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e+e� ! tt̄
<latexit sha1_base64="yc9N0EUyWmJNiSApB5hrBsPjKgg=">AAAB73icbVC7SgNBFL3rM8ZXVLCxGQyCVdi1iJYhNpYJmAckIdydzCZDZmfXmVkhLPkJGwtFbC38C7/AzsZvcfIoNPHAhcM593LvPX4suDau++WsrK6tb2xmtrLbO7t7+7mDw7qOEkVZjUYiUk0fNRNcsprhRrBmrBiGvmANf3g98Rv3TGkeyVszilknxL7kAadorNRso4gH2NXdXN4tuFOQZeLNSb50XP3m7+WPSjf32e5FNAmZNFSg1i3PjU0nRWU4FWycbSeaxUiH2GctSyWGTHfS6b1jcmaVHgkiZUsaMlV/T6QYaj0KfdsZohnoRW8i/ue1EhNcdVIu48QwSWeLgkQQE5HJ86THFaNGjCxBqri9ldABKqTGRpS1IXiLLy+T+kXBKxaKVZtGGWbIwAmcwjl4cAkluIEK1ICCgAd4gmfnznl0XpzXWeuKM585gj9w3n4A+xOTpg==</latexit>↵s



MOTIVATION



Entering in a very high precision era for LHC physics (HL-LCH) 

Huge amount of accurate data: increasing accuracy in theoretical computations in QCD 
(NLO, NNLO and beyond) is needed!


Ambitious goals for next years: automatisation of NNLO QCD computations


Many progresses for two loop amplitudes


➤ Massive  processes  
[Bonciani et al.], [Melnikov et al.], [Dunbar et al.]


➤ Massless   processes  
([Badger et al.]) 

Cancellation of Infrared divergences for fixed order QCD computations

2 → 2

2 → 3
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Subtraction at NLO fully automatised

Towards the NNLO automatisation
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Frixione-Kunszt-Signer subtraction    [Frixione, Kunszt, Signer (’95)]


Catani-Seymour dipole subtraction    [Catani, Seymour (’96), Catani, Dittmaier et al. (’02)]


Nagy-Soper subtraction                      [Nagy, Soper (’03), Bevilacqua, Czakon et al. (’13)]

Antenna Subtraction                          [Gehrmann, Gehrmann De Ridder et al. (’95)]

ColorFul Subtraction                          [Del Duca, Duhr, Kardos, Somogyi, Troscanyi et al.]

Sector-improved residue subtraction [Czakon et al.]

Nested soft-collinear subtraction.      [Melnikov et al.]

Local Analytic Sector Subtraction      [Magnea, Maina, Torrielli, Uccirati et al.]

q-T subtraction                                   [Catani, Grazzini et al.]

N-jettiness subtraction                       [Boughezal, Petriello et al.]

…many others



LOCAL ANALYTIC SECTOR 
SUBTRACTION AT NLO



The emission amplitude diverges as long as 

Phase space integration in 
dimensions gives poles in 

Same pole structure from IR region of virtual amplitude with opposite sign


Factorisation of initial state singularities for hadronic collisions


Final inclusive result is IR finite

A subtraction scheme is needed to compute 
differential distributions!
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<latexit sha1_base64="RPgoihGw/lMWwmklTvljFVGUrrM="></latexit>

k0p0(1� cos ✓kp) ! 0
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1/✏, 1/✏2

(Thanks to Lorenzo Magnea)

<latexit sha1_base64="N6LDSGL+kS/vDl74D6TzW8fmyBM=">AAAB9HicbVDLSgMxFM3UV1tfVZdugkVwY5kpUt0IRTcuK9gHtkPJZDJtaCaJSaZYSr9DBBeKuNV/cefXaPpYaOuBC4dz7uXeewLJqDau++WklpZXVtfSmez6xubWdm5nt6ZFojCpYsGEagRIE0Y5qRpqGGlIRVAcMFIPepdjv94nSlPBb8xAEj9GHU4jipGxkh+enxwXW0RqygRv5/JuwZ0ALhJvRvLljHy8/bj/rrRzn61Q4CQm3GCGtG56rjT+EClDMSOjbCvRRCLcQx3StJSjmGh/ODl6BA+tEsJIKFvcwIn6e2KIYq0HcWA7Y2S6et4bi/95zcREZ/6QcpkYwvF0UZQwaAQcJwBDqgg2bGAJworaWyHuIoWwsTllbQje/MuLpFYseKVC6dqmcQGmSIN9cACOgAdOQRlcgQqoAgzuwAN4Bi9O33lyXp23aWvKmc3sgT9w3n8AB92VXw==</latexit>

d = 4� 2✏

<latexit sha1_base64="3yjFusFxbPYw+Mr4ec0zIn57Si0=">AAAB+3icbVDLSsNAFJ34rPUV61KRYBFclcRFdVl047IF+4AmlMnkth06mYSZiVhClv6GGxeKuBX6He78Bn/CadqFth64cDjn3rlzjx8zKpVtfxkrq2vrG5uFreL2zu7evnlQaskoEQSaJGKR6PhYAqMcmooqBp1YAA59Bm1/dDP12/cgJI34nRrH4IV4wGmfEqy01DNLbv5GKiDIUuqCwlnPLNsVO4e1TJw5KdeOJ43vx5NJvWd+ukFEkhC4IgxL2XXsWHkpFooSBlnRTSTEmIzwALqachyC9NJ8b2adaSWw+pHQxZWVq78nUhxKOQ593RliNZSL3lT8z+smqn/lpZTHiQJOZov6CbNUZE2DsAIqgCg21gQTQfVfLTLEAhOl4yrqEJzFk5dJ66LiVCvVhk7jGs1QQEfoFJ0jB12iGrpFddREBD2gJ/SCXo3MeDbejPdZ64oxnzlEf2B8/ADkcpi2</latexit>

i⌘

<latexit sha1_base64="38SIH7pCVBXy44Tt3sIA/yjv9aw=">AAAB73icbZDLSgMxFIYz9VbHW9Wlm8EiuCozLqobsejGZQV7gXYomfRMG5pJYpIRytCXcONCEcGVT+Lejfg2ppeFtv4Q+Pj/c8g5J5KMauP7305uaXlldS2/7m5sbm3vFHb36lqkikCNCCZUM8IaGOVQM9QwaEoFOIkYNKLB1Thv3IPSVPBbM5QQJrjHaUwJNtZqtkFqygTvFIp+yZ/IW4RgBsWLD/dcvn251U7hs90VJE2AG8Kw1q3AlybMsDKUMBi57VSDxGSAe9CyyHECOswm8468I+t0vVgo+7jxJu7vjgwnWg+TyFYm2PT1fDY2/8taqYnPwoxymRrgZPpRnDLPCG+8vNelCohhQwuYKGpn9UgfK0yMPZFrjxDMr7wI9ZNSUC6Vb/xi5RJNlUcH6BAdowCdogq6RlVUQwQx9ICe0LNz5zw6L87rtDTnzHr20R857z+v6pNo</latexit>✏
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For a generic IRC-safe observable  we need to compute  
<latexit sha1_base64="NZW3QbM3FoBl1eHNEvu/p9+Jm7w=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdi2gjBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYtVa3UHRL7lTOX/DmULx4t8+Tt0+72i18dHoxTSMUmnKiVNtzE+1nRGpGOY7tTqowIXRI+tg2KEiEys+mg46dI+P0nDCW5gntTN2fHRmJlBpFgamMiB6oxWxi/pe1Ux2e+RkTSapR0NlHYcodHTuTrZ0ek0g1HxkgVDIzq0MHRBKqzW1scwRvceW/0DgpeeVSueYWK5cwUx4O4BCOwYNTqMA1VKEOFBDu4RGerFvrwXq2XmalOWvesw+/ZL1+AxjhkCQ=</latexit>

X

The two terms are separately finite and can be numerically evaluated!

<latexit sha1_base64="+cCWevJwUhR5VET6OzrkcIvaxgc=">AAACDHicbVDLTgIxFO3gC/GFunQzgZgMMZIZF+iS6MYlJgKTMGTS6VygodMZ2w4JIXyAG1f+hxsXGuPWD3DH31geCwVP0uT0nHPT3hMkjEpl2xMjs7a+sbmV3c7t7O7tH+QPjxoyTgWBOolZLNwAS2CUQ11RxcBNBOAoYNAM+jdTvzkAIWnM79UwgXaEu5x2KMFKS36+aHkhMIV96sFDSgfzm+Weu5ZX61GflkolnbLL9gzmKnEWpFgteGfPk+qw5ue/vTAmaQRcEYalbDl2otojLBQlDMY5L5WQYNLHXWhpynEEsj2aLTM2T7USmp1Y6MOVOVN/T4xwJOUwCnQywqonl72p+J/XSlXnqj2iPEkVcDJ/qJMyU8XmtBkzpAKIYkNNMBFU/9UkPSwwUbq/nC7BWV55lTQuyk6lXLnTbVyjObLoBBWQhRx0iaroFtVQHRH0iF7QG3o3noxX48P4nEczxmLmGP2B8fUDCKedTg==</latexit>

(�i ⌘ �(X �X(�i)))

<latexit sha1_base64="wcSV5rQbP9B+QZt+BbchrfcY5ag="></latexit>

d�NLO

dX
=

Z
d�n

✓
V �n +

Z
d�radK̄�n

◆

<latexit sha1_base64="PT3fPmudqTFvFTVG7Ey08CJIoKw="></latexit>

+

Z
d�n+1

✓
R�n+1 � K̄�n

◆

<latexit sha1_base64="DWQPn0yE5sxTwHdNKxODu/95jfA=">AAACE3icbZDLSsNAFIYn9VbrLerSzWgRqkJJXFQ3QtGNywr2Ak0Ik8mkHZxMwsxEKCHPoBtfxY0Lpbh1484Hce/0stDWAwMf/38OZ87vJ4xKZVlfRmFhcWl5pbhaWlvf2Nwyt3daMk4FJk0cs1h0fCQJo5w0FVWMdBJBUOQz0vbvrkZ++54ISWN+qwYJcSPU4zSkGCkteeZx4DT61Mv4iZ1fTJg7ikZEwqnjiCgTKMhzzyxbVWtccB7sKZTr+5Xv4YNz1PDMTyeIcRoRrjBDUnZtK1FuhoSimJG85KSSJAjfoR7pauRIb3Wz8U05PNRKAMNY6McVHKu/JzIUSTmIfN0ZIdWXs95I/M/rpio8dzPKk1QRjieLwpRBFcNRQDCggmDFBhoQFlT/FeI+EggrHWNJh2DPnjwPrdOqXavWbnQal2BSRbAHDkAF2OAM1ME1aIAmwOARPINX8GY8GS/G0HiftBaM6cwu+FPGxw/b+6HX</latexit>

d�n+1 = d�n ⇥ d�rad

Add and subtract a local counterterm      which locally reproduces IR poles of     and can 


be easily analytically integrated in                      dimensions!
<latexit sha1_base64="N6LDSGL+kS/vDl74D6TzW8fmyBM=">AAAB9HicbVDLSgMxFM3UV1tfVZdugkVwY5kpUt0IRTcuK9gHtkPJZDJtaCaJSaZYSr9DBBeKuNV/cefXaPpYaOuBC4dz7uXeewLJqDau++WklpZXVtfSmez6xubWdm5nt6ZFojCpYsGEagRIE0Y5qRpqGGlIRVAcMFIPepdjv94nSlPBb8xAEj9GHU4jipGxkh+enxwXW0RqygRv5/JuwZ0ALhJvRvLljHy8/bj/rrRzn61Q4CQm3GCGtG56rjT+EClDMSOjbCvRRCLcQx3StJSjmGh/ODl6BA+tEsJIKFvcwIn6e2KIYq0HcWA7Y2S6et4bi/95zcREZ/6QcpkYwvF0UZQwaAQcJwBDqgg2bGAJworaWyHuIoWwsTllbQje/MuLpFYseKVC6dqmcQGmSIN9cACOgAdOQRlcgQqoAgzuwAN4Bi9O33lyXp23aWvKmc3sgT9w3n8AB92VXw==</latexit>

d = 4� 2✏

<latexit sha1_base64="sOtbEtWZGI0tbCr+QMrlg8bCg/k=">AAAB/nicbVDLSgMxFM3UVx1fo+LKTbAIrsqMi+pGLLoR3FSwD+gMJZOmbWgmMyQZoYQBf0UEF4q49Q/cuxH/xnTahbYeuHA4597c3BMmjErlut9WYWFxaXmluGqvrW9sbjnbOw0ZpwKTOo5ZLFohkoRRTuqKKkZaiSAoChlphsPLsd+8I0LSmN+qUUKCCPU57VGMlJE6zp6fv6FDlpJM+yES+jrLOk7JLbs54DzxpqR0/mGfJY9fdq3jfPrdGKcR4QozJGXbcxMVaCQUxYxktp9KkiA8RH3SNpSjiMhA56szeGiULuzFwhRXMFd/T2gUSTmKQtMZITWQs95Y/M9rp6p3GmjKk1QRjieLeimDKobjLGCXCoIVGxmCsKDmrxAPkEBYmcRsE4I3e/I8aRyXvUq5cuOWqhdggiLYBwfgCHjgBFTBFaiBOsBAgwfwDF6se+vJerXeJq0FazqzC/7Aev8BxmSZrA==</latexit>

K̄
<latexit sha1_base64="Fsb/0mIbFRV4P9HXUjh9izRcu28=">AAAB9XicbVC7TsMwFL0prxJeBUYWiwqJqUoYCguigoWxIPqQ2lA5jtNadR6yHVAV5T9YGHiIlc9gZ0H8DW7aAVqOdKWjc+719T1uzJlUlvVtFBYWl5ZXiqvm2vrG5lZpe6cpo0QQ2iARj0TbxZJyFtKGYorTdiwoDlxOW+7wYuy37qiQLApv1CimToD7IfMZwUpLt938hVRQL0uvs16pbFWsHGie2FNSPvswT+OXL7PeK312vYgkAQ0V4VjKjm3FykmxUIxwmpndRNIYkyHu046mIQ6odNJ8Z4YOtOIhPxK6QoVy9fdEigMpR4GrOwOsBnLWG4v/eZ1E+SdOysI4UTQkk0V+wpGK0DgC5DFBieIjTTARTP8VkQEWmCgdlKlDsGdPnifNo4pdrVSvrHLtHCYowh7swyHYcAw1uIQ6NICAgAd4gmfj3ng0Xo23SWvBmM7swh8Y7z+mPJZG</latexit>

R



LOCAL ANALYTIC SECTOR SUBTRACTION:NLO STRATEGY
Unitary partition of phase space             á la FKS [Frixione, Kunszt, Signer: 9512328]


Introduction of sector functions             such that


                           


Soft and collinear limits still form a unitary partition 

Summing over sectors we recover the full singular structure such that            
will not appear in counterterms 


Minimise the number of singular regions of              

<latexit sha1_base64="EISsk850mKD6RsDxgBvXAdSXheg=">AAACAnicbVDLSsNAFJ34rPUVdSVuBltBEErSRXVZdOOygn1AE8JkMmmHTiZhZiKUENz4K25cKOLWr3Dn3zhNs9DWAxcO59w7d+7xE0alsqxvY2V1bX1js7JV3d7Z3ds3Dw57Mk4FJl0cs1gMfCQJo5x0FVWMDBJBUOQz0vcnNzO//0CEpDG/V9OEuBEacRpSjJSWPPO47hSPZIIEeeZ0xtTL+IWd53XPrFkNqwBcJnZJaqBExzO/nCDGaUS4wgxJObStRLkZEopiRvKqk0qSIDxBIzLUlKOISDcrtufwTCsBDGOhiytYqL8nMhRJOY183RkhNZaL3kz8zxumKrxyM8qTVBGO54vClEEVw1keMKCCYMWmmiAsqP4rxGMkEFY6taoOwV48eZn0mg271WjdNWvt6zKOCjgBp+Ac2OAStMEt6IAuwOARPINX8GY8GS/Gu/Exb10xypkj8AfG5w8SI5c6</latexit>

�n+1

9

<latexit sha1_base64="Igw1lU9vcRWnsNZYIZxfU5/x/Pc=">AAACCHicbVA7T8MwGHR4lvIKMDIQ0SIxVUmHwljBwlgk+pDaKHIcpzV1nMh2kCorIwt/hYUBhFj5CWz8G5w0A7ScZOl09332+fyEEiFt+9tYWV1b39isbFW3d3b39s2Dw56IU45wF8U05gMfCkwJw11JJMWDhGMY+RT3/el17vcfMBckZndylmA3gmNGQoKg1JJnntRHxSWK4yBTowjKCYJU9TNPkfssq3tmzW7YBaxl4pSkBkp0PPNrFMQojTCTiEIhho6dSFdBLgmiOKuOUoETiKZwjIeaMhhh4aoiQ2adaSWwwpjrw6RVqL83FIyEmEW+nsyTikUvF//zhqkML11FWJJKzND8oTClloytvBUrIBwjSWeaQMSJzmqhCeQQSd1dVZfgLH55mfSaDafVaN02a+2rso4KOAan4Bw44AK0wQ3ogC5A4BE8g1fwZjwZL8a78TEfXTHKnSPwB8bnD92nmoc=</latexit>

Wij
<latexit sha1_base64="Vjx1vVu4LHm4LC7I8Anx+IpYu2M=">AAACDHicbVC7TsMwFHV4lvIqMLJYtEgMqEo6FBakChbGItGH1ESV4zqtW9uJbAepivIBLPwKCwMIsfIBbPwNTpsBWo5k6eicc+V7jx8xqrRtf1srq2vrG5uFreL2zu7efungsK3CWGLSwiELZddHijAqSEtTzUg3kgRxn5GOP7nJ/M4DkYqG4l5PI+JxNBQ0oBhpI/VL5YqrYt5P6PnYFQTS1OVIjzBiSSc16ji9ciomZVftGeAycXJSBjma/dKXOwhxzInQmCGleo4daS9BUlPMSFp0Y0UihCdoSHqGCsSJ8pLZMSk8NcoABqE0T2g4U39PJIgrNeW+SWarqkUvE//zerEOLr2EiijWROD5R0HMoA5h1gwcUEmwZlNDEJbU7ArxCEmEtemvaEpwFk9eJu1a1alX63e1cuM6r6MAjsEJOAMOuAANcAuaoAUweATP4BW8WU/Wi/VufcyjK1Y+cwT+wPr8AWUXmzY=</latexit>P

i,j 6=i Wij = 1

<latexit sha1_base64="6ZhxdM1qdO/ETks6c/LWonznnqM=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gqsxUqG6EohuXFe0DOmXIpGkbmmSGJCOUMB/ixl9x40IRNy4E/8b0sdDWAxcO59zLvfdECaNKe963k1tZXVvfyG8WtrZ3dvfc/YOmilOJSQPHLJbtCCnCqCANTTUj7UQSxCNGWtHoeuK3HohUNBb3epyQLkcDQfsUI22l0D0rmUByE0Qx65m7LMtCWghUykMzCgSBNAs40kOMmGlloaGj7NIvhW7RK3tTwGXiz0kRzFEP3c+gF+OUE6ExQ0p1fC/RXYOkppiRrBCkiiQIj9CAdCwViBPVNdPnMnhilR7sx9KW0HCq/p4wiCs15pHtnJyqFr2J+J/XSXX/omuoSFJNBJ4t6qcM6hhOkoI9KgnWbGwJwpLaWyEeIomwtnkWbAj+4svLpFkp+9Vy9bZSrF3N48iDI3AMToEPzkEN3IA6aAAMHsEzeAVvzpPz4rw7H7PWnDOfOQR/4Hz9APhGoog=</latexit>

Si
P

k 6=i Wik = 1

<latexit sha1_base64="zPL77Qoh69xi8H7+BGyiibMmFiQ=">AAAB/HicbVC7TsMwFL0pr1JegY4sES0SU5UwFMYKFsaC6ENqo8hxndbUcSLbQYqi8issDCDEyoew8Tc4bQZoOZKlo3Pu1T0+fsyoVLb9bZTW1jc2t8rblZ3dvf0D8/CoK6NEYNLBEYtE30eSMMpJR1HFSD8WBIU+Iz1/ep37vUciJI34vUpj4oZozGlAMVJa8sxq/W4YIjXBiGW9mZfRh1ndM2t2w57DWiVOQWpQoO2ZX8NRhJOQcIUZknLg2LFyMyQUxYzMKsNEkhjhKRqTgaYchUS62Tz8zDrVysgKIqEfV9Zc/b2RoVDKNPT1ZB5ULnu5+J83SFRw6WaUx4kiHC8OBQmzVGTlTVgjKghWLNUEYUF1VgtPkEBY6b4qugRn+curpHvecJqN5u15rXVV1FGGYziBM3DgAlpwA23oAIYUnuEV3own48V4Nz4WoyWj2KnCHxifP4+slLs=</latexit>

RWij

<latexit sha1_base64="kMPXzpOp+mihuggw7sy29DWDnYI=">AAAB+3icbVC7TsMwFL0pr1JeoYwsES0SU5V0KIwVLIxFog+pjSLHdVpTx4lsB1FF+RUWBhBi5UfY+BucNgO0HMnS0Tn36h4fP2ZUKtv+Nkobm1vbO+Xdyt7+weGReVztySgRmHRxxCIx8JEkjHLSVVQxMogFQaHPSN+f3eR+/5EISSN+r+YxcUM04TSgGCkteWa1PgqRmmLE0n7mpfQhq3tmzW7YC1jrxClIDQp0PPNrNI5wEhKuMENSDh07Vm6KhKKYkawySiSJEZ6hCRlqylFIpJsusmfWuVbGVhAJ/biyFurvjRSFUs5DX0/mQeWql4v/ecNEBVduSnmcKMLx8lCQMEtFVl6ENaaCYMXmmiAsqM5q4SkSCCtdV0WX4Kx+eZ30mg2n1WjdNWvt66KOMpzCGVyAA5fQhlvoQBcwPMEzvMKbkRkvxrvxsRwtGcXOCfyB8fkD6JqUXw==</latexit>

Wij

<latexit sha1_base64="QUz2WIma/Nb4zQepc8HSM+1ZX4Q="></latexit>

Cij [Wij +Wji] = 1



LOCAL ANALYTIC SECTOR SUBTRACTION:NLO STRATEGY
Singularities parametrised in terms of invariants 


Factorised expressions for soft and collinear limits 


For a given sector a candidate local counterterm can be defined as

<latexit sha1_base64="Y//x1wuMQQZx2ILf9aZiqWVuW4E=">AAACBXicbVC7TsMwFHV4lvIKILHAYFEhMVVJh8KCVJWFsZXoQ2qjyHGc1qrjRLaDVEVZWPgVlg4gxMrCF7Cx8C24aQdoOdKVjs651773eDGjUlnWl7Gyura+sVnYKm7v7O7tmweHbRklApMWjlgkuh6ShFFOWooqRrqxICj0GOl4o5up37knQtKI36lxTJwQDTgNKEZKS6552s/fSAXxs1S6KfKy68rIRXDkeplrlqyylQMuE3tOSrXj5jed1D8arvnZ9yOchIQrzJCUPduKlZMioShmJCv2E0lihEdoQHqachQS6aT5Bhk814oPg0jo4grm6u+JFIVSjkNPd4ZIDeWiNxX/83qJCq6clPI4UYTj2UdBwqCK4DQS6FNBsGJjTRAWVO8K8RAJhJUOrqhDsBdPXibtStmulqtNnUYdzFAAJ+AMXAAbXIIauAUN0AIYPIAn8AxejEdjYrwab7PWFWM+cwT+wHj/AeE5nIQ=</latexit>

sab = 2kakb

<latexit sha1_base64="F+esyDGBwgw1r5OayhIMOBSuJM4="></latexit>

CijR({k}) = N1

sij
Pµ⌫
ij (sir, sjr)Bµ⌫({k}ij , k)

<latexit sha1_base64="zR2P2TFT7/7FLvOkPLz63nFJuxE="></latexit>

SiR({k}) = �N1

X

l,m

�fig
slm

silsim
Blm({k}i)

<latexit sha1_base64="PIYX69cTpQYYjtot19G1ZxKFxu8="></latexit>

SiCijR({k}) = 2N1Cfj�fig
sjr

sijsir
B({k}i)

<latexit sha1_base64="XEfqHtsYBbAenSkvVWXSh1Alxj4="></latexit>

Kij = (Si +Cij � SiCij)RWij

Born terms  need to be evaluated


 with Born kinematics!
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NLO STRUCTURE: MAPPING
A mapping from                                         to                                  is required


Catani-Seymour [Catani, Seymour 9605323] final state dipole mapping                    
 
        
 
  
 

Phase space parametrisation in terms of 

11

<latexit sha1_base64="dCDyQfH1NQyN9UcmmINaw72vhBg=">AAACG3icbVDNS8MwHE39nPWr6tFLcRMEx2h3mF6EoRePE9wHrKWkWbaFpWlJUmGE/h9e/Fe8eFDEk+DB/8as60E3HwQe7/2+8sKEEiEd59tYWV1b39gsbZnbO7t7+9bBYUfEKUe4jWIa814IBaaE4bYkkuJewjGMQoq74eRm5ncfMBckZvdymmA/giNGhgRBqaXAqle81pgEip272ZWnJoFb9QaxFNVJoLx8vOJ4kJkqr8gyL6sEVtmpOTnsZeIWpAwKtALrU49EaYSZRBQK0XedRPoKckkQxZnppQInEE3gCPc1ZTDCwlf58sw+1crAHsZcPybtXP3doWAkxDQKdWUE5VgsejPxP6+fyuGlrwhLUokZmi8aptSWsT0Lyh4QjpGkU00g4kTfaqMx5BBJHaepQ3AXv7xMOvWa26g17url5nURRwkcgxNwBlxwAZrgFrRAGyDwCJ7BK3gznowX4934mJeuGEXPEfgD4+sHc7ihGA==</latexit>

�n+1 = {k1, . . . , kn+1}
<latexit sha1_base64="HUK98OcLoipfZKQGrq+mORgjklQ=">AAACFXicbVBNS8MwGE79nPOr6tFLcBM8jNHuML0IQy8eJ7gPWEtJs3QLS9OSpMIo/RNe/CtePCjiVfDmvzHrKujmA4HnfZ73TfI+fsyoVJb1Zaysrq1vbJa2yts7u3v75sFhV0aJwKSDIxaJvo8kYZSTjqKKkX4sCAp9Rnr+5Hrm9+6JkDTid2oaEzdEI04DipHSkmfWqo6PROq0xzTz+KWT5uUk8+yaM4yUrP3U3Mmqnlmx6lYOuEzsglRAgbZnfupLcBISrjBDUg5sK1ZuioSimJGs7CSSxAhP0IgMNOUoJNJN860yeKqVIQwioQ9XMFd/T6QolHIa+rozRGosF72Z+J83SFRw4aaUx4kiHM8fChIGVQRnEcEhFQQrNtUEYUH1XyEeI4Gw0kGWdQj24srLpNuo281687ZRaV0VcZTAMTgBZ8AG56AFbkAbdAAGD+AJvIBX49F4Nt6M93nrilHMHIE/MD6+AaqBnyc=</latexit>

�̄n = {k̄1, . . . , k̄n}
<latexit sha1_base64="jC8Z6NYLntPUCW1oHv/TxftiDTA=">AAACCXicbVC7TsMwFHXKq5RXgJHFokUqS5V0KIwVLIxFog+pDpXjOq1V5yHbQaqsrCz8CgsDCLHyB2z8DW6bAVqOZOnonHt1fY6fcCaV43xbhbX1jc2t4nZpZ3dv/8A+POrIOBWEtknMY9HzsaScRbStmOK0lwiKQ5/Trj+5nvndByoki6M7NU2oF+JRxAJGsDLSwIYVpCcoQyqGSCMfCz3JUHavqxj6kJxnlYFddmrOHHCVuDkpgxytgf2FhjFJQxopwrGUfddJlKexUIxwmpVQKmmCyQSPaN/QCIdUenqeJINnRhnCIBbmRQrO1d8bGodSTkPfTIZYjeWyNxP/8/qpCi49zaIkVTQii0NByqHJPasFDpmgRPGpIZgIZv4KyRgLTJQpr2RKcJcjr5JOveY2ao3berl5lddRBCfgFFSBCy5AE9yAFmgDAh7BM3gFb9aT9WK9Wx+L0YKV7xyDP7A+fwA+RJln</latexit>

{k} ! {k̄}(abc)

<latexit sha1_base64="X7664MoIcLVchNDaSwOBXYr30kg="></latexit>

k̄(abc)b = ka + kb � sab
sac+sbc

kc
<latexit sha1_base64="LWAwuS19urVgt3C21++t40NNow4=">AAACHnicbVDLSsNAFJ3UV42vqEs3wVaoCCUpWN0IRTcuK9gHNDVMbiftkMmDmYlQQr7Ejb/ixoUigiv9G6ePhVYPDHPuOfcyc4+XMCqkZX1phaXlldW14rq+sbm1vWPs7rVFnHIgLYhZzLseFoTRiLQklYx0E05w6DHS8YKrid+5J1zQOLqV44T0QzyMqE8BSyW5xmnZ8TDPgtyFu6yCPTjOL3TH5xgy4WaqzvMpgfxEXZMycKHsGiWrak1h/iX2nJTQHE3X+HAGMaQhiSQwLETPthLZzzCXFBjJdScVJMEQ4CHpKRrhkIh+Nl0vN4+UMjD9mKsTSXOq/pzIcCjEOPRUZ4jlSCx6E/E/r5dK/7yf0ShJJYlg9pCfMlPG5iQrc0A5AcnGimDgVP3VhBFW2UiVqK5CsBdX/kvatapdr9ZvaqXG5TyOIjpAh6iCbHSGGugaNVELAXpAT+gFvWqP2rP2pr3PWgvafGYf/YL2+Q0hFaMl</latexit>

k̄(abc)c = sabc
sac+sbc

kc

<latexit sha1_base64="bi71H6H0/9aFT8aHtZKdMWMYpRs=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIVDdKVRBxVcE+oA1hMp20QyeTMDMRQogbP8IfcONCETcu/At3/o3TpgttPXC5h3PuZeYeL2JUKsv6NmZm5+YXFgtLxeWV1bV1c2OzIcNYYFLHIQtFy0OSMMpJXVHFSCsSBAUeI01vcDH0m3dESBryW5VExAlQj1OfYqS05JrbyUnHFwin0k2Rl2V5x1nmmiWrbI0Ap4k9JqXq6eXh48fZdc01vzrdEMcB4QozJGXbtiLlpEgoihnJip1YkgjhAeqRtqYcBUQ66eiCDO5ppQv9UOjiCo7U3xspCqRMAk9PBkj15aQ3FP/z2rHyj52U8ihWhOP8IT9mUIVwGAfsUkGwYokmCAuq/wpxH+lAlA6tqEOwJ0+eJo2Dsl0pV250GucgRwHsgF2wD2xwBKrgCtRAHWBwD57AC3g1Hoxn4814z0dnjPHOFvgD4/MHiluajg==</latexit>

y =
sab
sabc

<latexit sha1_base64="EeyegVPl5KLdzjBymzCe1DxXrVE=">AAACB3icbVDLSgMxFL3js9bXqEtBBosgCGVGpLpRqoKIqwr2Ae1QMmmmDc1khiQj1GF2bvwC/8GNC0Xd+gvu/BvTx0JbD4R7cs69JPd4EaNS2fa3MTU9Mzs3n1nILi4tr6yaa+sVGcYCkzIOWShqHpKEUU7KiipGapEgKPAYqXrd875fvSVC0pDfqF5E3AC1OfUpRkpLTXPr7rjhC4QT2UwQTtNR3dPF09emmbPz9gDWJHFGJFc8uTh4fD+9KjXNr0YrxHFAuMIMSVl37Ei5CRKKYkbSbCOWJEK4i9qkrilHAZFuMtgjtXa00rL8UOjDlTVQf08kKJCyF3i6M0CqI8e9vvifV4+Vf+QmlEexIhwPH/JjZqnQ6oditaggWLGeJggLqv9q4Q7SsSgdXVaH4IyvPEkq+3mnkC9c6zTOYIgMbMI27IIDh1CESyhBGTDcwxO8wKvxYDwbb8bHsHXKGM1swB8Ynz87sZ0k</latexit>

z =
sac

sac + sbc<latexit sha1_base64="61bkTkWTmhHtesUbdGz1rlG06iY="></latexit>

d�n+1 = d�(abc)
n ⇥ d�(abc)

rad

<latexit sha1_base64="gPKjIXUvRtdAs/B4M/P/gRT0gRE="></latexit>

d�(abc)
rad / (s̄(abc)bc )(1�✏)

Z ⇡

0
d� sin�2✏ �

Z 1

0
dy

Z 1

0
dz

⇥
y(1�y)2z(1�z)

⇤�✏
(1�y)



NLO STRATEGY:SUMMARY
Unitary partition of phase space introducing sector functions


Mapping adapted for each singular contribution (Catani-Seymour mapping)


Improved limits to define counterterms


Local cancellation of IR divergences!


Sum Rules make             disappear from 

<latexit sha1_base64="jQdcxOxDlHjjcghHqlrJgbnTx+E=">AAAB+XicbVDLSsNAFL2pr9r6iLp0E6yCq5K4qC6LblxWsA9oQ5hMJ+3YySTMTAol5E/cuFDEreAP+Afu/BBdO2m70NYDA4dz7uWeOX7MqFS2/WkUVlbX1jeKm6Xy1vbOrrm335JRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2P7rK/faYCEkjfqsmMXFDNOA0oBgpLXmm2QuRGmLE0nbmpfQu88yKXbWnsJaJMyeV+vHX2/u4/N3wzI9eP8JJSLjCDEnZdexYuSkSimJGslIvkSRGeIQGpKspRyGRbjpNnlknWulbQST048qaqr83UhRKOQl9PZnnlIteLv7ndRMVXLgp5XGiCMezQ0HCLBVZeQ1WnwqCFZtogrCgOquFh0ggrHRZJV2Cs/jlZdI6qzq1au1Gt3EJMxThEI7gFBw4hzpcQwOagGEM9/AIT0ZqPBjPxststGDMdw7gD4zXH+qEmEo=</latexit>

Wij
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<latexit sha1_base64="jQdcxOxDlHjjcghHqlrJgbnTx+E=">AAAB+XicbVDLSsNAFL2pr9r6iLp0E6yCq5K4qC6LblxWsA9oQ5hMJ+3YySTMTAol5E/cuFDEreAP+Afu/BBdO2m70NYDA4dz7uWeOX7MqFS2/WkUVlbX1jeKm6Xy1vbOrrm335JRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2P7rK/faYCEkjfqsmMXFDNOA0oBgpLXmm2QuRGmLE0nbmpfQu88yKXbWnsJaJMyeV+vHX2/u4/N3wzI9eP8JJSLjCDEnZdexYuSkSimJGslIvkSRGeIQGpKspRyGRbjpNnlknWulbQST048qaqr83UhRKOQl9PZnnlIteLv7ndRMVXLgp5XGiCMezQ0HCLBVZeQ1WnwqCFZtogrCgOquFh0ggrHRZJV2Cs/jlZdI6qzq1au1Gt3EJMxThEI7gFBw4hzpcQwOagGEM9/AIT0ZqPBjPxststGDMdw7gD4zXH+qEmEo=</latexit>

Wij
<latexit sha1_base64="wcSV5rQbP9B+QZt+BbchrfcY5ag="></latexit>

d�NLO

dX
=

Z
d�n

✓
V �n +

Z
d�radK̄�n

◆

<latexit sha1_base64="PT3fPmudqTFvFTVG7Ey08CJIoKw="></latexit>

+

Z
d�n+1

✓
R�n+1 � K̄�n

◆

Finite result for  
<latexit sha1_base64="LtqoWCnoIxUCaDodh+3nWzRGnBo=">AAACA3icbVDLSsNAFJ3UV42vqjvdBIvgqiQuqhux6MZlBfuAJpTJ5KYdOpmEmYlQQsCNXyK4caGIW9fu3Yh/4/Sx0NYDA4dz7mPu8RNGpbLtb6OwsLi0vFJcNdfWNza3Sts7TRmngkCDxCwWbR9LYJRDQ1HFoJ0IwJHPoOUPLkd+6xaEpDG/UcMEvAj3OA0pwUpL3dKeO56RCQjyzIVEUhZzV8WWnXdLZbtij2HNE2dKyucf5lny8GXWu6VPN4hJGgFXhGEpO46dKC/DQlHCIDfdVEKCyQD3oKMpxxFILxvvz61DrQRWGAv9uLLG6u+ODEdSDiNfV0ZY9eWsNxL/8zqpCk+9jPIkVcDJZFGYMkvfOArECqgAothQE0wE1X+1SB8LTJSOzdQhOLMnz5PmccWpVqrXdrl2gSYoon10gI6Qg05QDV2hOmoggu7QI3pGL8a98WS8Gm+T0oIx7dlFf2C8/wAta5uC</latexit>

✏ ! 0

<latexit sha1_base64="sOtbEtWZGI0tbCr+QMrlg8bCg/k=">AAAB/nicbVDLSgMxFM3UVx1fo+LKTbAIrsqMi+pGLLoR3FSwD+gMJZOmbWgmMyQZoYQBf0UEF4q49Q/cuxH/xnTahbYeuHA4597c3BMmjErlut9WYWFxaXmluGqvrW9sbjnbOw0ZpwKTOo5ZLFohkoRRTuqKKkZaiSAoChlphsPLsd+8I0LSmN+qUUKCCPU57VGMlJE6zp6fv6FDlpJM+yES+jrLOk7JLbs54DzxpqR0/mGfJY9fdq3jfPrdGKcR4QozJGXbcxMVaCQUxYxktp9KkiA8RH3SNpSjiMhA56szeGiULuzFwhRXMFd/T2gUSTmKQtMZITWQs95Y/M9rp6p3GmjKk1QRjieLeimDKobjLGCXCoIVGxmCsKDmrxAPkEBYmcRsE4I3e/I8aRyXvUq5cuOWqhdggiLYBwfgCHjgBFTBFaiBOsBAgwfwDF6se+vJerXeJq0FazqzC/7Aev8BxmSZrA==</latexit>

K̄



NLO STRATEGY:SUMMARY
QCD@LHC (ISR & FSR):


NLO subtraction implemented for massless final state 
 [Bertolotti et al. 2209.09123]


NLO for massive final state  
[V. Graziani’s master thesis work]


Extensions at NNLO (lepton colliders):


NNLO subtraction (massless case) achieved analytically  
[Bertolotti et al. 2212.11190] 


Integration of counterterms


Checking of locality of the cancellation

13

Simple structure to be implemented in an informatics framework



NUMERICAL IMPLEMENTATION:
MadNkLO



Numerical implementation in MadNkLO [Hirschi, Deutschmann, Lionetti et al.] 
MG5-inspired python framework to automatically generate all ingredients for NNLO


Successful validation against MG5_aMC at NLO


Validation at inclusive level only: no distributions!


Cluster resources required!


Very inefficient code

15

[Bertolotti er al. 2209.09123]

Python used at runtime


No efficient phase space integrator

(Adapted from Paolo Torrielli’s slide)



 New MadNkLO  

New python to Fortran implementation of Local Analytic Sector Subtraction in 
MadNkLO [Bertolotti, GL, Torrielli, Zaro]


Python framework used to fill Fortran templates for process dependent subroutines  
(matrix elements and counterterms)


Born Phase space generated with single-diagram multi-channelling method 
(MadGraph)


Integration performed contribution by contribution in       and sector by sector


NLO FSR validated against MG5_aMC differentially up to 3 jets at NLO


Time performances comparable with MG5_aMC


Further work is required in terms of optimisation…

16

<latexit sha1_base64="yc9N0EUyWmJNiSApB5hrBsPjKgg=">AAAB73icbVC7SgNBFL3rM8ZXVLCxGQyCVdi1iJYhNpYJmAckIdydzCZDZmfXmVkhLPkJGwtFbC38C7/AzsZvcfIoNPHAhcM593LvPX4suDau++WsrK6tb2xmtrLbO7t7+7mDw7qOEkVZjUYiUk0fNRNcsprhRrBmrBiGvmANf3g98Rv3TGkeyVszilknxL7kAadorNRso4gH2NXdXN4tuFOQZeLNSb50XP3m7+WPSjf32e5FNAmZNFSg1i3PjU0nRWU4FWycbSeaxUiH2GctSyWGTHfS6b1jcmaVHgkiZUsaMlV/T6QYaj0KfdsZohnoRW8i/ue1EhNcdVIu48QwSWeLgkQQE5HJ86THFaNGjCxBqri9ldABKqTGRpS1IXiLLy+T+kXBKxaKVZtGGWbIwAmcwjl4cAkluIEK1ICCgAd4gmfnznl0XpzXWeuKM585gj9w3n4A+xOTpg==</latexit>↵s



 New MadNkLO  

New python to Fortran implementation of Local Analytic Sector Subtraction in 
MadNkLO [Bertolotti, GL, Torrielli, Zaro]


Python framework used to fill Fortran templates for process dependent subroutines  
(matrix elements and counterterms)


Born Phase space generated with single-diagram multi-channelling method 
(MadGraph)


Integration performed contribution by contribution in       and sector by sector


NLO FSR validated against MG5_aMC differentially up to 3 jets at NLO


Time performances comparable with MG5_aMC


Further work is required in terms of optimisation…
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<latexit sha1_base64="yc9N0EUyWmJNiSApB5hrBsPjKgg=">AAAB73icbVC7SgNBFL3rM8ZXVLCxGQyCVdi1iJYhNpYJmAckIdydzCZDZmfXmVkhLPkJGwtFbC38C7/AzsZvcfIoNPHAhcM593LvPX4suDau++WsrK6tb2xmtrLbO7t7+7mDw7qOEkVZjUYiUk0fNRNcsprhRrBmrBiGvmANf3g98Rv3TGkeyVszilknxL7kAadorNRso4gH2NXdXN4tuFOQZeLNSb50XP3m7+WPSjf32e5FNAmZNFSg1i3PjU0nRWU4FWycbSeaxUiH2GctSyWGTHfS6b1jcmaVHgkiZUsaMlV/T6QYaj0KfdsZohnoRW8i/ue1EhNcdVIu48QwSWeLgkQQE5HJ86THFaNGjCxBqri9ldABKqTGRpS1IXiLLy+T+kXBKxaKVZtGGWbIwAmcwjl4cAkluIEK1ICCgAd4gmfnznl0XpzXWeuKM585gj9w3n4A+xOTpg==</latexit>↵s

<latexit sha1_base64="N+coaIr8XE+xy4iC2T1Us7+rA+8=">AAAB83icbVDLSgNBEJyNrxhfUY+KDAZBEMOuQvQY9OIxAfOA7CbMTnrjmNnZZWZWCCFHf8GLB0W8es93ePMb/Aknj4MmFjQUVd10d/kxZ0rb9peVWlhcWl5Jr2bW1jc2t7LbO1UVJZJChUY8knWfKOBMQEUzzaEeSyChz6Hmd69Hfu0BpGKRuNW9GLyQdAQLGCXaSC40T6B56uoIn9+3sjk7b4+B54kzJbni/rD8/XgwLLWyn247okkIQlNOlGo4dqy9PpGaUQ6DjJsoiAntkg40DBUkBOX1xzcP8JFR2jiIpCmh8Vj9PdEnoVK90DedIdF3atYbif95jUQHl16fiTjRIOhkUZBwbH4cBYDbTALVvGcIoZKZWzG9I5JQbWLKmBCc2ZfnSfUs7xTyhbJJ4wpNkEZ76BAdIwddoCK6QSVUQRTF6Am9oFcrsZ6tN+t90pqypjO76A+sjx+jn5R+</latexit>

e+e� ! 3j



Recent Applications:                     @ NLO

Dipole local mapping with massive emitter and massive recoiler  
[Catani, Dittmaier et al.,  0201036]


Less singular regions but non trivial integrals for counterterms


Validation at differential level with MG5_aMC


Very good agreement either at inclusive or at differential level!


Good starting point to implement NNLO formulas for massive final state!

<latexit sha1_base64="VUePjum9Tq0RYFGZrhpHht7ajnI=">AAAB+3icbVDJSgNBEO1xjeM2xqOXwSAIYpjxEL2IQS8eI5gFMkno6VSSJj0L3TViGPIrXnJQxKvf4N2L+Dd2loMmPih4vFdFVT0/Flyh43wbS8srq2vrmQ1zc2t7Z9fay1ZUlEgGZRaJSNZ8qkDwEMrIUUAtlkADX0DV79+M/eoDSMWj8B4HMTQC2g15hzOKWmpZWWieQPPUw8hGz6cyxWHLyjl5ZwJ7kbgzkrv6MC/j0ZdZalmfXjtiSQAhMkGVqrtOjI2USuRMwND0EgUxZX3ahbqmIQ1ANdLJ7UP7SCttuxNJXSHaE/X3REoDpQaBrzsDij01743F/7x6gp2LRsrDOEEI2XRRJxH2+FMdhN3mEhiKgSaUSa5vtVmPSspQx2XqENz5lxdJ5SzvFvKFOydXvCZTZMgBOSTHxCXnpEhuSYmUCSOP5Ik8kxdjaIyMV+Nt2rpkzGb2yR8Y7z/UmpdV</latexit>

e+e� ! tt̄
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Recent Applications:                     @ NLO

Dipole local mapping with massive emitter and massive recoiler  
[Catani, Dittmaier et al.,  0201036]


Less singular regions but non trivial integrals for counterterms


Validation at differential level with MG5_aMC


Very good agreement either at inclusive or at differential level!


Good starting point to implement NNLO formulas for massive final state!

<latexit sha1_base64="VUePjum9Tq0RYFGZrhpHht7ajnI=">AAAB+3icbVDJSgNBEO1xjeM2xqOXwSAIYpjxEL2IQS8eI5gFMkno6VSSJj0L3TViGPIrXnJQxKvf4N2L+Dd2loMmPih4vFdFVT0/Flyh43wbS8srq2vrmQ1zc2t7Z9fay1ZUlEgGZRaJSNZ8qkDwEMrIUUAtlkADX0DV79+M/eoDSMWj8B4HMTQC2g15hzOKWmpZWWieQPPUw8hGz6cyxWHLyjl5ZwJ7kbgzkrv6MC/j0ZdZalmfXjtiSQAhMkGVqrtOjI2USuRMwND0EgUxZX3ahbqmIQ1ANdLJ7UP7SCttuxNJXSHaE/X3REoDpQaBrzsDij01743F/7x6gp2LRsrDOEEI2XRRJxH2+FMdhN3mEhiKgSaUSa5vtVmPSspQx2XqENz5lxdJ5SzvFvKFOydXvCZTZMgBOSTHxCXnpEhuSYmUCSOP5Ik8kxdjaIyMV+Nt2rpkzGb2yR8Y7z/UmpdV</latexit>

e+e� ! tt̄
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CONCLUSIONS AND OUTLOOKS
Local Analytic Sector Subtraction achieved analytically for massless final state at 
NLO both for lepton and hadron colliders


Validation with a dedicated numeric framework


Work required to optimise numerical implementation at NLO


Extensions of NLO for massive final state (helpful for massive NNLO!)


Analytic expressions for NNLO FSR massless


Numerical implementation of NNLO formulas


Work on NNLO ISR


Automatisation of NNLO subtraction is our (ambitious) goal!
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Thanks for your attention!!!



BACKUP



Dipole local mapping + Factorised expressions of                 
<latexit sha1_base64="g8Q1rDDAh3lwIHyllDA6erzn4ac=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdi2gjBm0sEzEXSJYwOzmbjJm9MDMrhJAnsLFQxFYfxt5GfBsnl0ITfxj4+P9zmHOOnwiutON8W5ml5ZXVtey6vbG5tb2T292rqTiVDKssFrFs+FSh4BFWNdcCG4lEGvoC637/apzX71EqHke3epCgF9JuxAPOqDZW5aadyzsFZyKyCO4M8hcf9nny/mWX27nPVidmaYiRZoIq1XSdRHtDKjVnAkd2K1WYUNanXWwajGiIyhtOBh2RI+N0SBBL8yJNJu7vjiENlRqEvqkMqe6p+Wxs/pc1Ux2ceUMeJanGiE0/ClJBdEzGW5MOl8i0GBigTHIzK2E9KinT5ja2OYI7v/Ii1E4KbrFQrDj50iVMlYUDOIRjcOEUSnANZagCA4QHeIJn6856tF6s12lpxpr17MMfWW8/D8mQHg==</latexit>

R

Improved limits

<latexit sha1_base64="d8QnjwnKk7BCgPV74svSDjEw6nc="></latexit>

S̄iR({k}) = �N1

X

l,m

�fig
slm

silsim
Blm(k̄(ilm))

<latexit sha1_base64="Ur3WeTftLs+zqRk3LfmGN0jqvIQ="></latexit>

C̄ijR({k}) = N1

sij
Pµ⌫
ij (sir, sjr)Bµ⌫({k̄}(ijr))

Local counterterm
<latexit sha1_base64="nA2Zjuuy9+CbmdcPlIW1A2lDQLQ="></latexit>

K̄ij = (S̄i + C̄ij � S̄iC̄ij)RWij

Analytic integration of counterterms over the radiation phase space can be easily performed!

<latexit sha1_base64="BqLLzpD7Ox8RJl88j4VsEYVMQZ8="></latexit>

S̄iC̄ijR({k}) = 2N1Cfj�fig
sjr

sijsir
B({k̄}(ijr))
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For a generic IRC-safe observable      at lepton collider we need to compute  

Explicit poles in ϵ

Poles in  due to phase 
space integration

ϵ

Add and subtract a local counterterm      which locally reproduces IR poles of  and can 


be easily analytically integrated in                      dimensions!

R

<latexit sha1_base64="T1c6Sl5LovXYkwdz8P84VI27s24="></latexit>

d�NLO

dX
=

Z
d�nV �n

<latexit sha1_base64="LQZTmdTlSYbqKoU3ONv6qHA7le4=">AAACFnicbVDLSgMxFM3UV62vqks3g0UQimVGsLpr0Y3LKvYBnVIymds2NJMZkoxQxvkIceOvuHGhiFtx50f4D6bTLrT1QOBwzr3JyXFDRqWyrC8js7C4tLySXc2trW9sbuW3dxoyiASBOglYIFoulsAoh7qiikErFIB9l0HTHV6M/eYtCEkDfqNGIXR83Oe0RwlWWurmj4oO5cr0nNqAdmNetJPYSW+NBXhJfJ0kjgdM4YnXzReskpXCnCf2lBSqldJJ5e77vtbNfzpeQCIfuCIMS9m2rVB1YiwUJQySnBNJCDEZ4j60NeXYB9mJ0wCJeaAVz+wFQh+dMVV/b8TYl3Lku3rSx2ogZ72x+J/XjlTvrBNTHkYKOJk81IuYqQJz3JHpUQFEsZEmmAiqs5pkgAUmSjeZ0yXYs1+eJ43jkl0ula90G+dogizaQ/voENnoFFXRJaqhOiLoAT2hF/RqPBrPxpvxPhnNGNOdXfQHxscPFV+i+g==</latexit>

+

Z
d�n+1R�n+1

<latexit sha1_base64="+cCWevJwUhR5VET6OzrkcIvaxgc=">AAACDHicbVDLTgIxFO3gC/GFunQzgZgMMZIZF+iS6MYlJgKTMGTS6VygodMZ2w4JIXyAG1f+hxsXGuPWD3DH31geCwVP0uT0nHPT3hMkjEpl2xMjs7a+sbmV3c7t7O7tH+QPjxoyTgWBOolZLNwAS2CUQ11RxcBNBOAoYNAM+jdTvzkAIWnM79UwgXaEu5x2KMFKS36+aHkhMIV96sFDSgfzm+Weu5ZX61GflkolnbLL9gzmKnEWpFgteGfPk+qw5ue/vTAmaQRcEYalbDl2otojLBQlDMY5L5WQYNLHXWhpynEEsj2aLTM2T7USmp1Y6MOVOVN/T4xwJOUwCnQywqonl72p+J/XSlXnqj2iPEkVcDJ/qJMyU8XmtBkzpAKIYkNNMBFU/9UkPSwwUbq/nC7BWV55lTQuyk6lXLnTbVyjObLoBBWQhRx0iaroFtVQHRH0iF7QG3o3noxX48P4nEczxmLmGP2B8fUDCKedTg==</latexit>

(�i ⌘ �(X �X(�i)))

<latexit sha1_base64="NZW3QbM3FoBl1eHNEvu/p9+Jm7w=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdi2gjBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYtVa3UHRL7lTOX/DmULx4t8+Tt0+72i18dHoxTSMUmnKiVNtzE+1nRGpGOY7tTqowIXRI+tg2KEiEys+mg46dI+P0nDCW5gntTN2fHRmJlBpFgamMiB6oxWxi/pe1Ux2e+RkTSapR0NlHYcodHTuTrZ0ek0g1HxkgVDIzq0MHRBKqzW1scwRvceW/0DgpeeVSueYWK5cwUx4O4BCOwYNTqMA1VKEOFBDu4RGerFvrwXq2XmalOWvesw+/ZL1+AxjhkCQ=</latexit>

X

<latexit sha1_base64="N6LDSGL+kS/vDl74D6TzW8fmyBM=">AAAB9HicbVDLSgMxFM3UV1tfVZdugkVwY5kpUt0IRTcuK9gHtkPJZDJtaCaJSaZYSr9DBBeKuNV/cefXaPpYaOuBC4dz7uXeewLJqDau++WklpZXVtfSmez6xubWdm5nt6ZFojCpYsGEagRIE0Y5qRpqGGlIRVAcMFIPepdjv94nSlPBb8xAEj9GHU4jipGxkh+enxwXW0RqygRv5/JuwZ0ALhJvRvLljHy8/bj/rrRzn61Q4CQm3GCGtG56rjT+EClDMSOjbCvRRCLcQx3StJSjmGh/ODl6BA+tEsJIKFvcwIn6e2KIYq0HcWA7Y2S6et4bi/95zcREZ/6QcpkYwvF0UZQwaAQcJwBDqgg2bGAJworaWyHuIoWwsTllbQje/MuLpFYseKVC6dqmcQGmSIN9cACOgAdOQRlcgQqoAgzuwAN4Bi9O33lyXp23aWvKmc3sgT9w3n8AB92VXw==</latexit>

d = 4� 2✏

<latexit sha1_base64="lqAj3jyatiiIOFgj22NIH8WBkFE=">AAAB/XicbVDLSsNAFJ34rPEVHzs3g0VwVRIX1Y1YdCO4qWAf0IQymUzaoZNJmJkINQR/RRAXirj1E9y7Ef/GadqFth64cDjn3rlzj58wKpVtfxtz8wuLS8ulFXN1bX1j09rabso4FZg0cMxi0faRJIxy0lBUMdJOBEGRz0jLH1yM/NYtEZLG/EYNE+JFqMdpSDFSWupau27xRiZIkGeuj0R2leddq2xX7AJwljgTUj77ME+Txy+z3rU+3SDGaUS4wgxJ2XHsRHkZEopiRnLTTSVJEB6gHuloylFEpJcVm3N4oJUAhrHQxRUs1N8TGYqkHEa+7oyQ6stpbyT+53VSFZ54GeVJqgjH40VhyqCK4SgKGFBBsGJDTRAWVP8V4j4SCCsdmKlDcKZPniXNo4pTrVSv7XLtHIxRAntgHxwCBxyDGrgEddAAGNyBB/AMXox748l4Nd7GrXPGZGYH/IHx/gPzlpk1</latexit>

K̄


