 25

Integration
I =

∫ 1

0

dx cos
π

2
x

IN = 0.637 ± 0.307/
√

N

Z
dq2

(q2 �M2 + iM�)2

IN = 0.637 ± 0.307/
√

N

Z
dxC

Method of evaluation
1/

p
N

1/N4

1/N2

More Dimension
1/

p
N

1/N2/d

1/N4/d

• MonteCarlo
• Trapezium
• Simpson



C. Degrande

Integration

Mattelaer Olivier Japan  2023 23

Integration
I =

∫ 1

0

dx cos
π

2
x

IN = 0.637 ± 0.307/
√

N

Z
dq2

(q2 �M2 + iM�)2

IN = 0.637 ± 0.307/
√

N

Z
dxC

Mattelaer Olivier Japan  2023 23

Integration
I =

∫ 1

0

dx cos
π

2
x

IN = 0.637 ± 0.307/
√

N

Z
dq2

(q2 �M2 + iM�)2

IN = 0.637 ± 0.307/
√

N

Z
dxC

• MonteCarlo
• Trapezium
• Simpson

Method of evaluation
1/

p
N

1/N4

1/N2

Mattelaer Olivier Japan  2023 25

Integration
I =

∫ 1

0

dx cos
π

2
x

IN = 0.637 ± 0.307/
√

N

Z
dq2

(q2 �M2 + iM�)2

IN = 0.637 ± 0.307/
√

N

Z
dxC

Method of evaluation
1/

p
N

1/N4

1/N2

More Dimension
1/

p
N

1/N2/d

1/N4/d

• MonteCarlo
• Trapezium
• Simpson

1 
2d 
3d
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Convergence
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V = VN = 0

Can be minimized!
Minimize!
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Importance sampling

Mattelaer Olivier Japan  2023 29

Importance Sampling

IN = 0.637 ± 0.307/
√

N

I =

∫ 1

0

dx cos
π

2
x

IN = 0.637 ± 0.307/
√

N

Mattelaer Olivier Japan  2023 29

Importance Sampling

IN = 0.637 ± 0.307/
√
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∫ 1
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dx cos
π

2
x

IN = 0.637 ± 0.307/
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⇡
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⇡
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Importance Sampling
Z

dq2

(q2 �M2 + iM�)2

⇠ = arctan

✓
q2 �M2

�M

◆

IN = 0.637 ± 0.307/
√

N

Phase space parametrisation matter for efficiency 
smaller numerical error/faster computation
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Importance
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Why importance?

31

IN = 0.637 ± 0.307/
√

N

Why Importance Sampling?

We probe more often the region where 
the function is high!



C. Degrande

Importance sampling

Summary
• Generate the random points in a distribution which 
is close to the function to integrate.
• This is a change of variable, such that the function 
is flatter in this new variable.
• Needs to know an approximate function.

Adaptative Monte-Carlo
• Create an approximation of the function on
the flight!
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Vegas
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VEGAS

1. Creates bin such that 
each of them have the 
same contribution.
➡Many bins where the 
function is large

2. Use the approximate 
for the importance 
sampling method.

Algorithm

Adaptative Monte-Carlo

•Create an approximation of the function on 
the flight!            1. Creates bin such that

each of them have the
same contribution.
➡Many bins where the
function is large

2. Use the approximate
for the importance
sampling method.
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Vegas
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VEGAS
More than one Dimension

•VEGAS works only with 1(few) dimension
➡memory problem     

Solution
•Use projection on the axis

p(x)= p(x)•p(y)•p(z)…
→

• We need to 
ensure the 
factorization !

➡Additional 
change of 
variable
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Multiple amplitude

Mattelaer Olivier Japan 2024

Multi-channel 

What do we do if there is 
no transformation that 
aligns all integrand peaks 
to the chosen axes?
Vegas is bound to fail!

Solution: use different transformations = channels

p(x) =
n∑

i=1

αipi(x)
n∑

i=1

αi = 1with

with each pi(x) taking care of one “peak” at the time

36
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Multi-channel 

What do we do if there is 
no transformation that 
aligns all integrand peaks 
to the chosen axes?
Vegas is bound to fail!

Solution: use different transformations = channels

p(x) =
n∑

i=1

αipi(x)
n∑

i=1

αi = 1with

with each pi(x) taking care of one “peak” at the time
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Multi-channel 

p1(x) p2(x)

p(x) =
n∑

i=1

αipi(x)

n∑

i=1

αi = 1
with

37
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Example: QCD 2 → 2 

u u~ > g g QED=0 page 1/1

Diagrams made by MadGraph5
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Diagrams made by MadGraph5
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u~
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u

 diagram 2 QCD=2

u

1

g

4

u~

2

g
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u

 diagram 3 QCD=2

/ 1

ŝ
=

1

(p1 + p2)2
/ 1

t̂
=

1

(p1 � p3)2
/ 1

û
=

1

(p1 � p4)2

Three very different pole structures contributing 
to the same matrix element.
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– Any single diagram is “easy” to integrate (pole 
structures/suitable integration variables known 
from the propagators)

– Divide integration into pieces, based on diagrams
– All other peaks taken care of by denominator sum

Multi-channel based on single diagrams*
*Method used in MadGraph

N Integral
– Errors add in quadrature so no extra cost
– “Weight” functions already calculated during |M|2 calculation
– Parallel in nature

39

Single-Diagram-Enhanced technique

Trick in MadEvent: Split the complexity

⇡ 1

Z
|Mtot|2 =

Z P
i |Mi|2P
j |Mj |2

|Mtot|2 =
X

i

Z |Mi|2P
j |Mj |2

|Mtot|2
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Example
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Z
|Mtot|2 =

Z P
i |Mi|2P
j |Mj |2

|Mtot|2 =
X

i

Z |Mi|2P
j |Mj |2

|Mtot|2

term of the above sum.

each term might not be 
gauge invariant
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Previous exercices

• In MG, generate different processes with increasing 
number of final state particles 

• generate e+ e- > mu+ mu- 

• display diagrams

What do we expect : 
•  
• At high energy : ,  
• goes to zero at threshold  
• lorentz invariant

σ ∝ α2

σ ∝ 1/s s = (p1 + p2)2
Ex : check it in MG
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Previous exercices

• In MG, generate different processes with increasing 
number of final state particles 

• generate e+ e- > mu+ mu- 

• display diagrams

, without z/ae+e− > μ+μ−

What do we expect : 
•  
• At high energy : ,  
• goes to zero at threshold  
• lorentz invariant

σ ∝ α2

σ ∝ 1/s s = (p1 + p2)2
Ex : check it in MG
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• Compute the cross section for  

•   

•  

•  

•  

• Change beam energy/ top mass 

• Understand the uncertainties

e+e− → μ+μ−

e+e− → tt̄

pp → μ+μ−

pp → tt̄

Exercises
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• Download the MadGraph folder from https://
launchpad.net/mg5amcnlo 

• untar the folder 

• open a terminal and run   ./bin/mg5_aMC 

• run   tutorial  

• and follow the instructions 

• run   install madanalysis5

How to start with MadGraph

Who has 
windows only?

https://launchpad.net/mg5amcnlo
https://launchpad.net/mg5amcnlo
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Download MadGraph


