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What are physical units?



1. Introduction

An introductory tale

n NUF1-0T4 -1, 38 An introductory tale
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Ima gine,
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or more precisely ago,

in a spiral galaxy of 150 x 10° My

at a comoving distance of 1900 Mpc = 5.863 x 10%* km from us,

at redshift of

corresponding to a scale factor of a = 2/3,

on a planet of average density

orbiting two stars with surface temperatures of 5200 K and 6100 K
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Ima gine,
INNAREARNGEEYAGCCEEERANORME

with a 27 km circonference,

maintained at a cryogenic temperature of 1.9 K,
accelerating protons at of the speed of light
in a cavity with an initial pressure of

vsing eletromagnets producing a field of 8.3 T

thanks to a total current of 11080 A

in order to produce collisions at

seaw15 PDIETECUED FOR TRE FIRST TIvE ThRE RIEES [EBOSORees
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m,kg,s, K .. length, mass, time, temperature ...

I ~

Units and quantities are at the basis of . They
are critical to specify, run, and analyze
Dimensional analysis is key to

Beyond than that units and quantities are an essential
part of our to and

S
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(even if plenty of

A ParadOX/anOmalg units and quantities

exist)
Unite and quantities are For the most part, nobody
ubiquitous in and vses them in
and

Work hypotheses

A. « Soft science » reasons: sociology of research, dif fusion of practices...
®» B. «Hard science » reasons: a fundamental maths/info/physics problem 4=

=l b}
11!" W _—
St

i Wl
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2. Context

Framing the problem of numerical units
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2. Context

Starting from real-life code

A C++ navigation code actually used to fly airplanes

Ol void xXY_Brg_Rng(double X_1, double Y_1, double X_2, double Y_2, double *Bearing, double *Range);

02

O3 void DistanceBearing(double lat1, double lonf,

04 double lat2, double lon2,

05 double *Distance, double *Bearing);
06

O/ double DoubleDistance(double lat1, double lonf,

08 double lat2, double lon2,

09 double lat3, double lon3);

10

11 void FindLatitudelLongitude(double Lat, double Lon,

12 double Bearing, double Distance,
13 double *lat_out, double *lon_out);
14

15 double CrossTrackError(double lon1, double latft,

16 double lon2, double lat2,

17 double lon3, double lat3,

18 double *lon4, double *lat4);

19

20 double ProjectedDistance(double lon1, double lat1l,

21 double lon2, double lat2,

22 double 1lon3, double lat3,

23 double *xtd, double *crs);

24

25 void LatLon2Flat(double lon, double lat, int *scx, int *scy);
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2. Context

Solving the problem with a standard library to rule them all

How it all started

How to make units and quantities available in the C++ programming language?

ISO WG21 Standards Committee BIPM ISO 80000

m C++ Programming Language m International System of Units (Sl) m Quantities and Units

I/?b Interational B EE i 1SO/IEC
Organization for
D2l | Standardization JTC1 - Information Technology FDIS Approval CG P M c [ PM
National Representatives SC22 - Programming Languages CD & PDTS Approval " Receives report from DIPIOmﬂfIC r has set up Consultative
. CIPM on work Treaty - Convention du Métre Committees; each
WG21 - The C++ Standards Committee Internal Approval accomplished (Meter Convention) :’n;n;zee:lat';ot:[ég‘:as
* discusses, examines
8 2 Core LWG " . i e discusses, reports of CCs
§ UE ection Group E Core Language Wording Library Wording Wordingl&lconsisiency zzzgi:szO?,::]re:;;agrﬂglon International fi i
2 A L0 General ; ¢ discusses work of BIPM
5 w £ units Conference on . . Bureau o underdelegatedauthority
2 1 ecurity 5 EWG LEWG Ay — Weiahts and <Authorization™, Weights and of CGPM
2 oup = Language Evolution Library Evolution 9 9 * endorses new g Measures (BIPM}
t metrological Measures g issug:s_ anm:lal reporton
determinations and (CGPM) il sl
e [ B ————— financial position of BIPM
e g S <l . _ b discusses metrological
Filesyst N ki i :
coneurensy m e International WOrCERmAmbaRSIN S
Conceng Committee for wantto do in common;
— Numerics Reflection Concepts ELEES Feature Test once in four years
3 y Measures (CIPM) b meets every year
E e Research
3| SG11 SG12 SG13 Incubation
[ " . Low Latency, HPC, n A
c} Databases Undefined Behavior HMI, 1/0 Embedded High-level design
> D il if i
; omain specific review CIPM MRA
SG16 SG17 SG18 SG19 SG20 Representatives from 62 Member Itis signed by 106 institutes including | 18 Members out of 62 Member
Text EWG Incubator LEWG Incubator Machine Learning Education s d 40 As = 62 Member States, 40 Associates, 4 States. Members also become
tates an sociates international organisations and also e A
M Core language track (as on 13 January 2020) s L B e b Presidents of the Consultative
sG21 sG22 sG23 W Library track 1 51 Y EonIees
Contracts C/C++ Liaison Safety and Security W Domain specific investigations S|gnatory bodies

W Completed or inactive

Hint

It's insanely complicated...
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2. Context

The 2019 redefinition from 7 exactly defined constants

& New Sl (2019) Ground state hyperfine structure transition
o @ Av frequency of the caesium-133 atom
, Qi Cs Aves = 9192 631770 571
00 \ /o b

-

( ( . h Planck con_s;int .
s Kea h =6.62607015x 107°* kg -m*“ - s
Old SI d of ligh ¥ “ \@/

Speed of light

(1983) c=299792458m-s?

- N Avogadro constant
A N, = 6.02214076 x 10%3 mol™!

Elementary charge o /V°

e =1.602176634x 1072 A s

Jo

2 3 Luminous efficacy of monochromatic
radiation of frequency 540 x 10%? Hz
Boltzmann constant (green-colored light at approximately the
kB Kcq

kg = 1.380649 X 10723 kg - m? - K1 . 572 peak sensitivity of the human eye)

K.q =683cd-sr-s3-kg= ! -m™2
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2. Context

Quantities with measurement units

Qo= {Qa} 0]
| 1_[ [

} }
Symbol for individual Symbol for the Symbol for unit

quantity numerical value of the
quantity Q, expressed
in the unit [Q]

Sl = 198847 x 10°°
kg

Mg = 1.98847 x 10°° kg e—

— |Mp] = kg
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2. Context

Quantity values

Quantity (ISO 80000-1:2009)

Property of a phenomenon, body, or substance, where the property has a magnitude that can be
expressed by means of a number and a reference.

Scalar Vector Tensor

Reference

Quantity value

BT TR T
BT - I - T
_toosroncnvni—— SR Necsvenen rocrive R foerco noerio

Reference material

Measurement unit Measurement procedure

= Length of a given rod: [5,34 m m Rockwell C hardness of a given m  Amount-of-substance concentration
= Mass of a given body : [0,152 kg sample (150 kg load): of lutropin in a given sample of plasma

_ ' — 43.5 HRC(150 kg) (WHO international standard
m  Curvature of a given arc: |[112 m 80/552): 5010/ (WHO

m Electric impedance of a given

. : International Units per litre)
circuit element at a given frequency:

(7+3j)Q : : .
m Refractive index of a given sample Standardization for programming
of glass (dimensionless, unit 1):[1,32 At this point, not that simple but doable... Does it get worse?
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3. Limits

Exploring edge cases and conceptual limits
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3. Limits

Unit calculus on a computer

1200m+2.4km =1200m + 2400 m = 3600m
45kg+8300g =45kg+8.3kg =53.3kg %
M

1.3 s+ 2900 ms =1.3s4+29s=4.2s
And what about...

4.24 ly + 3.51 pc =7

Possible strategies

m smallest unit = 4.24 ly + 11.44809 ... ly = 15.688009 ...ly

m largest unit = 1.2999899 ... pc + 3.51 pc = 4.8099899 ... pc

m leftmost unit = 4.24 Iy + 11.44809 ... ly = 15.68809 ...ly = not commutative anymore

m rightmost unit = 1.2999899 ... pc + 3.51 pc = 4.8099899 ...pc = not commutative anymore

= base unit = 4.011..x 10 m + 1.083 ... X 1017 m = 1.484 ... X 1017 m = precision loss/overflow

Result

All solutions lead to different results because of machine precision

Two subproblems (2 x 5 = 10 different strategies)

m Unit used for internal computation m Unit used to display the result
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3. Limits

Just a technical problem?

1200m+2.4km =1200m + 2400 m = 3600m
45kg+8300g =45kg+8.3kg =53.3kg %
13s+2900ms =13s+29s=42s %

And what about...

152K +17°C =7

Result

152 K +17°C = 152K + 290.15 K = 442.15 K

Temperature is more complicated

Two concepts:
m quantity point

Record heat _ Mathematically speaking
Malawi swelters with
[E‘IT][JEI'H[UI'ESHEEH[}" ?' '_" Temperctures |IV€ |n an cfflne

68F above average

'YOU JUST BROKEPHYSICS ' {NESer™
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3. Limits

Temperature is a scale

Fixed points: F (ordered countable set dense-in-itself)

Hotness series: H (ordered countable set dense-in-itself)

373.15K

Boiling water

Human body 310.15K

temperature

Room
temperature

Ly “\
Freezing 67? :_:W
point of water  ~ /v -

Absolute zero |

Temperature
scale

671.67 °Ra 80 °Re
558.27 °Ra 29.6 °Re
529.47 °Ra 16.8 °Re
491.67 °Ra 0 °Re
-218.52 °Re
°Ra ‘Re
Rankine Réaumur

Ideal gas 2

Ideal heat engine ?

Hot source (T,,)

Reference: Do we know what the temperature is2, Mares, Journal of Thermal Analysis and Calorimetry, 2015
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Ordinal units

Richter scale

The seismographic activity of
a magnitude 7 earthquake is

more intense than a
magnitude 6 gquake

J" J‘ —’H|~"| H l“

A

A A——

Strong
Moderate
Light
Minor
Not felt

Magnitude
@ LHIC5(0)

w we a SoUrce: United States Geological Survey
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3. Limits

Near-total destruction
and massive loss of life

Can destroy buildings
— and cause serious
damage

Can cause a lot of
damage, particularly
in populated areas

Results in noticeable
shaking and may
cause minor damage
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Scoville

Trmldcd SCOI‘p[Oh

125,000-325,000

Scotch Bonnet

SQH‘OHO Pepper

10,000-23,000

Heat Scale

Carolina Recper
1,400,000-2,200,0

Ghost Pepper

855,000-1,041,427

Red Savina Habanero

350,000-577,000

HGl’:)GI"IQl’O

100,000-350,000

Thai Pepper

50,000-100,000

TC] bGSCO Pepper

)00-50,000

Pepperoncini
100-500




3. Limits

Logarithmic quantities

Lp =11n<£)Np = 10 x logy, (Pﬂ) dB 2878 Np 25dB

2 \Py 0 Nepers Decibels

Apparent magnitude Absolute magnitude

F, L,
m, = _5108100 — M* — M@ = —2.5 log10 —

Lo
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3. Limits

Dimensions and quantity kinds

N
T - T

Example 1 Example 2 Example 3

m Energy: M- L* -T2 m Entropy: M- L%-T7%2-071 m Frequency: T71
m Moment of force: M- L? -T2  m Heat capacity: M - L? - T~2 - 071 m Radioactive activity: T~1

1.2Bq+50Hz =7 X
| |
1.2s 1 4+50s1=62s"1 4
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3. Limits

Unit simplification

The expansion of the Universe Hubble's constant

Hy, =73.2 (km/s)/Mpc

[Hol = 5712
dlm HO — T_l [Ho] — HZ?
|Ho] = Bq?

Units collapse

Ol auto v = quantity(67.)[km/s];
02 auto d = quantity(1.)[Mpc];
03 auto H = quantity(70.)[km/s/Mpc];

04 std::cout << v / d << std::endl; // Display in s=' or km/s/Mpc?
05 std::cout << H << std::endl; // Display in s~! or km/s/Mpc?
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3. Limits

Evolution of unit systems

Working with old data OB ; — R
| #include "oldexperiment.hpp" g XRCD o0 IE IAC-11
% using namespace units::systems::si; KB I—:—o—l IAC-15
4 auto old_m = oldexperiment.get_mass();// in kg : & | : NIST-15
g auto new_m = mass(1.4289)[kg]; // in kg |-d:-| NRC-17
/ auto mass_difference = new_d - old_d; // problem? L o IAC-17

—— i NIST-17
= S:1960 vs SI:1983 vs SI:2019 — | LNE-17
m Physical constants gets refined over time O CODATA-17
m In software, what to do when users mix kg and K L. . | . I 1 . .
from SI: 1960 with kg and K from SI:20192 09 695 7 7.05 71

(71107 7 $)-6.6260] x 10°

What to do in software...

= ... to handle the mixing of old units and new units2

Reference: The CODATA 2017 values of h, e, k, and N, for the revision of the SI, Newell et al., Metrologia, 2018
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1. Introduction 2, Context 3. Limits 4, Project 5. Conclusions

Amount of substance, moles, and counting quantities

118.7 g Sn
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Angles in the International System of Units

Plane angle (radians) Solid angle (steradians)

Current status of angles in the SI

m Sl derived units with special names and symbols
m Radians expressed in Sl as rad = m/m = 1 (dimensionless)
m Steradians expressed in Sl as sr = m?/m?* = 1 (dimensionless)

Open question

m Should plane angles and solid angles be treated as dimensionless quantities?
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3. Limits

Natural units and nondimensionalization

Usage of natural units

m Widely used all over theoretical physics

High-energy / particle physics General relativity (geometrized unit sytem)

c=h=¢y=kg=1 c=G=1

8l G
O =~ T = T

y = 87TTW

Motivations

= "Make equations easier to handle"
m "Closer to fundamental physics"
m "Easy to find constants back using dimensional analysis"

Reality check

= In some cases, not so straightforward to find constants back in practice
m Loss of information for dimensional analysis
m Some errors cannot be traced anymore by pure dimensional analysis
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3. Limits

Conceptual collapse with natural units

length (1) = light-year speed (v) =1

Noether's theorem

m Conservation of energy
dim(time) = dim(length) m Conservation of momentum

speed (v) = 1 light-year per year

Inelastic Collision dim(energy) = dim(momentum)

Kinetic energy and Kinetic energy is not conserved,
momentum are conserved but momentum is conserved .
- Collapse of usual physical concepts
Before Collision

v, v, v, Vg =0 m Loss of one conservation law
m, 2 2 Mg
Var Vi v

Reference: The role of unit systems in expressing and testing the laws of nature, Quincey and Burrows, Metrologia, 2019
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3. Limits

A problem defined by its corner cases

Quantity kinds

Unit simplification

Variable conversion
rafte

Angles

Vector, tensor, and
complex quantities
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Numerical
precision

Explicit vs implicit

: Named units
casting

Mixing systems Evolution of
of units unit systems

Custom systems
of units

Complete vs unit-
specific equations

Nondimension-

Natural units L
alization

Logarithmic
quantities

Amount of

Affi
Ine spaces substance

Compile-time and
runtime

Ordinal quantities Uncertainties
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4. Project

Toward the mathematical formalization of units
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Hypotheses

The reason why nobody vses units in code
i9 that

The reason why all libraries are broken

i9 that
To date, there is
of the notions of units, quantities, and unit systems

In other words, the problem is that:

. Every physicist have an intuitive notion of what a unit is
w 2. knows what a unit i9 “
S

11!" W _—
et e
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Top-down vs bottom-up approach

Top-down

Implementation

Edge case a
Edge case Edge case y
Edge case 6 Edge case €

Edge case ¢

4. Project

Bottom-up

Formalization

Abstraction

Edge case «
Edge case Edge case y
Edge case 6 Edge case €
Edge case ¢

Current status of units library investigations

m Top-down approaches: do not seem to converge

m Strategy: try a more bottom-up approach through Applied Category Theory
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Specification

Implementation




4. Project

Two ways of building mathematics from scratch

1, 7 (.
Q O R TP 7AN
\ L1 ) /
U
\
\ \ 7 4
-~ V4
/7 \ ,/
’

m Relationships are first-class citizen

m Obijects are firstclass citizen
m Objects come second

= Relationships come second
m Obijects are defined in themselves

m Objects are defined through their relationships

Vincent Reverdy — Unit Systems and Physical Quantities
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4. Project

Formalization strategy

0 G
e L 4 B ol
1A ]‘B \\:’Q/ ’ \ Aves \ / GUH o ‘.
(\‘ f /_> b lim Y/ | l 8. lim Y’ pl p2 / ‘\\‘?\“g
A _v o B i o B \GuH \
H Xp—|—t|— H ’ lin“r C h \ / Pa 0 \\‘\ : 'ﬂl
\ lg o o Sy . ‘Hﬂe;)(ﬁw) P \)(Y'jﬂ
\:IV g ~ - }
gof C 11 Y/l \H Y @ @ 1 t2
{Garea)eTu (Gaprets :
®) 3'h
te o mol
o :

0——1 2—3 U, 4
J{g J{@ \1_1/ R W Vo
w kB ch Ny

B —— D

Units, quantities, and systems as categories

m Use category theory to formalize units, quantities, and systems through their relationships

Category theory Type theory Implementation
(relationships) (types and semantics) (syntax and API)
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. .JI-'k &K\f:: '

i e W

ok,

Unit and quantity systems are

« I'm 5 min away from the building »

\
distance in min ?

Assumin g:

| am driving there
An average speed of
No road closed

No accident...

EXamples in physics:

Assuming or General relativity?
Assuming or quantum mechanics?
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Formalizing Formalizing

)

between unit systems between

- ‘..-

N &
Newton e aog Einstein
Ns — e O
N2 o
Classical e OB @ Quantum
physics Z : mechanics
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Key to the problem

Formalization of the notion of unit/quantity systems
and transformation between systems

What is the fundamental nature of « = » ?

Structure of Structure of
physics (programming) languages
— morphism between units/quantities
= functors between systems/worldviews
W = natural transformations between physics & languages

s
ke
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5. Conclusions

Summary and concluding remarks
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Conclusions
. Unite are
2. Nobody uses units in code becavse all libraries are
3. do not know what units really are
H. Units and quantities systems can be seen as

5. Project to formalize unit systems vsing

Thanks for listening!
- Questions?
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