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Laws in science




The importance of laws in science

Science’s goal is to describes
and predicts phenomena.

The ultimate form of that is a
mathematical equation

Galileo Galilei

“Mathematics is
the language
with which God
has written the
universe.”

_ _ Maxwell’'s equations
Einstein matter energy

equivalence law V-E=0 VXE = —%Z—I:
E = mc? 19E
V-H=0 VXH = Py

Newton’s gravitation law

m,m, Shannon’s information
d> theory

H=- Z p(x)logp(x)

F=G

Pythagoras theorem

a’+b* =c?



Equations come from observations : Kepler’s laws

Tycho Brahe

The planets orbit around
the sun and | will prove it
with measurements !

Nova Mvnpan:r SrsTEMaTIS HrPoTYPOSIS
ab Authore nuper adinuenta,qua tum vetus illa Ptolemai-
ca redundantia €5 inconcinnitas, tum etiam recens Copers
niana in motu Ierra Phyfica abfurditas ,exclu-
duntur, omniag, Apparentizs Caleflibns
aptifsime corre[pondent.




Equations come from observations : Kepler’s laws
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Equations come from observations : Kepler’s laws

1: The orbit of every planet is an
ellipse with the Sun at one of the
two foci

2: Alinejoiningaplanetandthe A T X aXb
Sun sweeps out equal areas —

during equal intervals of time dt T

3: The ratio of the square of an

object's orbital period with the R3
cube of the semi-major axis of its S

orbit is the same for all objects T2
Johannes Kepler orbiting the same primary.

— constant



What if we could automatise
this discovery process ?



Symbolic Regression




Traditional Symbolic Regression

Caution: | will present a standard method

based on Genetic Programming but it is not
the only one'!

In practice each implementation varies

10



Traditional Symbolic Regression

DATA SET

¢ Data points + +
¢

Wl




Traditional Symbolic Regression

DATA SET

s ¢ Data points + +
¢

| *HH
: HHM —
leot

X + + - sin I




As a first step the algorithm
will randomly generate many
different equations

13



Traditional Symbolic Regression

DATA SET

¢ Data points

Wi

ot

RANDOM
EQUATIONS

f(X) = sin(X) + 2
f(X) = X2 - 1

f(X) = 42

f(X) = -4X + 8

f(X) = X

14



Traditional Symbolic Regression

DATA SET

¢ Data points

Wi

ot

RANDOM
EQUATIONS

f(X) = sin(X) + 2
f(X) = X2 - 1

f(X) = 42

f(X) = -4X + 8

f(X) = X

COST
FUNCTION

COST =12

COST =24

COST =43

COST =7

COST =3
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Traditional Symbolic Regression

DATA SET

¢ Data points

Wi

ot

RANDOM COST
EQUATIONS FUNCTION
f(X)=sin(X)+2  COST =12
f(X) = X2 - 1 COST = 24
f(X) = 42 COST =43
f(X) = -4X + 8 COST =7
f(X) = X COST =3
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Traditional Symbolic Regression

DATA SET

s ¢ Data points + +
¢

Wi




Traditional Symbolic Regression

DATA SET

¢ Data points

EVOLVED
EQUATIONS

f(X)=2X-8
f(X) = X

f(X) = 2X + 2
f(X) = 2X

f(X) = 1/X

COST
FUNCTION

COST =10

COST =7

COST=0.5

COST =7

COST =42

18



Traditional Symbolic Regression

DATA SET

- f(X) =2X+ 3

°| ¢ Data points + +. +*

-1.00 -0.75 —-0.50 -0.25 0.00 0.25 0.50 0.75 1.00

After many
generation

Best answer

f(X)=2X+3

COST~0

19



Traditional Symbolic Regression

Many different implementations of SR available !

RandomForest
o :J’

LGBM
[j -o

15
o (FFxX*
C 4’
© AlFeynman*
% SBP-GP* .\
N \ KerneIR|dge’ ~
a5 A [ITEA*?\
[0 ~ e
8 o 'EPLEx*\.\
s ~

~

AFP_FEF]

5 "
(GP-GOMEA*
b gplearn*
(BSR*
DSR* f Linear
0

0 5 10 15 20
R2 Test Rank

LaCava et al., 2021. Contemporary Symbolic Regression Methods and their Relative Performance, arXiv:cs https://arxiv.org/abs/2107.14351
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Traditional Symbolic Regression

iteration 0, relative error: 0.764187

3 cos(z) sin(z) (cos(x)sin(z)* — 1) )1

— I’
e 3
https://github.com/heal-research/operon



Traditional Symbolic Regression

meh

DATA SET

f(X) =2X+ 3

A ++++'++ does not
- -*WF output a
| W" general law
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Traditional Symbolic Regression

Here look

DATA SETS

f(X) =2X + 3

f(X) = -X + 2
— f(X) = 0

4

3 .++.
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Traditional Symbolic Regression

w

N

o++.

DATA SETS
— o , +‘W
4 - &
o1

-1.00 -0.75 —-0.50 -0.25 0.00 0.25 0.50 0.75 1.00

Best answers

f(X)=2X+3

> f(X) = -X +2

f(X)=0

| would have found

f(X)=AX+B

24



MultiView
Symbolic Regression




Multiview Symbolic Regression (MvSR)

DATA SETS

s f(X) = 2X + 3

*] — f(X) = X + 2
m— f(X) =0
4

26



Multiview Symbolic Regression (MvSR)

DATA SETS

= f(X) =2X + 3

? « f(X) = X + 2 ,+,+
| =0 =0 +¢+

-~

RANDOM
EQUATIONS

f(X) = sin(X) + A

f(X)= A + B X2

f(X) = A

27



Multiview Symbolic Regression (MvSR)

DATA SETS
° —:iiizzxx:; ¢++
| =0 =0 +¢+
Fes

w

N

(W ) 4 N

i+ e

P d

-1.00 -0.75 —-0.50 -0.25 0.00 0.25
X

0.50 0.75 1.00

-~

RANDOM
EQUATIONS

f(X) = sin(X) + A

f(X)= A + B X2

f(X) = A

COST
FUNCTION
AFTER
MINIMIZATION
24
COST = 32
7
17
COST= 8
0
19
COST= 10
0
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Multiview Symbolic Regression (MvSR)

COST
FUNCTION
RANDOM AFTER
EQUATIONS MINIMIZATION
DATA SETS
- 24
N a2 ,,++ f(X)=sin(X)+ A  COST= 32
. = f(X) =0 + ’+ 7
e
1o +°+. < fX)=A+BX:  COST= 8
“g ; s e —> > fX) 0
0 19
_ -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 f(X) = A COST = 10
X \_ 0

Average COST -



Multiview Symbolic Regression (MvSR)

Sehr gut !
DATA SETS
After many
i oy o + generation
= f(X) =0 +

4 ¢
g
- ﬁ ; ~1 Best answer 0
.+++t +-+.¢+.,¢..+ [Zij> [::j> f(X) = AX +B COST = 8

-1.00 -0.75 —-0.50 -0.25 0.00 0.25 0.50 0.75 1.00
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MvVSR in a nutshell

(1) Receive multiple datasets as input.

(2) Perform a minimization of the parameters independently
for each dataset.

(3) Use an aggregation function to compute an overall loss.
(4) Allow parameters to be repeated.

(5) Control the maximum number of parameters.

(6)

6) Penalise solutions based on the number of parameters used

31



Multiview Symbolic Regression (MvSR)

R2 Test Model Size Training Time (s)
*Operon -
*SBP-GP -
*FEAT ®
*EPLEX - ® ®
XGB *
LGBM -
*GP-GOMEA L 2
AdaBoost *
RandomForest -
*|ITEA -~
*AFP_FE -
*AFP g
*FFX — e o @
KernelRidge -
*DSR @
*MRGP ——
*gplearn -0~
MLP g oo
Linear
*BSR
*AlFeynman

—-0.25 0.00 0.25 0.50 0.75 1.00 102 104 10° 102 10%

®

LaCava et al., 2021. Contemporary Symbolic Regression Methods and their Relative Performance, arXiv:cs https://arxiv.org/abs/2107.14351



Multiview Symbolic Regression (MvSR)

R2 Test Model Size Training Time (s)

C++ [*Operon °
*SBP-GP -
*FEAT L
*EPLEX - ® ®
.
—
*

XGB
LGBM
*GP-GOMEA
AdaBoost )
RandomForest -®
*ITEA — B~
*AFP_FE «
*AFP g
*FFX —— ® @
KernelRidge —e-
*DSR @
*MRGP =
Python  [*gplearn -
MLP I @ ®
Linear
*BSR
*AlFeynman

—-0.25 0.00 0.25 0.50 0.75 1.00 102 104 10° 102 10%
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[Submitted on 6 Feb 2024]

Multi-View Symbolic Regression

Etienne Russeil, Fabricio Olivetti de Franga, Konstantin Malanchev, Bogdan Burlacu, Emille E. O. Ishida, Marion Leroux, Clément Michelin, Guillaume Moinard,
Emmanuel Gangler

Symbolic regression (SR) searches for analytical expressions representing the relationship between a set of explanatory and response variables. Current SR methods assume a single
dataset extracted from a single experiment. Nevertheless, frequently, the researcher is confronted with multiple sets of results obtained from experiments conducted with different
setups. Traditional SR methods may fail to find the underlying expression since the parameters of each experiment can be different. In this work we present Multi-View Symbolic
Regression (MvSR), which takes into account multiple datasets simultaneously, mimicking experimental environments, and outputs a general parametric solution. This approach fits the
evaluated expression to each independent dataset and returns a parametric family of functions f(x; \theta) simultaneously capable of accurately fitting all datasets. We demonstrate the
effectiveness of MvSR using data generated from known expressions, as well as real-world data from astronomy, chemistry and economy, for which an a priori analytical expression is
not available. Results show that MvVSR obtains the correct expression more frequently and is robust to hyperparameters change. In real-world data, it is able to grasp the group
behaviour, recovering known expressions from the literature as well as promising alternatives, thus enabling the use SR to a large range of experimental scenarios.

Comments: Submitted to GECCO-2024. 10 pages, 6 figures
Subjects:  Machine Learning (cs.LG); Instrumentation and Methods for Astrophysics (astro-ph.IM); Applications (stat.AP)
Cite as: arXiv:2402.04298 [cs.LG]

(or arXiv:2402.04298v1 [cs.LG] for this version)
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Scientific applications




%5 SNAD ZTF DR17 object viewer

ZTF DR OID or SNAD name  633207400004730 or 202
Coordinates or name = 00h00mO00s +00d00m00s or M57 | radius, arcsec 1

717101200000722

o
14
)
15 = L )
—
] ‘+
PR
+ -
16 *> Y
g . ; /f_\
Ew Wy
o
+ *
18 = “t bt g
L prg $ LA S iags é‘.‘% *
19 &
500 600 700 800 900 1000 1100
mjd - 58000

filter, oid @ zg, 717101200000722 m zg, 1716111100012085 0 zr, 717201200001239 4} zr,1716211100027692 [l zi, 717301200010132

Download PNG, PDF, CS

<

® 50000.0 < MJD < 70000.0

MJDiTenge: . 50000 79900 O ZTF Private Survey: 58194.0 < MJD < 59524.0

@ Full light curve D Folded light curve

[ Closest Antares object, diff-photometry [ Closest Pan-STARRS object, apparent [ Closest Gaia object, apparent
® Magnitude O Flux QO diff Magnitude Q diff Flux

https://ztf.snad.space/dr17/view/717101200000722

Open i JS9 Download FITS Product directory .

No minor planets found in 15"
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Astrophysical database

1.0 - ¢ SN O:zg-band
} SN O: zr-band
Y | } SN 1:zg-band
0.8 - Q § $ SN 1:zr-band
' . $ SN 2:zg-band
$# SN 2:zr-band
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=
% 0.6 - 4
I ! 3
e ’
: X whad |
= & e d
- e
s " %
0.2 1 0.. 0.0: ® fe . .0
... .\ . ®e e @
L) ® o0
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0.0 Jestien s o , ) OO e
-20 0 20 40 60
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Astrophysical database

Normalized flux

Error bars not used :(

/N
1.0 4 ¢ \ SN 0: zg-band
} |SN 0: zr-band
Y | } |SN 1: zg-band
0.8 - Q b $ |SN 1: zr-band
' . $ |SN 2: zg-band
g $ / SN 2: zr-band
0.6 - ’
’ B
B
; §
0.4 - "‘ 1. ..-.“&.’
° A ... b
t! l. .'o .‘c:g.
0.2 0.. B .o: B . .0
8% :‘o * 53 R
b ', e F 2.0
0.0 _*.*!A . . . & "A : : ‘
-20 0 20 40 60

Days after observed maximum
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Astrophysical database

1.2

1.0+

Normalized flux
= =]
(@) (0]

=
>

021

=50 —25 0 25 50 75 100 125 150

f(X) = A/(B*exp(C*X) + exp(-D*X))

A: 6.83, B: 5.40, C: 0.07, D: 0.24
A:112.21, B: 113.70, C: 0.04, D: 0.46
A: 3.19, B: 2.11, €C: 0.07, D; 0.26

A: 20.74, B: 20.50, C: 0.04, D: 0.31
A: 3.09, B: 2.02, C: 0.09, D: 0.19

A: 14.21, B: 13.82, C: 0.04, D: 0.27

Time after observed peak (days)
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Normalized flux

Astrophysical database

A/(B*exp(C*X1) + exp(-D*X1))

1'0 . o ZTF'g
A:3.07,B:2.01,C:0.09,D:0.19,
X ZTF-r
0.8 1 A:1433,B:13.94,C:0.04,D:0.27,
0.6 1 N &
0.4 - X Wﬂ
3 % %
02{ % S, Ko X
/é ' .'o )K)SO( %)ﬁ(
004 7 2800004
~20 0 20 40 60 80 100

MvVSR recovers the literature !
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Normalized flux

Astrophysical database
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o
o
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O
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L

O
(N

=
(<)
L

A/(B*exp(C*X1) + exp(-D*X1))

e ZIF-g
A: 3.07,B: 2.01, C: 0.09, D: 0.19,
X ZTF-r
A: 14 33, B: 13.94, C: 0.04, D: 0.27,

W)l!‘
P~ K M e

20 40 60 80 100

Normalized flux

1.0 A @ ZTF-g
A 1.64, B: 0.34, C: 0.07, D: 0.08, E: 0.13,
»x  ZTF-r
0.8 1 A- 231, B: 0.5, C: 0.0, D 0.01, E: 0.23,
0.6 1 &
X * ik
0.4 - X/ %
by X X
0.2 b x. .. X‘)ss(x X
-/sg. ™ o
0.0 1 o ® obe ?*M
=20 0 20 40 60 80

A**(B*X1)/(C*X1 + (-D*X1 + exp(E*X1))**2)

100

It can also generate more
complexe and better solution "y



Normalized flux

Astrophysical database
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o
o
L

O
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O
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=
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L

A/(B*exp(C*X1) + exp(-D*X1))

ZTF-g

A: 3.07,B:2.01, C: 0.09, D: 0.19,
X ZTF-r
A:14.33,B:13.94, C: 0.04,D: 0.27,

W)l!‘
P~ K M e

20 40 60 80 100

Normalized flux

exp(-A*X1)**(B - exp(-C*X1))

1.0 - o ZTF-g
A: 0.1, B: 0.98, C: 0.06,
X ZTF-r

0.8 A: 0.03, B: 1.4, C: 0.11,
0.6 ‘ &

3 ® x
0.4 1 X

fl ‘ ;&x
02{ ¥ N N

" “ X o
0.0 1A " 20 eond

=20 0 20 40 60 80 100

As well as unexpected but very
effective forms
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Let’s try other use cases !



Stock market value

Finance database

AAPL

200 A

180 +

160 -

140 +

120 A

100 A

80 A

60 A

40 4

—— From 2018-11-29 to 2023-11-29

0 200 400 600 800 1000 1200
Time (buisiness days)

44



Stock market value

Finance database

AAPL

200 A

—— From 2018-11-29 to 2023-11-29

180 +

160 -

140 +

120 A

100 A

80 A

60 A

40

0 200 400 600 800 1000
Time (buisiness days)

Count

AAPL

175 A

150 -

125 4

100 A

75 4

....“000

o % ®

[€)
%%g00 ¢ o

-0.06

-0.04

-0.02 0.00 0.02
Asset normalized daily return

0.04

0.06
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Finance database

S&PS500

Stock market of the 500
biggest american companies
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Finance database

S&PS500

Stock market of the 500
biggest american companies

Usually aggregated
for analysis
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£23

Finance database

>PE2s3E
37<§0§

S&PS500

Stock market of the 500
biggest american companies

490 to check



Finance database

Recover literature

Equatig f(x)

| Models || | med(MSE) |
Gaussian [2, 5] A-e" B 0.363
Laplace [17] A - e Blx| 0.342
Cauchy [20] [[(A-B?/(x*+B%) ]| 0.305
Linear-Laplace ||((A — Bx) - e ¢¥ I 0.327
Exp-Laplace A - eBx—Clx| 0.328
Power-Laplace ||| A- eBIxI® )| 0.246

N— -

Find new models
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Ingersoll Rand

Finance database [ caucny
MSE=0.630
powerlaplace

w MSE=0.349
Recover literature g
()
/
| Models || Equatig f(x) | med(MSE) | 2
7 = \ 27
Gaussian [2, 5] A-e” B 0.363 x N
— . ' ® %o .
Laplace [17] A-ePlx 0.342 O <005 508 ~002 D0 DaZ o 0.5
Cauchy [20] \A i Bz/(x2 + Bz) ) 0.305 S&P500
Linear-Laplace ||((A — Bx) - e ¢¥ I 0.327 191 1 |— COERY
Exp-Laplace A- eBx—C|x| 0.328 gl &cgvge_r(l)ag%asce
Power-Laplace ||| A- eBIxI® )| 0.246 '
< _ "
4 -
. 2 .
Find new models
0 4

-0.015 -0.010 -0.005 0.000 0.005 0.010 0.015

Asset normalized daily return



And another one ?



Chemistry database

I I
Incident Light Transmitted Light

https://www.edinst.com/blog/the-beer-lambert-law/
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Chemistry database

(b)
Iy I 1.5
et
Incident Light Transmitted Light °
S 17
l

] 0.5
logio(—)=A=k-C

0% 50 100 150 200
Concentration (UM)

Beer Lambert’s law

53
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Chemistry database

35
o® * ’
o®
3.01 .. ° ] - ® @
O
@
)
251 ’
]
5 2.0 . ’
o { /!
215 ¢ o
< @
1.0- b @ ) o e Bodipy1l
=1 8 d » Domain of validity s Coumarin
o5l |f &4 of the Beer e Bodipy 2
] e, Lambert’s law e Porphyrin
0.0 ;:. BLB's fit (A<=1)
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Chemistry database

3.5

3.01

Absorption
N
b

o =
o

o
o

f(X) = log(1/(A + exp(-B*X)))

>
o

=
9]

@
°

Bodipy 1:
R2=0.997
A: 0.03, B: 0.23

Coumarin:
R2=0.999
A: 0.04,B: 0.17

Bodipy 2:
R2=0.999
A: 0.04, B: 0.73

Porphyrin:
R2=0.999
A: 0.04, B: 4.26

BLB's fit (A<=1)

10 20 30
Concentration (mol/L)

40
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Chemistry database

General Beer Lambert’s law:

1

f(x; p, €) = log

/,L _I_ e—éil}

/

Saturation parameter

Linear slope
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Conclusion




Conclusion

e MvVSR is working, have a look at
the arXiv

e |t has potential to be used In
every science

e If you see a potential use case for
you science come and talk to me

e JStill need some work on our side
for a proper full implementation

https://arxiv.org/abs/2402.04298
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Multiview Symbolic Regression (MvSR)

Toy data illustration

8-
6-
41 o
e T
..
@ '.
2 ®ecccccccsccseccccccscccccccccgelonccccee
@ =]
®
oooooo
.....
0 Coegele°
®
©
&
@
&
®
..
-2 o ®
L)
P T ® Example0:[2,0,0]
P ® Example1:[0,2,0]
44 o® e Example2:[0,0, 2]
2.0 1.5 1.0 2.0

f(X)=A+BX +CX"~
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Multiview Symbolic Regression (MvSR)

Toy data illustration

® Example0:[2,-2,2, 2] @
20 ® Examplel:[2,-2,2, 2]

® Example2:[2,-2, 2, 2]

® Example3:[2,-2,2, 2]
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Point mutations
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Point mutations

Hoist mutations
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Point mutations Hoist mutations Subtree mutations

A X
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Point mutations Hoist mutations Subtree mutations Crossover




67

Create a new population from the
previous best candidates

Point mutations Hoist mutations Subtree mutations Crossover

. °




fi(x) = 6y + O1x + O2x° + O3x°

£ (x) = sin (Bpxox1) + 01(x2 — 02)% + O3x3 + x4

f3(x) = (Boxg + (01x1%2 i i
(03x1x3 + 1)
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View 1 | View 2 | View 3 | View 4 | Partial view
0o 2 0 0 2 2
0, 2 2 0 0 5
0 0 2 2 0 2
03 0 0 ) 2 2
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Parameter Value
population size 1000
number of evaluations | 100000000
pool size 5
error metric MSE
prob. cx 1.0
prob. mut. 0.25
max depth. 10
optim. iterations 100
aggregation function | max

operators

add, sub, mul, div, square, exp, sqrt,
sin (f2 only)
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0.246

Models Equation f(x) med(MSE) | MSEsgp
Gaussian [2, 5] A- e"IBz 0.363 0.260
Laplace [17] A-e~Blx| 0.342 0.084
Cauchy [20] A - B*/(x* + B%) 0.305 0.079
Linear-Laplace || (A — Bx) - e CIxl 0.327 0.065
Exp-Laplace A - ePx-Clx 0.328 0.063
Power-Laplace A - eBlxI® 0.075
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3.0 1

2.5 1

2.0 1
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1.0 1
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