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  What does this have to do with Scott Pratt? At first sight, not much…

Beam Energy Scan Theory collaboration: “… will construct and provide a theoretical framework 
for interpreting the results from the ongoing BES 
program at RHIC…”

— 3D hydrodynamics (MUSIC) 
— particlization: 3 different choices of samplers (microcanonical, iSS w/ out-of-equilibrium corrections, MSUsampler) 
— hadronic a%erburner (SMASH) with potentials (VDF)

Task: create a unified framework to take a hydro event and run different samplers and the a%erburner 
Who: the BEST Interfaces group

Dima
Sangwook

Rachel Scott

Chun

MSU, October 2019

• the BEST Interfaces group continued to meet on Zoom, weekly, for 4 years 
• extremely helpful for early-career researchers
• beyond BEST, 1 paper as a result of the meetings (arXiv:2210.03877)

From this you can infer two things:
1) Scott really likes to meet, if needed online, and chat about physics 

(BEST Interfaces, HBT Camp, …)
2) Recent upgrade from BEST Interfaces to HBT Camp includes 

- improved documentation of the activities of the group (Maria!) 
- doubling the rate for writing papers together (arXiv:2410.13983)

Scott is a community builder and an enthusiastic mentor

https://arxiv.org/abs/2210.03877
https://arxiv.org/abs/2410.13983
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  What does this have to do with Scott Pratt?
At a time when I did not obtain much direction or encouragement, Scott was a constant positive voice

Support beyond just encouragement: invited talk at WPCF 2022 in East Lansing, MI

• somewhat niche subject, 
but important for BES

• encouragement from Scott
• at WPCF 2022, Scott 

warns me of mission creep
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  What does this have to do with Scott Pratt?
Scott’s advise: write it up and publish!
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  What does this have to do with Scott Pratt?
Scott’s advise: write it up and publish!

• two scales: macro & micro
• I discuss this with Paul Sorensen: 

finite-size scaling
• this is quite far from the CP!
• can we see the same in experimental data?

The following research  
is a result of completely 

ignoring what other people 
think I should do 

 
and that is also something you can learn from Scott :-)



  Agnieszka Sorensen 5

 

Introduction
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  Behavior near a critical point
• Critical point (CP): 

a single point in the phase diagram where change from an ordered to disordered phase occurs 

• The endpoint of a 1st order phase transition 
 
As systems approach the CP, latent heat decreases  

 it costs little energy for components of one phase to form a local “bubble” of the other phase 
 as CP is approached, correlation length  increases = large fluctuations (large bubbles) 
 critical opalescence phenomenon:  

       “bubbles” grow to sizes comparable with visible light wavelengths ( ) 
       light can be scattered and a translucent system becomes cloudy (like fog) 

 at CP, correlation length formally diverges;  
      system experiences correlations of all sizes 
     (proof: critical opalescence in  
      methanol+cyclohexane persists at CP  
      where  ~ 1 cm) 

⇒
⇒ ξ
⇒

→ ξ ≈ λ
→

⇒

ξ
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  Universal behavior
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Near CP:

For a thermodynamic quantity :X

c∞(t,0) ∼ | t |−α

ñ∞(t,0) ∼ (−t)β

ñ∞(0,m) ∼ m1
δ

χ∞(t,0) ∼ | t |−γ

ξ∞(t,0) ∼ | t |−ν

ξ∞(0,m) ∼ |m |−νc
t ≡ T − Tc

Tc

m ≡ μ − μc

μc

X∞(t) ∼ | t |−σ ∼ [ξ∞(t)]σ
ν

Scaling is not unique to critical phenomena, e.g., Kepler’s third law! 
The orbital period of a planet scales as the cube of the semi-major axis of its orbit: 

 

The important question for scaling is: what is the scale relevant to the problem?

P2 = a3
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  Universal behavior
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Near CP:

CP: infinite volume concept 
In real world  does not go to infinity = thermodynamic functions do not exhibit singularities 
 

 is bound by the size of the system 

ξ

ξ L

For a thermodynamic quantity :X

c∞(t,0) ∼ | t |−α

ñ∞(t,0) ∼ (−t)β

ñ∞(0,m) ∼ m1
δ

χ∞(t,0) ∼ | t |−γ

ξ∞(t,0) ∼ | t |−ν

ξ∞(0,m) ∼ |m |−νc
t ≡ T − Tc

Tc

m ≡ μ − μc

μc

X∞(t) ∼ | t |−σ ∼ [ξ∞(t)]σ
ν

⇒ XL(tL) ∼ L σ
ν

⇒ XL(tL) = L σ
νϕ(t, L) = L σ

νϕ(tL 1
ν)

⇒ XL(tL)L− σ
ν = ϕ(tL 1

ν)
one can find CP by plotting

⇒ XL(tL)L− σ
ν = ϕ(tL 1

ν)
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  Finite size vs. window size
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Finite-size scaling (original): change the size of the system, calculate , repeatXL(tL)
However, changing SIZE is not always possible or doesn’t probe the same system: 
bird flocks, heavy-ion collisions, …

Solution: study the dependence of  on the size of the subsystem that is consideredX
D. Martin, T. Ribeiro, S. Cannas, et al., Box scaling as a proxy of finite size correlations, Sci Rep 11, 15937 (2021)

XL(tL)L− σ
ν = ϕ(tL 1

ν)



M.A. Anisimov, S.B. Kiselev, J.V. Sengers, S.Tang, Crossover approach 
to global critical phenomena in fluids, Physica A 188, 4 (1992)
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  Where can we expect scaling behavior?
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• For fluids far from the critical region, a mean-field treatment is good enough. 
The transition between the critical scaling region, intermediate scaling region, and extended scaling region has 
been studied: for fluids, the extended scaling region essentially covers the entire phase diagram where fluctuation 
contributions are small but finite.
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where  in this energy range 
 
 
Scale invariance supports the 
applicability of FSS 
(but not in at !)

C2 = aWp

C2 = a(xW)p = axpWp = a′ Wp

C1 ∝ W

sNN = 3 GeV

• In the region of the phase diagram where the bulk of the evolution is well described by 
hydrodynamics (a scale free theory), the data follows Taylor’s Law (is scale free): σ2 = aλp
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Results using data from BES-I
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  Thermal model
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χ2(W, μfo) =
C2(W, μB,fo)
T3

foWdVfo/dy

4

Typically, cumulant measurements are presented as
cumulant ratios, so that the term V T 3 in Eqs. (2)–(5)
drops out, leaving ratios of susceptibilities. However,
in our analysis we are interested in the susceptibilities,
and in particular in the second order susceptibility �2.
To extract �2 from data, we use the published chemi-
cal freeze-out parameters from thermal model fits to the
measured particle yields to determine V T 3 [53]. The
thermal model parameters include the temperature at
the chemical freeze-out Tfo, the baryon chemical poten-
tial at the chemical freeze-out µfo, and the volume per
unit rapidity dVfo/dy. The susceptibility in our analysis
is then

�2(W,µfo) =
C2(W,µfo)

T 3
foWdVfo/dy

, (7)

where W is the rapidity bin width, i.e., the rapidity win-
dow defining the subvolume, and WdVfo/dy is the volume
associated with that rapidity bin.

We use data measured in 0–5%-central Au+Au col-
lisions at p

sNN = 2.4, 3.0, 7.7, 11.5, 14.5, 19.6, 27,
39, and 54.4 GeV. The 7.7 – 54.4 GeV data are from
collisions measured by STAR in the collider mode [32]
while the 2.4 and 3.0 GeV data sets were collected from
fixed-target collisions at HADES [34] and STAR [33],
respectively. For the FSS analysis, one would like to
only change the volume and the distance from the crit-
ical point while keeping all other aspects of the system
fixed. As already argued above, using central collisions
at each energy provides more uniform control over the
data than comparing different collision centrality classes
as was done in previous FSS analyses applied to heavy-
ion collisions. Moreover, central collisions require smaller
volume fluctuation corrections since an upper limit on the
initial size of the system is set by the size of the nuclei be-
ing collided, thus reducing the systematic uncertainty on
the corrections. We note, however, that for collisions atp
sNN = 2.4 and 3.0 GeV the net-baryon density and the

particle ratios change substantially as the rapidity win-
dow increases [54]; indeed, for the 3.0 GeV data point the
largest rapidity window extends all the way to the beam
rapidity. Unfortunately, this implies that for those en-
ergy points Tfo, µfo, and Vfo may be substantially chang-
ing within the rapidity windows.

In Table I we list p
sNN , the beam rapidity ybeam, and

the thermal model parameters extracted from fits to par-
ticle yields at each collision energy [32–34]. As psNN and
ybeam are decreased, more baryons from the incoming
nuclei are transported into the central rapidity region,
thereby creating systems with a higher µB . The beam
rapidity determines the maximum possible rapidity win-
dow (Wmax = 2ybeam) for our analysis. One should avoid
subvolumes large enough to contain more than approxi-
mately 25% of the total number of protons to minimize
baryon number conservation effects [36, 41, 48, 55]. This
condition is met for most points in our analysis except
the wider rapidity bins measured at p

sNN = 2.4 and 3.0
GeV, where W/Wmax is as large as 0.68. Besides the vol-

p
sNN ybeam µfo Tfo dVfo/dy

(GeV) (GeV) (GeV) (fm3)
2.4 0.73 0.776 0.050 17157
3.0 1.05 0.720 0.080 4850
7.7 2.09 0.398 0.144 1044
11.5 2.50 0.287 0.149 1047
14.5 2.73 0.264 0.152 1080
19.6 3.04 0.188 0.154 1137
27 3.36 0.144 0.155 1218
39 3.73 0.103 0.156 1341

54.4 4.06 0.083 0.160 1487

TABLE I. The center-of-mass energy, beam rapidity, and the
thermal model fit parameters for each collision energy used in
this study.

ume fraction becoming large, there are at least four other
challenges to including the 2.4 GeV and 3.0 GeV data
in a scaling analysis: 1) The underlying system changes
substantially for rapidity windows that span from mid-
rapidity to beam rapidity, such as used for the STAR 3.0
GeV data, so that neither µfo nor Tfo are approximately
constant for the different windows at these energies. 2)
While a strong correlation between coordinate space and
momentum-space due to the expansion of the collision
volume is well understood at 7.7 GeV and above [56, 57],
for lower energies this mapping becomes much more com-
plex so that rapidity windows may not serve as a good
proxy for different sizes in coordinate space. 3) The Tfo

begins changing more rapidly below p
sNN = 7.7 GeV,

whereas from 7.7 GeV to 54.4 GeV, Tfo only changes
within 10%. 4) For the 2.4 GeV data set, there is ambi-
guity in the extraction of Tfo, µfo, and Vfo [58]. Here, we
take the values extracted by the HADES experiment [34],
which yield VfoT 3

fo = 2.09. We find in the literature, how-
ever, combinations of VfoT 3

fo parameters that range from
0.46 to 4.3 [58, 59]. The effect of this large ambiguity on
�2 is shown with the error band displayed as a shaded
gray box in the left panel of Fig. 2. Because of these com-
plications, the 2.4 and 3.0 GeV data are more difficult to
interpret than the data at p

sNN = 7.7 GeV and above.
The data at 2.4 GeV have been corrected for volume

fluctuations. The paper reporting data for 3.0 GeV shows
the effect of volume fluctuations based on different mod-
els, but refrains from applying a correction because of
the observed model dependence. When calculating �2,
we have applied a correction that is the average of the
two models, which amounts to scaling the values of C2 for
each bin width by 0.88. At the higher energies, the data
has been corrected for the centrality bin width, which
is shown to be similar to the volume correction in the
0–5% centrality class. For the p

sNN = 3.0 GeV, data is
only published for C2/C1 as a function of the rapidity
bin width. Lacking information about C1 as a function
of the rapidity bin width, we use the value C1 = 30.57
published for W = 0.5 and integrate dN/dy results, also
from STAR [54], to estimate C1 for other rapidity bins
and then obtain C2 from C2/C1.

• We use rapidity bin width  as the subsystem size 

• We use published thermal model fits for  and  

• We parameterize  from several publications 
(for 2.4 GeV,  is highly uncertain, ranging from about 65 to 650) 

• Experiments can improve results by publishing 
, ,   

from thermal model fits for specific W

W

Tfo μB,fo

dVfo/dy
T3

foV

dVfo/dy Tfo μB,fo

χ2 = C2
T3V

⇒

J. Adamczewski-Musch et al. (HADES), Phys. Rev. C  102, 024914 (2020)

M. Abdallah et al. (STAR), Phys. Rev. C 104, 024902 (2021)

M. Abdallah et al. (STAR), Phys. Rev. C 107, 024908 (2023)


A. Andronic, P. Braun-Munzinger, J. Stachel, Acta Phys. Polon. B 40, 1005-1012 (2009)

A. Motornenko et al., Phys. Lett. B 822, 136703 (2021)


S. Chatterjee et al., Adv. High Energy Phys. 2015, 349013 (2015)
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  Susceptibility
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• Grey band shows uncertainty from freeze-out 
ambiguities for the 2.4 GeV data.  
Uncertainty precludes any conclusion about 
observing a maximum in  

• Data do indicate a change in slope at higher  
and at small W:  

 decreases with increasing W for 7.7–54.4 GeV 
but changes slope at 2.4 GeV 
(3.0 GeV is ~flat)

χ2

μB

χ2

χ2(W, μfo) =
C2(W, μB,fo)
T3

foWdVfo/dy

min
- y

max
W = y

0 0.2 0.4 0.6 0.8 1 1.2

W
(d

V/
dy

))
ch3

/(T 2
 =

 C
2χ

1−10

 (GeV)NNs
2.4

Net-protons
0-5% Central Au+Au

3.0

7.7

11.5
14.5
19.6
27
39
54.4



ν1/tW
0.4− 0.2− 0 0.2 0.4 0.6 0.8

ν/γ-
W 2χ

1−10

1

 = 133 MeVc = 580 MeV;   T
Bc
µ

 = 1.0ν = 0.5; γ

/NDF = 0.532χ;  3-c
)δβ/νhW1+cν1/(tW

0
y=c
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  Scaled susceptibility: 2D fit w/ mean-field exponents
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h(μ, T ) = − cos α1ΔT + sin α1Δμ
wTc sin(α1 − α2)

t(μ, T ) = cos α2ΔT + sin α2Δμ
ρwTc sin(α1 − α2)

M.S. Pradeep, M. Stephanov, Phys. Rev. D 
100 5, 056003 (2019) arXiv:1905.13247

With mean-field exponents, we find scaling for  MeV; 
 only constrained by “plausibility” (below  and above )

555 < μB,c < 610
Tc Tpc,μB=0 Tfo

Chi-square contours identify an allowed region in the phase diagram: μB,c = 580 ± 30 MeV
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/NDF = 0.532χ;  3-c
)δβ/νhW1+cν1/(tW
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  Scaled susceptibility: 2D fit w/ mean-field exponents

13

h(μ, T ) = − cos α1ΔT + sin α1Δμ
wTc sin(α1 − α2)

t(μ, T ) = cos α2ΔT + sin α2Δμ
ρwTc sin(α1 − α2)

M.S. Pradeep, M. Stephanov, Phys. Rev. D 
100 5, 056003 (2019) arXiv:1905.13247

With mean-field exponents, we find scaling for  MeV; 
 only constrained by “plausibility” (below  and above )

555 < μB,c < 610
Tc Tpc,μB=0 Tfo

Chi-square contours identify an allowed region in the phase diagram: μB,c = 580 ± 30 MeV

sNN ≈ 4.5 GeV

A. Sorensen et al., Prog. Part. Nucl. Phys. 134, 104080 (2024) 
arXiv:2301.13253

Oliinychenko	et	al.
χEFT	Drischler	et	al.	68%	CI
Le	Fèvre	et	al.
Lynch	et	al.	from	Fuchs	et	al.
Danielewicz	et	al.
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  Summary
• Window-size analysis allows studying the influence of probed scale (dynamics changes if size is studied via, 

                                                                                                                                              e.g., centrality-dependence)

Thank you for your attention, and thank you Scott for your support over the years!
min

- y
max

W = y
0 0.2 0.4 0.6 0.8 1 1.2

W
(d

V/
dy

))
ch3

/(T 2
 =

 C
2χ

1−10

 (GeV)NNs
2.4

Net-protons
0-5% Central Au+Au

3.0

7.7

11.5
14.5
19.6
27
39
54.4

ν1/tW
0.4− 0.2− 0 0.2 0.4 0.6 0.8

ν/γ-
W 2χ

1−10

1

 = 133 MeVc = 580 MeV;   T
Bc
µ

 = 1.0ν = 0.5; γ

/NDF = 0.532χ;  3-c
)δβ/νhW1+cν1/(tW

0
y=c

• Data follows Taylor’s law ( ) = exhibits scale-free behavior for 7.7-54.4 GeV dataC2 ∝ Cp
1

• In a 2-D fit, we extract : a first extraction from data!μB ≈ 580 ± 30 MeV


