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Why Charge Balance Functions 
are the Most Important 

Measurement in High-Energy 
Heavy-Ion Collisions
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Transport Coefficients

Properties of the QGP
1. Eq. of State 
2. Chemistry (charge fluctuations) 
3. Chiral Symmetry Restoration  

 

4. Viscosity (shear & bulk) 
5. Diffusivity & Conductivity (light / heavy quark) 
6. Electromagnetic Opacity & Emissivity 
7. Gluonic Opacity and Emissivity (jet quenching)
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Charge balance functions 
are principal tool

Also important for: 
• CME background 
• Background for fluctuations for phase transitions



Charge Susceptibility
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 χab =
⟨δQaδQb⟩

V

Because , chemistry (at ), you must look at fluctuations⟨Qa⟩ = 0 μ = 0

For non-interacting
Quark Gas:

Hadron Gas:
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�ab =
X

h

nhqhaqhb

Budapest-Wuppertal Lattice

Susceptibility represents chemistry!!!!



Diffusion/Conductivity (light quark)
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Transport Coefficient (like viscosity) 
   
      

 

ja = − Dab ∇ρb
= − σab ∇μb

σab = χacDcd

σab =
1

2T ∫ d4x⟨{ja(0), jb(x)}⟩



Charge Susceptibilities
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new directions in microscopic descriptions of heavy-ion collisions. Possible research directions that
could be addressed within such an e↵ort are described in Section IIA 3.

A. Transport model simulations of heavy-ion collisions

Heavy-ion collisions at low to intermediate beam energies provide the means to probe nuclear
matter at di↵erent baryon densities (from subsaturation to several times the saturation density),
temperatures (from a few MeV to well above one hundred), and neutron to proton ratios (from
nearly symmetric nuclear matter, where Nn/Np ⇡ 1 and � ⇡ 0, to very neutron-rich matter, where
Nn/Np ⇡ 2 and � ⇡ 0.25). An illustrative calculation of the beam-energy-dependence of heavy-ion
collision trajectories in the T -nB phase diagram, obtained from simulations using two schematic
EOSs, can be seen in Fig. 6 (note that the trajectories are only evaluated at times when temperature
extraction is fairly well-defined). These wide ranges of system properties accessed in heavy-ion
collisions position them as a perfect tool to extract the nuclear matter EOS, test predictions and
extrapolations from regions of the QCD phase diagram accessed by other approaches, and provide
a valuable input to nuclear theory and nuclear astrophysics calculations. For example, the density-
and momentum-dependence of the nuclear potential in both symmetric and asymmetric matter,
and thus of the corresponding EOS, can shed light on modeling e↵ective nuclear interactions in
the medium [44, 109–111] or constrain approaches using the density functional theory [112–114].

However, systems created in heavy-ion collisions are short-lived, and their dynamics is out of
equilibrium over significant fractions of the total collision time. The evolution of a colliding system,
which strongly depends on both the energy and centrality of the collision, progresses through initial
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FIG. 6. Phase diagram trajectories of the central
region (cubic box of volume 27 fm3) in Au+Au
collisions at zero impact parameter, obtained from
UrQMD simulations with a soft or a hard (character-
ized by K0 = 200 or K0 = 380 MeV, respectively)
EOS [115, 116]. The trajectories only follow the evo-
lution at times when temperature is fairly well-defined,
from the moment of the highest compression to densi-
ties around 0.5n0.

compression, growth of the compression zone,
development of flows, and overall decompres-
sion with a gradual local equilibration through-
out the process, see Fig. 7. The inherent com-
plexity of the evolution means that the corre-
sponding transport equations cannot be solved
directly due to their high non-linearity, and
therefore any inferences from heavy-ion col-
lision experiments require comparisons to re-
sults of simulations. These are obtained us-
ing transport models which are able to de-
scribe the non-equilibrium evolution of nuclear
matter over substantial ranges of density, as
well as naturally include baryon, strangeness,
and charge di↵usion, and describe e↵ects due
to the interplay between the evolving colli-
sion zone and the spectators, which are cru-
cial for a correct description of, e.g., flow ob-
servables. Beyond modeling the dynamics of
the collisions, the dependence of the evolution
on single-particle interactions provides a con-
nection allowing one to use transport models
for inferring equilibrium properties such as the
EOS [68, 72], transport coe�cients [117], as
well as the in-medium properties and cross-
sections of hadrons [102, 118, 119].

At what part of trajectory do you measure ?χab

Answer: BFs sensitive to ENTIRE trajectory!!! 
         Bhh′ 

(Δy) ↔ χab(τ)

URQMD 
O.Savchuk



Theory of Correlations 
and Balance Functions
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Charge Correlations 
(Equilibrated System)
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Quark Gas:

Hadron Gas:
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�ab =
X

h

nhqhaqhb

3x3 matrix

(fm)
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Cab(~r1,~r2) ⌘ h�⇢a(~r1)�⇢b(~r1)i = �ab�(~r1 � ~r2),

�ab =
1

V
h�Qa�Qbi =

T 2

Z

@2

@µa@µb
lnZ,

=

Z
d3r Cab(0,~r).



Susceptibility 
(Lattice, BW-Claudia Ratti)

For hadron gas: χab = ∑
h

nhqhaqhb

For parton gas: χab = ∑
a

(na + nā)δab

a=(u,d,s)

electric charge

baryon #

9

Hadron Gas

Lattice



Charge Correlations 
(Dynamic System with Charge Conservation)
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<latexit sha1_base64="NN4jr0dJ5ntx7xzzxjKm1Ot1TgQ="></latexit>

Cab(~r1,~r2) = �ab�(~r1 � ~r2) + C 0
ab(~r1,~r2)Z

d3rC 0
ab(~r) = ��ab

Balancing correlation



Eq.s of motion
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@tC
0
ab(~r1 � ~r2)�Dabr2

1C
0
ab(~r1,~r2)�Dabr2

2C
0
ab(~r1,~r2) = �Sab(~r1, t)�(~r1 � ~r2),

Sab(~r, t) =
h
@t + ~v · ~r+ (r · ~v)

i
�ab(~r, t) ⇡ s(~r, t)

h
@t + ~v · ~r

i �ab(~r, t)

s(~r, t)
Source term

Diffusivity

When  changes,  
 gets sourced at 

χabV
C′ ab(Δ ⃗r) Δ ⃗r = 0.

Source 
here

Source 
here



Eq.s of motion
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FIG. 2. (color online) The source function that generates the correlation function C 0
ab(�⌘) is shown as a

function of proper time ⌧ . The function is found by convoluting the susceptibility from lattice calculations

with the hydrodynamic evolution as prescribed in Eq. (22). Multiplied by the bin width, 0.5 fm/c, the

values give the number of produced charge pairs within the time step that sample the evolution. The initial

spike of the source function describes the correlation created at initial thermalization, ⌧0.

collisions of Au nuclei at the highest RHIC energy,
p
sNN = 200 GeV. Unlike the correlation at

later times, the initial correlation does not increment C 0
ab(�⌘) at �⌘ = 0. Instead, both charges

are spread randomly in spatial rapidity with a Gaussian distribution described by �0, to account

for the fact that the correlation could have been sourced at any time ⌧ < ⌧0, and thus may have

already spread significantly. The sensitivity of the final observed correlations to �0 is investigated

in Sec. (V).

The charges propagate with straight trajectories at the speed of light, punctuated with random-

izing collisions as described in Sec. II. Each charge ultimately crosses the hyper-surface defining

the boundary with the hadronic phase. At this point, each pair of charges was binned according

to the relative spatial rapidity, �⌘, with its partner. This produces a statistical sampling of the

correlation function, C 0
ab(�⌘), in relative spatial rapidity at decoupling, and is displayed in Fig. 3.

Comparing with the source function, Sab(⌧), in Fig. 2, one can see how contributions from Sab(⌧)

<latexit sha1_base64="jsIkHgtr5EiFbsciYjRim0nG0Pk="></latexit>

@tC
0
ab(~r1 � ~r2)�Dabr2

1C
0
ab(~r1,~r2)�Dabr2

2C
0
ab(~r1,~r2) = �Sab(~r1, t)�(~r1 � ~r2),

Sab(~r, t) =
h
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i
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@t + ~v · ~r

i �ab(~r, t)

s(~r, t)



Translate  into Cab Chh′ 
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<latexit sha1_base64="qEIxsTN6D9j4BFdvLRyQxw3okdY="></latexit>

�Nh = ��1
ab (Tinterface)qhanh�Qb

Hadron gas

Hydro
δQb

δNh

Charge Balance 
Function

<latexit sha1_base64="LcaUz+sOxlyi/4g0gKU+mE0mjZA="></latexit>

Chh0(~r1,~r2) = h[�nh(~r1)� �nh̄(~r1)][�nh̄0(~r2)� �nh0(~r2)]i,

Bh|h0(~p1|~p2) =
1

Nh0(~p2) +Nh̄0(~p2)
h[�Nh(~p1)� �Nh̄(~p1)][�Nh̄0(~p2)� �Nh0(~p2)]i

If you see a charged particle at , 
chance of finding balancing (opposite charge) at 

⃗p2
⃗p1



Translate  into Cab Chh′ 
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�Nh = ��1
ab (Tinterface)qhanh�Qb

Hadron gas

Hydro
δQb

δNh

22

FIG. 6. (color online) The susceptibility, �ab(T ), from Fig. 1, and the source function Sab(⌧), from Fig. 2,

are convoluted with the kernel Khh0;ab to define Shh0 and illustrate the temperatures and times at which

correlations of specific hadron species are seeded.

These quantities provide insight into the times and temperatures where the correlations that lead

to final-state hadronic correlations for specific species, hh0, are seeded. They are illustrated in Fig.

6. One can see that Spp has a large positive contribution at small ⌧ and a negative contribution at

large ⌧ due to the reduction of baryon number in the hadronic phase due to the high thermodynamic

penalty due to the high baryon masses.

The correlation function C 0
hh0(x1, x2), graphed as a function of relative spatial rapidity in Fig.

5, drives the final-state observed correlation. However, final-state correlations continue to develop

during the hadronic stage. Balancing charges continue to di↵use away from one another in coordi-

nate space, and resonances can decay or annihilate with one another, which represents an additional

source to the correlation. For this study, treatment of the hadronic stage is confined to a Monte

Carlo treatment of decays described in Sec. II. This a↵ects the correlation in two ways. First, when

a given hadron decays, there is a correlation between the products of that decay. For example, the

decay of ⇢0 leads to a positive correlation between the ⇡+⇡� products. Second, if two balancing

charges, a and b, produce hadrons ha and hb, via the Monte Carlo mechanism described in Sec.

 has contribution from hadronization stage 
 and  are sourced at thermalization

Bππ
Bpp BKK

 should be narrower than  or !!!Bππ(Δy) BKK(Δy) Bpp(Δy)



Diffusivity
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~ja = �Dabr⇢b,

= ��abr(µb/T ),

� = �D,

�ab = h�Qa�Qbi/V = @⇢a/@(µb/T )

Kubo Relation
<latexit sha1_base64="ZaPAObvc879+wqm+VeDvTnZlToQ="></latexit>

�ab =
1

2T

Z
d4x h{ja(0), jb(x)}i

3x3 matrix (colors)

susceptibility

difficult (not impossible) for lattice gauge theory
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The Calculation
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ALGORITHM
Diffusion = Random walk 
Monte Carlo procedure: 

A) Overlay with hydro evolution to create  
B) Generate partners (uu,dd,ss,ud,us,ss) 

proportional to  with weights 
C) Move particles in random directions 

punctuated by re-directioning according to coll 

D) Translate  to  at hyper surface 
E) Collide (fixed ) and decay particles 
F) Combine decay products with those from partner 
G) Correlations created during hadronic phase: 

create uncorrelated hadrons, run through cascade, 
combine ALL particles to create BF 

H) Add contributions from (E) and (F) 
I) Fold with acceptance/efficiency 
J) Test sum rules

Sab(t, ⃗r)

Sab(t, ⃗r)

τ
δQa δNh

σ

⌧coll = 6D

<latexit sha1_base64="cTqgMKAeB/jCMOKiYVq9FaQZCGI="></latexit>
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ALGORITHM
TYPE I:  
Correlations from Hydro: 
 — Depends of D and  
— Only a few hours of CPU 
— track charges from same source point 

TYPE 2: 
Correlations from Cascade 
— Weeks of CPU 
— One hydro event (independent of D, ) 
— Millions of cascade events

σ0

σ0

18



Adjustable Parameters
1. Diffusion Constant   (multiples of lattice values) 
2. Th = 155 MeV 
3.   = spread in spatial rapidity at  = 0.6 fm/c 

— creation before  or tunneling (flux tubes) 

D(T)

σ0 τ0
τ0

19

s s̄

σ0



Model input 
Susceptibility

Claudia Ratti 
BW Collaboration
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FIG. 1. (color online) The o↵-diagonal components of �ab vanish at high temperature as quarks evolve

independently, but at low temperatures the combination of multiple quarks within a single hadron drives

strong o↵-diagonal elements. For a fixed amount of entropy, an expanding volume element strongly increases

the amount of charge as it reaches the hadronization region, again due to the fact that multiple charges

occupy an individual hadron, even though the entropy per hadron in the hadron phase is similar to the

entropy per quark in the plasma phase. For regions to the right of the dashed lines, lattice calculations were

used, while left of the dashed lines displays the results for a hadron gas. The intermediate region used an

interpolation between the two calculations, 155 < T < 175 MeV.

as T falls in the hadron region. In contrast, �uu rises due to the fact that a large number of up

and down quarks must appear as the system goes through hadronization. If one were to plot the

hadron susceptibility,

�BB/s =
1

9s
(4�uu + �dd + �ss + 4�ud + 4�us + 2�ds) (23)

⇡ 1

9s
(5�uu + �ss + 4�ud + 6�us) ,

one would see that the baryon susceptibility would fall precipitously for low T due to the large

thermal penalty coming from the heavy baryon masses.

It is assumed that chemical equilibrium has been attained by the time the hydrodynamic evolu-

tion has begun. Thus, a large number of pairs are created in the first instant, which gives a peak to

Sab(⌧ ⇡ ⌧0 = 0.6 fm/c). This initial surge, along with the continuous contribution for later times is

displayed in Fig. 2. This was generated from the hydrodynamic solution for zero-impact-parameter

HADRON 
GAS

LATTICE

IN
TE

R
PO

LA
TI

O
N

ab(T)/sχ
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 — No Clear ConsensusD(T)

G.Aarts et al, JHEP (2015) 
J.Ghiglieri et al, JHEP (2018) 
G.Policastro et al, JHEP (2002) 
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Model input 
Hydro history

Chris Plumberg

Hydro history 
T(t,r) & u(t,r)

VISHNU Hydro, Au+Au (200A GeV)

22

Andrew Gordeev



Source 
Function
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FIG. 2. (color online) The source function that generates the correlation function C 0
ab(�⌘) is shown as a

function of proper time ⌧ . The function is found by convoluting the susceptibility from lattice calculations

with the hydrodynamic evolution as prescribed in Eq. (22). Multiplied by the bin width, 0.5 fm/c, the

values give the number of produced charge pairs within the time step that sample the evolution. The initial

spike of the source function describes the correlation created at initial thermalization, ⌧0.

collisions of Au nuclei at the highest RHIC energy,
p
sNN = 200 GeV. Unlike the correlation at

later times, the initial correlation does not increment C 0
ab(�⌘) at �⌘ = 0. Instead, both charges

are spread randomly in spatial rapidity with a Gaussian distribution described by �0, to account

for the fact that the correlation could have been sourced at any time ⌧ < ⌧0, and thus may have

already spread significantly. The sensitivity of the final observed correlations to �0 is investigated

in Sec. (V).

The charges propagate with straight trajectories at the speed of light, punctuated with random-

izing collisions as described in Sec. II. Each charge ultimately crosses the hyper-surface defining

the boundary with the hadronic phase. At this point, each pair of charges was binned according

to the relative spatial rapidity, �⌘, with its partner. This produces a statistical sampling of the

correlation function, C 0
ab(�⌘), in relative spatial rapidity at decoupling, and is displayed in Fig. 3.

Comparing with the source function, Sab(⌧), in Fig. 2, one can see how contributions from Sab(⌧)

• First surge when QGP is created 
• uu,dd continuously created 
• ss nearly steady  
• ud,us,ds at hadronization

23



Diffusive 
Trajectories

24



ALGORITHM: Add in Type II

Hydro

Hadron 
Simulation

TYPE I

Hydro

Hadron 
Simulation

TYPE II

hyper-surface

25

Type II done by brute force (lots of combinatoric noise)



Gary Westfall 
MSU

Jinjin Pan 
Wayne State
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Results vs. Data



Model vs. STAR
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FIG. 1. (color online) Panels (a-f): Charge balance functions for unidentified charged particles binned by

relative pseudo-rapidity for six di↵erent centralities, from 0-5% to 50-60%. The model (solid blue lines)

approximately reproduces the narrowing of the experimental balance functions (stars) with increasing cen-

trality.

Panels (g-l): The same as (a-f), but binned by relative azimuthal angle. The larger volumes for more cen-

tral collisions make it more di�cult for charges to di↵use to regions with di↵erent radial flow, hence the

balance functions are narrower. The contributions from the hydrodynamic correlations (red dashed lines)

and from the correlations that originated in the cascade (green dotted lines) are of similar strength, with

the cascade contribution being narrower. Oscillations of the experimental balance functions for the most

central collisions in panels k and l are likely from the sector boundaries of the STAR experiment. Some of

the deviations for small �⌘ and �� might be due to femtoscopic correlations.

Unidentified Particles 

★  STAR 
Preliminary

27

Model, Type 1 + Type 2 
Type 1 (dashes, hydro) 
Type 2 (dots, cascade)



Model vs. STAR 
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FIG. 2. (color online) Balance functions, indexed by hadronic species and binned by relative rapidity, are

shown for central (0-5%) Au+Au collisions at
p
sNN = 200 GeV. The model calculations (blue lines) are

compared to preliminary measurements from the STAR Collaboration at RHIC [7] (red stars). Matching

the relatively broader structure of the K+K� and pp̄ balance functions relative to the ⇡+⇡ + � balance

function provides compelling evidence that the a chemically equilibrated quark-gluon plasma was created.

Unfortunately, such conclusions are tempered by the failure of the model to reproduce the pK� experimental

balance functions.

STAR 
Preliminary

Model

• Identified particles (vs. y) 
• pK is off 
• pp is off (annihilation missing)

Δ

28



Model vs ALICE 
Thesis of Jin-Jin Pan

Binned by  Δy
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Type 1 + Type 2 
Type 1 (hydro) 

Type 2 (cascade)



30

• ,   
BFs broader than  BFs!! 

• ! charge already 
created at separated at 

pp̄ K+K−

π+π−

σ0 > 0
τ0

Evidence of Early 
Chemical Equilibrium 



Look at B(Δϕ)

31

• Width: 
Insensitive to pre-thermal separation 

• Eliminate sensitivity to late-production 
—  or  BFs 
— Only consider  

pp KK
Δy ≳ 1.0



Sensitivity 
to Diffusivity

3

FIG. 2. (color online) Lower panel: Charge balance functions
describe how balancing charges are separated as a function
of azimuthal angle for four choices of the di↵usivity. The
heavy black line shows results using the D(T ) from lattice
calculations in [9], while results with half (red dashes), dou-
ble (green dotted) and quadruple (blue dot-dashed) those val-
ues illustrate how higher di↵usivities result in larger angular
spreads. Middle/Upper panel: Results restricted to either
charged kaons or protons and anti-protons. The increased
sensitivity to the di↵usivity derives from the baryon-baryon
and strange-strange source functions being concentrated at
early times, whereas the source function for electric charge
source function is strongest at hadronization.

STAR [15], but are marred by the e↵ects of experimental
sector boundaries.

The results of Fig. 2 suggest that both K+K� and
pp̄ are promising for constraining the di↵usivity of the
QGP. This was expected, given that the source functions
driving the those balance functions were concentrated at
early times. However, the pp̄ results are strongly sensitive
to the choice of transition temperature. Because of the
large baryon mass, the equilibrium number of baryons
falls rapidly with falling temperature once one enters the
hadronic phase, which corresponds to the introduction
of negative source functions. Equivalently, in the hadron
stage the e↵ects of baryon annihilation can significantly
alter the shape of the charge balance function, leading to

a dip of the balance function at small relative angle, as
well as (due to normalization constraints) an accompany-
ing increase at large relative angle. A careful analysis of
annihilation e↵ects requires consistently accounting for
regeneration [26–28], and until such an analysis is per-
formed, one must remain cautious in interpreting the pp̄
balance function results.
This analysis is based on relative azimuthal angle

rather than relative rapidity, because balancing charges
produced in the first 1 fm/c might separate significantly
along the beam direction by the time the hydrodynamic
description is instantiated. Due to the large velocity gra-
dient along the beam axis at early times, dvz/dz ⇡ 1/⌧ ,
a separation of 1/2 fm at a time ⌧ = 1/2 fm/c trans-
lates to a separation of an entire unit of spatial rapidity.
Disentangling the longitudinal separations related to pre-
equilibrium dynamics from the e↵ects of di↵usion could
be problematic. Because there are no large transverse ve-
locity gradients at early times, the transverse separation
should be dominated by the e↵ects of di↵usion, especially
for the large sources in central collisions.
The strong sensitivity of the K+K� balance function

to the di↵usivity, combined with a relative lack of com-
plicating factors, suggests that the di↵usivity of strange
quarks of the QGP can be robustly constrained by experi-
ment. Given that the di↵usivity of up, down, and strange
quarks should all be similar in the QGP, this should e↵ec-
tively constrain the di↵usivity of all three flavors of light
quarks. Although carrying some caveats, the pp̄ balance
functions also show promise. It would not be surprising if
the approaches presented here might ultimately constrain
the di↵usivity of the QGP, a fundamental property of the
QGP that has not yet been constrained experimentally,
to the & 50% level. This resolution would be similar to
how well the shear viscosity, another fundamental trans-
port coe�cient of the QGP, has been determined.
This work was supported by the Department of

Energy O�ce of Science through grant number DE-
FG02-03ER41259 and through grant number DE-FG02-
87ER40328.
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sensitivity to the di↵usivity derives from the baryon-baryon
and strange-strange source functions being concentrated at
early times, whereas the source function for electric charge
source function is strongest at hadronization.
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Lattice Diffusivity looks good
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B(Δϕ)
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Type II only provides noise for  
Robust extraction of diffusivity 

Eliminate HBT, annihilation, decays..

Δy ≳ 1
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FIG. 3. Annihilations are suppressed by the factors illustrated here. Immediately after the transition
from hydrodynamics, nearly all annihilations are suppressed, whereas toward the end of the reaction nearly
all annihilations proceed. Suppression due to the di↵erence in chemical potentials, (1� Sµ(~µ, ~T )), and the
full suppression factor, (1� Sµ(~µ, ~T )ST (~µ, ~T )) are both shown.

FIG. 4. Charge balance functions using protons and antiprotons binned by (a) relative rapidity, (b) relative
azimuthal angle, and (c) relative invariant momentum, qinv. An acceptance cuto↵ constrains the balance
fucntion to �y > 1.2. Binning in qinv is especially useful for identifying baryon annihilation in the hadronic
stage.

In addition to better understanding the amount of baryon annihilation in the latter stage of
the collision, it is imperative to understand how proton-antiproton BFs, particularly those binned
by �y and ��, are distorted by annihilation. The width of the proton-antiproton BF in �y pro-
vides critical insight into whether quarks are produced early, within the first fm/c, of a heavy-ion
collisions. This observable provides the field’s best hope for understanding whether a chemically
equilibrated QGP was indeed realized early in the reaction’s evolution. By constraining the annihi-
lation contribution by analyzing B(qinv), one can more confidently interpret the broader structure
of the proton-antiproton BF.
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Related Progress

‣Theory for Charge Balance of Higher-Order BFs 
S.P., PRC 2020 

‣HBT / Charge Balance Interference 
S.P. and K.Martirosova, PRC 2022 

‣Using BFs to Understand Baryon Annihilation 
S.P., D.Olliinchenko and C.Plumberg, PRC 2022 

‣Analagous Treatment of Energy-Momentum Correlations 
O. Savchuk and S.P. PRC 2024 



In Progress
‣Bayesian Analysis 

• New emulator built (BAND Collaboration, Oleh Savchuk) 
Based on Taylor expansion 
  

• Non-equilibrium chemistry (Steffen Bass and Andrew Gordeev) 
• Rigorously constrain initial chemistry! 
• Will better constrain diffusivity if we can get more data! 

E(x, y, ⋯) = ∑
⟨nx,ny⋯⟩

1

nx!ny!⋯
A⟨nx,ny⋯⟩ ( x

Λ )
nx

( y
Λ )

ny

⋯
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Summary
‣Charge Balance correlations calculated in “standard model” 
‣STAR/ALICE BFs vs  suggest early chemical equilibration 

  systematics reproduced (STAR  normalization off) 
‣Diffusivity can be extracted from BFs binned by  cut on large  

High statistics STAR & ALICE data coming !?!? 
‣MANY opportunities for progress 

— Both theoretical and experimental 
— Both for diffusivity and for chemistry 
— Similar to femtoscopy 

Δy
K+K−, pp̄, π+π− pK

Δϕ Δy

‣ CME background 
‣ Skewness/kurtosis background 
‣ Theory for higher-order charge fluctuations 

Bonus Slides

39
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• Baryon Annihilation 
• Higher Moments
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FIG. 3. Balance functions plotted as a function of relative azimuthal angle are additionally constrained by

the angle of the first charge, �1, which is measured relative to the reaction plane. The in-plane balance

function, �1 ⇡ 0, is significantly narrower than the the out-of-plane balance function, �1 ⇡ 90�, due to

the stronger collective flow. When �1 ⇡ 45� the balance function skew towards negative �� because the

balancing charge is more likely to be found closer to the reaction plane, where more particles are emitted.

The model calculations (blue lines) have been scaled by a factor of 0.94 to match the normalization of

the preliminary experimental results from STAR [7] (red stars). After adjusting the normalization the

experimental and model results are in remarkable agreement.

�1 ⇠ 90�
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�1 ⇠ 45�
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correlation 
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due to elliptic flow
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<latexit sha1_base64="6lcI/g80Zm0IQjaY7DdcuXR2+rs="></latexit>

B(��|�1) =
Z

d�2 B(�1,�2)�(�� � �1 + �2)

Effect of Elliptic Flow

41



ASIDE: CME correlator
21

FIG. 3. Balance functions plotted as a function of relative azimuthal angle are additionally constrained by

the angle of the first charge, �1, which is measured relative to the reaction plane. The in-plane balance

function, �1 ⇡ 0, is significantly narrower than the the out-of-plane balance function, �1 ⇡ 90�, due to

the stronger collective flow. When �1 ⇡ 45� the balance function skew towards negative �� because the

balancing charge is more likely to be found closer to the reaction plane, where more particles are emitted.

The model calculations (blue lines) have been scaled by a factor of 0.94 to match the normalization of

the preliminary experimental results from STAR [7] (red stars). After adjusting the normalization the

experimental and model results are in remarkable agreement.
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FIG. 4. The contribution to the correlator �p from local charge conservation superimposed onto elliptic

flow from the model is compared to measurements from the STAR Collaboration [28]. The dashed green

line shows contributions from correlations from the hydrodynamic stage, while the dotted line represents

correlations born in the cascade. The sum (solid blue line) is ⇡ 10� 15% higher than the data. Thus, the

combination of charge conservation and flow more than accounts for the observed correlation, which has

been proposed as a signal of the chiral magnetic e↵ect.

Figure 4 compares model calculations of �p to those from STAR [27, 28]. The contribution from

correlations from the cascade stage provide ⇡ 60% of �p even though the represent only ⇡ 40% of

the strength of the balance functions in Fig. 1. The larger role of the correlations from the cascade

comes from their being more narrow, hence cos�� is larger. The net correlation from the model

calculations are 10-15% larger than the STAR data over the range of centralities.

Given that the charge balance functions in Fig. 1 for the centrality range of 40-50% lie above

the data, motivating the adjustment factor of 0.94 in Fig. 3, one would expect the model prediction

of �p to be high by approximately 6%, since the normalization discrepancy would be due to more

balancing charges lying outside the acceptance in the experiment than in the model, and only

those correlations within the acceptance contribute to �p. Over-stating the flow would also lead to

over-predictions of �p, but if that were the case, one would expect the reaction-plane-dependent

balance functions of Fig. 3 to have a discrepancy with the data. Another possibility would be for

the multiplicity of the model to under-predict the true experimental situation. This was checked,

and it seems unlikely this could be a 10% discrepancy. Thus, after accounting for the di↵erence in

normalizations between the model and data for less central events, this analysis suggests that flow

plus local charge conservation would predict values close to the upper limits of the experimental

error bars. Given that the error bars include systematic error, it is not out of the question that

�1 ⇠ 90�
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Charge Conservation and  correlationsQ3, Q4
b) Perform canonical ensemble on sub-volumes & superimpose on blast wave (crude)

S.P. and R.Steinhorst 
PRC (2020)
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FIG. 8. (color online) Ratios of moments are displayed for di↵erent values �⌘, which sets the longitudinal size of over which
sub-volumes emit charge. A modest sensitivity is found for net protons, while the moments for net charge were fairly insensitive.

experimental error bars forbid one from stating this with great confidence. Should the experimental results with
improved statistics confirm this discrepancy, it will be di�cult to explain unless a significant number of charges are
emitted from large clusters. In contrast, the model should always give ratios below unity for C4/C2, regardless of the
choice of parameters. These failures of the blast-wave model for net kaons and for net charge are discussed in the
upcoming summary, Sec. VIII.

VIII. SUMMARY

The principal goals of this study were to clarify background contributions for higher moments of charge distributions
measured by the STAR Collaboration at RHIC, and to state the degree to which current experimental results are
either consistent or inconsistent with these contributions. By background, this refers to sources of fluctuations besides
those that arise from baryon number or charge clustering due to processes such as phase separation. The list of
such sources includes charge conservation, Bose corrections, volume fluctuations, and the decays of resonances. In
order to gain better insight both simple semi-analytic models with a single type of conserved charge, similar to the
work performed in [50], and a more realistic blast-wave model which includes a more realistic accounting of the
STAR acceptance, similar to what was applied in [54], were investigated. By using a highly e�cient algorithm for
Monte Carlo generation of particles according to the canonical ensemble, results were produced with small statistical
uncertainties. This enabled the exploration of sensitivities to critical parameters of the model.

Of the various background correlations, charge conservation provided the strongest non-Poissonian contributions.
Because fourth-order cumulants were defined to subtract contributions from second-order correlations, one might
have expected a small contribution. Consistent with the result from [50] for a single type of charge, it was found that
generating sets of particles from a sub-volume equilibrated according to the canonical ensemble produced values of
C3/C1 and C4/C2 which were significantly lower than the Skellam value of unity, which is what one would expect
for uncorrelated emission. In contrast, the contribution from two-particle decays does not change either C3/C1 or
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BONUS: Charge conservation and  correlations 
(formalism)

Q3, Q4

a) Integrate n-point correlations to obtain skewness & kurtosis
10
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FIG. 2. Diagrams for calculating two-, three- and four-point functions. For topologically identical diagrams which di↵er by

permutations of the final-state labels, the net number of permutations is listed rather than repeating the similar diagrams.

Each vertex is assigned a space-time point, over which is integrated.

from the second three-point diagram in Fig. 2 is the integral

C(1;1;1)
a;b;c (x1, x2, x2) = · · ·+

Z
d4y1d

4y2V
(0!2)
a0d0 (y1)Ga0a(y1, x1)Gd0d(y1, y2) (29)

V (1!2)
d,b0c0 (y2)Gb0b(y2, x2)Gc0c(y2, x3).

Each vertex in the diagram is assigned a space-time point, in this case y1 and y2. Integrations are performed over
those coordinates. Each internal line is assigned two charge indices which then determine the charge indices for the
vertices. All diagrams begin with a vertex V (0!n), and end with open Green’s functions denoted by the desired
measurement.

V. RELATION TO CHARGE FLUCTUATIONS

Within some large volume V , charge fluctuations are defined

F (2)
ab ⌘ 1

V
h�Qa�Qbi (30)

F (3)
abc ⌘

1

V
h�Qa�Qb�Qci

F (4)
abcd ⌘ 1

V
h�QaQb�Qc�Qdi �

1

V
h�Qa�Qbih�Qc�Qdi �

1

V
h�Qa�Qcih�Qb�Qdi

� 1

V
h�Qa�Qdih�Qb�Qci.

Each charge Qa can expressed as an integral over the charge density �⇢a. For the order Qn fluctuation, one obtains
contributions from the two-point, three-point, up to n�point functions. The contribution from the n�point function
is simply the integral over all the external coordinates in the diagrams from Fig. 2. The contributions from the

(n�1)�point functions with final-state charge indices a and b can be found by attaching an operator L(2)
ab,a0(x) to any

external Green’s function Gd0a0(y, x) where x is a final-state coordinate and a0 denotes the measured charge. Thus,
each 3-point diagram from Fig. 2 contributes to F (4). The contributions to F (4) from two-point functions come from
either attaching L(2) to both of the external lines, or by attaching L(3) to either external line. Finally, F (4) has a
contribution from all four charges being on the same particle, which would be represented by �(4).

Experimentally, the contributions to F (4) from four-point functions come from summing over all combinations
of four final-state particles, never using the same particle twice in the same term. The contribution to F (4) from

Handles full 3x3 flavor dynamics 
Tractable, but DIFFICULT

S.P., PRC (2020)
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•  BF vs  
• Includes recombination 
• Great way to constrain baryon  

annihilation in final-state

p − p̄ qinv


