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Lecture IV Soft/collinear divergences

Other divergences!

When computing «s corrections to some processes, do we get rid of all
the divergent terms?
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Lecture IV Soft/collinear divergences

Other divergences!

When computing «s corrections to some processes, do we get rid of all
the divergent terms? the answer is unfortunately no!!!

J.-Ph. Guillet (LAPTh) QCD Lectures VSOP-30 3/49



Lecture IV Soft/collinear divergences

Vertex example

let us consider the following loop diagram

a, i
qg=p2—p1 a, u

p1_k p2_k +

p1, I P2, I It Ip

p3 = p2 = m? but g2 # 0.
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Lecture IV Soft/collinear divergences

Vertex example |

d”k P — K+ m
(1) _ (4—n) 2

Py — k+m o 1 b Ta b
o —KZ—me+ix | K2t in <T 4 T>f2f1 )
(p1 )
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Lecture IV Soft/collinear divergences

Vertex example |

d”k P — K+ m
(1) _ (4=n) 2
N (P2, p1,q) = —i € 1 / n e o K —me i "

By — K+m o 1 b Ta b
o —KZ—me+ix | K2t in (T 4 T>f2f1 )
(p1 )

Use the Feynman trick
d”k
()(P2P17 =—ie® =" / 2ydy/ dx/

k= y(oax+p1 (1-x))72 y2 (P2 x +p1 (1 —x))2+ i3
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Lecture IV Soft/collinear divergences

Vertex example |l

Change of variable

I=k—y(p2x+pi(1—x)). (2)
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Lecture IV Soft/collinear divergences

Vertex example |l

Change of variable

I=k—y(p2x+pi(1—x)). (2)
This leads to
N (p2.p1,q) = —ie? 4" / 2ydy/ ox [ &7
p P (zﬂ)n
“ P —F?2+/)\]3 ®)
with
R? = y?(m* — ¢°x (1 — X)) (4)
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Lecture IV Soft/collinear divergences

Vertex example llI

The numerator D is a polynomial of degree one in /2:

D=al +b.

J.-Ph. Guillet (LAPTh) QCD Lectures VSOP-30 7149



Lecture IV Soft/collinear divergences

Vertex example llI

The numerator D is a polynomial of degree one in /2:
D=al+b.

Only the part in /2 will give an ultra-violet divergence, the part
constant will give an infrared divergence.

AD (P2, p1,G) = ADYY + AP (5)
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Lecture IV Soft/collinear divergences

Vertex example llI

The numerator D is a polynomial of degree one in /2:
D=al+b.

Only the part in /2 will give an ultra-violet divergence, the part
constant will give an infrared divergence.

AD (P2, p1,G) = ADYY + AP (5)
d”/ 1
MR _ (4—n)
AL —ie? ul /2ydy/dx/ R AP
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Lecture IV Soft/collinear divergences

Vertex example IV

(4—n)
1R _ 2 M n
/\/(1) = € (4 7)n/2 @ - E)

/dxm—qx(1—x) "/23/dYY"5F(Y)
with

F(y) = bo+bi(x)y+ba(x)y? (6)
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Lecture IV Soft/collinear divergences

Vertex example IV

AR _ g2 1Y
K (471')”/2

r@-2)
/ o (P — P x (1~ x) — i )"/% 3/ oy Y- F(y)
with
F(y) = bo+bi(x)y+ba(x)y? (6)

This integration will generate a divergence for the IR part because we
have to integrate something of the type:

! b b b.
n—5 n—4 n-3y _ 0 1 2
A T e Y e B R =
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Lecture IV Soft/collinear divergences

Soft divergence

Divergence at y = 0, setting y = 0 before the / integration yields

anl 1
/ (2r)" (1 ix)?
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Lecture IV Soft/collinear divergences

Soft divergence

Divergence at y = 0, setting y = 0 before the / integration yields

/ d"l 1
(2m)" (P +i)\)3
Using Wick rotation + spherical coordinates for /

+oo n _
/ dvvz—1=3 where v=7
0

This integral diverges at v = 0 if n = 4.
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Lecture IV Soft/collinear divergences

Soft divergence

Divergence at y = 0, setting y = 0 before the / integration yields

/ d"l 1
(2m)" (P +i)\)3
Using Wick rotation + spherical coordinates for /
+oo n _

/ dvvz='"% where v=7P

0
This integral diverges at v = 0 if n = 4.
Divergence at y = 0and / = 0 = k = 0. If one of the external fermions

is not on its mass shell, R? # 0 at y = 0 and thus the integrals on /
(or k) will not diverge.
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Lecture IV Soft/collinear divergences

Soft divergence

Divergence at y = 0, setting y = 0 before the / integration yields

/ d"l 1
(2m)" (P +i)\)3
Using Wick rotation + spherical coordinates for /

+oo n _
/ dvvz—1=3 where v=7
0

This integral diverges at v = 0 if n = 4.

Divergence at y = 0and / = 0 = k = 0. If one of the external fermions
is not on its mass shell, R? # 0 at y = 0 and thus the integrals on /
(or k) will not diverge. Soft divergence if a massless (spin 1) boson
is exchanged between two lines which are on their mass shell.
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Lecture IV Soft/collinear divergences

Collinear divergence

Soft divergence also appears in QED, but in QCD it is worse! Indeed,
at m = 0, the x integration also diverges: in QCD a virtual gluon can
be exchanged between two on shell gluon lines!
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Lecture IV Soft/collinear divergences

Collinear divergence

Soft divergence also appears in QED, but in QCD it is worse! Indeed,
at m = 0, the x integration also diverges: in QCD a virtual gluon can
be exchanged between two on shell gluon lines!

What is the origin of this divergence?

Let us fix y # 0 and look at the limit x = 0. Since in this limit, R? = 0,
the / integral will diverge at / = 0 which means k = y py (the limit x = 1
would lead to k = y p»).
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Lecture IV Soft/collinear divergences

Collinear divergence

Soft divergence also appears in QED, but in QCD it is worse! Indeed,
at m = 0, the x integration also diverges: in QCD a virtual gluon can
be exchanged between two on shell gluon lines!

What is the origin of this divergence?

Let us fix y # 0 and look at the limit x = 0. Since in this limit, R? = 0,
the / integral will diverge at / = 0 which means k = y py (the limit x = 1
would lead to k = y p»).

The divergences at x = 0 or x = 1 originate from the fact that k
becomes collinear to p; or p». These divergences are called collinear
divergences.
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Lecture IV Soft/collinear divergences

Collinear divergence

Soft divergence also appears in QED, but in QCD it is worse! Indeed,
at m = 0, the x integration also diverges: in QCD a virtual gluon can
be exchanged between two on shell gluon lines!

What is the origin of this divergence?

Let us fix y # 0 and look at the limit x = 0. Since in this limit, R? = 0,
the / integral will diverge at / = 0 which means k = y py (the limit x = 1
would lead to k = y p»).

The divergences at x = 0 or x = 1 originate from the fact that k
becomes collinear to p; or p». These divergences are called collinear
divergences.

Note that there can be a pile of divergences "soft + collinear"at y =0
etx=0(x=1).
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Lecture IV Soft/collinear divergences

Simple tool

A very simple way to test a loop integral in the soft region : rescale
the loop momentum and study the power of the rescaling parameter

Ly H(K

Mtee,p1.0) = [ % oy (o
[ (K

a (k2 — 2k p2) (k* — 2k - p1) k?
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Lecture IV Soft/collinear divergences

Simple tool

A very simple way to test a loop integral in the soft region : rescale
the loop momentum and study the power of the rescaling parameter

Ly H(K)
Mtee,p1.0) = [ % oy (o

N/WK H(k)
B (k2 — 2k p2) (k* — 2k - p1) k?
Rescaling k by p leads to

_ H(p k)
(1) ~ ph—4 n
N (P2, P1,9) = p /dk(pkz_gk.pz)(pk2—2k.p1)k2
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Lecture IV Soft/collinear divergences

Simple tool

A very simple way to test a loop integral in the soft region : rescale
the loop momentum and study the power of the rescaling parameter

' (k)
R R e e

N/WK (k)
B (k2 —2k-p2) (K2 — 2k - p1) k?
Rescaling k by p leads to

(

H(p k)
“p2) (pk? — 2k - p1) K2
Integral will behave as p°. If 5 < 0 the integral diverges, if 3 > 0, the

integral converges. There is an infinite number of diagrams which
diverge, we cannot apply a renormalisation procedure.

(1) ~ h—4 n
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Lecture IV Soft/collinear divergences

Simple tool

How these divergences will disappear?
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Lecture IV Soft/collinear divergences

Simple tool

How these divergences will disappear?
To answer this question, think about what needs to be included when
computing the ag corrections to a reaction.
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Lecture IV Soft/collinear divergences
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How these divergences will disappear?
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computing the ag corrections to a reaction. To fix the idea, let us
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associated partonic reactions are g; + G; — ~*. But LHC is a hadronic
collider, that means that one cannot expect to have events containing
only a lepton pair and that’s it!
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Lecture IV Soft/collinear divergences

Simple tool

How these divergences will disappear?

To answer this question, think about what needs to be included when
computing the a; corrections to a reaction. To fix the idea, let us
consider the Drell-Yan production at LHC. At lowest order, the
associated partonic reactions are g; + G; — ~*. But LHC is a hadronic
collider, that means that one cannot expect to have events containing
only a lepton pair and that’s it! In this background, inclusive cross
section is used. To measure it, all the events containing at least a
lepton pair are collected. At theoretical level and at the order we work,
one has also to consider reactions like g; + §i — v* + g or

gi +9 — 7"+ g;. Thatis to say, that the as corrections do not come
only from the loop corrections but also the so-called "real™ emission
where an extra on shell parton is emitted.

J.-Ph. Guillet (LAPTh) QCD Lectures VSOP-30 12/49



Lecture IV Drell-Yan cross section

Notation

The partons are labelled by ix k = 1,2,... and have a 4-momentum

P, ik € {u,0,d,d,...,g} = Sp. Work in a space-time of dimension
n.
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Lecture IV Drell-Yan cross section

Notation

The partons are labelled by ix k = 1,2,... and have a 4-momentum

P, ik € {u,0,d,d,...,g} = Sp. Work in a space-time of dimension
n. The lowest order in the parton model is given by

oH= Y / dxy dxz F,:_h (x1) F,-fz(xz) Oy +ip—sy* (8)

i 7I'2€Sp
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Lecture IV Drell-Yan cross section

Notation

The partons are labelled by iy k = 1,2, ... and have a 4-momentum
Pk, ik € {u,u0,d,d,...,g} = Sp. Work in a space-time of dimension
n. The lowest order in the parton model is given by

H H. N
mi= 3 [ o cba ) Ff0) ®)
i1,i268p
The partonic cross section must fulfil conservation laws, thus if a

choice of partons iy, i» violates these laws the partonic cross section is
set to zero. For a couple of labels iy, i which verifies the conservation

laws say d, d, the following combination

H H .
Fo'(x1) F3%(X2) 6 4 gy
and p p
F3'(x1) Fy?(X2) 654 gyee
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Lecture IV Drell-Yan cross section

Hadronic cross section

Neglecting all the fermion masses, the partonic cross section is given
by

dc’i,'1+,'2_>«,* _ 1 dn_1p3 nsn Mol2
d@2 " 4pp / Eryi2E, 2 0Pt P2 ) (Ml

|Mpg|? is the squared amplitude Mg averaged over initial polarisations
and colours and summed on the final polarisation and colours.
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Lecture IV Drell-Yan cross section

Lowest order amplitude

ai,(p1)

E’h (p2) MB

Mg = —iep® qi, Vi(p2) " uj(p1) €.(P3)

where j the colour of the quarks (it is the same for the two lines since
the v* is colourless!) and g;, the electric charge of the parton of type
.
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Lecture IV Drell-Yan cross section

Squared amplitude

. php
M = & G 1275y T [0 2] (s + P28 )
=8(1-¢)€q; jp1-p2

with @2 is the virtuality of the photon (this is also the invariant mass of
the lepton pair),
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Lecture IV Drell-Yan cross section

Squared amplitude

. php
IMef? = &2 G2 2 8 T [ Py m( G + ’3;)
=8(1—<)€e”q p1-pe

with @2 is the virtuality of the photon (this is also the invariant mass of
the lepton pair), Averaging over the initial colour and spin and
summing over the final ones leads

— 2
[Mg|* = N9 e q; 11°° p1 - P2
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Lecture IV Drell-Yan cross section

Partonic cross section

The integration over the phase space can be done very easily by
trading d"~'ps/(2 E;) against d"p; 5t (p2 — Q) and integrating on

d"ps using the energy-momentum conservation 6"(py + p2 — p3)
yielding

d6i1 th—yt 1

+ 2 A2\ T2
= ap s @M (1 ) — OF) M|
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Lecture IV Drell-Yan cross section

Partonic cross section

The integration over the phase space can be done very easily by
trading d"~'ps/(2 E;) against d"p; 5t (p2 — Q) and integrating on
d"ps using the energy-momentum conservation 6"(py + p2 — p3)
yielding

d6i1 +h—y* 1

_ + 2 A2\ (.12
= ap s @M (1 ) — OF) M|

Let introduce some new variables. The available energy in the partonic
centre of mass is V5 with § = (p1 + p2)? = 2py - po, we define
T=@Q%/sand z = Q?/§ = 7 /(X1 X2). In terms of these new
variables, the partonic cross section reads

ez EN( —e)e® g 1P 5(1 - 2)
= 6p(QP,) 6 g 6(1 — 2)
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Lecture IV Drell-Yan cross section

Hadronic cross section

The hadronic cross section becomes

d
dLQ’; - Z /dX1 dxa F; (X1)F 2 (x2) 68(Q% ) (€q;,)? 6(1 — 2)
/1,i2€Sp

65(Q 5) ax1 n o [ QF
i S @ [ e (s

2 X
i1,ib€Sp @/s M
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Lecture IV Drell-Yan cross section

Hadronic cross section

The hadronic cross section becomes

d
dLQg: 2 /dX1 dx FI' (x1) FJ2 (%) 68(QP,€) (€ ;)7 6(1 — 2)
f1,i2€Sp

2
o2 65(Q 5) Z o / dX1 FH‘ )/:1’2‘/2 (%)
i1,ib€Sp Q?/s X X
The lower bound of the x; integration is determined by requiring that
2 Q2

< — <1 > —
X <1 — 8= — x1_S
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Lecture IV « corrections : g @ contribution

g g contribution

Thereactionqgi+G§ — v +9

o8 P4 P1 P3

p p P p
2 M, 3 2 My 4
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Lecture IV « corrections : g @ contribution

g g contribution

Thereactionqgi+G§ — v +9

o8 P4 P1 P3

p P P2 P4
2 M 3 M,

The different amplitudes read

My = K 7(p) o PP ulpy) (o) (oo
Mo = K 7(p2) (p‘ p)'”i)m u(p1) e (p3) ¢ (ps)
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Lecture IV « corrections : g @ contribution

Soft approximation

Using mass shell conditions

(p1 — Pa)? = —2p1 - P4
(P4 — P2)° = —2p2 - P4

Denominators go to zero when p, — 0.
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Lecture IV « corrections : g @ contribution

Soft approximation

Using mass shell conditions

(p1 — pa)® = —2p1 - pa
(P4 — P2)° = —2p2 - P4

Denominators go to zero when p, — 0.

P11y

Mo = —K V(P2) Y U(P1) €(p3) € (Pa)
P1 - P4
Moot = K P22 9(p2) ~, u(p1) €(ps) ¢ (pa)
P2 - P4
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Lecture IV « corrections : g @ contribution

Soft approximation

Using mass shell conditions

(p1 — pa)® = —2p1 - pa
(P4 — P2)° = —2p2 - P4

Denominators go to zero when p, — 0.

P11y

Mo = —K V(P2) Y U(P1) €(p3) € (Pa)
P1 - P4
Moot = K P22 9(p2) ~, u(p1) €(ps) ¢ (pa)
P2 - P4

that is to say

P2 -€(pa) 1 -e(pa)

Mgsoft = M + M. =K —
qq soft 1 soft 2 soft 0o - Pa D1 - Pa

J.-Ph. Guillet (LAPTh) QCD Lectures VSOP-30

20/49



Lecture IV « corrections : g @ contribution

Squared amplitude

The square matrix element is the given in this approximation

P1 - P2 ‘M ‘2

5 2
= Mlaasot = O o o e
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Lecture IV « corrections : g @ contribution

Squared amplitude

The square matrix element is the given in this approximation

_ 5 B P1 - P2 2
> ‘M‘qasoft - Cm IMs|

Note that the full amplitude squared will have the following structure

P2

T (M5 = | Hiz(ps) m

+ G(pa)
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Lecture IV « corrections : g @ contribution

Squared amplitude

The square matrix element is the given in this approximation

= P1 - P2 2
Y IMPEn=C——FT2 M
| ‘quOﬂ P1 - P4 P2 - P4 M|
Note that the full amplitude squared will have the following structure
TIME, = |Hralps) P2 4 G(py)
9~ Pt - PapP2 - Pa

Hi2(p4) and G(p4) regular when p, — 0 (or p4 collinear to py or
p2).|M;|? is singular in the soft limit (p4s — 0) and/or in the collinear
limits (pg = 21 p1 OF ps = Z2 P2).
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Lecture IV « corrections : g @ contribution

Need to integrate over the momentum p4

oqigoreg 1 / d"'ps  d"py
dQ? N 4p1 .P2 (2 71‘)’7_1 2 E3 (2 7'1‘)’7_1 2E,

x (2m)"8"(p1 + p2 — Ps — Pa) T |IM %5

At the hadronic level, the cross section is given by

J [o [ . S
R LA AGLAES

i ,iQGSp
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Lecture IV « corrections : g @ contribution

The squared amplitude for g g case

The computation of the diagrams can be done easily

TIMleg = (egiu )(9M5)2 2(1-e)|(1=e)(z +=)+2

— 2¢

| ~
~>|
>

Q

]
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Lecture IV « corrections : g @ contribution

Phase space integral |

In the initial partons CMF
p1 = §/2(170’71)v P2 = §/2(170’7_1) ;
ps=E4(1,--- ,cosby).
To evaluate the integration over the phase space

gn-1 D4 an-1 D3

= ns(n) o
w @)1 2E, (@r)r 1 2B ) 0 (P P2 = P pa)
21)2—n '\_Qz n-3
- (I\)/E (Szx/§> / -2 (10)
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Lecture IV « corrections : g @ contribution

Phase space integral Il

To perform the angular integration, the following change of variable is
introduced cos 6y = 2y — 1, this leads to

_ 1 47\ °¢ 5 )1 —2¢
PS_8—7T<@> F(1—€ /dyy 1=y (1)
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Lecture IV « corrections : g @ contribution

Phase space integral Il

To perform the angular integration, the following change of variable is
introduced cos 6y = 2y — 1, this leads to

_ 1 47 S 5 )1 —2¢
PS_8—7T<@> F(1—€ /dyy A—y= 1)

In terms of these dimensionless variables, the different invariants are

e o 5 @ .
S=— (P1 — pa) —t——7(1 -y)(1-2);
N Q?
(P2 —P4)2 =u= 5 (1-2)y
J.-Ph. Guillet (LAPTh) QCD Lectures

VSOP-30 25/49



Lecture IV « corrections : g @ contribution

Extraction of divergent terms |

The coefficient Hy», in terms of the new variables y and z

Hia(y. 2) = (gn°)? Cr WBF% {(1 —e)(1-2)? |1 —y) +y2} +2z}
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Lecture IV « corrections : g @ contribution

Extraction of divergent terms |

The coefficient Hy», in terms of the new variables y and z

Hia(y. 2) = (gn°)? Cr WBF% {(1 —e)(1-2)? |1 —y) +y2} +2z}

The eikonal factor E;> can be also expressed in terms of the
variables y and z

E _i z 1
PR -22y(1-y)

2z 1 1]
“eaoely Ty

_ 1 2
=)+
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Lecture IV « corrections : g @ contribution

Extraction of divergent terms |l

Extract the divergent part from the squared amplitude

PST M2, = PS{Hi2(0,2) E$) + Hio(1,2) E{3)} + finite pieces

J.-Ph. Guillet (LAPTh) QCD Lectures VSOP-30 27/49



Lecture IV « corrections : g @ contribution

Extraction of divergent terms |l

Extract the divergent part from the squared amplitude
PST M2, = PS{Hi2(0,2) E$) + Hio(1,2) E{3)} + finite pieces

Let us first evaluate the function Hy» with the different arguments

— o1
Hr2(0.2) = (9°)? Cr [Mal?  [1 + 2% == (1 = 2)?| = Hha(1,2)
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Lecture IV « corrections : g @ contribution

Extraction of divergent terms |l

Extract the divergent part from the squared amplitude
PST M2, = PS{Hi2(0,2) E$) + Hio(1,2) E{3)} + finite pieces
Let us first evaluate the function Hy» with the different arguments
— 1
Hr2(0.2) = (9°)? Cr [Mal?  [1 + 2% == (1 = 2)?| = Hha(1,2)
Let us compute the different pieces
PS H12(0, Z) E1(;) = H12(0, 1 ) PS E12
1 A7N\° 1. —1-2¢
B PYe (@) zZ"(1-2) Hi2(0, 2)
(o1 T—¢)
e) F(1—-2¢)

J.-Ph. Guillet (LAPTh) QCD Lectures VSOP-30 27/49



Lecture IV « corrections : g @ contribution

"Plus" distributions |

Appearance of the pole in ¢ related to the singularity at z = 1,
(1 — 2)7'72¢ at the limit ¢ = 0 is a distribution

e (%)

ox) = ell—rg) 5 \/_

J.-Ph. Guillet (LAPTh) QCD Lectures VSOP-30 28/49



Lecture IV « corrections : g @ contribution

"Plus" distributions |

Appearance of the pole in ¢ related to the singularity at z = 1,
(1 — 2)7'72¢ at the limit ¢ = 0 is a distribution

o) = ell—rg) 5 \/_

Thus, to discuss its property we have to apply it to a test function. Let
us introduce a test function F(z) which is regular at z — 1

/1 dz F(z)(1 - 2)712
° 1 1
— [ az(F@) - FOY (-2 24 F(1) [ az(1 -2y
0 0

o0

! F(Z)_F(1) ny.n 1
:/0 oz " = S o0 (1 - 2) - F(1) 5

£
n=0
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Lecture IV « corrections : g @ contribution

"Plus" distributions |l

Thus, in the distribution sense, we can write that

0. 1 1 In(1—2)
(1-2) 1-2 __2—65(1—z)+m—25 <ﬁ>++0(52)
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Lecture IV « corrections : g @ contribution

"Plus" distributions |l

Thus, in the distribution sense, we can write that

0. 1 1 In(1—2)
(1-2) 1-2 __2—65(1—z)+m—25 <ﬁ>++0(52)

where the "plus" distributions are defined as
[ azte@n. Fo) = [ azo@)F@ - F) a2)

where g(z) is a function singular at z = 1 such that (1 — z) g(2) is
integrable and F(z) is a regular one at the same point. Note that the
lower bound 0 in the integral is purely conventional.
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Lecture IV « corrections : g @ contribution

Final result |

Introduce ag},)(z) =Cr(1+2%2—c(1-2)?)

«a 4 r1—e
PSHi2(0.2) EfY = 25 ( Q§> r(ﬁ_zg)» ol?
() (4)
1 My 1 2a(2) 2w (2)
X{2625(1_Z)a""(” c0-2, (-2-

+2afa) (M2 Z))+} 1 0(2)

Since H;2(0, z) = Hi2(1, z) and since the phase space is symmetric
y +» 1 — y, the contribution which diverges at y = 1 will be equal to the

one which diverges at y = 0.

In(2)
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Lecture IV « corrections : g @ contribution

Final result Il

Thus, the total contributions will be given by

]
2_SP <H12(0 2) E12 + Hi2(1,2) E( ))
Cas (AT T(1—g) 5 o o
~%on < Q2 ) =25 58(Q", ) € qi Fqg(2,¢)
with
1 gy 2 35(2) a¥(2)
Faa(2.:2) = 2001 = 2) @ (1) = Sy =7 27— ), @)

1 —
+4a ( ) <u) + finite terms
1-z ),
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Lecture IV « corrections : g @ contribution

REINEE

@ The coefficients in front of the divergences "factorise" :
f(z) x &, true in n dimensions
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Lecture IV « corrections : g @ contribution

REINEE

@ The coefficients in front of the divergences "factorise" :
f(z) x &, true in n dimensions

@ Aty =0ory =1, the variable z plays the role of a "collinear"
variable. Let us denote ky, the 4-momentum of the quark after the
emission of the gluon of 4-momentum py,

Ps = ki +p2; p1 =ps+ ki

by momentum conservation Q® = k2 + 2 ky - po, Aty =1,
Q? =2k - po, thus

. Q> 2k -
S:2p1-p2:7: 1ZP2

implying that k1 = z p;.
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Lecture IV « corrections : g g contribution

The squared amplitude for g g case

The amplitude squared obtained from the preceding case by

exchanging & «» t and multiplying by —1 because an anti-fermion of
the initial state becomes a fermion in the final state.

Ck N N1 N 1

N N2-1~ 2N2 N2—1 2N
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Lecture IV « corrections : g g contribution

The squared amplitude for g g case

The amplitude squared obtained from the preceding case by

exchanging & «» t and multiplying by —1 because an anti-fermion of
the initial state becomes a fermion in the final state.

Ck N N—1 N 1

N N2-1  2N2 N2—1 2N
The squared amplitude for the reaction g + g — +v* + g is then

v 1> & 1 é i\l
T M5 = (1 —<) (eequf)?(gu)? N 2 [(1 — 6)(—5 - g)
32
-2 tAqA + 2¢
08
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Lecture IV « corrections : g g contribution

Extraction of divergent terms |

In this case, the coefficient of the eikonal factor E4o can be easily
extracted and is given by

_ _ A Y e\2 1 QZ
Hio(y,z) = (1 =¢)(eqip)" (g 1°) 5N Z

X |(1=)(1+(1 =22y (1 -y)(1-2)
—2z(1-y)(1 - 2)?]
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Lecture IV « corrections : g g contribution

Extraction of divergent terms |

In this case, the coefficient of the eikonal factor E4o can be easily
extracted and is given by

_ _ A Y e\2 1 Qz
Hio(y,z) = (1 =¢)(eqip)" (g 1°) 5N 7

< [(1=a)(1+(1-22y)(1-y)(1-2)
—2z(1-y)(1 - 2)?]

Note that in this case, Hi2(y,1) = 0 = H;2(0,1) = Hi2(1,1) which is
an expected result because, at lowest order, there is not such a initial
state! Note also that Hy»(1, z) = 0 telling us that there is no divergence
when p4 is collinear to p; in this case. The only divergence appears at

y=0
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Lecture IV « corrections : g g contribution

Extraction of divergent terms |l

Let us introduce alg(z) = 1/2(1 - 2)[(1 — z)2 + 22— ¢

Hhe(0.2) = (9,52 [Wsl2 & alf)(2)
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Hhe(0.2) = (9,52 [Wsl2 & alf)(2)
Pick up only the divergent part
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Lecture IV « corrections : g g contribution

Extraction of divergent terms |l

Let us introduce alg)(z) = 1/2(1 — 2) [(1 — 2)2 + 22 — €]

Hhe(0.2) = (9,52 [Wsl2 & alf)(2)

Pick up only the divergent part
PST|M|%, = PS Hi(0,2) E{}) + finite pieces
With the help of the preceding results

(1) Qs 47m2 c r1—e
PS Hi5(0,2) E; = ( o5 > T )I B[?

1 ad(z) a2 )
X{ SG-2. -2, "

+ Zaq Y (2) <%>+} + O(£?)

QCD Lectures VSOP-30
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Lecture IV « corrections : g g contribution

Final result

No divergenceatz=1= ag'g(1) = 0, this the reason why there is no
term proportional to 1/¢2.

1

(1)
5% PS H12(0,Z) E12

_ , % 4mp®\° T(1—¢) . 2 2 2
T ( 2 > 1€ _26)05(0 ,€) e qr Fag(z,¢)
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Lecture IV « corrections : g g contribution

Final result

No divergenceatz =1 = a(”)(1) = 0, this the reason why there is no
term proportional to 1/¢2.

PS Hi2(0,2) E)

2
Qs 42\ ° rft—e) . 5 5 o
_z—27T ( 2 > r(1_2€)0'B(Q,E)e qf Fgag(2,€)
with
(n) (4)
_ 1 ay(@ 8qg (2)
Fqg(Z, E) - c (1 —Z) (1 —Z)+ |n(Z)

+al)(2) (M> + finite terms
1—-z /.
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Lecture IV The virtual term

Virtual cross section

The result of the computation of the virtual contribution is

B ag 4w P\ T(1—¢)
Mo = MBECF< Q? ) r(—2e)

2
x{_%—§—8+2—”+iw{—3—3}} (13)
€ € 3 €
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Lecture IV The virtual term

Virtual cross section

The result of the computation of the virtual contribution is

B ag 4w P\ T(1—¢)
Mo = MBECF< Q? ) r(—2e)

2
x{_%—§—8+2—”+iw{—3—3}} (13)
€ € 3 €

The virtual cross section is obtained by taking the interference
between the lowest order amplitude and the virtual one

. 2\ Qs 47 P c rt—e
v = "B(Q’E)szF< @2 > r(1—2¢)

2 3 272
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Lecture IV The virtual term

Total contribution |
Collecting all the different pieces and using Sq = u, d, s, ¢, b

oo — zsj(eq, /"’X‘ "’X: Fi )F—%){ 5(Q2c) [6(1—2)
IS

as [ 4mp? N r1—e) 2Cr 3CF 35;27)(1)

X(1+27r ( @ ) r(1—25){_ 2 ‘T*T}
as [ 4mp? ‘ r1—e) 2 35734)(2)
Cor \ @ r—-2e)e\(1-2)+

+ finite pieces }

— (Fg () + Foy (xn)Fg”?(xZ)

as [ 4mp? rt—e) 1 af;?(z)
“2rx @ ) ta—28)e\(1-2)
1<—>2:|}
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Lecture IV The virtual term

Disappearance of soft divergences

From the definition of a*)(1) = 2 Cf, the soft divergence (term prop.
to 1/¢2) cancels between the real emission and the virtual one.
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Lecture IV The virtual term

Disappearance of soft divergences

From the definition of a*)(1) = 2 Cf, the soft divergence (term prop.
to 1/¢2) cancels between the real emission and the virtual one.

"Lee — Kinoshita — Naurenberg" theorem : the soft divergences drop
out when adding the real and virtual emission.
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Lecture IV The virtual term

Disappearance of soft divergences

From the definition of a*)(1) = 2 Cf, the soft divergence (term prop.
to 1/¢2) cancels between the real emission and the virtual one.

"Lee — Kinoshita — Naurenberg" theorem : the soft divergences drop
out when adding the real and virtual emission.

The collinear ones still remain after combining the real and the virtual
emission, so what to do?
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Lecture IV The virtual term

Collinear contributions |

doy dxq dXE H. H
—_— = (e q)? 65(@%,¢) Fo' (x1) Fz2(x2)6(1 — 2)
dQ? ieZSq 8 / {[ 1) g Ve

as [ 4mp? € r1—e) ) 3 2
*on < QZ ) r(1—2e) (F‘;7 (X‘)Ft‘: (x2) (_g) Pgq(2)

+ (G 00) B 0e) + 1 0) Fie ) (1) Paot@))

+finite pieces + [1 ~ 2} }
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Lecture IV The virtual term

Collinear contributions |

doy dxq CiXQ H. H
—p = > (e)?58(CP <) Fo' (x1) Fa? (x2)6(1 — 2)
dQ? ieZSq 8 / {[ 1) g Ve

as [ 4mp? € r1—e) ) 3 2
*on < QZ ) r(1—2e) (F‘;7 (X‘)Ft‘: (x2) (_g) Pgq(2)

+ (G 00) B 0e) + 1 0) Fie ) (1) Paot@))

+finite pieces + [1 ~ 2} }
with
_ 14z
Pqq(2) = CF [7( 2
Pag(2) = Ta [22 + (1 - 2)?]

+=06(1 - z)]

and Tg =1/2
J.-Ph. Guillet (LAPTh) QCD Lectures VSOP-30
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Lecture IV The virtual term

Collinear contributions Il

By changing x» (or xy) into 7/(x 2) (7/(X2 2))
oo ,;sq(eqi)z 68(Q2 <) { / 1 S (£)
[ e (1) g () =2
X /_ % (nglz (T/ZX1) Pag(2) + FgP (T/ 1) qu(z))
b [ L ) (1) 22 (%’f)a .
X /; % (Fgf‘ (T/sz) Paq(2) + " (T/Zz) qu(Z))}
+ [1 o 2” (15)
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Lecture IV The virtual term

Scale dependent PDF

1 as (4np2\° T(1—e)
H 2y _ H ! Gg I
Fq (M) = Fg'x) 52W<M2> (i —2e)

[ L [r (2) Poter+ 7 (2) Pt
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Lecture IV The virtual term

Scale dependent PDF

1 as (4np2\° T(1—e)
H 2y _ H ! Gg I
Fq (M) = Fg'x) 527T<M2> (i —2e)

[ L [r (2) Poter+ 7 (2) Pt

One can reabsorb the collinear divergences into a redefinition of the
"bare" parton densities (the ones with no scale) and up to terms of
order a’g‘, the divergent term can be written as

dodiv 2 A 2 /1 axi . oNpHe [T g2
- : M (xy, MR LR (D M
doz Iezsq (eql) UB(Q ) 5) o Xi qgi (X1 ) ) i X; ;
1o 2” (16)
J.-Ph. Guillet (LAPTh) QCD Lectures
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Lecture IV The virtual term

Drell-Yan at as

Thus the Drell-Yan cross section, including the as corrections, can be
written as

doy

dQZ Z(eql O_B QZ {/ dX1 / dX2 FH1 X M2) FH2 (X MZ)

i€Sq

42 [finite pieces] + [1 < 2] }
2T
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Lecture IV The virtual term

Drell-Yan at as

Thus the Drell-Yan cross section, including the as corrections, can be
written as

ZLQ’; =Y (eq)?68(Q% ¢ {/ ] / e Fih (xq, M) FH2 (x M2)
i€Sq
42 [finite pieces] + [1 < 2] }
2T
Note that the procedure to get rid of the collinear divergences is very

similar to the renormalisation procedure. As in the renormalisation, it
exists RGE for the PDF.
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Lecture IV The virtual term

RGE for PDF

Including the dominant contribution at each order in perturbation
theory for the collinear divergence and studying other processes,
especially processes involving gluons in the initial state at higher
order, leads to the general RGE (called "DGLAP")

dt 27 Jy Yy

Fo'(x,t) PR () P (y)

where t = In(M? /M?).

J.-Ph. Guillet (LAPTh) QCD Lectures VSOP-30

J (F!;(x, " ) Caslt) [Fay [ PR PR W) (Ff;(x/y, t))
Fg'(x/y.1)

44/49



Lecture IV The virtual term

DGLAP kernels

Including more order in the calculation
Pi(2) = P(2) + 5= B (2) +

PR = cr [l +35(1—y)]

PO(y) Ne y2+ (1 —y)?

qag 2 y
1+(1-y)?
ch),)(}/) _ CF[ (y y) ]
Oy — 1 1-y _ _nb
Pog (v) = 2N[(1_y)++ PRREAL y)]+5(1 V)%

with by = (11 N — 2 Ng)/(127)

J.-Ph. Guillet (LAPTh) QCD Lectures VSOP-30 45/49



Lecture IV The virtual term

violation of the "scale invariance"

Using scale dependent PDF induces a violation of the scale invariance

]
#
S X=0.00005 Proton
grE ., o muoms
:‘ x:0>0002 €= BCDMS
6 x=0.00032 SR
107 X=0.0005 A SLAC
10°L
104
X=0.013
L x=0.020
" x=0.032
X=0.05
102 x=0.08
x=0.13
’ x=0.18
“F 'y x=0.25
LT oxo0s
1E o
W,,..%_"_ . ,
0L %%ﬁ AP T oes
Hheraoner,
e x=0.75
2 N
10°F .
x=085 (i,=1)
0
1
Bl 3 3 : < .
10 1 10 10 10 10 1 0
2 2,
Q" (GeV?)
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Lecture IV The virtual term

The QCD improved parton model

The QCD interactions between partons = the "QCD improved"
parton model

ottt = Z/ddez (%1, MP) FHE(X27M2)as(N )P 8j(x1, %, 5)-
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Lecture IV The virtual term

The QCD improved parton model

The QCD interactions between partons = the "QCD improved"
parton model

Hite _ / dxrde FI (x1, M) F% (00, M) (2P 341, %2, 9)
i
Higher order can be included

R A(0
5j(x1. %2, 8) = 6\ (x1, X2, ) +5

5o 85 O xe,8) + ..
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Lecture IV The virtual term

The QCD improved parton model

The QCD interactions between partons = the "QCD improved"
parton model

oHiHe — Z/d)ﬁ dxs F, X1,M2) FHZ(XQ7 Mz)as(ﬂ )P Gii(x1, X2, S).

Higher order can be included

N R Qs ,
Gjj(X1,%2,8) = U,S-O)(Xqu, s) + ﬁ a,(j1)(x1,x2,s) +...
Leading Order (LO) approximation : compute o(0); i(X1, X2, 8) and use
0)(y) of the DGLAP evolution
Next to Leading Order (NLO) approximation : compute

(O)U(x1,x2, s) and o), ji(X1, X2, 8) and use P(O)( ) and P(”(y) of the
DGLAP evolution
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Lecture IV

CMS Preliminary

481" ee, 4.5 b up at \s = 7 TeV

YL — ee, ppu

1/c, dofdM(ee, up) [GeV™']

—— Data (ee+pp) in 2011
B8 NNLO, FEWZ:CT10
NNLO, FEWZ+CT10 (with EWK correction unc.)

ool ool o vl v el vl vl el 1

g 5| |
2 " |
2 Lt el
E .
[}
S osl |
15 30 60 120 240

600 1500
M(ee,up) [GeV]
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Lecture IV The virtual term

What we learnt in lecture IV

@ It exists other kinds of divergences than the UV ones : the soft
divergences when the energy of a massless boson goes to zero
and the collinear divergences when two massless partons
becomes parallel
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@ It exists other kinds of divergences than the UV ones : the soft
divergences when the energy of a massless boson goes to zero
and the collinear divergences when two massless partons

becomes parallel

@ The soft divergences cancel when adding virtual and real
contributions

@ The collinear divergences (in the initial state) are absorbed into a
redefinition of the PDF
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@ It exists other kinds of divergences than the UV ones : the soft
divergences when the energy of a massless boson goes to zero
and the collinear divergences when two massless partons
becomes parallel

@ The soft divergences cancel when adding virtual and real
contributions

@ The collinear divergences (in the initial state) are absorbed into a
redefinition of the PDF

@ Leading to an evolution equation (similar to RGE) for the PDF

@ The "QCD improved" parton model which take into account the
interaction between parton (to a certain approximation!) leads to a
violation of the scale invariance verified experimentally
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Lecture IV The virtual term

What we learnt in lecture IV

@ It exists other kinds of divergences than the UV ones : the soft
divergences when the energy of a massless boson goes to zero
and the collinear divergences when two massless partons
becomes parallel

@ The soft divergences cancel when adding virtual and real
contributions

@ The collinear divergences (in the initial state) are absorbed into a
redefinition of the PDF

@ Leading to an evolution equation (similar to RGE) for the PDF

@ The "QCD improved" parton model which take into account the
interaction between parton (to a certain approximation!) leads to a
violation of the scale invariance verified experimentally

@ The "QCD improved" parton model to describe very well the LHC
data
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