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Why Amplitudes? Why Loops?

Feynman Integral are the fundamental object of any pQFT prediction to physical observables

HL-LHC will be able to measure N2LO and N3LO accuracy
Observables with sub-percent is demanded
precision
g High multiplicity and
ncrea ecisio \ i /
SRR % high loop order
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Where do Feynman Integral appear?

| 1 1 "/ A
% < :ge < ? < :Ee < E E I I :E iI ‘| og, (r/M)
" % ‘1 /"\ A
MK’KHE{MKD(KKE I *
—— iR ‘ 3 I | Post-Newtonian :
41 42 43 44 45 46 47 Theory
|
9 | Perturbation Theory

48
and Self-Force

|
)
1
|
—_ — pr— ~—>— -~ 028 —— s —_ i —_ |
(1) pan CLIN LD N {2 - L1 (1 LD
c o = c = "
c e c
c 3 =
c =000, E <4000 099,
S (1) ) e e e a5 Y et AL |
56

(compactness) !

———

03000 J ‘ 1pF . oy
aaaaa Relativity
[ b ' Hin Numerical
___ o T s "y 11
[Mandal Mas’rrolla Ronca, Torres:2204. 03466] - - 3 . i—> log,,(m, /m, )I
mass ratio 1
it o] e
&ﬁ ,;:'1' W o L [ J‘ 1 3 Amphtudes and Feynman Integrals
Vs D : vizeaty B H In general, within the EFT approach, since the sources (black lines) are static and do not
- c | e t ity-amplitude of order G b d int ¢ —1)-loop 2-point
- O : 23 | General rela-hvﬁ-y _ propega e,.any gravity-amplitude of order G'y can be mapped into an (2 )-loop 2-poin
| /ﬁ - X " 'S | : [l function with massless internal lines and external momentum p, where p“ =s # 0,
AV AW RIS IVAWAS NN Ey Pos’r—New’ronlan Fram ework |
11 i‘ Rl A R i s Cal=riln = SIS e R e N \ — ) (3.1)
x\ Figure 2. 5PN graphs contributing to the test-particle limit. JE | . _Wt_ _ _ _

The last graph (bottom-right) does not contribute to the 5PN

i [Foffa Mas’rrolua Sfuramc,S’rurm 1612.00482]
otentlal because its 4PN subdlagram vamshes

[Foffa Mas’rrolla,S’ruramc,S’rurm Torres: 1902 1057] SRR .y R et e i
: —— o S S S — i B However there is a much more 1nterest1ng way in Wthh this 1ntgral representatlon opens

i, C : ; ‘ J the door to a “timeless” description of cosmological correlators. Our cosmological integrals are |
| W W \/ \/ i g COSmOIOQYo f, k special cases of a wide class of integrals of the form |
@‘ 1 { ; : » ~ ]
ff } -> COS[“OIOQ'CGI WGVQFUHC'I'IOI'I » Jj I(C, D;n;e) = / dz, - - - dz,, P(x) H(C_,jg;j + Dy)"mter (1.2) ‘\

| | & 0 T

| j ] Q

L ). “ an d Corre la."o rs 2 J } where P(z) is some polynomial in the z variables, and the singularities of the integrand are pow- i
S —— —— —— e N T ers of linear factors, raised to integer powers n; possibly “twisted” by fractional parameters ¢;. ff|

Benmcasa 2203.15330
[ ] When applied to the cosmological wavefunction (1.1), we learn a first important fact: L

. ’ ' SRR - g —y g _y - ' o L g Y - g —y B g Y E o - . TN oy .~
a2 BN S N g TR - e SEE AR AN o E R LS s e NS 2 = e SETR B A 2 S STEH i S < SR o SEE, FIES e X AW = A i l‘

' ..And many other fields, where a Lagrangian can be defined... ]

The cosmological wavefunction satisfies a differential equation, I
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Calculatng Amplitudes: Decomposition
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Calculatng Amplitudes: Decomposition

Scattering Amplitude )
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Calculatin

E—r———

-

Amplitudes: K

e ———— e

e = o

C

Y

" Numerical !

nman Inte

e e e e e — e e o e S = e
7 S 2 SRR o

S

—

Is

e




Dlrect Monte Car]o Integration: Apphcaﬂons

BEEOCEN————T - - - -

e : Process

| 52 . HH @ NLO QCD : .+ SM QCD/2HDM i
- 88—~ hHi @ NLO 2HDM | |+ Four-point two-Loop scaHermg """ =r
. gg > AA @ NLO 2HDM . = Four mass scales | '

.. IR and UV dlvergen’r %a% : “

<% - ==

< - -

< - — = -

——= B ——

1: ig;ﬁs PUBLISHED FOR SISSA BY ) SPRINGER | Methd R z%_
” - " Revio: Aprl 5, 2020 .+ Diagram-by-diagram approach i
pomme: Amis 220 + Feynman Parametrization
Higgs-pair production via gluon fusion at hadron ﬂ‘ + End-point subtraction of UV divergences
colliders: NLO QCD corrections | | = Dedicated subtraction of IR divergences |
" St Bage” Francisco Campanario Serin Glus 4 Margrte Mibllner {l * Finite top-quark mass width for regulating threshold singularities ?l
| Jonathan Ronca,” Michael Spira” and Juraf Streicher  ——— | « IBPs for stabilizing Monte Carlo integrals
\_ + Richardson Extrapolation to recover top narrow width
| g /0.1 140 0053023119572 TueEurorean o 2 ~ Running:
| [RegulanAicle Mheorecal Physics i ’ “ Mathematica ! : * 900 Nodes, 20 Cores per
Full NLO QCD predictions for Higgs-pair production in the I * FeynCalc f ,, node {
+-Higgs-doublet model { |+ PackageX |+ 128 GB Memory per node |

L J. Baglio!?(®, F. Campanario®*®, S. Glaus45 , M. Miihlleitner*<(, J. Ronca®{®, M. Splra

o' 20, F. Campanario*®, S. Glaus'*©, M. Miihllitner*©, J. Ronca e — + Fortran + 72000 jobs per day
’ + XVegas * | # 1 year of running time




Irect Monte Carlo Integration: Applications

\
i

—

99~ HH at NLO QCD ) | /5 = 14 TeV | PDFALHC15

T T T T T T T T T T

— HTL

HTL + full reals
—— HTL + full virtuals |
=~ Full NLO E

do/dm g, [fb/GeV]

Hr = Pp =Mpgy/2
NLO scale uncertainty

|

Eur. Phys. J. C

| Il

nggs-palr prOdUC 't 6 4(1)0 ‘ 6(1)(] ‘ 8(1)() A 1(;()() | 1200 | 1410()
. i m GeV
colliders: NLO QC| o MOV |
Julien Baglio,” Francisco Cam - g HH at NLO QCD | f — 14 TeV | PDFALHC15
Jonathan Ronca,’ Mlchael S| e —— |
N —— MS scheme with m,(m,) 13
' MS scheme with m,(myy/4) 1 §
107" £ —— MS scheme with m,(myy) 3 i
— OS scheme, m; = 172.5 GeV ] J
o . - - 10'25‘ E |
(2023) 83:826 ;
{ https://doi.org/10.1140/epjc/s10052-023-11957-2 -
i 10° E
) . . . ! ]
Regular Article - Theoretical Physics | do/dm ,, [fb/GeV]
o' b PRTHRT Mg /2 |
N o Full NLO results for different top-quark masses T
~ Full NLO QCD predictiony
| 2-Higgs-doublet model | | , o , -
w14 1
J. Bagllo1 25 “@, F. Campan:«mo3 b@, S. Gl % L2 §
_— 1.0 = - =S
i' 0 N L — - = = 3
| -4-1 0.6 L
| é 0 4 ]

B

400 600 800 1000

- [GeV]

1200 1400

10

107 F

99 — hH at NLO QCD | /5 = 14 TeV | PDFALHC15

— T T T T
- 2HDM of type |

- omy, = 125.09 GeV

[ mpy = 134.817 GeV

fp = ftp = Myp/2

NLO scale uncertainty

— HTL

HTL + full reals
—— HTL + full virtuals
~—— Full NLO

do/dm, ,; [fb/GeV] :

| s | s | s 1 s | s 1

800 1000 1200 1400
m, . [GeV]

99 — hH at NLO QCD | /s = 14 TeV | PDFALHC15

—— MS scheme with m,( )
MS scheme with 77, (my /4) |
—— MS scheme with m,(myy)

my, = 125.09 GeV
my = 134.817 GeV

do/dm,  [fb/GeV]

i = fp = My /2 —
" Full NLO results for different top-quark masses

—— OS scheme, m; = 172.5 GeV

2HDM of type I -

-+ H

; . ] 4
1 ' 1 ! 1 ! 1 N I

800 1000 1200 1400

Ratio to OS

Ratio to

14 TeV | PDFALHC15

99 — AA at NLO QCD | /5 =

- 2HDM of type I do/dm , , [fb/GeV]
[, = 134.711 GeV fp = fp=my4/2

NLO scale uncertainty

—— HTL

HTL + full reals
—— HTL + full virtuals
~—— Full NLO

! " | I | . ] . | ’ |
I N I v 1 N 1 N T N 1

800 1000
m 4, [GeV]

1200 1400

" g9 — AA at NLO QCD | /s = 14 TeV | PDFALHC15

—— MS scheme with m,(m,)
MS scheme with m,(m 4 4/4) |

—— MS scheme with 77,(m )

—— OS scheme, m; = 172.5 GeV |

:::‘:\_L_

2HDM of type I

my = 134.711 GeV

- do/dm,, [fb/GeV] -

g = Hp =Mys/2 1 ]
L Full NLO results for different top-quark masses - =
| —— —
f 1
1 " 1 " L " | 3
800 1000 1200 1400
m,, [GeV]

Y
L

T o R

4

singularities

Width

20 Cores per

ory per node
per day
nning time



Direct Monte Carlo Integration: Applications
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Integration-by-parts identities
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So, we have found the Master Integrals...

How do we calculate them?




Analytical Integration: Basics
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Ana]ytlca] Integrauon leferenual Equauons

Master In’regrals sa’rlsfy a

_system of differential equation ; ;‘: d_xl]]({x’]}  €) = Al €)J(xg s 6)
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 Leading Log singularity allows to find | T e
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humerlca] Integration

Numerlcal soluﬂon of leferenhal equa’nons

- In’rroducing a mass parameter #] into propagators
- Numerical IBPs + DE system depending on 1pnly
- Automatic Boundary condition at 1 — o0

- Propagating boundaries to n — 0O

Auxiliary mass flow
(AMFlow)

[Liu,Ma:2201.11669]

: Analytical IBPs + Differential equd’rion system  °
- Boundary condition as input in Euclidean region
- Propagating boundary fo physical region

Series expansion methods
D|F1°ExpD SeaSyde)

[Armadillo,Boncian oto,Rana, VlClnl 2205.03345]
o [Hidding:2006.05510]
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Recen’rly Neural ne’rworks appllca’rlon ’ro numerlcal solu’rlon oF DEs
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Mom‘eCarlo Ini'egrai'ion mefhods l - — T e
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Sector Decomposition Fal A e .
- End-point subtraction of singularities and € expansion
(SecDec, pySecDec) - contour deformation + expansion-by-region
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- Feynman parameters + contour deformation x; — x;e
- Tropical approximation of Symanzik Polynomial (Trop(2x1x2+4x32) = max(xx, %3))
- MonteCarlo integration improved with tropical sampling i

Tropical intfegration
(FeynTrop)

[Borinski,Munch,Tellander:2302.08955]
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Process

Me’rhod

. * Analytical expansion in terms of GPLs

* NNLO SM QCD
» Four-point two-loop sca’r‘rermg

» Three mass scales
2 IR and UV dlvergen’r H
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+ Constructing double-virtual interferences
Adaptive integrand decomposition
Integration-by-parts identities

+ Differential equation method for Master Integrals
* Magnus Exponential to expose the canonical basis
= dlog form of the differential matrix

R/
2 X4

*

» Mathematica
FeynCalc
AIDA
 handyG

» PolyLogTools

~ Running:
» Mathematica package: O(10) sec/pt |
» Within McMule: 0(0.1) sec/pt
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Differenual Equation method: Applications
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Figure 3: From top to bottom: (i) differential cross section w.r.t. 6, for S1 at LO (violet), and “
NNLO (orange) for negative muons; (ii) NLO K factor for negative muons (positive muons have a ‘J‘ \
sign flip for the mixed photonic correction); (iii) NNLO K factor for negative muons; (iv) NNLO ‘
K factor for positive muons; (v) NNLO K factor for disentangled mixed photonic corrections, h
for negative muons. In panels (ii)—(iv) the correction is split into photonic, i.e. electronic, mixed |f
and muonic, and fermionic, including leptonic and hadronic. The hadronic correction at NLO A
- corresponds to the signal of the experiment and is shown separately in purple in panel (ii). ]
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“The very advanced counting system used by elementary particle theorists for counting the

J 77

loops is: ‘One, two, many’.

— Ettore Remiddi

Thank youl!
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