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•Work	done	with	Joe	Romano

• Details	arXiv:2407.10968v2

• Related	work,	mostly	with	Joe:

- arXiv:2308.05847,	Answers	to	frequently	asked	questions	
about	the	pulsar	timing	array	Hellings	and	Downs	curve,	CQG


- arXiv:2208.07230,	Hellings	and	Downs	correlation	of	an	
arbitrary	set	of	pulsars,	PRD	


- arXiv:2205.05637,	Variance	of	the	Hellings-Downs	
Correlation,	PRD
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Pulsar	Timing	Arrays	(PTA)
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	is	angle	between	directions	to	two	pulsarsγ ∈ [0,180∘]
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γ

For	N	pulsars,	there	are

	angles	N(N − 1)/2 γ > 0

a

b



Hellings	and	Downs	curve	

For	PTAs,	like	LIGO/Virgo	binary	“chirp”	waveform
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Hellings	and	Downs	curve	

For	PTAs,	like	LIGO/Virgo	binary	“chirp”	waveform
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“To	demonstrate	that	gravitational	
waves	are	creating	some	of	the	noise	in	
the	pulsar-timing	data	sets,	
observations	must	exhibit	the	Hellings	
and	Downs	curve.”


The	International	Pulsar	Timing	Array	
checklist	for	the	detection	of	nanohertz	
gravitational	waves,	arXiv:2304.04767 



Example:	NANOGrav	15-year	data	
- 	pulsars	 	2211	pulsar	pairs


- 15	angular	bins,	so	 	pulsar	pairs	per	
angular	bin

- Deviations	from	the	Hellings	and	Downs	curve	arise	
from:

-Pulsar/measurement	noise

- Finite	set	of	pulsars	at	particular	sky	locations

-Cosmic	variance


 
THE	QUESTION: 
With	more/better	data,	how	close	will	the	
reconstructions	come	to	the	Hellings	and	Downs	curve? 
 
QUANTITATIVE	VERSION: 
After	averaging	over	pulsar	pairs	at	angle	 ,	write 
 

	 	, 

for	some	set	of	constants	 .	How	much	do	these	differ	
from	the	Hellings	and	Downs	curve,	which	has 
 

N = 67 ⟹
2211/15 ≈ 147

γ

μ(γ) =
∞

∑
l=0

cl Pl(cos γ)

cl

⟨c0⟩ = ⟨c1⟩ = 0, 	and	⟨cl⟩ =
2l + 1

(l + 2)(l + 1)l(l − 1)
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Figure 1. Summary of the main Bayesian and optimal-statistic analyses presented in this paper, which establish multiple lines
of evidence for the presence of Hellings–Downs correlations in the 15-year NANOGrav data set. (a): Bayesian “free-spectrum”
analysis, showing posteriors (gray violins) of independent variance parameters for a Hellings–Downs-correlated stochastic process
at frequencies i/T , with T the total data set time span. The blue represents the posterior median and 1/2� posterior bandsa

for a power-law model; the dashed black line corresponds to a � = 13/3 (SMBHB-like) power-law, plotted with the median
posterior amplitude. See §3 for more details. (b): Posterior probability distribution of GWB amplitude and spectral exponent
in a HD power-law model, showing 1/2/3� credible regions. The value �GWB = 13/3 (dashed black line) is included in the 99%
credible region. The amplitude is referenced to fref = 1yr�1 (blue) and 0.1 yr�1 (orange). The dashed blue and orange curves
in the log

10
AGWB subpanel shows its marginal posterior density for a � = 13/3 model, with fref = 1yr�1 and fref = 0.1 yr�1,

respectively. See §3 for more details. (c): Angular-separation–binned inter-pulsar correlations, measured from 2,211 distinct
pairings in our 67-pulsar array using the frequentist optimal statistic, assuming maximum-a-posteriori pulsar noise parameters
and � = 13/3 common-process amplitude from a Bayesian inference analysis. The bin widths are chosen so that each includes
approximately the same number of pulsar pairs, and central bin locations avoiding zeros of the Hellings–Downs curve. This
binned reconstruction accounts for correlations between pulsar pairs (Romano et al. 2021; Allen & Romano 2022). The dashed
black line shows the Hellings–Downs correlation pattern, and the binned points are normalized by the amplitude of the � = 13/3
common process to be on the same scale. Note that we do not employ binning of inter-pulsar correlations in our detection
statistics; this panel serves as a visual consistency check only. See §4 for more frequentist results. (d): Bayesian reconstruction
of normalized inter-pulsar correlations, modeled as a cubic spline within a variable-exponent power-law model. The violins plot
the marginal posterior densities (plus median and 68% credible values) of the correlations at the knots. The knot positions are
fixed, and are chosen on the basis of features of the Hellings–Downs curve (also shown as a dashed black line for reference): they
include the maximum and minimum angular separations, the two zero crossings of the Hellings–Downs curve, and the position
of minimum correlation. See §3 for more details.
a Throughout we refer to the 68.3%, 95.4%, and 99.7% regions of distributions as 1/2/3� regions, even in two dimensions.

	NANOGrav	reconstruction	with	N	=	67	pulsars



Hellings	and	Downs	curve
• One	distant	GW	point	source,	sky	direction	 


• Earth	at	 ,	pulsar	 	at	position	 


• GWs	produce	time-dependent	redshift/blueshift: 
	 


• Pulsar	 	antenna	pattern: 




• Pulsar	 	response	to	circular	polarization: 



• Hellings	and	Downs	curve: 



• Key	idea	for	detection	in	noise:	the	pulsar	
redshifts	are	correlated	among	different	pulsars	

−Ω̂
0⃗ a La ̂pa

Za(t) = [hμν(t, 0⃗) − hμν(t − La, La ̂pa)]Fμν
a (Ω̂)

a

Fμν
a (Ω̂) =

1
2

̂pμ
a ̂pν

a

(1 + Ω̂ ⋅ ̂pa)
a

Fa(Ω̂) = Fμν
a (Ω̂)[e+

μν(Ω̂) + i e×
μν(Ω̂)]

μu(γ) = ⟨Fa(Ω̂)F*b (Ω̂)⟩ab∈γ
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̂pa ̂pbγ

Average	over	all	pulsar	directions	 	and	
	which	are	uniformly	distributed	on	the	

sphere	and	separated	by	angle	 .	

̂pa
̂pb

γ



Example:	NANOGrav	15-year	data	
- 	pulsars	 	2211	pulsar	pairs


- 15	angular	bins,	so	 	pulsar	pairs	per	
angular	bin

- Deviations	from	the	Hellings	and	Downs	curve	arise	
from:

-Pulsar/measurement	noise

- Finite	set	of	pulsars	at	particular	sky	locations

-Cosmic	variance


 
THE	QUESTION: 
With	more/better	data,	how	close	will	the	
reconstructions	come	to	the	Hellings	and	Downs	curve? 
 
QUANTITATIVE	VERSION: 
After	averaging	over	pulsar	pairs	at	angle	 ,	write 
 

	 	, 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Figure 1. Summary of the main Bayesian and optimal-statistic analyses presented in this paper, which establish multiple lines
of evidence for the presence of Hellings–Downs correlations in the 15-year NANOGrav data set. (a): Bayesian “free-spectrum”
analysis, showing posteriors (gray violins) of independent variance parameters for a Hellings–Downs-correlated stochastic process
at frequencies i/T , with T the total data set time span. The blue represents the posterior median and 1/2� posterior bandsa

for a power-law model; the dashed black line corresponds to a � = 13/3 (SMBHB-like) power-law, plotted with the median
posterior amplitude. See §3 for more details. (b): Posterior probability distribution of GWB amplitude and spectral exponent
in a HD power-law model, showing 1/2/3� credible regions. The value �GWB = 13/3 (dashed black line) is included in the 99%
credible region. The amplitude is referenced to fref = 1yr�1 (blue) and 0.1 yr�1 (orange). The dashed blue and orange curves
in the log

10
AGWB subpanel shows its marginal posterior density for a � = 13/3 model, with fref = 1yr�1 and fref = 0.1 yr�1,

respectively. See §3 for more details. (c): Angular-separation–binned inter-pulsar correlations, measured from 2,211 distinct
pairings in our 67-pulsar array using the frequentist optimal statistic, assuming maximum-a-posteriori pulsar noise parameters
and � = 13/3 common-process amplitude from a Bayesian inference analysis. The bin widths are chosen so that each includes
approximately the same number of pulsar pairs, and central bin locations avoiding zeros of the Hellings–Downs curve. This
binned reconstruction accounts for correlations between pulsar pairs (Romano et al. 2021; Allen & Romano 2022). The dashed
black line shows the Hellings–Downs correlation pattern, and the binned points are normalized by the amplitude of the � = 13/3
common process to be on the same scale. Note that we do not employ binning of inter-pulsar correlations in our detection
statistics; this panel serves as a visual consistency check only. See §4 for more frequentist results. (d): Bayesian reconstruction
of normalized inter-pulsar correlations, modeled as a cubic spline within a variable-exponent power-law model. The violins plot
the marginal posterior densities (plus median and 68% credible values) of the correlations at the knots. The knot positions are
fixed, and are chosen on the basis of features of the Hellings–Downs curve (also shown as a dashed black line for reference): they
include the maximum and minimum angular separations, the two zero crossings of the Hellings–Downs curve, and the position
of minimum correlation. See §3 for more details.
a Throughout we refer to the 68.3%, 95.4%, and 99.7% regions of distributions as 1/2/3� regions, even in two dimensions.

	NANOGrav	reconstruction	with	N	=	67	pulsars



Example:	NANOGrav	15-year	data	
- 	pulsars	 	2211	pulsar	pairs


- 15	angular	bins,	so	 	pulsar	pairs	per	
angular	bin

- Deviations	from	the	Hellings	and	Downs	curve	arise	
from:

-Pulsar/measurement	noise

- Finite	set	of	pulsars	at	particular	sky	locations

-Cosmic	variance


 
THE	QUESTION: 
With	more/better	data,	how	close	will	the	
reconstructions	come	to	the	Hellings	and	Downs	curve? 
 
QUANTITATIVE	VERSION: 
After	averaging	over	pulsar	pairs	at	angle	 ,	write 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for	some	set	of	constants	 .	How	much	do	these	differ	
from	the	Hellings	and	Downs	curve,	which	has 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Figure 1. Summary of the main Bayesian and optimal-statistic analyses presented in this paper, which establish multiple lines
of evidence for the presence of Hellings–Downs correlations in the 15-year NANOGrav data set. (a): Bayesian “free-spectrum”
analysis, showing posteriors (gray violins) of independent variance parameters for a Hellings–Downs-correlated stochastic process
at frequencies i/T , with T the total data set time span. The blue represents the posterior median and 1/2� posterior bandsa

for a power-law model; the dashed black line corresponds to a � = 13/3 (SMBHB-like) power-law, plotted with the median
posterior amplitude. See §3 for more details. (b): Posterior probability distribution of GWB amplitude and spectral exponent
in a HD power-law model, showing 1/2/3� credible regions. The value �GWB = 13/3 (dashed black line) is included in the 99%
credible region. The amplitude is referenced to fref = 1yr�1 (blue) and 0.1 yr�1 (orange). The dashed blue and orange curves
in the log

10
AGWB subpanel shows its marginal posterior density for a � = 13/3 model, with fref = 1yr�1 and fref = 0.1 yr�1,

respectively. See §3 for more details. (c): Angular-separation–binned inter-pulsar correlations, measured from 2,211 distinct
pairings in our 67-pulsar array using the frequentist optimal statistic, assuming maximum-a-posteriori pulsar noise parameters
and � = 13/3 common-process amplitude from a Bayesian inference analysis. The bin widths are chosen so that each includes
approximately the same number of pulsar pairs, and central bin locations avoiding zeros of the Hellings–Downs curve. This
binned reconstruction accounts for correlations between pulsar pairs (Romano et al. 2021; Allen & Romano 2022). The dashed
black line shows the Hellings–Downs correlation pattern, and the binned points are normalized by the amplitude of the � = 13/3
common process to be on the same scale. Note that we do not employ binning of inter-pulsar correlations in our detection
statistics; this panel serves as a visual consistency check only. See §4 for more frequentist results. (d): Bayesian reconstruction
of normalized inter-pulsar correlations, modeled as a cubic spline within a variable-exponent power-law model. The violins plot
the marginal posterior densities (plus median and 68% credible values) of the correlations at the knots. The knot positions are
fixed, and are chosen on the basis of features of the Hellings–Downs curve (also shown as a dashed black line for reference): they
include the maximum and minimum angular separations, the two zero crossings of the Hellings–Downs curve, and the position
of minimum correlation. See §3 for more details.
a Throughout we refer to the 68.3%, 95.4%, and 99.7% regions of distributions as 1/2/3� regions, even in two dimensions.

	NANOGrav	reconstruction	with	N	=	67	pulsars



Example:	NANOGrav	15-year	data	
- 	pulsars	 	2211	pulsar	pairs


- 15	angular	bins,	so	 	pulsar	pairs	per	
angular	bin

- Deviations	from	the	Hellings	and	Downs	curve	arise	
from:

-Pulsar/measurement	noise

- Finite	set	of	pulsars	at	particular	sky	locations

-Cosmic	variance


 
THE	QUESTION: 
With	more/better	data,	how	close	will	the	
reconstructions	come	to	the	Hellings	and	Downs	curve? 
 
QUANTITATIVE	VERSION: 
After	averaging	over	pulsar	pairs	at	angle	 ,	write 
 

	, 

for	some	set	of	constants	 .	How	much	do	these	differ	
from	the	Hellings	and	Downs	curve?	That	has 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Figure 1. Summary of the main Bayesian and optimal-statistic analyses presented in this paper, which establish multiple lines
of evidence for the presence of Hellings–Downs correlations in the 15-year NANOGrav data set. (a): Bayesian “free-spectrum”
analysis, showing posteriors (gray violins) of independent variance parameters for a Hellings–Downs-correlated stochastic process
at frequencies i/T , with T the total data set time span. The blue represents the posterior median and 1/2� posterior bandsa

for a power-law model; the dashed black line corresponds to a � = 13/3 (SMBHB-like) power-law, plotted with the median
posterior amplitude. See §3 for more details. (b): Posterior probability distribution of GWB amplitude and spectral exponent
in a HD power-law model, showing 1/2/3� credible regions. The value �GWB = 13/3 (dashed black line) is included in the 99%
credible region. The amplitude is referenced to fref = 1yr�1 (blue) and 0.1 yr�1 (orange). The dashed blue and orange curves
in the log

10
AGWB subpanel shows its marginal posterior density for a � = 13/3 model, with fref = 1yr�1 and fref = 0.1 yr�1,

respectively. See §3 for more details. (c): Angular-separation–binned inter-pulsar correlations, measured from 2,211 distinct
pairings in our 67-pulsar array using the frequentist optimal statistic, assuming maximum-a-posteriori pulsar noise parameters
and � = 13/3 common-process amplitude from a Bayesian inference analysis. The bin widths are chosen so that each includes
approximately the same number of pulsar pairs, and central bin locations avoiding zeros of the Hellings–Downs curve. This
binned reconstruction accounts for correlations between pulsar pairs (Romano et al. 2021; Allen & Romano 2022). The dashed
black line shows the Hellings–Downs correlation pattern, and the binned points are normalized by the amplitude of the � = 13/3
common process to be on the same scale. Note that we do not employ binning of inter-pulsar correlations in our detection
statistics; this panel serves as a visual consistency check only. See §4 for more frequentist results. (d): Bayesian reconstruction
of normalized inter-pulsar correlations, modeled as a cubic spline within a variable-exponent power-law model. The violins plot
the marginal posterior densities (plus median and 68% credible values) of the correlations at the knots. The knot positions are
fixed, and are chosen on the basis of features of the Hellings–Downs curve (also shown as a dashed black line for reference): they
include the maximum and minimum angular separations, the two zero crossings of the Hellings–Downs curve, and the position
of minimum correlation. See §3 for more details.
a Throughout we refer to the 68.3%, 95.4%, and 99.7% regions of distributions as 1/2/3� regions, even in two dimensions.
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The	answer:	arXiv:2407.10968	(for	Gaussian	ensemble)

• Take	angular	bin	at	angle	 	containing	a	set	of	
pulsar	pairs	denoted	 .


• Let	 	denote	pulsar	 ’s	redshift	Fourier	
amplitude	in	frequency	bin	 .


• Compute	weights	 	according	to	“recipe”.


• Best	unbiased	estimator	of	correlation	is: 
 

	.


• Variance	of	this	estimator: 

	.


• 		=	effective	number	of	frequency	bins	in	
which	the	GW	signal	dominates	the	noise.


• 	=		geometrical	quantity	that	depends	upon	
where	the	pulsars	are	located	on	the	sky

γ
ab ∈ γ

Zj
a a

j
Wjk

ab

̂μ = ∑
ab∈γ

∑
j,k

Wjk
ab Zj

a Zk
b
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σ2
G

Nf

Nf

σ2
G
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Generalizes	Roebber	&	Holder	2017
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• Considers	a	special	case:

- Infinitely	many	pulsars,	all	over	the	sky.


- No	pulsar	or	measurement	noise.


- Gaussian	ensemble	of	unpolarized	GW	sources,	all	radiating	at	
the	same	frequency	 ,	where	 


- Case	 :	pure	cosmic	variance


• Averaging	over	pulsar	pairs	at	angle	  
 




• Gaussian	ensemble	 





•While	R	&	H	do	not	write	it	like	this,	cosmic	variance	is


f = 1/T T = observation time
Nf = 1

γ

μ(γ) = ∑
l

cl Pl(cos γ)

⟹
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2l + 1
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2l + 1
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Generalizes	Roebber	&	Holder	2017
• Considers	a	special	case:

- Infinitely	many	pulsars,	all	over	the	sky.


- No	pulsar	or	measurement	noise.


- Gaussian	ensemble	of	unpolarized	GW	sources,	all	radiating	at	
the	same	frequency	 ,	where	 


- Case	 :	pure	cosmic	variance


• Averaging	over	pulsar	pairs	at	angle	  
 




• Gaussian	ensemble	 





•While	R	&	H	do	not	write	it	like	this,	variance	is


f = 1/T T = observation time
Nf = 1

γ
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Nc

Noise-dominated	or	cosmic	variance	dominated
• Plots	show	effect	of	varying	noise	for 
fixed	GW	signal	in	a	toy	model


• Number	of	bins	below	crossing:	 


• Expected	SNR	in	angular	bin:	 


• Variance	in	Hellings	&	Downs 
correlation	estimator: 




• Noise	dominated	case: 
	is	small 

 
 

Deviations	from	Hellings-Downs	curve	are	dominated	by	noise


• Signal	dominated	case: 
	is	big 

 
 

Deviations	from	Hellings-Downs	curve	are	dominated	by	cosmic	
variance

Nc

ρ

σ2
̂μ =

σ2
G

Nf

ρ
Nf ≪ 1
σ2

̂μ ≈ μ2
u(γ)/ρ2

ρ
Nf ≫ 1
σ2

̂μ ≈ σ2
G /Nc
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PTA	EXPERTS	ONLY
Work	with	pulsar	pairs	 	in	angular	bin	at	angle	  
Pulsar	labels:		 


HD	correlation: 



Geometric	covariance	matrix:




Geometric	factor	in	the	variance:





Frequency	bin	labels:	  
Frequency	of	bin	 	is		 ,	for	observation	time	 


Covariance	matrix	for	GW	power:





Covariance	matrix	for	power	of	pulsar	 :





Reflect	covariance	matrix	across	anti-diagonal:




Covariance	matrix	of	pulsar	redshifts:





Symmetric	part:




Weights	for	optimal	estimator:





Number	of	signal-dominated	frequency	bins:


ab γ
a, b, c, d

μ ≡ μab ≡ (1 + δab)μu(γab)

G ≡ Gab,cd ≡ μacμbd + μadμbc

σ2
G ≡

1
2

μ2
u(γ)

μt G−1 μ
j, k, ℓ, m

j fj = j/T T

H ≡ Hjk ≡ 4π∫df H( f ) sinc(π( f − fj)T)sinc(π( f − fk)T)
a

Njk
a ≡ 4π∫df Na( f ) sinc(π( f − fj)T)sinc(π( f − fk)T)

H ≡ Hjk ≡ Hj,−k

𝖢jk,ℓm
ab,cd = μacμbdHjℓHkm + μadμbcHjmHkℓ +

δacμbdNjℓ
a Hkm + δadμbcN

jm
a Hkℓ +

μacδbdHjℓNkm
b + μadδbcHjmNkℓ

b +

δacδbdNjℓ
a Nkm

b + δadδbcN
jm
a Nkℓ

b

C ≡ 𝖢( jk),(ℓm)
ab,cd

W = μu(γ)
(μH)tC−1

(μH)tC−1(μH)

Nf ≡
(μH)tC−1(μH)

2μtG−1μ
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Summary
• When	the	Hellings	and	Downs	correlation	is	
reconstructed,	the	values	do	not	agree	with	the	famous	
Hellings	and	Downs	curve.	


• If	observations	are	noise	dominated,	then	the	
deviations	are	due	to	noise.


• If	the	observations	are	signal	dominated,	then	the	
deviations	are	due	to	cosmic	variance.


• Cosmic	variance	arises	because	our	universe	is	one	
instance.		Interference	between	GW	sources	causes	the	
pulsar-averaged	correlation	to	differ	from	the	mean.


• This	cosmic	variance	can	be	predicted.		It	is	a	geometric	
quantity	that	depends	upon	the	pulsar	sky	locations,	
divided	by	the	(effective)	number	of	signal-dominated	
frequency	bins.


• In	effect,	each	signal-dominated	frequency	bin	provides	
an	independent	sky	map.
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