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Introduction
properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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Figure 7. Marginal posterior distributions for the source chirp mass M, mass ratio q, e↵ective inspiral spin �e↵ , e↵ective
precession spin �p and luminosity distance DL for O3b candidates with pastro > 0.5 plus GW200105 162426. The vertical
extent of each colored region is proportional to one-dimensional marginal posterior distribution at a given parameter value
for the corresponding event. We highlight with italics GW200105 162426 as it has pastro < 0.5, as well as GW191219 163120
because of potential uncertainties in its pastro and because it has significant posterior support outside of mass ratios where the
waveform models have been calibrated. Results for GW200308 173609 and GW200322 091133 include a prior-dominated mode
at large distances and high masses: the hatched posterior probability distribution shown on the lower half of the plots for these
candidates exclude these low-likelihood, prior-dominated modes. Colors correspond to the date of observation.

GWTC-3b [LVK 2021]

… to science
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Our scope:
• Idealized detector: stationary Gaussian 

noise
• Simplified CBC signals 

Realistic data and signal:
• Data quality for real detectors
• Data cleaning
• Glitch analysis and removal
• Full CBC signals, waveform modelling
• Continuous waves analysis
• Unmodeled signals (bursts)
• Stochastic backgrounds

Data & signal models
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Figure 7. Marginal posterior distributions for the source chirp mass M, mass ratio q, e↵ective inspiral spin �e↵ , e↵ective
precession spin �p and luminosity distance DL for O3b candidates with pastro > 0.5 plus GW200105 162426. The vertical
extent of each colored region is proportional to one-dimensional marginal posterior distribution at a given parameter value
for the corresponding event. We highlight with italics GW200105 162426 as it has pastro < 0.5, as well as GW191219 163120
because of potential uncertainties in its pastro and because it has significant posterior support outside of mass ratios where the
waveform models have been calibrated. Results for GW200308 173609 and GW200322 091133 include a prior-dominated mode
at large distances and high masses: the hatched posterior probability distribution shown on the lower half of the plots for these
candidates exclude these low-likelihood, prior-dominated modes. Colors correspond to the date of observation.

GWTC-3b [LVK 2021]

Our scope:
• Simplified detection with matched 

filtering
• Simplified parameter estimation 

Full science products:
• Realistic detections, confidence and 

classification
• Realistic parameter estimation
• Evidence computation and model 

comparison
• Production of catalogs
• Cosmological analyses
• Population analyses
• Tests of GR analyses

Science products
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<latexit sha1_base64="MEpjWKxb0U1Ms8SGsUocgGSipP0="></latexit>

Data = Response · Signal + Noise

GW signal

• deterministic signals, 
waveform models

• models approx. GR
• stochastic 

background(s)

Noise

• stochastic process
• need modelling
• idealized process vs 

data artefacts ?

Detector response

• deterministic instrument 
transfer (exact)

• calibration: stochastic 
component
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Outline

• GW signals: the basics

• Noise as a stochastic process

• Introducing matched filtering

• Towards real CBC searches

• Other signals: continuous waves, stochastic 
backgrounds

Part I Part II

• Bayesian parameter estimation basics, 
likelihood

• Parameter space and waveforms

• Fisher matrix approach

• Metropolis-Hastings MCMC, Parallel 
tempering and example PE

• PE toolbox

• PE results from LVK

• Future detectors and their challenges
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•GW signals: the basics

• Noise as a stochastic process

• Introducing matched filtering

• Towards real CBC searches

• Other signals: continuous waves, 
stochastic backgrounds

Part I
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GW Signals: polarizations and strain

Figure 5. Antenna response pattern for a LIGO gravitational wave detector, in
the long-wavelength approximation. The interferometer beamsplitter is located at
the center of each pattern, and the thick black lines indicate the orientation of the
interferometer arms. The distance from a point of the plot surface to the center of
the pattern is a measure of the gravitational wave sensitivity in this direction. The
pattern on the left is for + polarization, the middle pattern is for ⇥ polarization, and
the right-most one is for unpolarized waves.

established using the laser wavelength, by measuring the mirror drive signal required to

move through an interference fringe. The calibration is tracked during operation with

sine waves injected into the di↵erential-arm loop. The uncertainty in the amplitude

calibration is approximately ±5%. Timing of the GW channel is derived from the Global

Positioning System; the absolute timing accuracy of each interferometer is better than

±10 µsec.

The response of the interferometer output as a function of GW frequency is

calculated in detail in references [36, 37, 38]. In the long-wavelength approximation,

where the wavelength of the GW is much longer than the size of the detector, the

response R of a Michelson-Fabry-Perot interferometer is approximated by a single-pole

transfer function:

R(f) / 1

1 + if/fp
, (1)

where the pole frequency is related to the storage time by fp = 1/4⇡⌧s. Above the pole

frequency (fp = 85 Hz for the LIGO 4 km interferometers), the amplitude response

drops o↵ as 1/f . As discussed below, the measurement noise above the pole frequency

has a white (flat) spectrum, and so the strain sensitivity decreases proportionally to

frequency in this region. The single-pole approximation is quite accurate, di↵ering from

the exact response by less than a percent up to ⇠1 kHz [38].

In the long-wavelength approximation, the interferometer directional response is

maximal for GWs propagating orthogonally to the plane of the interferometer arms,

and linearly polarized along the arms. Other angles of incidence or polarizations give a

reduced response, as depicted by the antenna patterns shown in Fig. 5. A single detector

has blind spots on the sky for linearly polarized gravitational waves.

[arXiv:0711.3041]

[https://www.ligo.caltech.edu]

[arXiv:1607.04202]

July 15, 2016 0:15 World Scientific Review Volume - 9in x 6in theory page 33

Theory of Gravitational Waves 33

Thus, as a gravitational wave propagates through an initially circular ring
of particles, it induces alternative contractions and elongations along the x̂

and ŷ directions for the + polarization, and along the ŷ = x̂ and ŷ = �x̂

directions for the ⇥ polarization (see Fig. 9). A generic gravitational wave
can thus be understood as a superposition of two oscillating tidal fields that
propagate at the vacuum speed of light.

Equation (82) shows that under the e↵ect of a passing gravitational wave
of typical amplitude h ⇠ H+,⇥, the initial size L0 of the ring of particles
varies by an amount

�L ⇠ 1

2
hL0 , (83)

in complete agreement with the result (76). As will be shown in section 7,
the typical amplitude of gravitational waves from astrophysical sources is
h . 10�21. Hence, even for a kilometer-scale detector, the change in length
induced by a traveling gravitational wave is at most of order 10�18 m. Thus,
as will be discussed in chapters 3 and 4, it is a major technological challenge
to detect a passing gravitational wave of cosmic origin.

0 ¼T ½T ¾T T
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t

Fig. 9. A monochromatic gravitational wave of pulsation ! = 2⇡/T propagates along
the ẑ direction. The lower panel shows the e↵ects of the + and ⇥ polarizations on a ring
of freely falling particles, in a local inertial frame.

GW polarizations

Response of an interferometer:
<latexit sha1_base64="UxytannDRSGxwOx6wtmvPsVVbM4=">AAACCHicbZBLS8NAEMcn9VXrK+rRg4tFEAolkaJehIIoHivYB7QhbLabZunmwe5GKKFHL34VLx4U8epH8Oa3cdvmoK0DA7/9zwyz8/cSzqSyrG+jsLS8srpWXC9tbG5t75i7ey0Zp4LQJol5LDoelpSziDYVU5x2EkFx6HHa9oZXk3r7gQrJ4uhejRLqhHgQMZ8RrLTkmocBukQ3bgUFOiuaeoqFVOrnDFyzbFWtaaBFsHMoQx4N1/zq9WOShjRShGMpu7aVKCfDQjHC6bjUSyVNMBniAe1qjLBe4mTTQ8boWCt95MdCZ6TQVP09keFQylHo6c4Qq0DO1ybif7VuqvwLJ2NRkioakdkiP+VIxWjiCuozQYniIw2YCKb/ikiABSZKe1fSJtjzJy9C67Rqn1Vrd7Vy/Tq3owgHcAQnYMM51OEWGtAEAo/wDK/wZjwZL8a78TFrLRj5zD78CePzB0Jml6c=</latexit>

h = F+h+ + F⇥h⇥
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F+,⇥(✓,�, ) pattern functions, depend 
on sky and polarization
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F 2
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⇥
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GW Signals: Compact Binary Coalescences - Fact sheet

• Dominant frequency:

• Chirp mass:

• Inspiral frequency:

• BBH scale invariance:

• End of inspiral:

• Effect of cosmology:
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The Fourier domain

• Fourier domain: natural frequency window, simplifies 
the stationary noise covariance

• Inspiral: clear time-to-frequency correspondence, 
(Stationary Phase Approximation), merger not so

• Fourier domain not optimal for signal compression
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properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.

PRL 116, 061102 (2016) P HY S I CA L R EV I EW LE T T ER S week ending
12 FEBRUARY 2016

061102-2

<latexit sha1_base64="MFA3AC6oxZi1drRxwTNKy9v/jlU=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiRT14KIjgSSrYD2hD2Gw37dLNJu5uhBr6S7x4UMSrP8Wb/8Ztm4O2Phh4vDfDzLwg4Uxpx/m2Ciura+sbxc3S1vbObtne22+pOJWENknMY9kJsKKcCdrUTHPaSSTFUcBpOxhdTf32I5WKxeJejxPqRXggWMgI1kby7XKILlHoZz0Zodvxw8S3K07VmQEtEzcnFcjR8O2vXj8maUSFJhwr1XWdRHsZlpoRTielXqpogskID2jXUIEjqrxsdvgEHRulj8JYmhIazdTfExmOlBpHgemMsB6qRW8q/ud1Ux1eeBkTSaqpIPNFYcqRjtE0BdRnkhLNx4ZgIpm5FZEhlphok1XJhOAuvrxMWqdV96xau6tV6td5HEU4hCM4ARfOoQ430IAmEEjhGV7hzXqyXqx362PeWrDymQP4A+vzB7Ickn8=</latexit>

f < fNyq

∼100 s (calculated starting from 24 Hz) in the detectors’
sensitive band, the inspiral signal ended at 12∶41:04.4 UTC.
In addition, a γ-ray burst was observed 1.7 s after the
coalescence time [39–45]. The combination of data from
the LIGO and Virgo detectors allowed a precise sky
position localization to an area of 28 deg2. This measure-
ment enabled an electromagnetic follow-up campaign that
identified a counterpart near the galaxy NGC 4993, con-
sistent with the localization and distance inferred from
gravitational-wave data [46–50].
From the gravitational-wave signal, the best measured

combination of the masses is the chirp mass [51]
M ¼ 1.188þ0.004

−0.002M⊙. From the union of 90% credible
intervals obtained using different waveform models (see
Sec. IV for details), the total mass of the system is between
2.73 and 3.29 M⊙. The individual masses are in the broad
range of 0.86 to 2.26 M⊙, due to correlations between their
uncertainties. This suggests a BNS as the source of the
gravitational-wave signal, as the total masses of known
BNS systems are between 2.57 and 2.88 M⊙ with compo-
nents between 1.17 and ∼1.6 M⊙ [52]. Neutron stars in
general have precisely measured masses as large as 2.01#
0.04 M⊙ [53], whereas stellar-mass black holes found in
binaries in our galaxy have masses substantially greater
than the components of GW170817 [54–56].
Gravitational-wave observations alone are able to mea-

sure the masses of the two objects and set a lower limit on
their compactness, but the results presented here do not
exclude objects more compact than neutron stars such as
quark stars, black holes, or more exotic objects [57–61].
The detection of GRB 170817A and subsequent electro-
magnetic emission demonstrates the presence of matter.
Moreover, although a neutron star–black hole system is not
ruled out, the consistency of the mass estimates with the
dynamically measured masses of known neutron stars in
binaries, and their inconsistency with the masses of known
black holes in galactic binary systems, suggests the source
was composed of two neutron stars.

II. DATA

At the time of GW170817, the Advanced LIGO detec-
tors and the Advanced Virgo detector were in observing
mode. The maximum distances at which the LIGO-
Livingston and LIGO-Hanford detectors could detect a
BNS system (SNR ¼ 8), known as the detector horizon
[32,62,63], were 218 Mpc and 107 Mpc, while for Virgo
the horizon was 58 Mpc. The GEO600 detector [64] was
also operating at the time, but its sensitivity was insufficient
to contribute to the analysis of the inspiral. The configu-
ration of the detectors at the time of GW170817 is
summarized in [29].
A time-frequency representation [65] of the data from

all three detectors around the time of the signal is shown in
Fig 1. The signal is clearly visible in the LIGO-Hanford
and LIGO-Livingston data. The signal is not visible

in the Virgo data due to the lower BNS horizon and the
direction of the source with respect to the detector’s antenna
pattern.
Figure 1 illustrates the data as they were analyzed to

determine astrophysical source properties. After data col-
lection, several independently measured terrestrial contribu-
tions to the detector noise were subtracted from the LIGO
data usingWiener filtering [66], as described in [67–70]. This
subtraction removed calibration lines and 60 Hz ac power
mains harmonics from both LIGO data streams. The sensi-
tivity of the LIGO-Hanford detector was particularly
improved by the subtraction of laser pointing noise; several
broad peaks in the 150–800 Hz region were effectively
removed, increasing the BNS horizon of that detector
by 26%.

FIG. 1. Time-frequency representations [65] of data containing
the gravitational-wave event GW170817, observed by the LIGO-
Hanford (top), LIGO-Livingston (middle), and Virgo (bottom)
detectors. Times are shown relative to August 17, 2017 12∶41:04
UTC. The amplitude scale in each detector is normalized to that
detector’s noise amplitude spectral density. In the LIGO data,
independently observable noise sources and a glitch that occurred
in the LIGO-Livingston detector have been subtracted, as
described in the text. This noise mitigation is the same as that
used for the results presented in Sec. IV.
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The detection of GRB 170817A and subsequent electro-
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Moreover, although a neutron star–black hole system is not
ruled out, the consistency of the mass estimates with the
dynamically measured masses of known neutron stars in
binaries, and their inconsistency with the masses of known
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tors and the Advanced Virgo detector were in observing
mode. The maximum distances at which the LIGO-
Livingston and LIGO-Hanford detectors could detect a
BNS system (SNR ¼ 8), known as the detector horizon
[32,62,63], were 218 Mpc and 107 Mpc, while for Virgo
the horizon was 58 Mpc. The GEO600 detector [64] was
also operating at the time, but its sensitivity was insufficient
to contribute to the analysis of the inspiral. The configu-
ration of the detectors at the time of GW170817 is
summarized in [29].
A time-frequency representation [65] of the data from

all three detectors around the time of the signal is shown in
Fig 1. The signal is clearly visible in the LIGO-Hanford
and LIGO-Livingston data. The signal is not visible

in the Virgo data due to the lower BNS horizon and the
direction of the source with respect to the detector’s antenna
pattern.
Figure 1 illustrates the data as they were analyzed to

determine astrophysical source properties. After data col-
lection, several independently measured terrestrial contribu-
tions to the detector noise were subtracted from the LIGO
data usingWiener filtering [66], as described in [67–70]. This
subtraction removed calibration lines and 60 Hz ac power
mains harmonics from both LIGO data streams. The sensi-
tivity of the LIGO-Hanford detector was particularly
improved by the subtraction of laser pointing noise; several
broad peaks in the 150–800 Hz region were effectively
removed, increasing the BNS horizon of that detector
by 26%.

FIG. 1. Time-frequency representations [65] of data containing
the gravitational-wave event GW170817, observed by the LIGO-
Hanford (top), LIGO-Livingston (middle), and Virgo (bottom)
detectors. Times are shown relative to August 17, 2017 12∶41:04
UTC. The amplitude scale in each detector is normalized to that
detector’s noise amplitude spectral density. In the LIGO data,
independently observable noise sources and a glitch that occurred
in the LIGO-Livingston detector have been subtracted, as
described in the text. This noise mitigation is the same as that
used for the results presented in Sec. IV.
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Abstract
The effective-one-body (EOB) approach complemented with calibration to numerical relativity (NR) data provides state-of-the-art models of the 
gravitational radiation emitted from coalescing compact binaries. Detection and parameter estimation searches in the LIGO network require fast and 
accurate template waveforms. By construction, EOB waveforms are obtained by numerical integration of a complicated system of ordinary differential 
equations and therefore tend to be too slow to be used directly for LIGO data analysis. Reduced order modeling (ROM) is a proven technique for 
compressing the data obtained from sampling a model over the parameter space in terms of reduced orthogonal bases and interpolated expansion 
coefficients and accelerating waveform generation. We discuss the construction and use of a ROM for the aligned-spin SEOBNR model used in the first 
observing run which was crucial for recent LIGO detections and inference of model parameters. This model has spins aligned with the orbital angular 
momentum with non-trivial dependencies in 3 parameter dimensions. Work on a ROM for its successor aligned-spin SEOBNR model, prepared for the 
second observing run has already been started. For the generic precessing-spin SEOBNR model used in the first observing run the dimensionality of the 
problem increases to 7 dimensions (the mass ratio and the two spin vectors), making the construction of a ROM far more challenging. We have started 
to explore spin subspaces by introducing effective parameters that capture the dominant effects in the waveform.

A prerequisite for LIGO  searches and parameter estimation is the availability of 
fast and accurate models of the GW waveform emitted from BH binaries so as not 
to miss signals or misrepresent their astrophysical parameters. The construction of 
stochastic template banks requires O(108) waveform evaluations. Typically O(107) 
waveform model evaluations are needed for a parameter estimation analyses.

EOB waveforms are obtained from the integration of complicated systems of 
ordinary differential equations and are in general too slow for direct data analysis 
applications. Reduced order modeling (ROM) can provide fast and accurate 
surrogates for such GW models which are crucial for GW searches and parameter 
estimation. 

We discuss ROM approaches based on the singular value decomposition (SVD) and 
tensor product spline interpolation [1,2].

INTRODUCTION

Compressing the waveform space
The polarizations of aligned-spin GWs can be represented in the Fourier domain in a 
highly compressed form as follows: 
• The waveform is split into its non-oscillatory amplitude and phase: 
• The amplitudes and phases are represented as cubic spline interpolants on a sparse 

frequency grid of size m.
• This non-uniform frequency grid is constructed by choosing the spacing such that 

the local spline interpolation error stays constant over the grid (see Fig. 1). 

Input waveforms are generated on a regular grid (see Fig. 2) over the parameter space 
and stored in the sparse frequency grid of size m. The grid can later be refined in 
regions where the modeling error is deemed too large.

Accuracy and performance
In [2] a ROM was built for the non-precessing SEOBNR [3] waveform model. To 
compare two waveforms we can compute their noise-weighted correlation,                   . 
Here we quote the mismatch              . This ROM is accurate to better than 1% mismatch 
(see Fig. 3) and provides a speedup of order a thousand for generating waveforms (see 
Fig. 4).

Figure 3: Accuracy of SEOBNR ROM over the parameter 
space for advanced LIGO design sensitivity.

Figure 4: Speedup of ROM compared 
to non-precessing SEOBNR

REFERENCES

Reduced bases and interpolation over parameter space
We compute reduced orthogonal bases of the n input amplitudes and phases:
• Pack them into the columns of matrices                              .
• Take the SVD of these matrices                       to obtain bases                         .

For each input waveform we calculate a vector of m projection coefficients in terms of 
the reduced bases, forming a matrix                                     , for amplitude and phase.

To complete the model we interpolate the projection coefficients using tensor product 
spline interpolation. This is done separately for the coefficients corresponding to each 
of the m SVD modes, yielding m scalar interpolants of the form

The ROM (or surrogate model) in parameters                              can then be written as

ROM for precessing waveforms
Precession effects are induced by the misalignment of the spins. They can lead to 
important modulations of the signal, and play an important role in parameter 
estimation studies in helping to break degeneracies between other parameters.
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Figure 1: Representation error of waveforms as a 
function of sparse grid size.
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Figure 2: Regular grid for input waveforms in 
mass-ratio and aligned spin on larger BH.
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The  precessing  SEOBNR  model  [4,5] 
includes the 7 degrees of freedom of the 
problem  (the  mass  ratio  and  the  two 
spin  vectors)  and  covers  the  inspiral, 
merger  and  ringdown  phases. 
However, the higher dimensionality of 
the problem makes the ROM approach 
challenging.

A precessing waveform can be decomposed by introducing a frame following the 
motion of the orbital plane. The waveform in this precessing frame is then close to a 
non-precessing waveform. Introducing Euler angles               for the P-frame,p↵,�, �q

hI
`m “

ÿ

m

D`˚
m1mp↵,�, �qhP

`m1

We made preliminary 1D explorations of the smoothness of the decomposed waveform 
when varying parameters, illustrated here with the mass ratio.  
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Figure 6: Smoothness of the amplitude and phase in the P-frame, varying the mass ratio q=1-6

Figure 5: Smoothness of the Euler angles for the P-frame, varying the mass ratio q=1-6
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GW Signals: CBC parameter space

Signal model

� In general, compact binary is described by up to 19 parameters
¾ Intrinsic parameters drive system dynamics

� Masses (2)
� Spins (6)
� Deformability for neutron stars (2)
� Eccentricity (2)

¾ Extrinsic parameters impact measured signal
� Position : luminosity distance, right ascension, declination (3)
� Orientation: inclination, polarization (2)
� Time and phase at coalescence (2)

� Reliable waveform models exist
¾ Not all physical effects are accounted for in any given model
¾ Computing time is an issue for parameter estimation
¾ Various models used, differing both in the physical effects they 

describe and the methods they use to compute the waveform

8

[https://www.ligo.caltech.edu]
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(◆,')

• BBH: massive, merger-ringdown
• BNS: inspiral dominated, tidal effects
• NSBH: high mass ratio, tidal effects ?

For CBC:  15+2+2 parameters
• intrinsic: 2 masses, 2*3 spin vectors
• distance: 1
• time of coalescence: 1
• direction to the observer: 2 angles
• sky position in observer’s frame: 2 angles
• polarization angle: 1 angle
• +eccentricity, periastron: 2
• +tidal deformabilities BNS: 2
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Outline

• GW signals: the basics

•Noise as a stochastic process

• Introducing matched filtering

• Towards real CBC searches

• Other signals: continuous waves, 
stochastic backgrounds

Part I
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Noise

• How to understand noise as a stochastic process ?
• Ergodicity, stationarity, Gaussianity ?
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C(t, t0) = hn(t)n(t0)i

White noise

Noise autocorrelation:

Stationary white noise:
White noise

Red noise Blue noise

Flat spectrum
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C(t, t0) = const �(t� t0)
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Noise

• How to model real noise ?
• Ergodicity, stationarity, Gaussianity ?
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C(t, t0) = hn(t)n(t0)i

LIGO Hanford/Livingstone data around GW150914

Noise autocorrelation:
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Noise PSD

Mean power of the noise:
<latexit sha1_base64="fS1UVx0KftryrTCpQ5JDxiUD7xY="></latexit>

Pn = lim
T!+1

1

T

Z T/2

�T/2
dt n(t)2
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Noise PSD
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dt nT (t)
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=

Z +1

0
df Sn(f)

Mean power of the noise:

In the Fourier domain:
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Noise PSD
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T
|ñT (f)|2

Mean power of the noise:

Noise Power Spectral Density (1-sided):

In the Fourier domain:
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Noise PSD
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2

<latexit sha1_base64="EhGFCbdtT9fHjSmmOowwCPxuFmY="></latexit>

= lim
T!+1

1

T

Z +1

�1
df |ñT (f)|2

<latexit sha1_base64="bXJpjAjVXy+9n9/Vo7rA7ZhmEKY=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIFaXMSFE3QkEElxXtBdo6ZNJMG5rJDMkZoQyzdeOruHGhiFvfwJ1vY3pZaOsPgY//nMPJ+b1IcA22/W1lFhaXlleyq7m19Y3Nrfz2Tl2HsaKsRkMRqqZHNBNcshpwEKwZKUYCT7CGN7gc1RsPTGkeyjsYRqwTkJ7kPqcEjOXm8QVucwluYqf3yZFBH4Yp7vrtY3zryqJ/6OYLdskeC8+DM4UCmqrq5r/a3ZDGAZNABdG65dgRdBKigFPB0lw71iwidEB6rGVQkoDpTjK+JMUHxuliP1TmScBj9/dEQgKth4FnOgMCfT1bG5n/1Vox+OedhMsoBibpZJEfCwwhHsWCu1wxCmJogFDFzV8x7RNFKJjwciYEZ/bkeaiflJzTUvmmXKhcTePIoj20j4rIQWeogq5RFdUQRY/oGb2iN+vJerHerY9Ja8aazuyiP7I+fwB/JJjy</latexit>

=

Z +1

0
df Sn(f)

<latexit sha1_base64="YwnOwmRdLIIqz/pd2STndRHESTE="></latexit>

Sn(f) ⌘ lim
T!+1

2

T
|ñT (f)|2

<latexit sha1_base64="CaCfVBkQuykyIGWfLmoVPT7ZpIM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK2IGVGiroRCkVwWcE+oDOUTJppQzOZIbkjlNIPcOOvuHGhiFs/wJ1/Y9rOQlsPXDiccy7JPX4suAbb/rYyK6tr6xvZzdzW9s7uXn7/oKmjRFHWoJGIVNsnmgkuWQM4CNaOFSOhL1jLH9amfuuBKc0jeQ+jmHkh6UsecErASN18oVaEMzgt4WvsCiL7gmFZhJIZo7lqppiUXbZnwMvESUkBpah3819uL6JJyCRQQbTuOHYM3pgo4FSwSc5NNIsJHZI+6xgqSci0N54dM8EnRunhIFJmJOCZ+ntjTEKtR6FvkiGBgV70puJ/XieB4MobcxknwCSdPxQkAkOEp83gHleMghgZQqji5q+YDogiFEx/OVOCs3jyMmmel52LcuWuUqjepHVk0RE6RkXkoEtURbeojhqIokf0jF7Rm/VkvVjv1sc8mrHSnUP0B9bnD4vCmNI=</latexit>

C(t, t0) = hn(t)n(t0)i

<latexit sha1_base64="dMPyVqbKUh4vOx8+sF19SmF6Odg="></latexit>

1

2
Sn(f) =

Z
d⌧ C(⌧)e�2i⇡f⌧

Mean power of the noise: In the stationary case:

Noise PSD as the FT of the 
autocorrelation:

Noise Power Spectral Density (1-sided):

In the Fourier domain:

<latexit sha1_base64="bSUY2MLeUtEhWg+iw9RZ4KNrKPI=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARBKEkUlRwUxDBZYXeoAllMpm0Q2cmYWYilJCHcOOruHGhiFsX7nwbp20W2vrDwMd/zuHM+YOEUaUd59sqrayurW+UNytb2zu7e/b+QUfFqcSkjWMWy16AFGFUkLammpFeIgniASPdYHwzrXcfiFQ0Fi09SYjP0VDQiGKkjTWwzzyGxJAR6F1DTxaoKIdeJBHO3Dxr5dCjQsNQD+yqU3NmgsvgFlAFhZoD+8sLY5xyIjRmSKm+6yTaz5DUFDOSV7xUkQThMRqSvkGBOFF+NjsqhyfGCWEUS/PM+pn7eyJDXKkJD0wnR3qkFmtT879aP9XRlZ9RkaSaCDxfFKUM6hhOE4IhlQRrNjGAsKTmrxCPkElDmxwrJgR38eRl6JzX3Ita/b5ebdwWcZTBETgGp8AFl6AB7kATtAEGj+AZvII368l6sd6tj3lrySpmDsEfWZ8/mLud8Q==</latexit>

h i ⇠ 1

T

Z
dt

<latexit sha1_base64="nVaYsGCSiJXcuDhF7B4A6yeWGM8=">AAACDHicbVDLSgMxFM3UV62vqks3wSJtoZYZKepGKBTBZQX7gHYomTRTQzMPkzuFUvoBbvwVNy4UcesHuPNvTKez0NYDgZNzziW5xwkFV2Ca30ZqZXVtfSO9mdna3tndy+4fNFUQScoaNBCBbDtEMcF91gAOgrVDyYjnCNZyhrWZ3xoxqXjg38E4ZLZHBj53OSWgpV42VytACfJFfIVrBbOEIX8KRdxlDxEfaSW+6pRZNmPgZWIlJIcS1HvZr24/oJHHfKCCKNWxzBDsCZHAqWDTTDdSLCR0SAaso6lPPKbsSbzMFJ9opY/dQOrjA47V3xMT4ik19hyd9Ajcq0VvJv7ndSJwL+0J98MImE/nD7mRwBDgWTO4zyWjIMaaECq5/ium90QSCrq/jC7BWlx5mTTPytZ5uXJbyVWvkzrS6AgdowKy0AWqohtURw1E0SN6Rq/ozXgyXox342MeTRnJzCH6A+PzBxdNl0M=</latexit>

C(t, t0) = C(0, t0 � t) ⌘ C(t0 � t)

<latexit sha1_base64="fS1UVx0KftryrTCpQ5JDxiUD7xY="></latexit>

Pn = lim
T!+1

1

T

Z T/2

�T/2
dt n(t)2
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Noise PSD

<latexit sha1_base64="cwZcNi4PnjKqDbPQYfdDeNvLvAk=">AAACDXicbVDLSsNAFJ34rPUVdelmsAoVtCalqMuCCC4r9AVJCJPptB06mcSZSaGE/oAbf8WNC0Xcunfn3zhts9DWAxcO59zLvfcEMaNSWda3sbS8srq2ntvIb25t7+yae/tNGSUCkwaOWCTaAZKEUU4aiipG2rEgKAwYaQWDm4nfGhIhacTrahQTL0Q9TrsUI6Ul3zzmfr2oTqFLHhI6hC7uUz91zusX5TNd3hhy7fpmwSpZU8BFYmekADLUfPPL7UQ4CQlXmCEpHduKlZcioShmZJx3E0lihAeoRxxNOQqJ9NLpN2N4opUO7EZCF1dwqv6eSFEo5SgMdGeIVF/OexPxP89JVPfaSymPE0U4ni3qJgyqCE6igR0qCFZspAnCgupbIe4jgbDSAeZ1CPb8y4ukWS7Zl6XKfaVQvc3iyIFDcASKwAZXoAruQA00AAaP4Bm8gjfjyXgx3o2PWeuSkc0cgD8wPn8AztyZgA==</latexit>

nT (t) ⌘ �[�T/2,T/2]n(t)
<latexit sha1_base64="1Neo2sE4PSXtkIwqWCJsLFkT53A="></latexit>

Pn = lim
T!+1

1

T

Z +1

�1
dt nT (t)

2

<latexit sha1_base64="EhGFCbdtT9fHjSmmOowwCPxuFmY="></latexit>

= lim
T!+1

1

T

Z +1

�1
df |ñT (f)|2

<latexit sha1_base64="bXJpjAjVXy+9n9/Vo7rA7ZhmEKY=">AAACCXicbZDLSgMxFIYz9VbrrerSTbAIFaXMSFE3QkEElxXtBdo6ZNJMG5rJDMkZoQyzdeOruHGhiFvfwJ1vY3pZaOsPgY//nMPJ+b1IcA22/W1lFhaXlleyq7m19Y3Nrfz2Tl2HsaKsRkMRqqZHNBNcshpwEKwZKUYCT7CGN7gc1RsPTGkeyjsYRqwTkJ7kPqcEjOXm8QVucwluYqf3yZFBH4Yp7vrtY3zryqJ/6OYLdskeC8+DM4UCmqrq5r/a3ZDGAZNABdG65dgRdBKigFPB0lw71iwidEB6rGVQkoDpTjK+JMUHxuliP1TmScBj9/dEQgKth4FnOgMCfT1bG5n/1Vox+OedhMsoBibpZJEfCwwhHsWCu1wxCmJogFDFzV8x7RNFKJjwciYEZ/bkeaiflJzTUvmmXKhcTePIoj20j4rIQWeogq5RFdUQRY/oGb2iN+vJerHerY9Ja8aazuyiP7I+fwB/JJjy</latexit>

=

Z +1

0
df Sn(f)

<latexit sha1_base64="YwnOwmRdLIIqz/pd2STndRHESTE="></latexit>

Sn(f) ⌘ lim
T!+1

2

T
|ñT (f)|2

<latexit sha1_base64="CaCfVBkQuykyIGWfLmoVPT7ZpIM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK2IGVGiroRCkVwWcE+oDOUTJppQzOZIbkjlNIPcOOvuHGhiFs/wJ1/Y9rOQlsPXDiccy7JPX4suAbb/rYyK6tr6xvZzdzW9s7uXn7/oKmjRFHWoJGIVNsnmgkuWQM4CNaOFSOhL1jLH9amfuuBKc0jeQ+jmHkh6UsecErASN18oVaEMzgt4WvsCiL7gmFZhJIZo7lqppiUXbZnwMvESUkBpah3819uL6JJyCRQQbTuOHYM3pgo4FSwSc5NNIsJHZI+6xgqSci0N54dM8EnRunhIFJmJOCZ+ntjTEKtR6FvkiGBgV70puJ/XieB4MobcxknwCSdPxQkAkOEp83gHleMghgZQqji5q+YDogiFEx/OVOCs3jyMmmel52LcuWuUqjepHVk0RE6RkXkoEtURbeojhqIokf0jF7Rm/VkvVjv1sc8mrHSnUP0B9bnD4vCmNI=</latexit>

C(t, t0) = hn(t)n(t0)i

<latexit sha1_base64="dMPyVqbKUh4vOx8+sF19SmF6Odg="></latexit>

1

2
Sn(f) =

Z
d⌧ C(⌧)e�2i⇡f⌧

Mean power of the noise: In the stationary case:

Noise PSD as the FT of the 
autocorrelation:

Noise Power Spectral Density (1-sided):

In the Fourier domain:

The two definitions correspond

<latexit sha1_base64="bSUY2MLeUtEhWg+iw9RZ4KNrKPI=">AAACFHicbZDLSsNAFIYn9VbrLerSzWARBKEkUlRwUxDBZYXeoAllMpm0Q2cmYWYilJCHcOOruHGhiFsX7nwbp20W2vrDwMd/zuHM+YOEUaUd59sqrayurW+UNytb2zu7e/b+QUfFqcSkjWMWy16AFGFUkLammpFeIgniASPdYHwzrXcfiFQ0Fi09SYjP0VDQiGKkjTWwzzyGxJAR6F1DTxaoKIdeJBHO3Dxr5dCjQsNQD+yqU3NmgsvgFlAFhZoD+8sLY5xyIjRmSKm+6yTaz5DUFDOSV7xUkQThMRqSvkGBOFF+NjsqhyfGCWEUS/PM+pn7eyJDXKkJD0wnR3qkFmtT879aP9XRlZ9RkaSaCDxfFKUM6hhOE4IhlQRrNjGAsKTmrxCPkElDmxwrJgR38eRl6JzX3Ita/b5ebdwWcZTBETgGp8AFl6AB7kATtAEGj+AZvII368l6sd6tj3lrySpmDsEfWZ8/mLud8Q==</latexit>

h i ⇠ 1

T

Z
dt

<latexit sha1_base64="nVaYsGCSiJXcuDhF7B4A6yeWGM8=">AAACDHicbVDLSgMxFM3UV62vqks3wSJtoZYZKepGKBTBZQX7gHYomTRTQzMPkzuFUvoBbvwVNy4UcesHuPNvTKez0NYDgZNzziW5xwkFV2Ca30ZqZXVtfSO9mdna3tndy+4fNFUQScoaNBCBbDtEMcF91gAOgrVDyYjnCNZyhrWZ3xoxqXjg38E4ZLZHBj53OSWgpV42VytACfJFfIVrBbOEIX8KRdxlDxEfaSW+6pRZNmPgZWIlJIcS1HvZr24/oJHHfKCCKNWxzBDsCZHAqWDTTDdSLCR0SAaso6lPPKbsSbzMFJ9opY/dQOrjA47V3xMT4ik19hyd9Ajcq0VvJv7ndSJwL+0J98MImE/nD7mRwBDgWTO4zyWjIMaaECq5/ium90QSCrq/jC7BWlx5mTTPytZ5uXJbyVWvkzrS6AgdowKy0AWqohtURw1E0SN6Rq/ozXgyXox342MeTRnJzCH6A+PzBxdNl0M=</latexit>

C(t, t0) = C(0, t0 � t) ⌘ C(t0 � t)

<latexit sha1_base64="tUSUHDuy0+yiDjizPFtF8XA3uHc="></latexit>

C(⌧) = lim
T!+1

1

T

Z
dt nT (t)nT (t+ ⌧)

<latexit sha1_base64="mlN+6BHJFImSv2W6kM2jT9wOtno="></latexit>Z
df e�2i⇡f⌧C(⌧) = lim

T!+1

1

T
|ñT (f)|2

=
1

2
Sn(f)

<latexit sha1_base64="fS1UVx0KftryrTCpQ5JDxiUD7xY="></latexit>

Pn = lim
T!+1

1

T

Z T/2

�T/2
dt n(t)2
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Noise stationarity

A consequence of noise stationarity:
<latexit sha1_base64="CaCfVBkQuykyIGWfLmoVPT7ZpIM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK2IGVGiroRCkVwWcE+oDOUTJppQzOZIbkjlNIPcOOvuHGhiFs/wJ1/Y9rOQlsPXDiccy7JPX4suAbb/rYyK6tr6xvZzdzW9s7uXn7/oKmjRFHWoJGIVNsnmgkuWQM4CNaOFSOhL1jLH9amfuuBKc0jeQ+jmHkh6UsecErASN18oVaEMzgt4WvsCiL7gmFZhJIZo7lqppiUXbZnwMvESUkBpah3819uL6JJyCRQQbTuOHYM3pgo4FSwSc5NNIsJHZI+6xgqSci0N54dM8EnRunhIFJmJOCZ+ntjTEKtR6FvkiGBgV70puJ/XieB4MobcxknwCSdPxQkAkOEp83gHleMghgZQqji5q+YDogiFEx/OVOCs3jyMmmel52LcuWuUqjepHVk0RE6RkXkoEtURbeojhqIokf0jF7Rm/VkvVjv1sc8mrHSnUP0B9bnD4vCmNI=</latexit>

C(t, t0) = hn(t)n(t0)i
<latexit sha1_base64="0ch6IJIRaybWYMbXrgHoknM9pGw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARK2iZkaIuC0VwWcE+oB1KJs20oZmHyZ1CGbvwV9y4UMStv+HOvzFtZ6GtBwLnnnMv9+a4keAKLOvbyCwtr6yuZddzG5tb2zvm7l5dhbGkrEZDEcqmSxQTPGA14CBYM5KM+K5gDXdQmfiNIZOKh8E9jCLm+KQXcI9TAlrqmAeVApzBySlus4eYD7Euz3XZMfNW0ZoCLxI7JXmUotoxv9rdkMY+C4AKolTLtiJwEiKBU8HGuXasWETogPRYS9OA+Ew5yfT+MT7WShd7odQvADxVf08kxFdq5Lu60yfQV/PeRPzPa8XgXTsJD6IYWEBni7xYYAjxJAzc5ZJRECNNCJVc34ppn0hCQUeW0yHY819eJPWLon1ZLN2V8uWbNI4sOkRHqIBsdIXK6BZVUQ1R9Iie0St6M56MF+Pd+Ji1Zox0Zh/9gfH5A6pfk/g=</latexit>

C(t, t0) ⌘ C(t� t0)
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Noise stationarity

<latexit sha1_base64="4UTFdBnf+tmPyEOFti5hOKFOA3A="></latexit>

hñ(f)ñ⇤(f 0)i =
Z

dt

Z
dt0 e2i⇡fte�2i⇡f 0t0hn(t)n(t0)i

A consequence of noise stationarity:
<latexit sha1_base64="CaCfVBkQuykyIGWfLmoVPT7ZpIM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK2IGVGiroRCkVwWcE+oDOUTJppQzOZIbkjlNIPcOOvuHGhiFs/wJ1/Y9rOQlsPXDiccy7JPX4suAbb/rYyK6tr6xvZzdzW9s7uXn7/oKmjRFHWoJGIVNsnmgkuWQM4CNaOFSOhL1jLH9amfuuBKc0jeQ+jmHkh6UsecErASN18oVaEMzgt4WvsCiL7gmFZhJIZo7lqppiUXbZnwMvESUkBpah3819uL6JJyCRQQbTuOHYM3pgo4FSwSc5NNIsJHZI+6xgqSci0N54dM8EnRunhIFJmJOCZ+ntjTEKtR6FvkiGBgV70puJ/XieB4MobcxknwCSdPxQkAkOEp83gHleMghgZQqji5q+YDogiFEx/OVOCs3jyMmmel52LcuWuUqjepHVk0RE6RkXkoEtURbeojhqIokf0jF7Rm/VkvVjv1sc8mrHSnUP0B9bnD4vCmNI=</latexit>

C(t, t0) = hn(t)n(t0)i
<latexit sha1_base64="0ch6IJIRaybWYMbXrgHoknM9pGw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARK2iZkaIuC0VwWcE+oB1KJs20oZmHyZ1CGbvwV9y4UMStv+HOvzFtZ6GtBwLnnnMv9+a4keAKLOvbyCwtr6yuZddzG5tb2zvm7l5dhbGkrEZDEcqmSxQTPGA14CBYM5KM+K5gDXdQmfiNIZOKh8E9jCLm+KQXcI9TAlrqmAeVApzBySlus4eYD7Euz3XZMfNW0ZoCLxI7JXmUotoxv9rdkMY+C4AKolTLtiJwEiKBU8HGuXasWETogPRYS9OA+Ew5yfT+MT7WShd7odQvADxVf08kxFdq5Lu60yfQV/PeRPzPa8XgXTsJD6IYWEBni7xYYAjxJAzc5ZJRECNNCJVc34ppn0hCQUeW0yHY819eJPWLon1ZLN2V8uWbNI4sOkRHqIBsdIXK6BZVUQ1R9Iie0St6M56MF+Pd+Ji1Zox0Zh/9gfH5A6pfk/g=</latexit>

C(t, t0) ⌘ C(t� t0)
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Noise stationarity

<latexit sha1_base64="4UTFdBnf+tmPyEOFti5hOKFOA3A="></latexit>

hñ(f)ñ⇤(f 0)i =
Z

dt

Z
dt0 e2i⇡fte�2i⇡f 0t0hn(t)n(t0)i

<latexit sha1_base64="cfFMmE03uVAFnZdK3oICktf1Amw="></latexit>

=

Z
dt

Z
d⌧ e2i⇡fte�2i⇡f 0(t+⌧)hn(t)n(t+ ⌧)i

A consequence of noise stationarity:
<latexit sha1_base64="CaCfVBkQuykyIGWfLmoVPT7ZpIM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK2IGVGiroRCkVwWcE+oDOUTJppQzOZIbkjlNIPcOOvuHGhiFs/wJ1/Y9rOQlsPXDiccy7JPX4suAbb/rYyK6tr6xvZzdzW9s7uXn7/oKmjRFHWoJGIVNsnmgkuWQM4CNaOFSOhL1jLH9amfuuBKc0jeQ+jmHkh6UsecErASN18oVaEMzgt4WvsCiL7gmFZhJIZo7lqppiUXbZnwMvESUkBpah3819uL6JJyCRQQbTuOHYM3pgo4FSwSc5NNIsJHZI+6xgqSci0N54dM8EnRunhIFJmJOCZ+ntjTEKtR6FvkiGBgV70puJ/XieB4MobcxknwCSdPxQkAkOEp83gHleMghgZQqji5q+YDogiFEx/OVOCs3jyMmmel52LcuWuUqjepHVk0RE6RkXkoEtURbeojhqIokf0jF7Rm/VkvVjv1sc8mrHSnUP0B9bnD4vCmNI=</latexit>

C(t, t0) = hn(t)n(t0)i
<latexit sha1_base64="0ch6IJIRaybWYMbXrgHoknM9pGw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARK2iZkaIuC0VwWcE+oB1KJs20oZmHyZ1CGbvwV9y4UMStv+HOvzFtZ6GtBwLnnnMv9+a4keAKLOvbyCwtr6yuZddzG5tb2zvm7l5dhbGkrEZDEcqmSxQTPGA14CBYM5KM+K5gDXdQmfiNIZOKh8E9jCLm+KQXcI9TAlrqmAeVApzBySlus4eYD7Euz3XZMfNW0ZoCLxI7JXmUotoxv9rdkMY+C4AKolTLtiJwEiKBU8HGuXasWETogPRYS9OA+Ew5yfT+MT7WShd7odQvADxVf08kxFdq5Lu60yfQV/PeRPzPa8XgXTsJD6IYWEBni7xYYAjxJAzc5ZJRECNNCJVc34ppn0hCQUeW0yHY819eJPWLon1ZLN2V8uWbNI4sOkRHqIBsdIXK6BZVUQ1R9Iie0St6M56MF+Pd+Ji1Zox0Zh/9gfH5A6pfk/g=</latexit>

C(t, t0) ⌘ C(t� t0)
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Noise stationarity

<latexit sha1_base64="4UTFdBnf+tmPyEOFti5hOKFOA3A="></latexit>

hñ(f)ñ⇤(f 0)i =
Z

dt

Z
dt0 e2i⇡fte�2i⇡f 0t0hn(t)n(t0)i

<latexit sha1_base64="cfFMmE03uVAFnZdK3oICktf1Amw="></latexit>

=

Z
dt

Z
d⌧ e2i⇡fte�2i⇡f 0(t+⌧)hn(t)n(t+ ⌧)i

<latexit sha1_base64="2WPgGKuE1itjViQj+oMYwCRf380="></latexit>

=

Z
d⌧ C(⌧)e�2i⇡f 0⌧

Z
dt e2i⇡(f�f 0)t

A consequence of noise stationarity:
<latexit sha1_base64="CaCfVBkQuykyIGWfLmoVPT7ZpIM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK2IGVGiroRCkVwWcE+oDOUTJppQzOZIbkjlNIPcOOvuHGhiFs/wJ1/Y9rOQlsPXDiccy7JPX4suAbb/rYyK6tr6xvZzdzW9s7uXn7/oKmjRFHWoJGIVNsnmgkuWQM4CNaOFSOhL1jLH9amfuuBKc0jeQ+jmHkh6UsecErASN18oVaEMzgt4WvsCiL7gmFZhJIZo7lqppiUXbZnwMvESUkBpah3819uL6JJyCRQQbTuOHYM3pgo4FSwSc5NNIsJHZI+6xgqSci0N54dM8EnRunhIFJmJOCZ+ntjTEKtR6FvkiGBgV70puJ/XieB4MobcxknwCSdPxQkAkOEp83gHleMghgZQqji5q+YDogiFEx/OVOCs3jyMmmel52LcuWuUqjepHVk0RE6RkXkoEtURbeojhqIokf0jF7Rm/VkvVjv1sc8mrHSnUP0B9bnD4vCmNI=</latexit>

C(t, t0) = hn(t)n(t0)i
<latexit sha1_base64="0ch6IJIRaybWYMbXrgHoknM9pGw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARK2iZkaIuC0VwWcE+oB1KJs20oZmHyZ1CGbvwV9y4UMStv+HOvzFtZ6GtBwLnnnMv9+a4keAKLOvbyCwtr6yuZddzG5tb2zvm7l5dhbGkrEZDEcqmSxQTPGA14CBYM5KM+K5gDXdQmfiNIZOKh8E9jCLm+KQXcI9TAlrqmAeVApzBySlus4eYD7Euz3XZMfNW0ZoCLxI7JXmUotoxv9rdkMY+C4AKolTLtiJwEiKBU8HGuXasWETogPRYS9OA+Ew5yfT+MT7WShd7odQvADxVf08kxFdq5Lu60yfQV/PeRPzPa8XgXTsJD6IYWEBni7xYYAjxJAzc5ZJRECNNCJVc34ppn0hCQUeW0yHY819eJPWLon1ZLN2V8uWbNI4sOkRHqIBsdIXK6BZVUQ1R9Iie0St6M56MF+Pd+Ji1Zox0Zh/9gfH5A6pfk/g=</latexit>

C(t, t0) ⌘ C(t� t0)



24

Noise stationarity

<latexit sha1_base64="4UTFdBnf+tmPyEOFti5hOKFOA3A="></latexit>

hñ(f)ñ⇤(f 0)i =
Z

dt

Z
dt0 e2i⇡fte�2i⇡f 0t0hn(t)n(t0)i

<latexit sha1_base64="cfFMmE03uVAFnZdK3oICktf1Amw="></latexit>

=

Z
dt

Z
d⌧ e2i⇡fte�2i⇡f 0(t+⌧)hn(t)n(t+ ⌧)i

<latexit sha1_base64="2WPgGKuE1itjViQj+oMYwCRf380="></latexit>

=

Z
d⌧ C(⌧)e�2i⇡f 0⌧

Z
dt e2i⇡(f�f 0)t

<latexit sha1_base64="YcqGD/Y17CwCFXnbgI96BY623Xk="></latexit>

= �(f � f 0)

Z
d⌧ C(⌧)e�2i⇡f 0⌧

A consequence of noise stationarity:
<latexit sha1_base64="CaCfVBkQuykyIGWfLmoVPT7ZpIM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK2IGVGiroRCkVwWcE+oDOUTJppQzOZIbkjlNIPcOOvuHGhiFs/wJ1/Y9rOQlsPXDiccy7JPX4suAbb/rYyK6tr6xvZzdzW9s7uXn7/oKmjRFHWoJGIVNsnmgkuWQM4CNaOFSOhL1jLH9amfuuBKc0jeQ+jmHkh6UsecErASN18oVaEMzgt4WvsCiL7gmFZhJIZo7lqppiUXbZnwMvESUkBpah3819uL6JJyCRQQbTuOHYM3pgo4FSwSc5NNIsJHZI+6xgqSci0N54dM8EnRunhIFJmJOCZ+ntjTEKtR6FvkiGBgV70puJ/XieB4MobcxknwCSdPxQkAkOEp83gHleMghgZQqji5q+YDogiFEx/OVOCs3jyMmmel52LcuWuUqjepHVk0RE6RkXkoEtURbeojhqIokf0jF7Rm/VkvVjv1sc8mrHSnUP0B9bnD4vCmNI=</latexit>

C(t, t0) = hn(t)n(t0)i
<latexit sha1_base64="0ch6IJIRaybWYMbXrgHoknM9pGw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARK2iZkaIuC0VwWcE+oB1KJs20oZmHyZ1CGbvwV9y4UMStv+HOvzFtZ6GtBwLnnnMv9+a4keAKLOvbyCwtr6yuZddzG5tb2zvm7l5dhbGkrEZDEcqmSxQTPGA14CBYM5KM+K5gDXdQmfiNIZOKh8E9jCLm+KQXcI9TAlrqmAeVApzBySlus4eYD7Euz3XZMfNW0ZoCLxI7JXmUotoxv9rdkMY+C4AKolTLtiJwEiKBU8HGuXasWETogPRYS9OA+Ew5yfT+MT7WShd7odQvADxVf08kxFdq5Lu60yfQV/PeRPzPa8XgXTsJD6IYWEBni7xYYAjxJAzc5ZJRECNNCJVc34ppn0hCQUeW0yHY819eJPWLon1ZLN2V8uWbNI4sOkRHqIBsdIXK6BZVUQ1R9Iie0St6M56MF+Pd+Ji1Zox0Zh/9gfH5A6pfk/g=</latexit>

C(t, t0) ⌘ C(t� t0)
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Noise stationarity

<latexit sha1_base64="4UTFdBnf+tmPyEOFti5hOKFOA3A="></latexit>

hñ(f)ñ⇤(f 0)i =
Z

dt

Z
dt0 e2i⇡fte�2i⇡f 0t0hn(t)n(t0)i

<latexit sha1_base64="cfFMmE03uVAFnZdK3oICktf1Amw="></latexit>

=

Z
dt

Z
d⌧ e2i⇡fte�2i⇡f 0(t+⌧)hn(t)n(t+ ⌧)i

<latexit sha1_base64="2WPgGKuE1itjViQj+oMYwCRf380="></latexit>

=

Z
d⌧ C(⌧)e�2i⇡f 0⌧

Z
dt e2i⇡(f�f 0)t

<latexit sha1_base64="YcqGD/Y17CwCFXnbgI96BY623Xk="></latexit>

= �(f � f 0)

Z
d⌧ C(⌧)e�2i⇡f 0⌧

<latexit sha1_base64="YUrxMfb/ZynNm1gTCPDChAZ9pAQ=">AAACCnicbVDLSgMxFM3UV62vUZduokVsF5aZUtSNUBDBZUX7gHYYMmnShmYyQ5IRytC1G3/FjQtF3PoF7vwb08dCWw9cOJxzL/feE8ScKe0431ZmaXlldS27ntvY3NresXf3GipKJCZ1HPFItgKkCGeC1DXTnLRiSVAYcNIMBldjv/lApGKRuNfDmHgh6glGGUbaSL59eAk7XcI1KtBTelKEHSoRTt1RWh7BO18UaNG3807JmQAuEndG8mCGmm9/dboRTkIiNOZIqbbrxNpLkdQMczLKdRJFYoQHqEfahgoUEuWlk1dG8NgoXUgjaUpoOFF/T6QoVGoYBqYzRLqv5r2x+J/XTjS98FIm4kQTgaeLaMKhjuA4F9hlkmDNh4YgLJm5FeI+MmFok17OhODOv7xIGuWSe1aq3Fby1etZHFlwAI5AAbjgHFTBDaiBOsDgETyDV/BmPVkv1rv1MW3NWLOZffAH1ucPA0aYlw==</latexit>

= �(f � f 0)
1

2
Sn(f)

A consequence of noise stationarity:

Noise stationarity means 
independence in Fourier domain !

<latexit sha1_base64="CaCfVBkQuykyIGWfLmoVPT7ZpIM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK2IGVGiroRCkVwWcE+oDOUTJppQzOZIbkjlNIPcOOvuHGhiFs/wJ1/Y9rOQlsPXDiccy7JPX4suAbb/rYyK6tr6xvZzdzW9s7uXn7/oKmjRFHWoJGIVNsnmgkuWQM4CNaOFSOhL1jLH9amfuuBKc0jeQ+jmHkh6UsecErASN18oVaEMzgt4WvsCiL7gmFZhJIZo7lqppiUXbZnwMvESUkBpah3819uL6JJyCRQQbTuOHYM3pgo4FSwSc5NNIsJHZI+6xgqSci0N54dM8EnRunhIFJmJOCZ+ntjTEKtR6FvkiGBgV70puJ/XieB4MobcxknwCSdPxQkAkOEp83gHleMghgZQqji5q+YDogiFEx/OVOCs3jyMmmel52LcuWuUqjepHVk0RE6RkXkoEtURbeojhqIokf0jF7Rm/VkvVjv1sc8mrHSnUP0B9bnD4vCmNI=</latexit>

C(t, t0) = hn(t)n(t0)i
<latexit sha1_base64="0ch6IJIRaybWYMbXrgHoknM9pGw=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARK2iZkaIuC0VwWcE+oB1KJs20oZmHyZ1CGbvwV9y4UMStv+HOvzFtZ6GtBwLnnnMv9+a4keAKLOvbyCwtr6yuZddzG5tb2zvm7l5dhbGkrEZDEcqmSxQTPGA14CBYM5KM+K5gDXdQmfiNIZOKh8E9jCLm+KQXcI9TAlrqmAeVApzBySlus4eYD7Euz3XZMfNW0ZoCLxI7JXmUotoxv9rdkMY+C4AKolTLtiJwEiKBU8HGuXasWETogPRYS9OA+Ew5yfT+MT7WShd7odQvADxVf08kxFdq5Lu60yfQV/PeRPzPa8XgXTsJD6IYWEBni7xYYAjxJAzc5ZJRECNNCJVc34ppn0hCQUeW0yHY819eJPWLon1ZLN2V8uWbNI4sOkRHqIBsdIXK6BZVUQ1R9Iie0St6M56MF+Pd+Ji1Zox0Zh/9gfH5A6pfk/g=</latexit>

C(t, t0) ⌘ C(t� t0)

In practice, stationarity is 
always approximate…
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Figure 1: Aplus design curve: coating thermal noise is a factor of 2 lower than in P1700448;
other relevant parameters are reported in table 1.
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O2 : LIGO Hanford
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O2 : LIGO Livingston
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Figure 2: Top: Binary Neutron Star (BNS) range evolution of the LIGO and Virgo
detectors from the start of O2 in November 2017 to the end of O3 in
March 2020. The broken axes remove the time between each observing run.
Bottom: Representative amplitude spectral density of the three detectors’
strain sensitivity in each observing run. The O3 spectra shown are taken
from O3a.

duty cycle of the LIGO detectors, as well as the triple coincident time. There is a
marked improvement in the stability of the LIGO detectors between O2 and O3, with
coincident science quality time increasing by some 16%. Although the Virgo duty cy-26

Noise PSD

• Different processes dominate red/white/blue noise

• PSD from real LVK data: lines, drifts over time

• PSD estimation method: average over segments (Welch)

[arXiv:2101.11673]
[LIGO-T1800042-v4]
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Gaussian noise
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<latexit sha1_base64="jieS6x2Q+WSV9VhYoHHMDRQOohQ=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUkDIjRV0WRHAlVewDOrVk0kwbmskMyR2lDP0JN/6KGxeKuBXc+Tem7Sy09UDg5Jx7ufceLxJcg21/W5mFxaXllexqbm19Y3Mrv71T12GsKKvRUISq6RHNBJesBhwEa0aKkcATrOENzsd+454pzUN5C8OItQPSk9znlICROvkjWYRD7Cre6wNRKnzAbkCg7/mJHGGXy/TrJTeju6tOvmCX7AnwPHFSUkApqp38l9sNaRwwCVQQrVuOHUE7IQo4FWyUc2PNIkIHpMdahkoSMN1OJleN8IFRutgPlXkS8ET93ZGQQOth4JnK8Y561huL/3mtGPyzdsJlFAOTdDrIjwWGEI8jwl2uGAUxNIRQxc2umPaJIhRMkDkTgjN78jypH5eck1L5ulyoXKRxZNEe2kdF5KBTVEGXqIpqiKJH9Ixe0Zv1ZL1Y79bHtDRjpT276A+szx9GbZ7u</latexit>

n(t) ! n 2 RN

For a Gaussian process:
<latexit sha1_base64="pTFPc8p+iCO+0cFW9xSVZnQKTr4="></latexit>

p(n) =
1p

(2⇡)N det⌃
exp


�1

2
nT ·⌃�1 · n

�

In Fourier domain (DFT):
<latexit sha1_base64="gQbzx0oeIg1+CwOW/k1h+KQ+dI8="></latexit>

p(ñ) =
1q

(2⇡)N det ⌃̃
exp


�1

2
ñT · ⌃̃�1 · ñ

�
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Gaussian noise
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<latexit sha1_base64="jieS6x2Q+WSV9VhYoHHMDRQOohQ=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUkDIjRV0WRHAlVewDOrVk0kwbmskMyR2lDP0JN/6KGxeKuBXc+Tem7Sy09UDg5Jx7ufceLxJcg21/W5mFxaXllexqbm19Y3Mrv71T12GsKKvRUISq6RHNBJesBhwEa0aKkcATrOENzsd+454pzUN5C8OItQPSk9znlICROvkjWYRD7Cre6wNRKnzAbkCg7/mJHGGXy/TrJTeju6tOvmCX7AnwPHFSUkApqp38l9sNaRwwCVQQrVuOHUE7IQo4FWyUc2PNIkIHpMdahkoSMN1OJleN8IFRutgPlXkS8ET93ZGQQOth4JnK8Y561huL/3mtGPyzdsJlFAOTdDrIjwWGEI8jwl2uGAUxNIRQxc2umPaJIhRMkDkTgjN78jypH5eck1L5ulyoXKRxZNEe2kdF5KBTVEGXqIpqiKJH9Ixe0Zv1ZL1Y79bHtDRjpT276A+szx9GbZ7u</latexit>

n(t) ! n 2 RN

For a Gaussian process:
<latexit sha1_base64="pTFPc8p+iCO+0cFW9xSVZnQKTr4="></latexit>

p(n) =
1p

(2⇡)N det⌃
exp


�1

2
nT ·⌃�1 · n

�

In Fourier domain (DFT):
<latexit sha1_base64="gQbzx0oeIg1+CwOW/k1h+KQ+dI8="></latexit>

p(ñ) =
1q

(2⇡)N det ⌃̃
exp


�1

2
ñT · ⌃̃�1 · ñ

�

For a stationary Gaussian process: 
independence FD, diagonal covariance

<latexit sha1_base64="j3d0ShwrO7UOf+SYb7jBTZ7VzIg="></latexit>

hñkñ
⇤
l i =

1

2�f
Sn(fk)�kl

<latexit sha1_base64="12i6voDtNCmRmi+oMBjGY4gV0ug="></latexit>

Re ñk, Im ñk ⇠ N
✓
0,

1

4�f
Sn(fk)

◆

A guide to LIGO-Virgo detector noise and extraction of transient gravitational-wave signals10

Figure 4. The Fourier phases of the stretch of LIGO-Hanford data shown in
Figure 2. If no window is applied before performing the FTT, as was the case in
the analysis in [41], spectral leakage causes the phase to be correlated. When the
Tukey window is applied the phases appear randomly distributed, as expected for
Gaussian noise. The phases show some clustering around the 60 Hz power line,
consistent with the deterministic origin of this noise component.

Figure 5. The panel on the left shows a 2-d density plot of the whitened real
and imaginary Fourier amplitude deviations using 256 s of LIGO-Livingston data
centered on GPS time 1186741733 covering the band from 32 Hz to 512 Hz. The
panel on the right shows a 1-d histogram of the Fourier amplitudes. The solid line
is for a reference N (0, 1) distribution, while the dashed lines indicate the expected
3-sigma variance from having a finite number of samples.

[arXiv:1908.11170]

From NxN to N !

LVK residuals
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Outline

• GW signals: the basics

• Noise as a stochastic process

•Introducing matched filtering

• Towards real CBC searches

• Other signals: continuous waves, 
stochastic backgrounds

Part I
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Matched filter I

<latexit sha1_base64="Vmtr2dZgS8jR7SwC1iAE+8hHJfo=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEqQkmkqBuhIILLCvYBbSiT6aQdOpmEmRuxhP6KGxeKuPVH3Pk3TtostPXAcA/n3Mu9c/xYcA2O822trK6tb2wWtorbO7t7+/ZBqaWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH99kfvuRKc0j+QCTmHkhGUoecErASH27pCtwiq/xKCtnWJrSt8tO1ZkBLxM3J2WUo9G3v3qDiCYhk0AF0brrOjF4KVHAqWDTYi/RLCZ0TIasa6gkIdNeOrt9ik+MMsBBpMyTgGfq74mUhFpPQt90hgRGetHLxP+8bgLBlZdyGSfAJJ0vChKBIcJZEHjAFaMgJoYQqri5FdMRUYSCiatoQnAXv7xMWudV96Jau6+V67d5HAV0hI5RBbnoEtXRHWqgJqLoCT2jV/RmTa0X6936mLeuWPnMIfoD6/MHGm+R6w==</latexit>

s(t) = h(t) + n(t)

<latexit sha1_base64="xjklE9LojQ9IKb01APF1yC2PAr8=">AAACTHicfVDLSgMxFM3UV62vqks3wSJUlDJTiroRCiK4rNAXdGrJpJk2NJMZkjtCGfqBbly48yvcuFBEMH0stJUeyOVwzr3cm+NFgmuw7VcrtbK6tr6R3sxsbe/s7mX3D+o6jBVlNRqKUDU9opngktWAg2DNSDESeII1vMHN2G88MqV5KKswjFg7ID3JfU4JGKmTpa6vCE2cUVIdYZdLwF3A7jnu5+EU63G5xktaHor4bJmPpSmdbM4u2BPgReLMSA7NUOlkX9xuSOOASaCCaN1y7AjaCVHAqWCjjBtrFhE6ID3WMlSSgOl2MgljhE+M0sV+qMwzt0zU3xMJCbQeBp7pDAj09bw3Fv/zWjH4V+2EyygGJul0kR8LDCEeJ4u7XDEKYmgIoYqbWzHtExMNmPwzJgRn/suLpF4sOBeF0n0pV76dxZFGR+gY5ZGDLlEZ3aEKqiGKntAb+kCf1rP1bn1Z39PWlDWbOUR/kFr/AfrSrxw=</latexit>

1

T

Z
dt h(t)s(t) =

1

T

Z
dt h(t)2 +

1

T

Z
dt h(t)n(t)

Idea: correlating template with data

coherent incoherent

<latexit sha1_base64="Xm1cnfrggIzac424I9DnU7IxCl0=">AAAB/XicbZDLSgMxFIbPeK31Nl52boJFcFVmpKgboSCCywr2Ap1SMulpG5rJDElGqKX4Km5cKOLW93Dn25i2s9DWHwIf/zmHc/KHieDaeN63s7S8srq2ntvIb25t7+y6e/s1HaeKYZXFIlaNkGoUXGLVcCOwkSikUSiwHg6uJ/X6AyrNY3lvhgm2ItqTvMsZNdZqu4eBoLInkMhAzeCKeG234BW9qcgi+BkUIFOl7X4FnZilEUrDBNW66XuJaY2oMpwJHOeDVGNC2YD2sGlR0gh1azS9fkxOrNMh3VjZJw2Zur8nRjTSehiFtjOipq/naxPzv1ozNd3L1ojLJDUo2WxRNxXExGQSBelwhcyIoQXKFLe3EtanijJjA8vbEPz5Ly9C7azonxdLd6VC+SaLIwdHcAyn4MMFlOEWKlAFBo/wDK/w5jw5L8678zFrXXKymQP4I+fzBx1PlF4=</latexit>

hni = 0

<latexit sha1_base64="Zj8NHgRFaXo+egHcJb7b4F8ey+8=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6rIggssK9gFNKJPppB06jzAzEUKov+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJYxq43nfTmVtfWNzq7pd29nd2z9wD4+6WqYKkw6WTKp+hDRhVJCOoYaRfqII4hEjvWh6U/i9R6I0leLBZAkJORoLGlOMjJWGbj3QlMOAIzNRPMdSaDMbug2v6c0BV4lfkgYo0R66X8FI4pQTYTBDWg98LzFhjpShmJFZLUg1SRCeojEZWCoQJzrM5+Fn8NQqIxhLZZ8wcK7+3sgR1zrjkZ0sUuplrxD/8wapia/DnIokNUTgxaE4ZdBIWDQBR1QRbFhmCcKK2qwQT5BC2Ni+arYEf/nLq6R73vQvmxf3F43WbVlHFRyDE3AGfHAFWuAOtEEHYJCBZ/AK3pwn58V5dz4WoxWn3KmDP3A+fwBVy5U+</latexit>⇠ const
<latexit sha1_base64="5ecW56wUqJPSoPjfjJD6qnRRlm0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInmoiRT0WRPBYoV/QhLLZbtqlu0ncnQg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tgpr6xubW8Xt0s7u3n7ZPjhs6zhVlLVoLGLVDYhmgkesBRwE6yaKERkI1gnGNzO/88iU5nHUhEnCfEmGEQ85JWCkvl32NJfYPff0g4KsOe3bFafqzIFXiZuTCsrR6Ntf3iCmqWQRUEG07rlOAn5GFHAq2LTkpZolhI7JkPUMjYhk2s/mh0/xqVEGOIyVqQjwXP09kRGp9UQGplMSGOllbyb+5/VSCK/9jEdJCiyii0VhKjDEeJYCHnDFKIiJIYQqbm7FdEQUoWCyKpkQ3OWXV0n7oupeVmv3tUr9No+jiI7RCTpDLrpCdXSHGqiFKErRM3pFb9aT9WK9Wx+L1oKVzxyhP7A+fwBPVpLk</latexit>

⇠ 1/
p
T
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Matched filter I

<latexit sha1_base64="Vmtr2dZgS8jR7SwC1iAE+8hHJfo=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEqQkmkqBuhIILLCvYBbSiT6aQdOpmEmRuxhP6KGxeKuPVH3Pk3TtostPXAcA/n3Mu9c/xYcA2O822trK6tb2wWtorbO7t7+/ZBqaWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH99kfvuRKc0j+QCTmHkhGUoecErASH27pCtwiq/xKCtnWJrSt8tO1ZkBLxM3J2WUo9G3v3qDiCYhk0AF0brrOjF4KVHAqWDTYi/RLCZ0TIasa6gkIdNeOrt9ik+MMsBBpMyTgGfq74mUhFpPQt90hgRGetHLxP+8bgLBlZdyGSfAJJ0vChKBIcJZEHjAFaMgJoYQqri5FdMRUYSCiatoQnAXv7xMWudV96Jau6+V67d5HAV0hI5RBbnoEtXRHWqgJqLoCT2jV/RmTa0X6936mLeuWPnMIfoD6/MHGm+R6w==</latexit>

s(t) = h(t) + n(t)

<latexit sha1_base64="xjklE9LojQ9IKb01APF1yC2PAr8=">AAACTHicfVDLSgMxFM3UV62vqks3wSJUlDJTiroRCiK4rNAXdGrJpJk2NJMZkjtCGfqBbly48yvcuFBEMH0stJUeyOVwzr3cm+NFgmuw7VcrtbK6tr6R3sxsbe/s7mX3D+o6jBVlNRqKUDU9opngktWAg2DNSDESeII1vMHN2G88MqV5KKswjFg7ID3JfU4JGKmTpa6vCE2cUVIdYZdLwF3A7jnu5+EU63G5xktaHor4bJmPpSmdbM4u2BPgReLMSA7NUOlkX9xuSOOASaCCaN1y7AjaCVHAqWCjjBtrFhE6ID3WMlSSgOl2MgljhE+M0sV+qMwzt0zU3xMJCbQeBp7pDAj09bw3Fv/zWjH4V+2EyygGJul0kR8LDCEeJ4u7XDEKYmgIoYqbWzHtExMNmPwzJgRn/suLpF4sOBeF0n0pV76dxZFGR+gY5ZGDLlEZ3aEKqiGKntAb+kCf1rP1bn1Z39PWlDWbOUR/kFr/AfrSrxw=</latexit>

1

T

Z
dt h(t)s(t) =

1

T

Z
dt h(t)2 +

1

T

Z
dt h(t)n(t)

<latexit sha1_base64="hf21ookJZH5UY67ItqNcIj9QGnQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCCB4r2A9oQ9lsN+3S3STsToQS+he8eFDEq3/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGSxHxJgqUvJNoTlUgeTsY38789hPXRsTRI04S7is6jEQoGMWZ1K7gRb9UdqvuHGSVeDkpQ45Gv/TVG8QsVTxCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LI6q48bP5rVNybpUBCWNtK0IyV39PZFQZM1GB7VQUR2bZm4n/ed0Uwxs/E1GSIo/YYlGYSoIxmT1OBkJzhnJiCWVa2FsJG1FNGdp4ijYEb/nlVdK6rHpX1dpDrVy/y+MowCmcQQU8uIY63EMDmsBgBM/wCm+Ocl6cd+dj0brm5DMn8AfO5w9TN43K</latexit>

W (t)

Idea: correlating template with data

Build filter

coherent incoherent

<latexit sha1_base64="2iDIP9DDTXbYy573PUZ4Y9/vJrg=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSEmkqMuCCC4r2Ac0oUwmk3bo5OHMTaGE7t34K25cKOLWH3Dn3zhts9DWAxcO59zLvfd4ieAKLOvbWFldW9/YLGwVt3d29/bNg8OWilNJWZPGIpYdjygmeMSawEGwTiIZCT3B2t7weuq3R0wqHkf3ME6YG5J+xANOCWipZ5acAYFMTbDDHlI+wg6PAPuAnTPcrsCp0tUzy1bVmgEvEzsnZZSj0TO/HD+macgioIIo1bWtBNyMSOBUsEnRSRVLCB2SPutqGpGQKTeb/TLBJ1rxcRBLXfqUmfp7IiOhUuPQ050hgYFa9Kbif143heDKzXiUpMAiOl8UpAJDjKfBYJ9LRkGMNSFUcn0rpgMiCQUdX1GHYC++vExa51X7olq7q5XrN3kcBXSMSqiCbHSJ6ugWNVATUfSIntErejOejBfj3fiYt64Y+cwR+gPj8we535mQ</latexit>

ŝ ⌘
Z

dtW (t)s(t)

<latexit sha1_base64="wr3pHj3/zH+XpqoteFG1hCz6f/E=">AAACC3icbVBNS8NAEN34WetX1KOXpUWoICWRoh4LInisYD+gCWWz3bZLN5u4OymU0LsX/4oXD4p49Q9489+4bXPQ1gcDj/dmmJkXxIJrcJxva2V1bX1jM7eV397Z3du3Dw4bOkoUZXUaiUi1AqKZ4JLVgYNgrVgxEgaCNYPh9dRvjpjSPJL3MI6ZH5K+5D1OCRipYxe8AYFUTrDHHhI+wh6XgLuAvTPcLMGpNNWxi07ZmQEvEzcjRZSh1rG/vG5Ek5BJoIJo3XadGPyUKOBUsEneSzSLCR2SPmsbKknItJ/OfpngE6N0cS9SpswpM/X3REpCrcdhYDpDAgO96E3F/7x2Ar0rP+UyToBJOl/USwSGCE+DwV2uGAUxNoRQxc2tmA6IIhRMfHkTgrv48jJpnJfdi3LlrlKs3mRx5NAxKqASctElqqJbVEN1RNEjekav6M16sl6sd+tj3rpiZTNH6A+szx+qHJmG</latexit>

n̂ ⌘
Z

dtW (t)n(t)

to optimize

<latexit sha1_base64="fZrgxDZOfLtQRluwOqkKfUMJ1o0=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRS1I1QEMFlRfuAJpSb6bQdOpmEmYlQQhdu/BU3LhRx60e482+cpllo64ELZ865l7n3BDFnSjvOt1VYWV1b3yhulra2d3b37P2DlooSSWiTRDySnQAU5UzQpmaa004sKYQBp+1gfDXz2w9UKhaJez2JqR/CULABI6CN1LPLd/gSexzEkFPsjUCnaoo9mb17dsWpOhnwMnFzUkE5Gj37y+tHJAmp0ISDUl3XibWfgtSMcDoteYmiMZAxDGnXUAEhVX6aHTHFx0bp40EkTQmNM/X3RAqhUpMwMJ0h6JFa9Gbif1430YMLP2UiTjQVZP7RIOFYR3iWCO4zSYnmE0OASGZ2xWQEEog2uZVMCO7iycukdVp1z6q121qlfp3HUURldIROkIvOUR3doAZqIoIe0TN6RW/Wk/VivVsf89aClc8coj+wPn8AoCuXfQ==</latexit>

S = hŝi
<latexit sha1_base64="Q3A7VJ23RCLe307Qu49xJ0Ig534=">AAACCHicbZDLSsNAFIZP6q3WW9WlCweL4KokpagboSCCK6lgL9DEMplO2qGTSZiZCCV06cZXceNCEbc+gjvfxmnahbb+MPDznXM4c34/5kxp2/62ckvLK6tr+fXCxubW9k5xd6+pokQS2iARj2Tbx4pyJmhDM81pO5YUhz6nLX94Oam3HqhULBJ3ehRTL8R9wQJGsDaoWzy8ua+gC+RyLPqcIneAdSrGhrkyI91iyS7bmdCicWamBDPVu8UvtxeRJKRCE46V6jh2rL0US80Ip+OCmygaYzLEfdoxVuCQKi/NDhmjY0N6KIikeUKjjP6eSHGo1Cj0TWeI9UDN1ybwv1on0cG5lzIRJ5oKMl0UJBzpCE1SQT0mKdF8ZAwmkpm/IjLAEhNtsiuYEJz5kxdNs1J2TsvV22qpdjWLIw8HcAQn4MAZ1OAa6tAAAo/wDK/wZj1ZL9a79TFtzVmzmX34I+vzB/zkmLs=</latexit>

N2 = hn̂2i
<latexit sha1_base64="0Mxjfi0fLeyFX6KU0sr8PdXRvsg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe5KUI8BETxJJOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuChLBtXHdLye3srq2vpHfLGxt7+zuFfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81iMqzWP5YMYJ+hEdSB5yRo2V6vWzu16x5JbdOchf4mWkBBlqveJntx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JiVX6JIyVLWnIXP05MaGR1uMosJ0RNUO97M3E/7xOasIrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy39J87zsXZQr95VS9SaLIw9HcAyn4MElVOEWatAABgN4ghd4dYTz7Lw574vWnJPNHMIvOB/fuhyNdA==</latexit>

S/N

<latexit sha1_base64="Xm1cnfrggIzac424I9DnU7IxCl0=">AAAB/XicbZDLSgMxFIbPeK31Nl52boJFcFVmpKgboSCCywr2Ap1SMulpG5rJDElGqKX4Km5cKOLW93Dn25i2s9DWHwIf/zmHc/KHieDaeN63s7S8srq2ntvIb25t7+y6e/s1HaeKYZXFIlaNkGoUXGLVcCOwkSikUSiwHg6uJ/X6AyrNY3lvhgm2ItqTvMsZNdZqu4eBoLInkMhAzeCKeG234BW9qcgi+BkUIFOl7X4FnZilEUrDBNW66XuJaY2oMpwJHOeDVGNC2YD2sGlR0gh1azS9fkxOrNMh3VjZJw2Zur8nRjTSehiFtjOipq/naxPzv1ozNd3L1ojLJDUo2WxRNxXExGQSBelwhcyIoQXKFLe3EtanijJjA8vbEPz5Ly9C7azonxdLd6VC+SaLIwdHcAyn4MMFlOEWKlAFBo/wDK/w5jw5L8678zFrXXKymQP4I+fzBx1PlF4=</latexit>

hni = 0

In signal: In noise:

<latexit sha1_base64="Zj8NHgRFaXo+egHcJb7b4F8ey+8=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6rIggssK9gFNKJPppB06jzAzEUKov+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJYxq43nfTmVtfWNzq7pd29nd2z9wD4+6WqYKkw6WTKp+hDRhVJCOoYaRfqII4hEjvWh6U/i9R6I0leLBZAkJORoLGlOMjJWGbj3QlMOAIzNRPMdSaDMbug2v6c0BV4lfkgYo0R66X8FI4pQTYTBDWg98LzFhjpShmJFZLUg1SRCeojEZWCoQJzrM5+Fn8NQqIxhLZZ8wcK7+3sgR1zrjkZ0sUuplrxD/8wapia/DnIokNUTgxaE4ZdBIWDQBR1QRbFhmCcKK2qwQT5BC2Ni+arYEf/nLq6R73vQvmxf3F43WbVlHFRyDE3AGfHAFWuAOtEEHYJCBZ/AK3pwn58V5dz4WoxWn3KmDP3A+fwBVy5U+</latexit>⇠ const
<latexit sha1_base64="5ecW56wUqJPSoPjfjJD6qnRRlm0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInmoiRT0WRPBYoV/QhLLZbtqlu0ncnQg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tgpr6xubW8Xt0s7u3n7ZPjhs6zhVlLVoLGLVDYhmgkesBRwE6yaKERkI1gnGNzO/88iU5nHUhEnCfEmGEQ85JWCkvl32NJfYPff0g4KsOe3bFafqzIFXiZuTCsrR6Ntf3iCmqWQRUEG07rlOAn5GFHAq2LTkpZolhI7JkPUMjYhk2s/mh0/xqVEGOIyVqQjwXP09kRGp9UQGplMSGOllbyb+5/VSCK/9jEdJCiyii0VhKjDEeJYCHnDFKIiJIYQqbm7FdEQUoWCyKpkQ3OWXV0n7oupeVmv3tUr9No+jiI7RCTpDLrpCdXSHGqiFKErRM3pFb9aT9WK9Wx+L1oKVzxyhP7A+fwBPVpLk</latexit>

⇠ 1/
p
T

<latexit sha1_base64="855k/IlsuglkbRfnrMopRk71Im8=">AAACA3icbVBNSwMxEJ31s9avqje9BIvgqexKUS9CQQSPFewHdEvJpmkbms0uyaxQloIX/4oXD4p49U9489+YtnvQ1gcDL+/NkJkXxFIYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFuBtRwKRSvoUDJm7HmNAwkbwTD64nfeODaiEjd4yjm7ZD2legJRtFKncKhL6nqS078AcVUjX09e14Rt1MouiV3CrJIvIwUIUO1U/jyuxFLQq6QSWpMy3NjbKdUo2CSj/N+YnhM2ZD2ectSRUNu2un0hjE5sUqX9CJtSyGZqr8nUhoaMwoD2xlSHJh5byL+57US7F22U6HiBLlis496iSQYkUkgpCs0ZyhHllCmhd2VsAHVlKGNLW9D8OZPXiT1s5J3XirflYuVmyyOHBzBMZyCBxdQgVuoQg0YPMIzvMKb8+S8OO/Ox6x1yclmDuAPnM8fFruXKw==</latexit>

hn̂i = 0
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Matched filter I

<latexit sha1_base64="Vmtr2dZgS8jR7SwC1iAE+8hHJfo=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEqQkmkqBuhIILLCvYBbSiT6aQdOpmEmRuxhP6KGxeKuPVH3Pk3TtostPXAcA/n3Mu9c/xYcA2O822trK6tb2wWtorbO7t7+/ZBqaWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH99kfvuRKc0j+QCTmHkhGUoecErASH27pCtwiq/xKCtnWJrSt8tO1ZkBLxM3J2WUo9G3v3qDiCYhk0AF0brrOjF4KVHAqWDTYi/RLCZ0TIasa6gkIdNeOrt9ik+MMsBBpMyTgGfq74mUhFpPQt90hgRGetHLxP+8bgLBlZdyGSfAJJ0vChKBIcJZEHjAFaMgJoYQqri5FdMRUYSCiatoQnAXv7xMWudV96Jau6+V67d5HAV0hI5RBbnoEtXRHWqgJqLoCT2jV/RmTa0X6936mLeuWPnMIfoD6/MHGm+R6w==</latexit>

s(t) = h(t) + n(t)

<latexit sha1_base64="xjklE9LojQ9IKb01APF1yC2PAr8=">AAACTHicfVDLSgMxFM3UV62vqks3wSJUlDJTiroRCiK4rNAXdGrJpJk2NJMZkjtCGfqBbly48yvcuFBEMH0stJUeyOVwzr3cm+NFgmuw7VcrtbK6tr6R3sxsbe/s7mX3D+o6jBVlNRqKUDU9opngktWAg2DNSDESeII1vMHN2G88MqV5KKswjFg7ID3JfU4JGKmTpa6vCE2cUVIdYZdLwF3A7jnu5+EU63G5xktaHor4bJmPpSmdbM4u2BPgReLMSA7NUOlkX9xuSOOASaCCaN1y7AjaCVHAqWCjjBtrFhE6ID3WMlSSgOl2MgljhE+M0sV+qMwzt0zU3xMJCbQeBp7pDAj09bw3Fv/zWjH4V+2EyygGJul0kR8LDCEeJ4u7XDEKYmgIoYqbWzHtExMNmPwzJgRn/suLpF4sOBeF0n0pV76dxZFGR+gY5ZGDLlEZ3aEKqiGKntAb+kCf1rP1bn1Z39PWlDWbOUR/kFr/AfrSrxw=</latexit>

1

T

Z
dt h(t)s(t) =

1

T

Z
dt h(t)2 +

1

T

Z
dt h(t)n(t)

Idea: correlating template with data

coherent incoherent

<latexit sha1_base64="Xm1cnfrggIzac424I9DnU7IxCl0=">AAAB/XicbZDLSgMxFIbPeK31Nl52boJFcFVmpKgboSCCywr2Ap1SMulpG5rJDElGqKX4Km5cKOLW93Dn25i2s9DWHwIf/zmHc/KHieDaeN63s7S8srq2ntvIb25t7+y6e/s1HaeKYZXFIlaNkGoUXGLVcCOwkSikUSiwHg6uJ/X6AyrNY3lvhgm2ItqTvMsZNdZqu4eBoLInkMhAzeCKeG234BW9qcgi+BkUIFOl7X4FnZilEUrDBNW66XuJaY2oMpwJHOeDVGNC2YD2sGlR0gh1azS9fkxOrNMh3VjZJw2Zur8nRjTSehiFtjOipq/naxPzv1ozNd3L1ojLJDUo2WxRNxXExGQSBelwhcyIoQXKFLe3EtanijJjA8vbEPz5Ly9C7azonxdLd6VC+SaLIwdHcAyn4MMFlOEWKlAFBo/wDK/w5jw5L8678zFrXXKymQP4I+fzBx1PlF4=</latexit>

hni = 0

<latexit sha1_base64="hf21ookJZH5UY67ItqNcIj9QGnQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCCB4r2A9oQ9lsN+3S3STsToQS+he8eFDEq3/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGSxHxJgqUvJNoTlUgeTsY38789hPXRsTRI04S7is6jEQoGMWZ1K7gRb9UdqvuHGSVeDkpQ45Gv/TVG8QsVTxCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LI6q48bP5rVNybpUBCWNtK0IyV39PZFQZM1GB7VQUR2bZm4n/ed0Uwxs/E1GSIo/YYlGYSoIxmT1OBkJzhnJiCWVa2FsJG1FNGdp4ijYEb/nlVdK6rHpX1dpDrVy/y+MowCmcQQU8uIY63EMDmsBgBM/wCm+Ocl6cd+dj0brm5DMn8AfO5w9TN43K</latexit>

W (t)Build filter

<latexit sha1_base64="2iDIP9DDTXbYy573PUZ4Y9/vJrg=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSEmkqMuCCC4r2Ac0oUwmk3bo5OHMTaGE7t34K25cKOLWH3Dn3zhts9DWAxcO59zLvfd4ieAKLOvbWFldW9/YLGwVt3d29/bNg8OWilNJWZPGIpYdjygmeMSawEGwTiIZCT3B2t7weuq3R0wqHkf3ME6YG5J+xANOCWipZ5acAYFMTbDDHlI+wg6PAPuAnTPcrsCp0tUzy1bVmgEvEzsnZZSj0TO/HD+macgioIIo1bWtBNyMSOBUsEnRSRVLCB2SPutqGpGQKTeb/TLBJ1rxcRBLXfqUmfp7IiOhUuPQ050hgYFa9Kbif143heDKzXiUpMAiOl8UpAJDjKfBYJ9LRkGMNSFUcn0rpgMiCQUdX1GHYC++vExa51X7olq7q5XrN3kcBXSMSqiCbHSJ6ugWNVATUfSIntErejOejBfj3fiYt64Y+cwR+gPj8we535mQ</latexit>

ŝ ⌘
Z

dtW (t)s(t)

<latexit sha1_base64="wr3pHj3/zH+XpqoteFG1hCz6f/E=">AAACC3icbVBNS8NAEN34WetX1KOXpUWoICWRoh4LInisYD+gCWWz3bZLN5u4OymU0LsX/4oXD4p49Q9489+4bXPQ1gcDj/dmmJkXxIJrcJxva2V1bX1jM7eV397Z3du3Dw4bOkoUZXUaiUi1AqKZ4JLVgYNgrVgxEgaCNYPh9dRvjpjSPJL3MI6ZH5K+5D1OCRipYxe8AYFUTrDHHhI+wh6XgLuAvTPcLMGpNNWxi07ZmQEvEzcjRZSh1rG/vG5Ek5BJoIJo3XadGPyUKOBUsEneSzSLCR2SPmsbKknItJ/OfpngE6N0cS9SpswpM/X3REpCrcdhYDpDAgO96E3F/7x2Ar0rP+UyToBJOl/USwSGCE+DwV2uGAUxNoRQxc2tmA6IIhRMfHkTgrv48jJpnJfdi3LlrlKs3mRx5NAxKqASctElqqJbVEN1RNEjekav6M16sl6sd+tj3rpiZTNH6A+szx+qHJmG</latexit>

n̂ ⌘
Z

dtW (t)n(t)

to optimize

<latexit sha1_base64="fZrgxDZOfLtQRluwOqkKfUMJ1o0=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRS1I1QEMFlRfuAJpSb6bQdOpmEmYlQQhdu/BU3LhRx60e482+cpllo64ELZ865l7n3BDFnSjvOt1VYWV1b3yhulra2d3b37P2DlooSSWiTRDySnQAU5UzQpmaa004sKYQBp+1gfDXz2w9UKhaJez2JqR/CULABI6CN1LPLd/gSexzEkFPsjUCnaoo9mb17dsWpOhnwMnFzUkE5Gj37y+tHJAmp0ISDUl3XibWfgtSMcDoteYmiMZAxDGnXUAEhVX6aHTHFx0bp40EkTQmNM/X3RAqhUpMwMJ0h6JFa9Gbif1430YMLP2UiTjQVZP7RIOFYR3iWCO4zSYnmE0OASGZ2xWQEEog2uZVMCO7iycukdVp1z6q121qlfp3HUURldIROkIvOUR3doAZqIoIe0TN6RW/Wk/VivVsf89aClc8coj+wPn8AoCuXfQ==</latexit>

S = hŝi
<latexit sha1_base64="Q3A7VJ23RCLe307Qu49xJ0Ig534=">AAACCHicbZDLSsNAFIZP6q3WW9WlCweL4KokpagboSCCK6lgL9DEMplO2qGTSZiZCCV06cZXceNCEbc+gjvfxmnahbb+MPDznXM4c34/5kxp2/62ckvLK6tr+fXCxubW9k5xd6+pokQS2iARj2Tbx4pyJmhDM81pO5YUhz6nLX94Oam3HqhULBJ3ehRTL8R9wQJGsDaoWzy8ua+gC+RyLPqcIneAdSrGhrkyI91iyS7bmdCicWamBDPVu8UvtxeRJKRCE46V6jh2rL0US80Ip+OCmygaYzLEfdoxVuCQKi/NDhmjY0N6KIikeUKjjP6eSHGo1Cj0TWeI9UDN1ybwv1on0cG5lzIRJ5oKMl0UJBzpCE1SQT0mKdF8ZAwmkpm/IjLAEhNtsiuYEJz5kxdNs1J2TsvV22qpdjWLIw8HcAQn4MAZ1OAa6tAAAo/wDK/wZj1ZL9a79TFtzVmzmX34I+vzB/zkmLs=</latexit>

N2 = hn̂2i
<latexit sha1_base64="0Mxjfi0fLeyFX6KU0sr8PdXRvsg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe5KUI8BETxJJOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuChLBtXHdLye3srq2vpHfLGxt7+zuFfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81iMqzWP5YMYJ+hEdSB5yRo2V6vWzu16x5JbdOchf4mWkBBlqveJntx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JiVX6JIyVLWnIXP05MaGR1uMosJ0RNUO97M3E/7xOasIrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy39J87zsXZQr95VS9SaLIw9HcAyn4MElVOEWatAABgN4ghd4dYTz7Lw574vWnJPNHMIvOB/fuhyNdA==</latexit>

S/N

In signal: In noise:

<latexit sha1_base64="Zj8NHgRFaXo+egHcJb7b4F8ey+8=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6rIggssK9gFNKJPppB06jzAzEUKov+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJYxq43nfTmVtfWNzq7pd29nd2z9wD4+6WqYKkw6WTKp+hDRhVJCOoYaRfqII4hEjvWh6U/i9R6I0leLBZAkJORoLGlOMjJWGbj3QlMOAIzNRPMdSaDMbug2v6c0BV4lfkgYo0R66X8FI4pQTYTBDWg98LzFhjpShmJFZLUg1SRCeojEZWCoQJzrM5+Fn8NQqIxhLZZ8wcK7+3sgR1zrjkZ0sUuplrxD/8wapia/DnIokNUTgxaE4ZdBIWDQBR1QRbFhmCcKK2qwQT5BC2Ni+arYEf/nLq6R73vQvmxf3F43WbVlHFRyDE3AGfHAFWuAOtEEHYJCBZ/AK3pwn58V5dz4WoxWn3KmDP3A+fwBVy5U+</latexit>⇠ const
<latexit sha1_base64="5ecW56wUqJPSoPjfjJD6qnRRlm0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInmoiRT0WRPBYoV/QhLLZbtqlu0ncnQg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tgpr6xubW8Xt0s7u3n7ZPjhs6zhVlLVoLGLVDYhmgkesBRwE6yaKERkI1gnGNzO/88iU5nHUhEnCfEmGEQ85JWCkvl32NJfYPff0g4KsOe3bFafqzIFXiZuTCsrR6Ntf3iCmqWQRUEG07rlOAn5GFHAq2LTkpZolhI7JkPUMjYhk2s/mh0/xqVEGOIyVqQjwXP09kRGp9UQGplMSGOllbyb+5/VSCK/9jEdJCiyii0VhKjDEeJYCHnDFKIiJIYQqbm7FdEQUoWCyKpkQ3OWXV0n7oupeVmv3tUr9No+jiI7RCTpDLrpCdXSHGqiFKErRM3pFb9aT9WK9Wx+L1oKVzxyhP7A+fwBPVpLk</latexit>

⇠ 1/
p
T

<latexit sha1_base64="qnU2jMmzX1+LUPIHlt7V522djUk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoIiWRom6EggguK9gHNLFMJpN26GQSZiZCCfkFN/6KGxeKuHXnzr9x2kbQ1gMD555zL3Pv8WJGpbKsL6OwsLi0vFJcLa2tb2xumds7LRklApMmjlgkOh6ShFFOmooqRjqxICj0GGl7w8ux374nQtKI36pRTNwQ9TkNKEZKSz2zcgEdyhX0A+gcQ0dR5pO0nd0dVYLDn3KQ6aJnlq2qNQGcJ3ZOyiBHo2d+On6Ek5BwhRmSsmtbsXJTJBTFjGQlJ5EkRniI+qSrKUchkW46uSiDB1rxYRAJ/fR2E/X3RIpCKUehpztDpAZy1huL/3ndRAXnbkp5nCjC8fSjIGFQRXAcD/SpIFixkSYIC6p3hXiABMJKh1jSIdizJ8+T1knVPq3Wbmrl+lUeRxHsgX1QATY4A3VwDRqgCTB4AE/gBbwaj8az8Wa8T1sLRj6zC/7A+PgGifKbng==</latexit>

=

Z
df W̃ ⇤(f)h̃(f)

<latexit sha1_base64="RnPBldEgc18yX9ucZ3dZcbZKHZ0=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUlDIjRd0oBRFcVrQP6JSSSdM2NJMZkjtCGfo3bvwVN4KK6NI/MdMHaOuBXA7n3EvuPV4ouAbb/rJSC4tLyyvp1cza+sbmVnZ7p6qDSFFWoYEIVN0jmgkuWQU4CFYPFSO+J1jN618lfu2BKc0DeQ+DkDV90pW8wykBI7Wyl3f4ArtcAm4Ddo9xLQ+HuJeUI+wKIruCTe2pK01x1dhqZXN2wR4BzxNnQnJognIr++q2Axr5TAIVROuGY4fQjIkCTgUbZtxIs5DQPumyhqGS+Ew349GdQ3xglDbuBMo8s9JI/T0RE1/rge+ZTp9AT896ifif14igc96MuQwjYJKOP+pEAkOAk9BwmytGQQwMIVRxsyumPaIIBRNtxoTgzJ48T6onBee0ULwt5krXkzjSaA/tozxy0BkqoRtURhVE0SN6Rm/o3XqyXqwP63PcmrImM7voD6zvH/J/ocg=</latexit>

S =

Z
dtW (t)h(t) + h

Z
dtW (t)n(t)i

<latexit sha1_base64="855k/IlsuglkbRfnrMopRk71Im8=">AAACA3icbVBNSwMxEJ31s9avqje9BIvgqexKUS9CQQSPFewHdEvJpmkbms0uyaxQloIX/4oXD4p49U9489+YtnvQ1gcDL+/NkJkXxFIYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFuBtRwKRSvoUDJm7HmNAwkbwTD64nfeODaiEjd4yjm7ZD2legJRtFKncKhL6nqS078AcVUjX09e14Rt1MouiV3CrJIvIwUIUO1U/jyuxFLQq6QSWpMy3NjbKdUo2CSj/N+YnhM2ZD2ectSRUNu2un0hjE5sUqX9CJtSyGZqr8nUhoaMwoD2xlSHJh5byL+57US7F22U6HiBLlis496iSQYkUkgpCs0ZyhHllCmhd2VsAHVlKGNLW9D8OZPXiT1s5J3XirflYuVmyyOHBzBMZyCBxdQgVuoQg0YPMIzvMKb8+S8OO/Ox6x1yclmDuAPnM8fFruXKw==</latexit>

hn̂i = 0
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Matched filter I

<latexit sha1_base64="Vmtr2dZgS8jR7SwC1iAE+8hHJfo=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEqQkmkqBuhIILLCvYBbSiT6aQdOpmEmRuxhP6KGxeKuPVH3Pk3TtostPXAcA/n3Mu9c/xYcA2O822trK6tb2wWtorbO7t7+/ZBqaWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH99kfvuRKc0j+QCTmHkhGUoecErASH27pCtwiq/xKCtnWJrSt8tO1ZkBLxM3J2WUo9G3v3qDiCYhk0AF0brrOjF4KVHAqWDTYi/RLCZ0TIasa6gkIdNeOrt9ik+MMsBBpMyTgGfq74mUhFpPQt90hgRGetHLxP+8bgLBlZdyGSfAJJ0vChKBIcJZEHjAFaMgJoYQqri5FdMRUYSCiatoQnAXv7xMWudV96Jau6+V67d5HAV0hI5RBbnoEtXRHWqgJqLoCT2jV/RmTa0X6936mLeuWPnMIfoD6/MHGm+R6w==</latexit>

s(t) = h(t) + n(t)

<latexit sha1_base64="xjklE9LojQ9IKb01APF1yC2PAr8=">AAACTHicfVDLSgMxFM3UV62vqks3wSJUlDJTiroRCiK4rNAXdGrJpJk2NJMZkjtCGfqBbly48yvcuFBEMH0stJUeyOVwzr3cm+NFgmuw7VcrtbK6tr6R3sxsbe/s7mX3D+o6jBVlNRqKUDU9opngktWAg2DNSDESeII1vMHN2G88MqV5KKswjFg7ID3JfU4JGKmTpa6vCE2cUVIdYZdLwF3A7jnu5+EU63G5xktaHor4bJmPpSmdbM4u2BPgReLMSA7NUOlkX9xuSOOASaCCaN1y7AjaCVHAqWCjjBtrFhE6ID3WMlSSgOl2MgljhE+M0sV+qMwzt0zU3xMJCbQeBp7pDAj09bw3Fv/zWjH4V+2EyygGJul0kR8LDCEeJ4u7XDEKYmgIoYqbWzHtExMNmPwzJgRn/suLpF4sOBeF0n0pV76dxZFGR+gY5ZGDLlEZ3aEKqiGKntAb+kCf1rP1bn1Z39PWlDWbOUR/kFr/AfrSrxw=</latexit>

1

T

Z
dt h(t)s(t) =

1

T

Z
dt h(t)2 +

1

T

Z
dt h(t)n(t)

Idea: correlating template with data

coherent incoherent

<latexit sha1_base64="Xm1cnfrggIzac424I9DnU7IxCl0=">AAAB/XicbZDLSgMxFIbPeK31Nl52boJFcFVmpKgboSCCywr2Ap1SMulpG5rJDElGqKX4Km5cKOLW93Dn25i2s9DWHwIf/zmHc/KHieDaeN63s7S8srq2ntvIb25t7+y6e/s1HaeKYZXFIlaNkGoUXGLVcCOwkSikUSiwHg6uJ/X6AyrNY3lvhgm2ItqTvMsZNdZqu4eBoLInkMhAzeCKeG234BW9qcgi+BkUIFOl7X4FnZilEUrDBNW66XuJaY2oMpwJHOeDVGNC2YD2sGlR0gh1azS9fkxOrNMh3VjZJw2Zur8nRjTSehiFtjOipq/naxPzv1ozNd3L1ojLJDUo2WxRNxXExGQSBelwhcyIoQXKFLe3EtanijJjA8vbEPz5Ly9C7azonxdLd6VC+SaLIwdHcAyn4MMFlOEWKlAFBo/wDK/w5jw5L8678zFrXXKymQP4I+fzBx1PlF4=</latexit>

hni = 0 <latexit sha1_base64="qnU2jMmzX1+LUPIHlt7V522djUk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoIiWRom6EggguK9gHNLFMJpN26GQSZiZCCfkFN/6KGxeKuHXnzr9x2kbQ1gMD555zL3Pv8WJGpbKsL6OwsLi0vFJcLa2tb2xumds7LRklApMmjlgkOh6ShFFOmooqRjqxICj0GGl7w8ux374nQtKI36pRTNwQ9TkNKEZKSz2zcgEdyhX0A+gcQ0dR5pO0nd0dVYLDn3KQ6aJnlq2qNQGcJ3ZOyiBHo2d+On6Ek5BwhRmSsmtbsXJTJBTFjGQlJ5EkRniI+qSrKUchkW46uSiDB1rxYRAJ/fR2E/X3RIpCKUehpztDpAZy1huL/3ndRAXnbkp5nCjC8fSjIGFQRXAcD/SpIFixkSYIC6p3hXiABMJKh1jSIdizJ8+T1knVPq3Wbmrl+lUeRxHsgX1QATY4A3VwDRqgCTB4AE/gBbwaj8az8Wa8T1sLRj6zC/7A+PgGifKbng==</latexit>

=

Z
df W̃ ⇤(f)h̃(f)

<latexit sha1_base64="6fqHY6lcMSecC8kdiHPuHB5sQME=">AAACJnicbZBNSwMxEIZn63f9qnr0EixSBSm7IupFEETwJArWCt1asmnahmazSzIrlMVf48W/4sWDIuLNn2J23YNWB5I8vDNDZt4glsKg6344pYnJqemZ2bny/MLi0nJlZfXaRIlmvMEiGembgBouheINFCj5Taw5DQPJm8HwJMs377g2IlJXOIp5O6R9JXqCUbRSp3J0frtLjogvqepLTnyhkHSR+Dv2rmVPcwu3s6u2TVSGKkdf5/WdStWtu3mQv+AVUIUiLjqVF78bsSTkCpmkxrQ8N8Z2SjUKJvl92U8Mjykb0j5vWVQ05Kad5mvek02rdEkv0vbYMXP1Z0dKQ2NGYWArQ4oDM57LxP9yrQR7h+1UqDhBrtj3R71EEoxI5hnpCs0ZypEFyrSwsxI2oJoytM6WrQne+Mp/4Xq37u3X9y73qsenhR2zsA4bsAUeHMAxnMEFNIDBAzzBC7w6j86z8+a8f5eWnKJnDX6F8/kFWJOg0g==</latexit>

N2 = h
Z

dt dt0 W (t)W (t0)n(t)n(t0)i

<latexit sha1_base64="hf21ookJZH5UY67ItqNcIj9QGnQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCCB4r2A9oQ9lsN+3S3STsToQS+he8eFDEq3/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGSxHxJgqUvJNoTlUgeTsY38789hPXRsTRI04S7is6jEQoGMWZ1K7gRb9UdqvuHGSVeDkpQ45Gv/TVG8QsVTxCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LI6q48bP5rVNybpUBCWNtK0IyV39PZFQZM1GB7VQUR2bZm4n/ed0Uwxs/E1GSIo/YYlGYSoIxmT1OBkJzhnJiCWVa2FsJG1FNGdp4ijYEb/nlVdK6rHpX1dpDrVy/y+MowCmcQQU8uIY63EMDmsBgBM/wCm+Ocl6cd+dj0brm5DMn8AfO5w9TN43K</latexit>

W (t)Build filter

<latexit sha1_base64="2iDIP9DDTXbYy573PUZ4Y9/vJrg=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSEmkqMuCCC4r2Ac0oUwmk3bo5OHMTaGE7t34K25cKOLWH3Dn3zhts9DWAxcO59zLvfd4ieAKLOvbWFldW9/YLGwVt3d29/bNg8OWilNJWZPGIpYdjygmeMSawEGwTiIZCT3B2t7weuq3R0wqHkf3ME6YG5J+xANOCWipZ5acAYFMTbDDHlI+wg6PAPuAnTPcrsCp0tUzy1bVmgEvEzsnZZSj0TO/HD+macgioIIo1bWtBNyMSOBUsEnRSRVLCB2SPutqGpGQKTeb/TLBJ1rxcRBLXfqUmfp7IiOhUuPQ050hgYFa9Kbif143heDKzXiUpMAiOl8UpAJDjKfBYJ9LRkGMNSFUcn0rpgMiCQUdX1GHYC++vExa51X7olq7q5XrN3kcBXSMSqiCbHSJ6ugWNVATUfSIntErejOejBfj3fiYt64Y+cwR+gPj8we535mQ</latexit>

ŝ ⌘
Z

dtW (t)s(t)

<latexit sha1_base64="wr3pHj3/zH+XpqoteFG1hCz6f/E=">AAACC3icbVBNS8NAEN34WetX1KOXpUWoICWRoh4LInisYD+gCWWz3bZLN5u4OymU0LsX/4oXD4p49Q9489+4bXPQ1gcDj/dmmJkXxIJrcJxva2V1bX1jM7eV397Z3du3Dw4bOkoUZXUaiUi1AqKZ4JLVgYNgrVgxEgaCNYPh9dRvjpjSPJL3MI6ZH5K+5D1OCRipYxe8AYFUTrDHHhI+wh6XgLuAvTPcLMGpNNWxi07ZmQEvEzcjRZSh1rG/vG5Ek5BJoIJo3XadGPyUKOBUsEneSzSLCR2SPmsbKknItJ/OfpngE6N0cS9SpswpM/X3REpCrcdhYDpDAgO96E3F/7x2Ar0rP+UyToBJOl/USwSGCE+DwV2uGAUxNoRQxc2tmA6IIhRMfHkTgrv48jJpnJfdi3LlrlKs3mRx5NAxKqASctElqqJbVEN1RNEjekav6M16sl6sd+tj3rpiZTNH6A+szx+qHJmG</latexit>

n̂ ⌘
Z

dtW (t)n(t)

to optimize

<latexit sha1_base64="fZrgxDZOfLtQRluwOqkKfUMJ1o0=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRS1I1QEMFlRfuAJpSb6bQdOpmEmYlQQhdu/BU3LhRx60e482+cpllo64ELZ865l7n3BDFnSjvOt1VYWV1b3yhulra2d3b37P2DlooSSWiTRDySnQAU5UzQpmaa004sKYQBp+1gfDXz2w9UKhaJez2JqR/CULABI6CN1LPLd/gSexzEkFPsjUCnaoo9mb17dsWpOhnwMnFzUkE5Gj37y+tHJAmp0ISDUl3XibWfgtSMcDoteYmiMZAxDGnXUAEhVX6aHTHFx0bp40EkTQmNM/X3RAqhUpMwMJ0h6JFa9Gbif1430YMLP2UiTjQVZP7RIOFYR3iWCO4zSYnmE0OASGZ2xWQEEog2uZVMCO7iycukdVp1z6q121qlfp3HUURldIROkIvOUR3doAZqIoIe0TN6RW/Wk/VivVsf89aClc8coj+wPn8AoCuXfQ==</latexit>

S = hŝi
<latexit sha1_base64="Q3A7VJ23RCLe307Qu49xJ0Ig534=">AAACCHicbZDLSsNAFIZP6q3WW9WlCweL4KokpagboSCCK6lgL9DEMplO2qGTSZiZCCV06cZXceNCEbc+gjvfxmnahbb+MPDznXM4c34/5kxp2/62ckvLK6tr+fXCxubW9k5xd6+pokQS2iARj2Tbx4pyJmhDM81pO5YUhz6nLX94Oam3HqhULBJ3ehRTL8R9wQJGsDaoWzy8ua+gC+RyLPqcIneAdSrGhrkyI91iyS7bmdCicWamBDPVu8UvtxeRJKRCE46V6jh2rL0US80Ip+OCmygaYzLEfdoxVuCQKi/NDhmjY0N6KIikeUKjjP6eSHGo1Cj0TWeI9UDN1ybwv1on0cG5lzIRJ5oKMl0UJBzpCE1SQT0mKdF8ZAwmkpm/IjLAEhNtsiuYEJz5kxdNs1J2TsvV22qpdjWLIw8HcAQn4MAZ1OAa6tAAAo/wDK/wZj1ZL9a79TFtzVmzmX34I+vzB/zkmLs=</latexit>

N2 = hn̂2i
<latexit sha1_base64="0Mxjfi0fLeyFX6KU0sr8PdXRvsg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe5KUI8BETxJJOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuChLBtXHdLye3srq2vpHfLGxt7+zuFfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81iMqzWP5YMYJ+hEdSB5yRo2V6vWzu16x5JbdOchf4mWkBBlqveJntx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JiVX6JIyVLWnIXP05MaGR1uMosJ0RNUO97M3E/7xOasIrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy39J87zsXZQr95VS9SaLIw9HcAyn4MElVOEWatAABgN4ghd4dYTz7Lw574vWnJPNHMIvOB/fuhyNdA==</latexit>

S/N

In signal: In noise:

<latexit sha1_base64="Zj8NHgRFaXo+egHcJb7b4F8ey+8=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6rIggssK9gFNKJPppB06jzAzEUKov+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJYxq43nfTmVtfWNzq7pd29nd2z9wD4+6WqYKkw6WTKp+hDRhVJCOoYaRfqII4hEjvWh6U/i9R6I0leLBZAkJORoLGlOMjJWGbj3QlMOAIzNRPMdSaDMbug2v6c0BV4lfkgYo0R66X8FI4pQTYTBDWg98LzFhjpShmJFZLUg1SRCeojEZWCoQJzrM5+Fn8NQqIxhLZZ8wcK7+3sgR1zrjkZ0sUuplrxD/8wapia/DnIokNUTgxaE4ZdBIWDQBR1QRbFhmCcKK2qwQT5BC2Ni+arYEf/nLq6R73vQvmxf3F43WbVlHFRyDE3AGfHAFWuAOtEEHYJCBZ/AK3pwn58V5dz4WoxWn3KmDP3A+fwBVy5U+</latexit>⇠ const
<latexit sha1_base64="5ecW56wUqJPSoPjfjJD6qnRRlm0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInmoiRT0WRPBYoV/QhLLZbtqlu0ncnQg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tgpr6xubW8Xt0s7u3n7ZPjhs6zhVlLVoLGLVDYhmgkesBRwE6yaKERkI1gnGNzO/88iU5nHUhEnCfEmGEQ85JWCkvl32NJfYPff0g4KsOe3bFafqzIFXiZuTCsrR6Ntf3iCmqWQRUEG07rlOAn5GFHAq2LTkpZolhI7JkPUMjYhk2s/mh0/xqVEGOIyVqQjwXP09kRGp9UQGplMSGOllbyb+5/VSCK/9jEdJCiyii0VhKjDEeJYCHnDFKIiJIYQqbm7FdEQUoWCyKpkQ3OWXV0n7oupeVmv3tUr9No+jiI7RCTpDLrpCdXSHGqiFKErRM3pFb9aT9WK9Wx+L1oKVzxyhP7A+fwBPVpLk</latexit>

⇠ 1/
p
T

<latexit sha1_base64="RnPBldEgc18yX9ucZ3dZcbZKHZ0=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUlDIjRd0oBRFcVrQP6JSSSdM2NJMZkjtCGfo3bvwVN4KK6NI/MdMHaOuBXA7n3EvuPV4ouAbb/rJSC4tLyyvp1cza+sbmVnZ7p6qDSFFWoYEIVN0jmgkuWQU4CFYPFSO+J1jN618lfu2BKc0DeQ+DkDV90pW8wykBI7Wyl3f4ArtcAm4Ddo9xLQ+HuJeUI+wKIruCTe2pK01x1dhqZXN2wR4BzxNnQnJognIr++q2Axr5TAIVROuGY4fQjIkCTgUbZtxIs5DQPumyhqGS+Ew349GdQ3xglDbuBMo8s9JI/T0RE1/rge+ZTp9AT896ifif14igc96MuQwjYJKOP+pEAkOAk9BwmytGQQwMIVRxsyumPaIIBRNtxoTgzJ48T6onBee0ULwt5krXkzjSaA/tozxy0BkqoRtURhVE0SN6Rm/o3XqyXqwP63PcmrImM7voD6zvH/J/ocg=</latexit>

S =

Z
dtW (t)h(t) + h

Z
dtW (t)n(t)i

<latexit sha1_base64="855k/IlsuglkbRfnrMopRk71Im8=">AAACA3icbVBNSwMxEJ31s9avqje9BIvgqexKUS9CQQSPFewHdEvJpmkbms0uyaxQloIX/4oXD4p49U9489+YtnvQ1gcDL+/NkJkXxFIYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFuBtRwKRSvoUDJm7HmNAwkbwTD64nfeODaiEjd4yjm7ZD2legJRtFKncKhL6nqS078AcVUjX09e14Rt1MouiV3CrJIvIwUIUO1U/jyuxFLQq6QSWpMy3NjbKdUo2CSj/N+YnhM2ZD2ectSRUNu2un0hjE5sUqX9CJtSyGZqr8nUhoaMwoD2xlSHJh5byL+57US7F22U6HiBLlis496iSQYkUkgpCs0ZyhHllCmhd2VsAHVlKGNLW9D8OZPXiT1s5J3XirflYuVmyyOHBzBMZyCBxdQgVuoQg0YPMIzvMKb8+S8OO/Ox6x1yclmDuAPnM8fFruXKw==</latexit>

hn̂i = 0
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Matched filter I

<latexit sha1_base64="Vmtr2dZgS8jR7SwC1iAE+8hHJfo=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEqQkmkqBuhIILLCvYBbSiT6aQdOpmEmRuxhP6KGxeKuPVH3Pk3TtostPXAcA/n3Mu9c/xYcA2O822trK6tb2wWtorbO7t7+/ZBqaWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH99kfvuRKc0j+QCTmHkhGUoecErASH27pCtwiq/xKCtnWJrSt8tO1ZkBLxM3J2WUo9G3v3qDiCYhk0AF0brrOjF4KVHAqWDTYi/RLCZ0TIasa6gkIdNeOrt9ik+MMsBBpMyTgGfq74mUhFpPQt90hgRGetHLxP+8bgLBlZdyGSfAJJ0vChKBIcJZEHjAFaMgJoYQqri5FdMRUYSCiatoQnAXv7xMWudV96Jau6+V67d5HAV0hI5RBbnoEtXRHWqgJqLoCT2jV/RmTa0X6936mLeuWPnMIfoD6/MHGm+R6w==</latexit>

s(t) = h(t) + n(t)

<latexit sha1_base64="xjklE9LojQ9IKb01APF1yC2PAr8=">AAACTHicfVDLSgMxFM3UV62vqks3wSJUlDJTiroRCiK4rNAXdGrJpJk2NJMZkjtCGfqBbly48yvcuFBEMH0stJUeyOVwzr3cm+NFgmuw7VcrtbK6tr6R3sxsbe/s7mX3D+o6jBVlNRqKUDU9opngktWAg2DNSDESeII1vMHN2G88MqV5KKswjFg7ID3JfU4JGKmTpa6vCE2cUVIdYZdLwF3A7jnu5+EU63G5xktaHor4bJmPpSmdbM4u2BPgReLMSA7NUOlkX9xuSOOASaCCaN1y7AjaCVHAqWCjjBtrFhE6ID3WMlSSgOl2MgljhE+M0sV+qMwzt0zU3xMJCbQeBp7pDAj09bw3Fv/zWjH4V+2EyygGJul0kR8LDCEeJ4u7XDEKYmgIoYqbWzHtExMNmPwzJgRn/suLpF4sOBeF0n0pV76dxZFGR+gY5ZGDLlEZ3aEKqiGKntAb+kCf1rP1bn1Z39PWlDWbOUR/kFr/AfrSrxw=</latexit>

1

T

Z
dt h(t)s(t) =

1

T

Z
dt h(t)2 +

1

T

Z
dt h(t)n(t)

Idea: correlating template with data

coherent incoherent

<latexit sha1_base64="Xm1cnfrggIzac424I9DnU7IxCl0=">AAAB/XicbZDLSgMxFIbPeK31Nl52boJFcFVmpKgboSCCywr2Ap1SMulpG5rJDElGqKX4Km5cKOLW93Dn25i2s9DWHwIf/zmHc/KHieDaeN63s7S8srq2ntvIb25t7+y6e/s1HaeKYZXFIlaNkGoUXGLVcCOwkSikUSiwHg6uJ/X6AyrNY3lvhgm2ItqTvMsZNdZqu4eBoLInkMhAzeCKeG234BW9qcgi+BkUIFOl7X4FnZilEUrDBNW66XuJaY2oMpwJHOeDVGNC2YD2sGlR0gh1azS9fkxOrNMh3VjZJw2Zur8nRjTSehiFtjOipq/naxPzv1ozNd3L1ojLJDUo2WxRNxXExGQSBelwhcyIoQXKFLe3EtanijJjA8vbEPz5Ly9C7azonxdLd6VC+SaLIwdHcAyn4MMFlOEWKlAFBo/wDK/w5jw5L8678zFrXXKymQP4I+fzBx1PlF4=</latexit>

hni = 0

<latexit sha1_base64="6fqHY6lcMSecC8kdiHPuHB5sQME=">AAACJnicbZBNSwMxEIZn63f9qnr0EixSBSm7IupFEETwJArWCt1asmnahmazSzIrlMVf48W/4sWDIuLNn2J23YNWB5I8vDNDZt4glsKg6344pYnJqemZ2bny/MLi0nJlZfXaRIlmvMEiGembgBouheINFCj5Taw5DQPJm8HwJMs377g2IlJXOIp5O6R9JXqCUbRSp3J0frtLjogvqepLTnyhkHSR+Dv2rmVPcwu3s6u2TVSGKkdf5/WdStWtu3mQv+AVUIUiLjqVF78bsSTkCpmkxrQ8N8Z2SjUKJvl92U8Mjykb0j5vWVQ05Kad5mvek02rdEkv0vbYMXP1Z0dKQ2NGYWArQ4oDM57LxP9yrQR7h+1UqDhBrtj3R71EEoxI5hnpCs0ZypEFyrSwsxI2oJoytM6WrQne+Mp/4Xq37u3X9y73qsenhR2zsA4bsAUeHMAxnMEFNIDBAzzBC7w6j86z8+a8f5eWnKJnDX6F8/kFWJOg0g==</latexit>

N2 = h
Z

dt dt0 W (t)W (t0)n(t)n(t0)i
<latexit sha1_base64="WjIRYknFIfhO97hNmpaM6AdMy7g="></latexit>

=

Z
df df 0 W̃ ⇤(f)W̃ (f 0)hñ(f)ñ⇤(f 0)i

<latexit sha1_base64="hf21ookJZH5UY67ItqNcIj9QGnQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCCB4r2A9oQ9lsN+3S3STsToQS+he8eFDEq3/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGSxHxJgqUvJNoTlUgeTsY38789hPXRsTRI04S7is6jEQoGMWZ1K7gRb9UdqvuHGSVeDkpQ45Gv/TVG8QsVTxCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LI6q48bP5rVNybpUBCWNtK0IyV39PZFQZM1GB7VQUR2bZm4n/ed0Uwxs/E1GSIo/YYlGYSoIxmT1OBkJzhnJiCWVa2FsJG1FNGdp4ijYEb/nlVdK6rHpX1dpDrVy/y+MowCmcQQU8uIY63EMDmsBgBM/wCm+Ocl6cd+dj0brm5DMn8AfO5w9TN43K</latexit>

W (t)Build filter

<latexit sha1_base64="2iDIP9DDTXbYy573PUZ4Y9/vJrg=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSEmkqMuCCC4r2Ac0oUwmk3bo5OHMTaGE7t34K25cKOLWH3Dn3zhts9DWAxcO59zLvfd4ieAKLOvbWFldW9/YLGwVt3d29/bNg8OWilNJWZPGIpYdjygmeMSawEGwTiIZCT3B2t7weuq3R0wqHkf3ME6YG5J+xANOCWipZ5acAYFMTbDDHlI+wg6PAPuAnTPcrsCp0tUzy1bVmgEvEzsnZZSj0TO/HD+macgioIIo1bWtBNyMSOBUsEnRSRVLCB2SPutqGpGQKTeb/TLBJ1rxcRBLXfqUmfp7IiOhUuPQ050hgYFa9Kbif143heDKzXiUpMAiOl8UpAJDjKfBYJ9LRkGMNSFUcn0rpgMiCQUdX1GHYC++vExa51X7olq7q5XrN3kcBXSMSqiCbHSJ6ugWNVATUfSIntErejOejBfj3fiYt64Y+cwR+gPj8we535mQ</latexit>

ŝ ⌘
Z

dtW (t)s(t)

<latexit sha1_base64="wr3pHj3/zH+XpqoteFG1hCz6f/E=">AAACC3icbVBNS8NAEN34WetX1KOXpUWoICWRoh4LInisYD+gCWWz3bZLN5u4OymU0LsX/4oXD4p49Q9489+4bXPQ1gcDj/dmmJkXxIJrcJxva2V1bX1jM7eV397Z3du3Dw4bOkoUZXUaiUi1AqKZ4JLVgYNgrVgxEgaCNYPh9dRvjpjSPJL3MI6ZH5K+5D1OCRipYxe8AYFUTrDHHhI+wh6XgLuAvTPcLMGpNNWxi07ZmQEvEzcjRZSh1rG/vG5Ek5BJoIJo3XadGPyUKOBUsEneSzSLCR2SPmsbKknItJ/OfpngE6N0cS9SpswpM/X3REpCrcdhYDpDAgO96E3F/7x2Ar0rP+UyToBJOl/USwSGCE+DwV2uGAUxNoRQxc2tmA6IIhRMfHkTgrv48jJpnJfdi3LlrlKs3mRx5NAxKqASctElqqJbVEN1RNEjekav6M16sl6sd+tj3rpiZTNH6A+szx+qHJmG</latexit>

n̂ ⌘
Z

dtW (t)n(t)

to optimize

<latexit sha1_base64="fZrgxDZOfLtQRluwOqkKfUMJ1o0=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRS1I1QEMFlRfuAJpSb6bQdOpmEmYlQQhdu/BU3LhRx60e482+cpllo64ELZ865l7n3BDFnSjvOt1VYWV1b3yhulra2d3b37P2DlooSSWiTRDySnQAU5UzQpmaa004sKYQBp+1gfDXz2w9UKhaJez2JqR/CULABI6CN1LPLd/gSexzEkFPsjUCnaoo9mb17dsWpOhnwMnFzUkE5Gj37y+tHJAmp0ISDUl3XibWfgtSMcDoteYmiMZAxDGnXUAEhVX6aHTHFx0bp40EkTQmNM/X3RAqhUpMwMJ0h6JFa9Gbif1430YMLP2UiTjQVZP7RIOFYR3iWCO4zSYnmE0OASGZ2xWQEEog2uZVMCO7iycukdVp1z6q121qlfp3HUURldIROkIvOUR3doAZqIoIe0TN6RW/Wk/VivVsf89aClc8coj+wPn8AoCuXfQ==</latexit>

S = hŝi
<latexit sha1_base64="Q3A7VJ23RCLe307Qu49xJ0Ig534=">AAACCHicbZDLSsNAFIZP6q3WW9WlCweL4KokpagboSCCK6lgL9DEMplO2qGTSZiZCCV06cZXceNCEbc+gjvfxmnahbb+MPDznXM4c34/5kxp2/62ckvLK6tr+fXCxubW9k5xd6+pokQS2iARj2Tbx4pyJmhDM81pO5YUhz6nLX94Oam3HqhULBJ3ehRTL8R9wQJGsDaoWzy8ua+gC+RyLPqcIneAdSrGhrkyI91iyS7bmdCicWamBDPVu8UvtxeRJKRCE46V6jh2rL0US80Ip+OCmygaYzLEfdoxVuCQKi/NDhmjY0N6KIikeUKjjP6eSHGo1Cj0TWeI9UDN1ybwv1on0cG5lzIRJ5oKMl0UJBzpCE1SQT0mKdF8ZAwmkpm/IjLAEhNtsiuYEJz5kxdNs1J2TsvV22qpdjWLIw8HcAQn4MAZ1OAa6tAAAo/wDK/wZj1ZL9a79TFtzVmzmX34I+vzB/zkmLs=</latexit>

N2 = hn̂2i
<latexit sha1_base64="0Mxjfi0fLeyFX6KU0sr8PdXRvsg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe5KUI8BETxJJOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuChLBtXHdLye3srq2vpHfLGxt7+zuFfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81iMqzWP5YMYJ+hEdSB5yRo2V6vWzu16x5JbdOchf4mWkBBlqveJntx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JiVX6JIyVLWnIXP05MaGR1uMosJ0RNUO97M3E/7xOasIrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy39J87zsXZQr95VS9SaLIw9HcAyn4MElVOEWatAABgN4ghd4dYTz7Lw574vWnJPNHMIvOB/fuhyNdA==</latexit>

S/N

In signal: In noise:

<latexit sha1_base64="Zj8NHgRFaXo+egHcJb7b4F8ey+8=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6rIggssK9gFNKJPppB06jzAzEUKov+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJYxq43nfTmVtfWNzq7pd29nd2z9wD4+6WqYKkw6WTKp+hDRhVJCOoYaRfqII4hEjvWh6U/i9R6I0leLBZAkJORoLGlOMjJWGbj3QlMOAIzNRPMdSaDMbug2v6c0BV4lfkgYo0R66X8FI4pQTYTBDWg98LzFhjpShmJFZLUg1SRCeojEZWCoQJzrM5+Fn8NQqIxhLZZ8wcK7+3sgR1zrjkZ0sUuplrxD/8wapia/DnIokNUTgxaE4ZdBIWDQBR1QRbFhmCcKK2qwQT5BC2Ni+arYEf/nLq6R73vQvmxf3F43WbVlHFRyDE3AGfHAFWuAOtEEHYJCBZ/AK3pwn58V5dz4WoxWn3KmDP3A+fwBVy5U+</latexit>⇠ const
<latexit sha1_base64="5ecW56wUqJPSoPjfjJD6qnRRlm0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInmoiRT0WRPBYoV/QhLLZbtqlu0ncnQg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tgpr6xubW8Xt0s7u3n7ZPjhs6zhVlLVoLGLVDYhmgkesBRwE6yaKERkI1gnGNzO/88iU5nHUhEnCfEmGEQ85JWCkvl32NJfYPff0g4KsOe3bFafqzIFXiZuTCsrR6Ntf3iCmqWQRUEG07rlOAn5GFHAq2LTkpZolhI7JkPUMjYhk2s/mh0/xqVEGOIyVqQjwXP09kRGp9UQGplMSGOllbyb+5/VSCK/9jEdJCiyii0VhKjDEeJYCHnDFKIiJIYQqbm7FdEQUoWCyKpkQ3OWXV0n7oupeVmv3tUr9No+jiI7RCTpDLrpCdXSHGqiFKErRM3pFb9aT9WK9Wx+L1oKVzxyhP7A+fwBPVpLk</latexit>

⇠ 1/
p
T

<latexit sha1_base64="qnU2jMmzX1+LUPIHlt7V522djUk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoIiWRom6EggguK9gHNLFMJpN26GQSZiZCCfkFN/6KGxeKuHXnzr9x2kbQ1gMD555zL3Pv8WJGpbKsL6OwsLi0vFJcLa2tb2xumds7LRklApMmjlgkOh6ShFFOmooqRjqxICj0GGl7w8ux374nQtKI36pRTNwQ9TkNKEZKSz2zcgEdyhX0A+gcQ0dR5pO0nd0dVYLDn3KQ6aJnlq2qNQGcJ3ZOyiBHo2d+On6Ek5BwhRmSsmtbsXJTJBTFjGQlJ5EkRniI+qSrKUchkW46uSiDB1rxYRAJ/fR2E/X3RIpCKUehpztDpAZy1huL/3ndRAXnbkp5nCjC8fSjIGFQRXAcD/SpIFixkSYIC6p3hXiABMJKh1jSIdizJ8+T1knVPq3Wbmrl+lUeRxHsgX1QATY4A3VwDRqgCTB4AE/gBbwaj8az8Wa8T1sLRj6zC/7A+PgGifKbng==</latexit>

=

Z
df W̃ ⇤(f)h̃(f)

<latexit sha1_base64="RnPBldEgc18yX9ucZ3dZcbZKHZ0=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUlDIjRd0oBRFcVrQP6JSSSdM2NJMZkjtCGfo3bvwVN4KK6NI/MdMHaOuBXA7n3EvuPV4ouAbb/rJSC4tLyyvp1cza+sbmVnZ7p6qDSFFWoYEIVN0jmgkuWQU4CFYPFSO+J1jN618lfu2BKc0DeQ+DkDV90pW8wykBI7Wyl3f4ArtcAm4Ddo9xLQ+HuJeUI+wKIruCTe2pK01x1dhqZXN2wR4BzxNnQnJognIr++q2Axr5TAIVROuGY4fQjIkCTgUbZtxIs5DQPumyhqGS+Ew349GdQ3xglDbuBMo8s9JI/T0RE1/rge+ZTp9AT896ifif14igc96MuQwjYJKOP+pEAkOAk9BwmytGQQwMIVRxsyumPaIIBRNtxoTgzJ48T6onBee0ULwt5krXkzjSaA/tozxy0BkqoRtURhVE0SN6Rm/o3XqyXqwP63PcmrImM7voD6zvH/J/ocg=</latexit>

S =

Z
dtW (t)h(t) + h

Z
dtW (t)n(t)i

<latexit sha1_base64="855k/IlsuglkbRfnrMopRk71Im8=">AAACA3icbVBNSwMxEJ31s9avqje9BIvgqexKUS9CQQSPFewHdEvJpmkbms0uyaxQloIX/4oXD4p49U9489+YtnvQ1gcDL+/NkJkXxFIYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFuBtRwKRSvoUDJm7HmNAwkbwTD64nfeODaiEjd4yjm7ZD2legJRtFKncKhL6nqS078AcVUjX09e14Rt1MouiV3CrJIvIwUIUO1U/jyuxFLQq6QSWpMy3NjbKdUo2CSj/N+YnhM2ZD2ectSRUNu2un0hjE5sUqX9CJtSyGZqr8nUhoaMwoD2xlSHJh5byL+57US7F22U6HiBLlis496iSQYkUkgpCs0ZyhHllCmhd2VsAHVlKGNLW9D8OZPXiT1s5J3XirflYuVmyyOHBzBMZyCBxdQgVuoQg0YPMIzvMKb8+S8OO/Ox6x1yclmDuAPnM8fFruXKw==</latexit>

hn̂i = 0
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Matched filter I

<latexit sha1_base64="Vmtr2dZgS8jR7SwC1iAE+8hHJfo=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEqQkmkqBuhIILLCvYBbSiT6aQdOpmEmRuxhP6KGxeKuPVH3Pk3TtostPXAcA/n3Mu9c/xYcA2O822trK6tb2wWtorbO7t7+/ZBqaWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH99kfvuRKc0j+QCTmHkhGUoecErASH27pCtwiq/xKCtnWJrSt8tO1ZkBLxM3J2WUo9G3v3qDiCYhk0AF0brrOjF4KVHAqWDTYi/RLCZ0TIasa6gkIdNeOrt9ik+MMsBBpMyTgGfq74mUhFpPQt90hgRGetHLxP+8bgLBlZdyGSfAJJ0vChKBIcJZEHjAFaMgJoYQqri5FdMRUYSCiatoQnAXv7xMWudV96Jau6+V67d5HAV0hI5RBbnoEtXRHWqgJqLoCT2jV/RmTa0X6936mLeuWPnMIfoD6/MHGm+R6w==</latexit>

s(t) = h(t) + n(t)

<latexit sha1_base64="xjklE9LojQ9IKb01APF1yC2PAr8=">AAACTHicfVDLSgMxFM3UV62vqks3wSJUlDJTiroRCiK4rNAXdGrJpJk2NJMZkjtCGfqBbly48yvcuFBEMH0stJUeyOVwzr3cm+NFgmuw7VcrtbK6tr6R3sxsbe/s7mX3D+o6jBVlNRqKUDU9opngktWAg2DNSDESeII1vMHN2G88MqV5KKswjFg7ID3JfU4JGKmTpa6vCE2cUVIdYZdLwF3A7jnu5+EU63G5xktaHor4bJmPpSmdbM4u2BPgReLMSA7NUOlkX9xuSOOASaCCaN1y7AjaCVHAqWCjjBtrFhE6ID3WMlSSgOl2MgljhE+M0sV+qMwzt0zU3xMJCbQeBp7pDAj09bw3Fv/zWjH4V+2EyygGJul0kR8LDCEeJ4u7XDEKYmgIoYqbWzHtExMNmPwzJgRn/suLpF4sOBeF0n0pV76dxZFGR+gY5ZGDLlEZ3aEKqiGKntAb+kCf1rP1bn1Z39PWlDWbOUR/kFr/AfrSrxw=</latexit>

1

T

Z
dt h(t)s(t) =

1

T

Z
dt h(t)2 +

1

T

Z
dt h(t)n(t)

Idea: correlating template with data

coherent incoherent

<latexit sha1_base64="Xm1cnfrggIzac424I9DnU7IxCl0=">AAAB/XicbZDLSgMxFIbPeK31Nl52boJFcFVmpKgboSCCywr2Ap1SMulpG5rJDElGqKX4Km5cKOLW93Dn25i2s9DWHwIf/zmHc/KHieDaeN63s7S8srq2ntvIb25t7+y6e/s1HaeKYZXFIlaNkGoUXGLVcCOwkSikUSiwHg6uJ/X6AyrNY3lvhgm2ItqTvMsZNdZqu4eBoLInkMhAzeCKeG234BW9qcgi+BkUIFOl7X4FnZilEUrDBNW66XuJaY2oMpwJHOeDVGNC2YD2sGlR0gh1azS9fkxOrNMh3VjZJw2Zur8nRjTSehiFtjOipq/naxPzv1ozNd3L1ojLJDUo2WxRNxXExGQSBelwhcyIoQXKFLe3EtanijJjA8vbEPz5Ly9C7azonxdLd6VC+SaLIwdHcAyn4MMFlOEWKlAFBo/wDK/w5jw5L8678zFrXXKymQP4I+fzBx1PlF4=</latexit>

hni = 0

<latexit sha1_base64="6fqHY6lcMSecC8kdiHPuHB5sQME=">AAACJnicbZBNSwMxEIZn63f9qnr0EixSBSm7IupFEETwJArWCt1asmnahmazSzIrlMVf48W/4sWDIuLNn2J23YNWB5I8vDNDZt4glsKg6344pYnJqemZ2bny/MLi0nJlZfXaRIlmvMEiGembgBouheINFCj5Taw5DQPJm8HwJMs377g2IlJXOIp5O6R9JXqCUbRSp3J0frtLjogvqepLTnyhkHSR+Dv2rmVPcwu3s6u2TVSGKkdf5/WdStWtu3mQv+AVUIUiLjqVF78bsSTkCpmkxrQ8N8Z2SjUKJvl92U8Mjykb0j5vWVQ05Kad5mvek02rdEkv0vbYMXP1Z0dKQ2NGYWArQ4oDM57LxP9yrQR7h+1UqDhBrtj3R71EEoxI5hnpCs0ZypEFyrSwsxI2oJoytM6WrQne+Mp/4Xq37u3X9y73qsenhR2zsA4bsAUeHMAxnMEFNIDBAzzBC7w6j86z8+a8f5eWnKJnDX6F8/kFWJOg0g==</latexit>

N2 = h
Z

dt dt0 W (t)W (t0)n(t)n(t0)i
<latexit sha1_base64="WjIRYknFIfhO97hNmpaM6AdMy7g="></latexit>

=

Z
df df 0 W̃ ⇤(f)W̃ (f 0)hñ(f)ñ⇤(f 0)i

<latexit sha1_base64="DWmHvVwO3EwrXcXx+1cA6C6zA/U="></latexit>

=

Z
df df 0 W̃ ⇤(f)W̃ (f 0)

1

2
Sn(f)�(f � f 0)

<latexit sha1_base64="hf21ookJZH5UY67ItqNcIj9QGnQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCCB4r2A9oQ9lsN+3S3STsToQS+he8eFDEq3/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGSxHxJgqUvJNoTlUgeTsY38789hPXRsTRI04S7is6jEQoGMWZ1K7gRb9UdqvuHGSVeDkpQ45Gv/TVG8QsVTxCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LI6q48bP5rVNybpUBCWNtK0IyV39PZFQZM1GB7VQUR2bZm4n/ed0Uwxs/E1GSIo/YYlGYSoIxmT1OBkJzhnJiCWVa2FsJG1FNGdp4ijYEb/nlVdK6rHpX1dpDrVy/y+MowCmcQQU8uIY63EMDmsBgBM/wCm+Ocl6cd+dj0brm5DMn8AfO5w9TN43K</latexit>

W (t)Build filter

<latexit sha1_base64="2iDIP9DDTXbYy573PUZ4Y9/vJrg=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSEmkqMuCCC4r2Ac0oUwmk3bo5OHMTaGE7t34K25cKOLWH3Dn3zhts9DWAxcO59zLvfd4ieAKLOvbWFldW9/YLGwVt3d29/bNg8OWilNJWZPGIpYdjygmeMSawEGwTiIZCT3B2t7weuq3R0wqHkf3ME6YG5J+xANOCWipZ5acAYFMTbDDHlI+wg6PAPuAnTPcrsCp0tUzy1bVmgEvEzsnZZSj0TO/HD+macgioIIo1bWtBNyMSOBUsEnRSRVLCB2SPutqGpGQKTeb/TLBJ1rxcRBLXfqUmfp7IiOhUuPQ050hgYFa9Kbif143heDKzXiUpMAiOl8UpAJDjKfBYJ9LRkGMNSFUcn0rpgMiCQUdX1GHYC++vExa51X7olq7q5XrN3kcBXSMSqiCbHSJ6ugWNVATUfSIntErejOejBfj3fiYt64Y+cwR+gPj8we535mQ</latexit>

ŝ ⌘
Z

dtW (t)s(t)

<latexit sha1_base64="wr3pHj3/zH+XpqoteFG1hCz6f/E=">AAACC3icbVBNS8NAEN34WetX1KOXpUWoICWRoh4LInisYD+gCWWz3bZLN5u4OymU0LsX/4oXD4p49Q9489+4bXPQ1gcDj/dmmJkXxIJrcJxva2V1bX1jM7eV397Z3du3Dw4bOkoUZXUaiUi1AqKZ4JLVgYNgrVgxEgaCNYPh9dRvjpjSPJL3MI6ZH5K+5D1OCRipYxe8AYFUTrDHHhI+wh6XgLuAvTPcLMGpNNWxi07ZmQEvEzcjRZSh1rG/vG5Ek5BJoIJo3XadGPyUKOBUsEneSzSLCR2SPmsbKknItJ/OfpngE6N0cS9SpswpM/X3REpCrcdhYDpDAgO96E3F/7x2Ar0rP+UyToBJOl/USwSGCE+DwV2uGAUxNoRQxc2tmA6IIhRMfHkTgrv48jJpnJfdi3LlrlKs3mRx5NAxKqASctElqqJbVEN1RNEjekav6M16sl6sd+tj3rpiZTNH6A+szx+qHJmG</latexit>

n̂ ⌘
Z

dtW (t)n(t)

to optimize

<latexit sha1_base64="fZrgxDZOfLtQRluwOqkKfUMJ1o0=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRS1I1QEMFlRfuAJpSb6bQdOpmEmYlQQhdu/BU3LhRx60e482+cpllo64ELZ865l7n3BDFnSjvOt1VYWV1b3yhulra2d3b37P2DlooSSWiTRDySnQAU5UzQpmaa004sKYQBp+1gfDXz2w9UKhaJez2JqR/CULABI6CN1LPLd/gSexzEkFPsjUCnaoo9mb17dsWpOhnwMnFzUkE5Gj37y+tHJAmp0ISDUl3XibWfgtSMcDoteYmiMZAxDGnXUAEhVX6aHTHFx0bp40EkTQmNM/X3RAqhUpMwMJ0h6JFa9Gbif1430YMLP2UiTjQVZP7RIOFYR3iWCO4zSYnmE0OASGZ2xWQEEog2uZVMCO7iycukdVp1z6q121qlfp3HUURldIROkIvOUR3doAZqIoIe0TN6RW/Wk/VivVsf89aClc8coj+wPn8AoCuXfQ==</latexit>

S = hŝi
<latexit sha1_base64="Q3A7VJ23RCLe307Qu49xJ0Ig534=">AAACCHicbZDLSsNAFIZP6q3WW9WlCweL4KokpagboSCCK6lgL9DEMplO2qGTSZiZCCV06cZXceNCEbc+gjvfxmnahbb+MPDznXM4c34/5kxp2/62ckvLK6tr+fXCxubW9k5xd6+pokQS2iARj2Tbx4pyJmhDM81pO5YUhz6nLX94Oam3HqhULBJ3ehRTL8R9wQJGsDaoWzy8ua+gC+RyLPqcIneAdSrGhrkyI91iyS7bmdCicWamBDPVu8UvtxeRJKRCE46V6jh2rL0US80Ip+OCmygaYzLEfdoxVuCQKi/NDhmjY0N6KIikeUKjjP6eSHGo1Cj0TWeI9UDN1ybwv1on0cG5lzIRJ5oKMl0UJBzpCE1SQT0mKdF8ZAwmkpm/IjLAEhNtsiuYEJz5kxdNs1J2TsvV22qpdjWLIw8HcAQn4MAZ1OAa6tAAAo/wDK/wZj1ZL9a79TFtzVmzmX34I+vzB/zkmLs=</latexit>

N2 = hn̂2i
<latexit sha1_base64="0Mxjfi0fLeyFX6KU0sr8PdXRvsg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe5KUI8BETxJJOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuChLBtXHdLye3srq2vpHfLGxt7+zuFfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81iMqzWP5YMYJ+hEdSB5yRo2V6vWzu16x5JbdOchf4mWkBBlqveJntx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JiVX6JIyVLWnIXP05MaGR1uMosJ0RNUO97M3E/7xOasIrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy39J87zsXZQr95VS9SaLIw9HcAyn4MElVOEWatAABgN4ghd4dYTz7Lw574vWnJPNHMIvOB/fuhyNdA==</latexit>

S/N

In signal: In noise:

<latexit sha1_base64="Zj8NHgRFaXo+egHcJb7b4F8ey+8=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6rIggssK9gFNKJPppB06jzAzEUKov+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJYxq43nfTmVtfWNzq7pd29nd2z9wD4+6WqYKkw6WTKp+hDRhVJCOoYaRfqII4hEjvWh6U/i9R6I0leLBZAkJORoLGlOMjJWGbj3QlMOAIzNRPMdSaDMbug2v6c0BV4lfkgYo0R66X8FI4pQTYTBDWg98LzFhjpShmJFZLUg1SRCeojEZWCoQJzrM5+Fn8NQqIxhLZZ8wcK7+3sgR1zrjkZ0sUuplrxD/8wapia/DnIokNUTgxaE4ZdBIWDQBR1QRbFhmCcKK2qwQT5BC2Ni+arYEf/nLq6R73vQvmxf3F43WbVlHFRyDE3AGfHAFWuAOtEEHYJCBZ/AK3pwn58V5dz4WoxWn3KmDP3A+fwBVy5U+</latexit>⇠ const
<latexit sha1_base64="5ecW56wUqJPSoPjfjJD6qnRRlm0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInmoiRT0WRPBYoV/QhLLZbtqlu0ncnQg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tgpr6xubW8Xt0s7u3n7ZPjhs6zhVlLVoLGLVDYhmgkesBRwE6yaKERkI1gnGNzO/88iU5nHUhEnCfEmGEQ85JWCkvl32NJfYPff0g4KsOe3bFafqzIFXiZuTCsrR6Ntf3iCmqWQRUEG07rlOAn5GFHAq2LTkpZolhI7JkPUMjYhk2s/mh0/xqVEGOIyVqQjwXP09kRGp9UQGplMSGOllbyb+5/VSCK/9jEdJCiyii0VhKjDEeJYCHnDFKIiJIYQqbm7FdEQUoWCyKpkQ3OWXV0n7oupeVmv3tUr9No+jiI7RCTpDLrpCdXSHGqiFKErRM3pFb9aT9WK9Wx+L1oKVzxyhP7A+fwBPVpLk</latexit>

⇠ 1/
p
T

<latexit sha1_base64="qnU2jMmzX1+LUPIHlt7V522djUk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoIiWRom6EggguK9gHNLFMJpN26GQSZiZCCfkFN/6KGxeKuHXnzr9x2kbQ1gMD555zL3Pv8WJGpbKsL6OwsLi0vFJcLa2tb2xumds7LRklApMmjlgkOh6ShFFOmooqRjqxICj0GGl7w8ux374nQtKI36pRTNwQ9TkNKEZKSz2zcgEdyhX0A+gcQ0dR5pO0nd0dVYLDn3KQ6aJnlq2qNQGcJ3ZOyiBHo2d+On6Ek5BwhRmSsmtbsXJTJBTFjGQlJ5EkRniI+qSrKUchkW46uSiDB1rxYRAJ/fR2E/X3RIpCKUehpztDpAZy1huL/3ndRAXnbkp5nCjC8fSjIGFQRXAcD/SpIFixkSYIC6p3hXiABMJKh1jSIdizJ8+T1knVPq3Wbmrl+lUeRxHsgX1QATY4A3VwDRqgCTB4AE/gBbwaj8az8Wa8T1sLRj6zC/7A+PgGifKbng==</latexit>

=

Z
df W̃ ⇤(f)h̃(f)

<latexit sha1_base64="RnPBldEgc18yX9ucZ3dZcbZKHZ0=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUlDIjRd0oBRFcVrQP6JSSSdM2NJMZkjtCGfo3bvwVN4KK6NI/MdMHaOuBXA7n3EvuPV4ouAbb/rJSC4tLyyvp1cza+sbmVnZ7p6qDSFFWoYEIVN0jmgkuWQU4CFYPFSO+J1jN618lfu2BKc0DeQ+DkDV90pW8wykBI7Wyl3f4ArtcAm4Ddo9xLQ+HuJeUI+wKIruCTe2pK01x1dhqZXN2wR4BzxNnQnJognIr++q2Axr5TAIVROuGY4fQjIkCTgUbZtxIs5DQPumyhqGS+Ew349GdQ3xglDbuBMo8s9JI/T0RE1/rge+ZTp9AT896ifif14igc96MuQwjYJKOP+pEAkOAk9BwmytGQQwMIVRxsyumPaIIBRNtxoTgzJ48T6onBee0ULwt5krXkzjSaA/tozxy0BkqoRtURhVE0SN6Rm/o3XqyXqwP63PcmrImM7voD6zvH/J/ocg=</latexit>

S =

Z
dtW (t)h(t) + h

Z
dtW (t)n(t)i

<latexit sha1_base64="855k/IlsuglkbRfnrMopRk71Im8=">AAACA3icbVBNSwMxEJ31s9avqje9BIvgqexKUS9CQQSPFewHdEvJpmkbms0uyaxQloIX/4oXD4p49U9489+YtnvQ1gcDL+/NkJkXxFIYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFuBtRwKRSvoUDJm7HmNAwkbwTD64nfeODaiEjd4yjm7ZD2legJRtFKncKhL6nqS078AcVUjX09e14Rt1MouiV3CrJIvIwUIUO1U/jyuxFLQq6QSWpMy3NjbKdUo2CSj/N+YnhM2ZD2ectSRUNu2un0hjE5sUqX9CJtSyGZqr8nUhoaMwoD2xlSHJh5byL+57US7F22U6HiBLlis496iSQYkUkgpCs0ZyhHllCmhd2VsAHVlKGNLW9D8OZPXiT1s5J3XirflYuVmyyOHBzBMZyCBxdQgVuoQg0YPMIzvMKb8+S8OO/Ox6x1yclmDuAPnM8fFruXKw==</latexit>

hn̂i = 0
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Matched filter I

<latexit sha1_base64="Vmtr2dZgS8jR7SwC1iAE+8hHJfo=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBEqQkmkqBuhIILLCvYBbSiT6aQdOpmEmRuxhP6KGxeKuPVH3Pk3TtostPXAcA/n3Mu9c/xYcA2O822trK6tb2wWtorbO7t7+/ZBqaWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH99kfvuRKc0j+QCTmHkhGUoecErASH27pCtwiq/xKCtnWJrSt8tO1ZkBLxM3J2WUo9G3v3qDiCYhk0AF0brrOjF4KVHAqWDTYi/RLCZ0TIasa6gkIdNeOrt9ik+MMsBBpMyTgGfq74mUhFpPQt90hgRGetHLxP+8bgLBlZdyGSfAJJ0vChKBIcJZEHjAFaMgJoYQqri5FdMRUYSCiatoQnAXv7xMWudV96Jau6+V67d5HAV0hI5RBbnoEtXRHWqgJqLoCT2jV/RmTa0X6936mLeuWPnMIfoD6/MHGm+R6w==</latexit>

s(t) = h(t) + n(t)

<latexit sha1_base64="xjklE9LojQ9IKb01APF1yC2PAr8=">AAACTHicfVDLSgMxFM3UV62vqks3wSJUlDJTiroRCiK4rNAXdGrJpJk2NJMZkjtCGfqBbly48yvcuFBEMH0stJUeyOVwzr3cm+NFgmuw7VcrtbK6tr6R3sxsbe/s7mX3D+o6jBVlNRqKUDU9opngktWAg2DNSDESeII1vMHN2G88MqV5KKswjFg7ID3JfU4JGKmTpa6vCE2cUVIdYZdLwF3A7jnu5+EU63G5xktaHor4bJmPpSmdbM4u2BPgReLMSA7NUOlkX9xuSOOASaCCaN1y7AjaCVHAqWCjjBtrFhE6ID3WMlSSgOl2MgljhE+M0sV+qMwzt0zU3xMJCbQeBp7pDAj09bw3Fv/zWjH4V+2EyygGJul0kR8LDCEeJ4u7XDEKYmgIoYqbWzHtExMNmPwzJgRn/suLpF4sOBeF0n0pV76dxZFGR+gY5ZGDLlEZ3aEKqiGKntAb+kCf1rP1bn1Z39PWlDWbOUR/kFr/AfrSrxw=</latexit>

1

T

Z
dt h(t)s(t) =

1

T

Z
dt h(t)2 +

1

T

Z
dt h(t)n(t)

Idea: correlating template with data

coherent incoherent

<latexit sha1_base64="Xm1cnfrggIzac424I9DnU7IxCl0=">AAAB/XicbZDLSgMxFIbPeK31Nl52boJFcFVmpKgboSCCywr2Ap1SMulpG5rJDElGqKX4Km5cKOLW93Dn25i2s9DWHwIf/zmHc/KHieDaeN63s7S8srq2ntvIb25t7+y6e/s1HaeKYZXFIlaNkGoUXGLVcCOwkSikUSiwHg6uJ/X6AyrNY3lvhgm2ItqTvMsZNdZqu4eBoLInkMhAzeCKeG234BW9qcgi+BkUIFOl7X4FnZilEUrDBNW66XuJaY2oMpwJHOeDVGNC2YD2sGlR0gh1azS9fkxOrNMh3VjZJw2Zur8nRjTSehiFtjOipq/naxPzv1ozNd3L1ojLJDUo2WxRNxXExGQSBelwhcyIoQXKFLe3EtanijJjA8vbEPz5Ly9C7azonxdLd6VC+SaLIwdHcAyn4MMFlOEWKlAFBo/wDK/w5jw5L8678zFrXXKymQP4I+fzBx1PlF4=</latexit>

hni = 0

<latexit sha1_base64="6fqHY6lcMSecC8kdiHPuHB5sQME=">AAACJnicbZBNSwMxEIZn63f9qnr0EixSBSm7IupFEETwJArWCt1asmnahmazSzIrlMVf48W/4sWDIuLNn2J23YNWB5I8vDNDZt4glsKg6344pYnJqemZ2bny/MLi0nJlZfXaRIlmvMEiGembgBouheINFCj5Taw5DQPJm8HwJMs377g2IlJXOIp5O6R9JXqCUbRSp3J0frtLjogvqepLTnyhkHSR+Dv2rmVPcwu3s6u2TVSGKkdf5/WdStWtu3mQv+AVUIUiLjqVF78bsSTkCpmkxrQ8N8Z2SjUKJvl92U8Mjykb0j5vWVQ05Kad5mvek02rdEkv0vbYMXP1Z0dKQ2NGYWArQ4oDM57LxP9yrQR7h+1UqDhBrtj3R71EEoxI5hnpCs0ZypEFyrSwsxI2oJoytM6WrQne+Mp/4Xq37u3X9y73qsenhR2zsA4bsAUeHMAxnMEFNIDBAzzBC7w6j86z8+a8f5eWnKJnDX6F8/kFWJOg0g==</latexit>

N2 = h
Z

dt dt0 W (t)W (t0)n(t)n(t0)i
<latexit sha1_base64="WjIRYknFIfhO97hNmpaM6AdMy7g="></latexit>

=

Z
df df 0 W̃ ⇤(f)W̃ (f 0)hñ(f)ñ⇤(f 0)i

<latexit sha1_base64="DWmHvVwO3EwrXcXx+1cA6C6zA/U="></latexit>

=

Z
df df 0 W̃ ⇤(f)W̃ (f 0)

1

2
Sn(f)�(f � f 0)

<latexit sha1_base64="gg3ieHzlP/YKQBQzJhLpLGy/G3w=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0WoICUpRd0IBRFcVrQPaGKZTCbt0MkkzEyEkuY33Pgrblwo4lJX/o3Tx0JbDwycOede7r3HixmVyrK+jdzS8srqWn69sLG5tb1j7u41ZZQITBo4YpFoe0gSRjlpKKoYaceCoNBjpOUNLsd+64EISSN+p4YxcUPU4zSgGCktdU3rAjqUK+gH0DmBTiAQTu0srWTwtstLwTEcOYoyn6StTP9G95WuWbTK1gRwkdgzUgQz1Lvmp+NHOAkJV5ghKTu2FSs3RUJRzEhWcBJJYoQHqEc6mnIUEummk8syeKQVHwaR0E9vOVF/d6QolHIYeroyRKov572x+J/XSVRw7qaUx4kiHE8HBQmDKoLjmKBPBcGKDTVBWFC9K8R9pNNROsyCDsGeP3mRNCtl+7RcvakWa1ezOPLgAByCErDBGaiBa1AHDYDBI3gGr+DNeDJejHfjY1qaM2Y9++APjK8fTlqeqw==</latexit>

=

Z
df

1

2
Sn(f)|W̃ (f)|2

<latexit sha1_base64="hf21ookJZH5UY67ItqNcIj9QGnQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeCCB4r2A9oQ9lsN+3S3STsToQS+he8eFDEq3/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGSxHxJgqUvJNoTlUgeTsY38789hPXRsTRI04S7is6jEQoGMWZ1K7gRb9UdqvuHGSVeDkpQ45Gv/TVG8QsVTxCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LI6q48bP5rVNybpUBCWNtK0IyV39PZFQZM1GB7VQUR2bZm4n/ed0Uwxs/E1GSIo/YYlGYSoIxmT1OBkJzhnJiCWVa2FsJG1FNGdp4ijYEb/nlVdK6rHpX1dpDrVy/y+MowCmcQQU8uIY63EMDmsBgBM/wCm+Ocl6cd+dj0brm5DMn8AfO5w9TN43K</latexit>

W (t)Build filter

<latexit sha1_base64="2iDIP9DDTXbYy573PUZ4Y9/vJrg=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSEmkqMuCCC4r2Ac0oUwmk3bo5OHMTaGE7t34K25cKOLWH3Dn3zhts9DWAxcO59zLvfd4ieAKLOvbWFldW9/YLGwVt3d29/bNg8OWilNJWZPGIpYdjygmeMSawEGwTiIZCT3B2t7weuq3R0wqHkf3ME6YG5J+xANOCWipZ5acAYFMTbDDHlI+wg6PAPuAnTPcrsCp0tUzy1bVmgEvEzsnZZSj0TO/HD+macgioIIo1bWtBNyMSOBUsEnRSRVLCB2SPutqGpGQKTeb/TLBJ1rxcRBLXfqUmfp7IiOhUuPQ050hgYFa9Kbif143heDKzXiUpMAiOl8UpAJDjKfBYJ9LRkGMNSFUcn0rpgMiCQUdX1GHYC++vExa51X7olq7q5XrN3kcBXSMSqiCbHSJ6ugWNVATUfSIntErejOejBfj3fiYt64Y+cwR+gPj8we535mQ</latexit>

ŝ ⌘
Z

dtW (t)s(t)

<latexit sha1_base64="wr3pHj3/zH+XpqoteFG1hCz6f/E=">AAACC3icbVBNS8NAEN34WetX1KOXpUWoICWRoh4LInisYD+gCWWz3bZLN5u4OymU0LsX/4oXD4p49Q9489+4bXPQ1gcDj/dmmJkXxIJrcJxva2V1bX1jM7eV397Z3du3Dw4bOkoUZXUaiUi1AqKZ4JLVgYNgrVgxEgaCNYPh9dRvjpjSPJL3MI6ZH5K+5D1OCRipYxe8AYFUTrDHHhI+wh6XgLuAvTPcLMGpNNWxi07ZmQEvEzcjRZSh1rG/vG5Ek5BJoIJo3XadGPyUKOBUsEneSzSLCR2SPmsbKknItJ/OfpngE6N0cS9SpswpM/X3REpCrcdhYDpDAgO96E3F/7x2Ar0rP+UyToBJOl/USwSGCE+DwV2uGAUxNoRQxc2tmA6IIhRMfHkTgrv48jJpnJfdi3LlrlKs3mRx5NAxKqASctElqqJbVEN1RNEjekav6M16sl6sd+tj3rpiZTNH6A+szx+qHJmG</latexit>

n̂ ⌘
Z

dtW (t)n(t)

to optimize

<latexit sha1_base64="fZrgxDZOfLtQRluwOqkKfUMJ1o0=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRS1I1QEMFlRfuAJpSb6bQdOpmEmYlQQhdu/BU3LhRx60e482+cpllo64ELZ865l7n3BDFnSjvOt1VYWV1b3yhulra2d3b37P2DlooSSWiTRDySnQAU5UzQpmaa004sKYQBp+1gfDXz2w9UKhaJez2JqR/CULABI6CN1LPLd/gSexzEkFPsjUCnaoo9mb17dsWpOhnwMnFzUkE5Gj37y+tHJAmp0ISDUl3XibWfgtSMcDoteYmiMZAxDGnXUAEhVX6aHTHFx0bp40EkTQmNM/X3RAqhUpMwMJ0h6JFa9Gbif1430YMLP2UiTjQVZP7RIOFYR3iWCO4zSYnmE0OASGZ2xWQEEog2uZVMCO7iycukdVp1z6q121qlfp3HUURldIROkIvOUR3doAZqIoIe0TN6RW/Wk/VivVsf89aClc8coj+wPn8AoCuXfQ==</latexit>

S = hŝi
<latexit sha1_base64="Q3A7VJ23RCLe307Qu49xJ0Ig534=">AAACCHicbZDLSsNAFIZP6q3WW9WlCweL4KokpagboSCCK6lgL9DEMplO2qGTSZiZCCV06cZXceNCEbc+gjvfxmnahbb+MPDznXM4c34/5kxp2/62ckvLK6tr+fXCxubW9k5xd6+pokQS2iARj2Tbx4pyJmhDM81pO5YUhz6nLX94Oam3HqhULBJ3ehRTL8R9wQJGsDaoWzy8ua+gC+RyLPqcIneAdSrGhrkyI91iyS7bmdCicWamBDPVu8UvtxeRJKRCE46V6jh2rL0US80Ip+OCmygaYzLEfdoxVuCQKi/NDhmjY0N6KIikeUKjjP6eSHGo1Cj0TWeI9UDN1ybwv1on0cG5lzIRJ5oKMl0UJBzpCE1SQT0mKdF8ZAwmkpm/IjLAEhNtsiuYEJz5kxdNs1J2TsvV22qpdjWLIw8HcAQn4MAZ1OAa6tAAAo/wDK/wZj1ZL9a79TFtzVmzmX34I+vzB/zkmLs=</latexit>

N2 = hn̂2i
<latexit sha1_base64="0Mxjfi0fLeyFX6KU0sr8PdXRvsg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe5KUI8BETxJJOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkDxotaCiquunuChLBtXHdLye3srq2vpHfLGxt7+zuFfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXc/81iMqzWP5YMYJ+hEdSB5yRo2V6vWzu16x5JbdOchf4mWkBBlqveJntx+zNEJpmKBadzw3Mf6EKsOZwGmhm2pMKBvRAXYslTRC7U/mp07JiVX6JIyVLWnIXP05MaGR1uMosJ0RNUO97M3E/7xOasIrf8JlkhqUbLEoTAUxMZn9TfpcITNibAllittbCRtSRZmx6RRsCN7yy39J87zsXZQr95VS9SaLIw9HcAyn4MElVOEWatAABgN4ghd4dYTz7Lw574vWnJPNHMIvOB/fuhyNdA==</latexit>

S/N

In signal: In noise:

<latexit sha1_base64="Zj8NHgRFaXo+egHcJb7b4F8ey+8=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiQi6rIggssK9gFNKJPppB06jzAzEUKov+LGhSJu/RB3/o2TNgttPTBwOOde7pkTJYxq43nfTmVtfWNzq7pd29nd2z9wD4+6WqYKkw6WTKp+hDRhVJCOoYaRfqII4hEjvWh6U/i9R6I0leLBZAkJORoLGlOMjJWGbj3QlMOAIzNRPMdSaDMbug2v6c0BV4lfkgYo0R66X8FI4pQTYTBDWg98LzFhjpShmJFZLUg1SRCeojEZWCoQJzrM5+Fn8NQqIxhLZZ8wcK7+3sgR1zrjkZ0sUuplrxD/8wapia/DnIokNUTgxaE4ZdBIWDQBR1QRbFhmCcKK2qwQT5BC2Ni+arYEf/nLq6R73vQvmxf3F43WbVlHFRyDE3AGfHAFWuAOtEEHYJCBZ/AK3pwn58V5dz4WoxWn3KmDP3A+fwBVy5U+</latexit>⇠ const
<latexit sha1_base64="5ecW56wUqJPSoPjfjJD6qnRRlm0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInmoiRT0WRPBYoV/QhLLZbtqlu0ncnQg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tgpr6xubW8Xt0s7u3n7ZPjhs6zhVlLVoLGLVDYhmgkesBRwE6yaKERkI1gnGNzO/88iU5nHUhEnCfEmGEQ85JWCkvl32NJfYPff0g4KsOe3bFafqzIFXiZuTCsrR6Ntf3iCmqWQRUEG07rlOAn5GFHAq2LTkpZolhI7JkPUMjYhk2s/mh0/xqVEGOIyVqQjwXP09kRGp9UQGplMSGOllbyb+5/VSCK/9jEdJCiyii0VhKjDEeJYCHnDFKIiJIYQqbm7FdEQUoWCyKpkQ3OWXV0n7oupeVmv3tUr9No+jiI7RCTpDLrpCdXSHGqiFKErRM3pFb9aT9WK9Wx+L1oKVzxyhP7A+fwBPVpLk</latexit>

⇠ 1/
p
T

<latexit sha1_base64="qnU2jMmzX1+LUPIHlt7V522djUk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoIiWRom6EggguK9gHNLFMJpN26GQSZiZCCfkFN/6KGxeKuHXnzr9x2kbQ1gMD555zL3Pv8WJGpbKsL6OwsLi0vFJcLa2tb2xumds7LRklApMmjlgkOh6ShFFOmooqRjqxICj0GGl7w8ux374nQtKI36pRTNwQ9TkNKEZKSz2zcgEdyhX0A+gcQ0dR5pO0nd0dVYLDn3KQ6aJnlq2qNQGcJ3ZOyiBHo2d+On6Ek5BwhRmSsmtbsXJTJBTFjGQlJ5EkRniI+qSrKUchkW46uSiDB1rxYRAJ/fR2E/X3RIpCKUehpztDpAZy1huL/3ndRAXnbkp5nCjC8fSjIGFQRXAcD/SpIFixkSYIC6p3hXiABMJKh1jSIdizJ8+T1knVPq3Wbmrl+lUeRxHsgX1QATY4A3VwDRqgCTB4AE/gBbwaj8az8Wa8T1sLRj6zC/7A+PgGifKbng==</latexit>

=

Z
df W̃ ⇤(f)h̃(f)

<latexit sha1_base64="RnPBldEgc18yX9ucZ3dZcbZKHZ0=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJUlDIjRd0oBRFcVrQP6JSSSdM2NJMZkjtCGfo3bvwVN4KK6NI/MdMHaOuBXA7n3EvuPV4ouAbb/rJSC4tLyyvp1cza+sbmVnZ7p6qDSFFWoYEIVN0jmgkuWQU4CFYPFSO+J1jN618lfu2BKc0DeQ+DkDV90pW8wykBI7Wyl3f4ArtcAm4Ddo9xLQ+HuJeUI+wKIruCTe2pK01x1dhqZXN2wR4BzxNnQnJognIr++q2Axr5TAIVROuGY4fQjIkCTgUbZtxIs5DQPumyhqGS+Ew349GdQ3xglDbuBMo8s9JI/T0RE1/rge+ZTp9AT896ifif14igc96MuQwjYJKOP+pEAkOAk9BwmytGQQwMIVRxsyumPaIIBRNtxoTgzJ48T6onBee0ULwt5krXkzjSaA/tozxy0BkqoRtURhVE0SN6Rm/o3XqyXqwP63PcmrImM7voD6zvH/J/ocg=</latexit>

S =

Z
dtW (t)h(t) + h

Z
dtW (t)n(t)i

<latexit sha1_base64="855k/IlsuglkbRfnrMopRk71Im8=">AAACA3icbVBNSwMxEJ31s9avqje9BIvgqexKUS9CQQSPFewHdEvJpmkbms0uyaxQloIX/4oXD4p49U9489+YtnvQ1gcDL+/NkJkXxFIYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFuBtRwKRSvoUDJm7HmNAwkbwTD64nfeODaiEjd4yjm7ZD2legJRtFKncKhL6nqS078AcVUjX09e14Rt1MouiV3CrJIvIwUIUO1U/jyuxFLQq6QSWpMy3NjbKdUo2CSj/N+YnhM2ZD2ectSRUNu2un0hjE5sUqX9CJtSyGZqr8nUhoaMwoD2xlSHJh5byL+57US7F22U6HiBLlis496iSQYkUkgpCs0ZyhHllCmhd2VsAHVlKGNLW9D8OZPXiT1s5J3XirflYuVmyyOHBzBMZyCBxdQgVuoQg0YPMIzvMKb8+S8OO/Ox6x1yclmDuAPnM8fFruXKw==</latexit>

hn̂i = 0
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Matched filter II

Introduce a noise-weighted inner product:
<latexit sha1_base64="OBmsoYnWdqHzfOeXI/9yOsDMr9g="></latexit>

(a|b) ⌘ 4Re

Z +1

0

df

Sn(f)
ã(f)b̃⇤(f)

Redefine:
<latexit sha1_base64="DfJqRkaE9ZfItr56nYcjDF34I2s=">AAACHHicbVDLSgMxFM3UV62vqks3wSLUTZmpRV0WRHBZ0T6gU0omvdOGZjJjkimUYT7Ejb/ixoUiblwI/o3pY6GtBwKHc87l5h4v4kxp2/62Miura+sb2c3c1vbO7l5+/6ChwlhSqNOQh7LlEQWcCahrpjm0Igkk8Dg0veHVxG+OQCoWins9jqATkL5gPqNEG6mbP3M14z1I4rTon2IXHmI2wq4vCU2cNCmn+K4rps4s1pzEuvmCXbKnwMvEmZMCmqPWzX+6vZDGAQhNOVGq7diR7iREakY5pDk3VhAROiR9aBsqSACqk0yPS/GJUXrYD6V5QuOp+nsiIYFS48AzyYDogVr0JuJ/XjvW/mUnYSKKNQg6W+THHOsQT5rCPSaBaj42hFDJzF8xHRDTjDZ95kwJzuLJy6RRLjnnpcptpVC9nteRRUfoGBWRgy5QFd2gGqojih7RM3pFb9aT9WK9Wx+zaMaazxyiP7C+fgBRyaDj</latexit>

ũ(f) ⌘ 1

2
Sn(f)W̃ (f)
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Matched filter II

Introduce a noise-weighted inner product:

Redefine:

Simpler expressions:
<latexit sha1_base64="WaJbEonz+IQe/yvHemSBVleFYhA=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9mVol6EgggeK9oPaZeSTbNtaJJdkqxQ1v4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v52l5ZXVtfXcRn5za3tnt7C339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGF5N/OYjVZpF8t6MYuoL3JcsZAQbKz3coUtUSp4GJ91C0S27U6BF4mWkCBlq3cJXpxeRRFBpCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VGJBtZ9ODx6jY6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjhp0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRnkbgjf/8iJpnJa9s3LltlKsXmdx5OAQjqAEHpxDFW6gBnUgIOAZXuHNUc6L8+58zFqXnGzmAP7A+fwBJZ6PWg==</latexit>

S = (u|h)
<latexit sha1_base64="/wm1F/yBaKHNDonpmWDP2aETPCw=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQL2E3BPUiBETwJBHMAzZrmJ3MJkNmZ5Z5CGHNZ3jxoIhXv8abf+Mk2YMmFjQUVd10d4UJo0q77reTW1ldW9/Ibxa2tnd294r7By0ljMSkiQUTshMiRRjlpKmpZqSTSILikJF2OLqa+u1HIhUV/F6PExLEaMBpRDHSVvJvH6rwEpbNkzntFUtuxZ0BLhMvIyWQodErfnX7ApuYcI0ZUsr33EQHKZKaYkYmha5RJEF4hAbEt5SjmKggnZ08gSdW6cNISFtcw5n6eyJFsVLjOLSdMdJDtehNxf883+joIkgpT4wmHM8XRYZBLeD0f9inkmDNxpYgLKm9FeIhkghrm1LBhuAtvrxMWtWKd1ap3dVK9essjjw4AsegDDxwDurgBjRAE2AgwDN4BW+Odl6cd+dj3ppzsplD8AfO5w9bVpAG</latexit>

N2 = (u|u)
<latexit sha1_base64="RNDY6rt51uuNud3qhElWThbjOko=">AAACEXicbVDLSsNAFJ34rPUVdelmsAjtpiRS1I1QEMGVVLQPaEKZTCft0MnDeQgl5hfc+CtuXCji1p07/8ZJm4W2Hhg495x7uXOPFzMqpGV9GwuLS8srq4W14vrG5ta2ubPbEpHimDRxxCLe8ZAgjIakKalkpBNzggKPkbY3Os/89j3hgkbhrRzHxA3QIKQ+xUhqqWeWHZ8jnNykyVUKz+C0KquHYSVNHHHHZVaoSpr2zJJVtSaA88TOSQnkaPTML6cfYRWQUGKGhOjaVizdBHFJMSNp0VGCxAiP0IB0NQ1RQISbTC5K4aFW+tCPuH6hhBP190SCAiHGgac7AySHYtbLxP+8rpL+qZvQMFaShHi6yFcMyghm8cA+5QRLNtYEYU71XyEeIh2K1CEWdQj27MnzpHVUtY+rtetaqX6Rx1EA++AAlIENTkAdXIIGaAIMHsEzeAVvxpPxYrwbH9PWBSOf2QN/YHz+AN2FnbQ=</latexit>

S

N
=

(u|h)p
(u|u)

Optimization, Wiener filter:
<latexit sha1_base64="8EOB5bXSFm/I9994P5BGFme4Vwg=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqsyIqMuCCC4r2Ad0hpLJZNrQTBKSjDAM9VfcuFDErR/izr8xbWehrQcuHM65l3vviSSj2njet1NZW9/Y3Kpu13Z29/YP3MOjrhaZwqSDBROqHyFNGOWkY6hhpC8VQWnESC+a3Mz83iNRmgr+YHJJwhSNOE0oRsZKQ7eewUAqIY2AgaEsJsV4OnQbXtObA64SvyQNUKI9dL+CWOAsJdxghrQe+J40YYGUoZiRaS3INJEIT9CIDCzlKCU6LObHT+GpVWKYCGWLGzhXf08UKNU6TyPbmSIz1sveTPzPG2QmuQ4LymVmCMeLRUnGoH11lgSMqSLYsNwShBW1t0I8RgphY/Oq2RD85ZdXSfe86V82L+4vGq3bMo4qOAYn4Az44Aq0wB1ogw7AIAfP4BW8OU/Oi/PufCxaK045Uwd/4Hz+AOntlPg=</latexit>

u / h̃
<latexit sha1_base64="iIP22D91Q7HrtrPihjQ4ifVrttg=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARKkidKUVdFkRwWdFeoC0lk55pQzOZMckUytCXcOOruHGhiFvBnW9j2s5Cqz8Efr5zDifn9yLOlHacLyuztLyyupZdz21sbm3v2Lt7dRXGkkKNhjyUTY8o4ExATTPNoRlJIIHHoeENL6f1xgikYqG40+MIOgHpC+YzSrRBXfukrRnvQdKY4IJ/jNtwH7MRLuEUDyZTeopvu8KYrp13is5M+K9xU5NHqapd+7PdC2kcgNCUE6VarhPpTkKkZpTDJNeOFUSEDkkfWsYKEoDqJLOrJvjIkB72Q2me0HhGf04kJFBqHHimMyB6oBZrU/hfrRVr/6KTMBHFGgSdL/JjjnWIpxHhHpNANR8bQ6hk5q+YDogkVJsgcyYEd/Hkv6ZeKrpnxfJNOV+5SuPIogN0iArIReeogq5RFdUQRQ/oCb2gV+vRerberPd5a8ZKZ/bRL1kf3x9MnOY=</latexit>

W̃ (f) ⌘ 2h̃(f)/Sn(f)

<latexit sha1_base64="DfJqRkaE9ZfItr56nYcjDF34I2s=">AAACHHicbVDLSgMxFM3UV62vqks3wSLUTZmpRV0WRHBZ0T6gU0omvdOGZjJjkimUYT7Ejb/ixoUiblwI/o3pY6GtBwKHc87l5h4v4kxp2/62Miura+sb2c3c1vbO7l5+/6ChwlhSqNOQh7LlEQWcCahrpjm0Igkk8Dg0veHVxG+OQCoWins9jqATkL5gPqNEG6mbP3M14z1I4rTon2IXHmI2wq4vCU2cNCmn+K4rps4s1pzEuvmCXbKnwMvEmZMCmqPWzX+6vZDGAQhNOVGq7diR7iREakY5pDk3VhAROiR9aBsqSACqk0yPS/GJUXrYD6V5QuOp+nsiIYFS48AzyYDogVr0JuJ/XjvW/mUnYSKKNQg6W+THHOsQT5rCPSaBaj42hFDJzF8xHRDTjDZ95kwJzuLJy6RRLjnnpcptpVC9nteRRUfoGBWRgy5QFd2gGqojih7RM3pFb9aT9WK9Wx+zaMaazxyiP7C+fgBRyaDj</latexit>

ũ(f) ⌘ 1

2
Sn(f)W̃ (f)

<latexit sha1_base64="OBmsoYnWdqHzfOeXI/9yOsDMr9g="></latexit>

(a|b) ⌘ 4Re

Z +1

0

df

Sn(f)
ã(f)b̃⇤(f)
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Matched filter II

Introduce a noise-weighted inner product:

Redefine:

Simpler expressions:
<latexit sha1_base64="WaJbEonz+IQe/yvHemSBVleFYhA=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9mVol6EgggeK9oPaZeSTbNtaJJdkqxQ1v4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v52l5ZXVtfXcRn5za3tnt7C339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGF5N/OYjVZpF8t6MYuoL3JcsZAQbKz3coUtUSp4GJ91C0S27U6BF4mWkCBlq3cJXpxeRRFBpCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VGJBtZ9ODx6jY6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjhp0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRnkbgjf/8iJpnJa9s3LltlKsXmdx5OAQjqAEHpxDFW6gBnUgIOAZXuHNUc6L8+58zFqXnGzmAP7A+fwBJZ6PWg==</latexit>

S = (u|h)
<latexit sha1_base64="/wm1F/yBaKHNDonpmWDP2aETPCw=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQL2E3BPUiBETwJBHMAzZrmJ3MJkNmZ5Z5CGHNZ3jxoIhXv8abf+Mk2YMmFjQUVd10d4UJo0q77reTW1ldW9/Ibxa2tnd294r7By0ljMSkiQUTshMiRRjlpKmpZqSTSILikJF2OLqa+u1HIhUV/F6PExLEaMBpRDHSVvJvH6rwEpbNkzntFUtuxZ0BLhMvIyWQodErfnX7ApuYcI0ZUsr33EQHKZKaYkYmha5RJEF4hAbEt5SjmKggnZ08gSdW6cNISFtcw5n6eyJFsVLjOLSdMdJDtehNxf883+joIkgpT4wmHM8XRYZBLeD0f9inkmDNxpYgLKm9FeIhkghrm1LBhuAtvrxMWtWKd1ap3dVK9essjjw4AsegDDxwDurgBjRAE2AgwDN4BW+Odl6cd+dj3ppzsplD8AfO5w9bVpAG</latexit>

N2 = (u|u)
<latexit sha1_base64="RNDY6rt51uuNud3qhElWThbjOko=">AAACEXicbVDLSsNAFJ34rPUVdelmsAjtpiRS1I1QEMGVVLQPaEKZTCft0MnDeQgl5hfc+CtuXCji1p07/8ZJm4W2Hhg495x7uXOPFzMqpGV9GwuLS8srq4W14vrG5ta2ubPbEpHimDRxxCLe8ZAgjIakKalkpBNzggKPkbY3Os/89j3hgkbhrRzHxA3QIKQ+xUhqqWeWHZ8jnNykyVUKz+C0KquHYSVNHHHHZVaoSpr2zJJVtSaA88TOSQnkaPTML6cfYRWQUGKGhOjaVizdBHFJMSNp0VGCxAiP0IB0NQ1RQISbTC5K4aFW+tCPuH6hhBP190SCAiHGgac7AySHYtbLxP+8rpL+qZvQMFaShHi6yFcMyghm8cA+5QRLNtYEYU71XyEeIh2K1CEWdQj27MnzpHVUtY+rtetaqX6Rx1EA++AAlIENTkAdXIIGaAIMHsEzeAVvxpPxYrwbH9PWBSOf2QN/YHz+AN2FnbQ=</latexit>

S

N
=

(u|h)p
(u|u)

Optimization, Wiener filter:
<latexit sha1_base64="8EOB5bXSFm/I9994P5BGFme4Vwg=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqsyIqMuCCC4r2Ad0hpLJZNrQTBKSjDAM9VfcuFDErR/izr8xbWehrQcuHM65l3vviSSj2njet1NZW9/Y3Kpu13Z29/YP3MOjrhaZwqSDBROqHyFNGOWkY6hhpC8VQWnESC+a3Mz83iNRmgr+YHJJwhSNOE0oRsZKQ7eewUAqIY2AgaEsJsV4OnQbXtObA64SvyQNUKI9dL+CWOAsJdxghrQe+J40YYGUoZiRaS3INJEIT9CIDCzlKCU6LObHT+GpVWKYCGWLGzhXf08UKNU6TyPbmSIz1sveTPzPG2QmuQ4LymVmCMeLRUnGoH11lgSMqSLYsNwShBW1t0I8RgphY/Oq2RD85ZdXSfe86V82L+4vGq3bMo4qOAYn4Az44Aq0wB1ogw7AIAfP4BW8OU/Oi/PufCxaK045Uwd/4Hz+AOntlPg=</latexit>

u / h̃
<latexit sha1_base64="iIP22D91Q7HrtrPihjQ4ifVrttg=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARKkidKUVdFkRwWdFeoC0lk55pQzOZMckUytCXcOOruHGhiFvBnW9j2s5Cqz8Efr5zDifn9yLOlHacLyuztLyyupZdz21sbm3v2Lt7dRXGkkKNhjyUTY8o4ExATTPNoRlJIIHHoeENL6f1xgikYqG40+MIOgHpC+YzSrRBXfukrRnvQdKY4IJ/jNtwH7MRLuEUDyZTeopvu8KYrp13is5M+K9xU5NHqapd+7PdC2kcgNCUE6VarhPpTkKkZpTDJNeOFUSEDkkfWsYKEoDqJLOrJvjIkB72Q2me0HhGf04kJFBqHHimMyB6oBZrU/hfrRVr/6KTMBHFGgSdL/JjjnWIpxHhHpNANR8bQ6hk5q+YDogkVJsgcyYEd/Hkv6ZeKrpnxfJNOV+5SuPIogN0iArIReeogq5RFdUQRQ/oCb2gV+vRerberPd5a8ZKZ/bRL1kf3x9MnOY=</latexit>

W̃ (f) ⌘ 2h̃(f)/Sn(f)

<latexit sha1_base64="DfJqRkaE9ZfItr56nYcjDF34I2s=">AAACHHicbVDLSgMxFM3UV62vqks3wSLUTZmpRV0WRHBZ0T6gU0omvdOGZjJjkimUYT7Ejb/ixoUiblwI/o3pY6GtBwKHc87l5h4v4kxp2/62Miura+sb2c3c1vbO7l5+/6ChwlhSqNOQh7LlEQWcCahrpjm0Igkk8Dg0veHVxG+OQCoWins9jqATkL5gPqNEG6mbP3M14z1I4rTon2IXHmI2wq4vCU2cNCmn+K4rps4s1pzEuvmCXbKnwMvEmZMCmqPWzX+6vZDGAQhNOVGq7diR7iREakY5pDk3VhAROiR9aBsqSACqk0yPS/GJUXrYD6V5QuOp+nsiIYFS48AzyYDogVr0JuJ/XjvW/mUnYSKKNQg6W+THHOsQT5rCPSaBaj42hFDJzF8xHRDTjDZ95kwJzuLJy6RRLjnnpcptpVC9nteRRUfoGBWRgy5QFd2gGqojih7RM3pFb9aT9WK9Wx+zaMaazxyiP7C+fgBRyaDj</latexit>

ũ(f) ⌘ 1

2
Sn(f)W̃ (f)

Using the Wiener filter on data:
<latexit sha1_base64="ZfqxLjaoT7BVCCG0ZISpw2O8pdU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSinoRCiJ4kgr2A9JYNttNs3STDbsbodT+DC8eFPHqr/Hmv3Hb5qCtDwYe780wM89POFPatr+t3Mrq2vpGfrOwtb2zu1fcP2gpkUpCm0RwITs+VpSzmDY105x2Eklx5HPa9odXU7/9SKViIr7Xo4R6ER7ELGAEayO5tw9VdInK4VN42iuW7Io9A1omTkZKkKHRK351+4KkEY014Vgp17ET7Y2x1IxwOil0U0UTTIZ4QF1DYxxR5Y1nJ0/QiVH6KBDSVKzRTP09McaRUqPIN50R1qFa9Kbif56b6uDCG7M4STWNyXxRkHKkBZr+j/pMUqL5yBBMJDO3IhJiiYk2KRVMCM7iy8ukVa04Z5XaXa1Uv87iyMMRHEMZHDiHOtxAA5pAQMAzvMKbpa0X6936mLfmrGzmEP7A+vwBM7qP7A==</latexit>

N2 = (h|h)
<latexit sha1_base64="ipDbmoa3XXWTu6ausrEFRP+5TeI=">AAAB+HicbVBNS8NAEJ34WetHox69LBahXkoiRb0IBRE8VrAf0Iay2W6apZtN2N0INfaXePGgiFd/ijf/jds2B219MPB4b4aZeX7CmdKO822trK6tb2wWtorbO7t7JXv/oKXiVBLaJDGPZcfHinImaFMzzWknkRRHPqdtf3Q99dsPVCoWi3s9TqgX4aFgASNYG6lvl3oh1pmaoCtUCZ/Uad8uO1VnBrRM3JyUIUejb3/1BjFJIyo04Viprusk2suw1IxwOin2UkUTTEZ4SLuGChxR5WWzwyfoxCgDFMTSlNBopv6eyHCk1DjyTWeEdagWvan4n9dNdXDpZUwkqaaCzBcFKUc6RtMU0IBJSjQfG4KJZOZWREIsMdEmq6IJwV18eZm0zqruebV2VyvXb/I4CnAEx1ABFy6gDrfQgCYQSOEZXuHNerRerHfrY966YuUzh/AH1ucPqpWSdg==</latexit>

ŝ = (h|s)

<latexit sha1_base64="NN9WE/xqeUAng+hMtlvaRWlp75s=">AAACHnicbVDJSgNBEO2JW4xb1KOXxiAklzAjcbkIARE8SQSzQCaEnk5PpknPYneNEMb5Ei/+ihcPigie9G/sLIgmPih4/V4VXfWcSHAFpvllZBYWl5ZXsqu5tfWNza389k5DhbGkrE5DEcqWQxQTPGB14CBYK5KM+I5gTWdwPvKbd0wqHgY3MIxYxyf9gLucEtBSN39kSy/EZ9h2JaGJ7RFIVJomV+mPVvTuVSlNbHUrYfTwSmnazRfMsjkGnifWlBTQFLVu/sPuhTT2WQBUEKXalhlBJyESOBUszdmxYhGhA9JnbU0D4jPVScbnpfhAKz3shlJXAHis/p5IiK/U0Hd0p0/AU7PeSPzPa8fgnnYSHkQxsIBOPnJjgSHEo6xwj0tGQQw1IVRyvSumHtGhgE40p0OwZk+eJ43DsnVcrlxXCtWLaRxZtIf2URFZ6ARV0SWqoTqi6AE9oRf0ajwaz8ab8T5pzRjTmV30B8bnN8Jyou0=</latexit>

⇢ =
ŝ

N
=

(h|s)p
(h|h)

Matched filter SNR:

<latexit sha1_base64="OBmsoYnWdqHzfOeXI/9yOsDMr9g="></latexit>

(a|b) ⌘ 4Re

Z +1

0

df

Sn(f)
ã(f)b̃⇤(f)
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Matched filter II

Introduce a noise-weighted inner product:

Redefine:

Simpler expressions:
<latexit sha1_base64="WaJbEonz+IQe/yvHemSBVleFYhA=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9mVol6EgggeK9oPaZeSTbNtaJJdkqxQ1v4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v52l5ZXVtfXcRn5za3tnt7C339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGF5N/OYjVZpF8t6MYuoL3JcsZAQbKz3coUtUSp4GJ91C0S27U6BF4mWkCBlq3cJXpxeRRFBpCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VGJBtZ9ODx6jY6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjhp0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRnkbgjf/8iJpnJa9s3LltlKsXmdx5OAQjqAEHpxDFW6gBnUgIOAZXuHNUc6L8+58zFqXnGzmAP7A+fwBJZ6PWg==</latexit>

S = (u|h)
<latexit sha1_base64="/wm1F/yBaKHNDonpmWDP2aETPCw=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQL2E3BPUiBETwJBHMAzZrmJ3MJkNmZ5Z5CGHNZ3jxoIhXv8abf+Mk2YMmFjQUVd10d4UJo0q77reTW1ldW9/Ibxa2tnd294r7By0ljMSkiQUTshMiRRjlpKmpZqSTSILikJF2OLqa+u1HIhUV/F6PExLEaMBpRDHSVvJvH6rwEpbNkzntFUtuxZ0BLhMvIyWQodErfnX7ApuYcI0ZUsr33EQHKZKaYkYmha5RJEF4hAbEt5SjmKggnZ08gSdW6cNISFtcw5n6eyJFsVLjOLSdMdJDtehNxf883+joIkgpT4wmHM8XRYZBLeD0f9inkmDNxpYgLKm9FeIhkghrm1LBhuAtvrxMWtWKd1ap3dVK9essjjw4AsegDDxwDurgBjRAE2AgwDN4BW+Odl6cd+dj3ppzsplD8AfO5w9bVpAG</latexit>

N2 = (u|u)
<latexit sha1_base64="RNDY6rt51uuNud3qhElWThbjOko=">AAACEXicbVDLSsNAFJ34rPUVdelmsAjtpiRS1I1QEMGVVLQPaEKZTCft0MnDeQgl5hfc+CtuXCji1p07/8ZJm4W2Hhg495x7uXOPFzMqpGV9GwuLS8srq4W14vrG5ta2ubPbEpHimDRxxCLe8ZAgjIakKalkpBNzggKPkbY3Os/89j3hgkbhrRzHxA3QIKQ+xUhqqWeWHZ8jnNykyVUKz+C0KquHYSVNHHHHZVaoSpr2zJJVtSaA88TOSQnkaPTML6cfYRWQUGKGhOjaVizdBHFJMSNp0VGCxAiP0IB0NQ1RQISbTC5K4aFW+tCPuH6hhBP190SCAiHGgac7AySHYtbLxP+8rpL+qZvQMFaShHi6yFcMyghm8cA+5QRLNtYEYU71XyEeIh2K1CEWdQj27MnzpHVUtY+rtetaqX6Rx1EA++AAlIENTkAdXIIGaAIMHsEzeAVvxpPxYrwbH9PWBSOf2QN/YHz+AN2FnbQ=</latexit>

S

N
=

(u|h)p
(u|u)

Optimization, Wiener filter:
<latexit sha1_base64="8EOB5bXSFm/I9994P5BGFme4Vwg=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqsyIqMuCCC4r2Ad0hpLJZNrQTBKSjDAM9VfcuFDErR/izr8xbWehrQcuHM65l3vviSSj2njet1NZW9/Y3Kpu13Z29/YP3MOjrhaZwqSDBROqHyFNGOWkY6hhpC8VQWnESC+a3Mz83iNRmgr+YHJJwhSNOE0oRsZKQ7eewUAqIY2AgaEsJsV4OnQbXtObA64SvyQNUKI9dL+CWOAsJdxghrQe+J40YYGUoZiRaS3INJEIT9CIDCzlKCU6LObHT+GpVWKYCGWLGzhXf08UKNU6TyPbmSIz1sveTPzPG2QmuQ4LymVmCMeLRUnGoH11lgSMqSLYsNwShBW1t0I8RgphY/Oq2RD85ZdXSfe86V82L+4vGq3bMo4qOAYn4Az44Aq0wB1ogw7AIAfP4BW8OU/Oi/PufCxaK045Uwd/4Hz+AOntlPg=</latexit>

u / h̃
<latexit sha1_base64="iIP22D91Q7HrtrPihjQ4ifVrttg=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARKkidKUVdFkRwWdFeoC0lk55pQzOZMckUytCXcOOruHGhiFvBnW9j2s5Cqz8Efr5zDifn9yLOlHacLyuztLyyupZdz21sbm3v2Lt7dRXGkkKNhjyUTY8o4ExATTPNoRlJIIHHoeENL6f1xgikYqG40+MIOgHpC+YzSrRBXfukrRnvQdKY4IJ/jNtwH7MRLuEUDyZTeopvu8KYrp13is5M+K9xU5NHqapd+7PdC2kcgNCUE6VarhPpTkKkZpTDJNeOFUSEDkkfWsYKEoDqJLOrJvjIkB72Q2me0HhGf04kJFBqHHimMyB6oBZrU/hfrRVr/6KTMBHFGgSdL/JjjnWIpxHhHpNANR8bQ6hk5q+YDogkVJsgcyYEd/Hkv6ZeKrpnxfJNOV+5SuPIogN0iArIReeogq5RFdUQRQ/oCb2gV+vRerberPd5a8ZKZ/bRL1kf3x9MnOY=</latexit>

W̃ (f) ⌘ 2h̃(f)/Sn(f)

<latexit sha1_base64="DfJqRkaE9ZfItr56nYcjDF34I2s=">AAACHHicbVDLSgMxFM3UV62vqks3wSLUTZmpRV0WRHBZ0T6gU0omvdOGZjJjkimUYT7Ejb/ixoUiblwI/o3pY6GtBwKHc87l5h4v4kxp2/62Miura+sb2c3c1vbO7l5+/6ChwlhSqNOQh7LlEQWcCahrpjm0Igkk8Dg0veHVxG+OQCoWins9jqATkL5gPqNEG6mbP3M14z1I4rTon2IXHmI2wq4vCU2cNCmn+K4rps4s1pzEuvmCXbKnwMvEmZMCmqPWzX+6vZDGAQhNOVGq7diR7iREakY5pDk3VhAROiR9aBsqSACqk0yPS/GJUXrYD6V5QuOp+nsiIYFS48AzyYDogVr0JuJ/XjvW/mUnYSKKNQg6W+THHOsQT5rCPSaBaj42hFDJzF8xHRDTjDZ95kwJzuLJy6RRLjnnpcptpVC9nteRRUfoGBWRgy5QFd2gGqojih7RM3pFb9aT9WK9Wx+zaMaazxyiP7C+fgBRyaDj</latexit>

ũ(f) ⌘ 1

2
Sn(f)W̃ (f)

Using the Wiener filter on data:
<latexit sha1_base64="ZfqxLjaoT7BVCCG0ZISpw2O8pdU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSinoRCiJ4kgr2A9JYNttNs3STDbsbodT+DC8eFPHqr/Hmv3Hb5qCtDwYe780wM89POFPatr+t3Mrq2vpGfrOwtb2zu1fcP2gpkUpCm0RwITs+VpSzmDY105x2Eklx5HPa9odXU7/9SKViIr7Xo4R6ER7ELGAEayO5tw9VdInK4VN42iuW7Io9A1omTkZKkKHRK351+4KkEY014Vgp17ET7Y2x1IxwOil0U0UTTIZ4QF1DYxxR5Y1nJ0/QiVH6KBDSVKzRTP09McaRUqPIN50R1qFa9Kbif56b6uDCG7M4STWNyXxRkHKkBZr+j/pMUqL5yBBMJDO3IhJiiYk2KRVMCM7iy8ukVa04Z5XaXa1Uv87iyMMRHEMZHDiHOtxAA5pAQMAzvMKbpa0X6936mLfmrGzmEP7A+vwBM7qP7A==</latexit>

N2 = (h|h)
<latexit sha1_base64="ipDbmoa3XXWTu6ausrEFRP+5TeI=">AAAB+HicbVBNS8NAEJ34WetHox69LBahXkoiRb0IBRE8VrAf0Iay2W6apZtN2N0INfaXePGgiFd/ijf/jds2B219MPB4b4aZeX7CmdKO822trK6tb2wWtorbO7t7JXv/oKXiVBLaJDGPZcfHinImaFMzzWknkRRHPqdtf3Q99dsPVCoWi3s9TqgX4aFgASNYG6lvl3oh1pmaoCtUCZ/Uad8uO1VnBrRM3JyUIUejb3/1BjFJIyo04Viprusk2suw1IxwOin2UkUTTEZ4SLuGChxR5WWzwyfoxCgDFMTSlNBopv6eyHCk1DjyTWeEdagWvan4n9dNdXDpZUwkqaaCzBcFKUc6RtMU0IBJSjQfG4KJZOZWREIsMdEmq6IJwV18eZm0zqruebV2VyvXb/I4CnAEx1ABFy6gDrfQgCYQSOEZXuHNerRerHfrY966YuUzh/AH1ucPqpWSdg==</latexit>

ŝ = (h|s)

<latexit sha1_base64="NN9WE/xqeUAng+hMtlvaRWlp75s=">AAACHnicbVDJSgNBEO2JW4xb1KOXxiAklzAjcbkIARE8SQSzQCaEnk5PpknPYneNEMb5Ei/+ihcPigie9G/sLIgmPih4/V4VXfWcSHAFpvllZBYWl5ZXsqu5tfWNza389k5DhbGkrE5DEcqWQxQTPGB14CBYK5KM+I5gTWdwPvKbd0wqHgY3MIxYxyf9gLucEtBSN39kSy/EZ9h2JaGJ7RFIVJomV+mPVvTuVSlNbHUrYfTwSmnazRfMsjkGnifWlBTQFLVu/sPuhTT2WQBUEKXalhlBJyESOBUszdmxYhGhA9JnbU0D4jPVScbnpfhAKz3shlJXAHis/p5IiK/U0Hd0p0/AU7PeSPzPa8fgnnYSHkQxsIBOPnJjgSHEo6xwj0tGQQw1IVRyvSumHtGhgE40p0OwZk+eJ43DsnVcrlxXCtWLaRxZtIf2URFZ6ARV0SWqoTqi6AE9oRf0ajwaz8ab8T5pzRjTmV30B8bnN8Jyou0=</latexit>

⇢ =
ŝ

N
=

(h|s)p
(h|h)

Matched filter SNR:

In noise:

For signal: (perfect template)
<latexit sha1_base64="66CFMkaUfMHE2PaWa7JOO3UQiDk=">AAACEXicbVDLSgMxFM34rPU16tJNsAgVpMxIUZcFEVxJBfuAzlAyaaYNTSZDkhHKML/gxl9x40IRt+7c+Tdm2llo64HA4Zx7b+49Qcyo0o7zbS0tr6yurZc2yptb2zu79t5+W4lEYtLCggnZDZAijEakpalmpBtLgnjASCcYX+V+54FIRUV0rycx8TkaRjSkGGkj9e2qJ0cCeopy6HGkRxix9DaresI05TPT3M9O3ZO+XXFqzhRwkbgFqYACzb795Q0ETjiJNGZIqZ7rxNpPkdQUM5KVvUSRGOExGpKeoRHiRPnp9KIMHhtlAEMhzYs0nKq/O1LElZrwwFTmW6t5Lxf/83qJDi/9lEZxokmEZx+FCYNawDweOKCSYM0mhiAsqdkV4hGSCGsTYtmE4M6fvEjaZzX3vFa/q1ca10UcJXAIjkAVuOACNMANaIIWwOARPINX8GY9WS/Wu/UxK12yip4D8AfW5w9Tlp1Y</latexit>

⇢ ⇠ N (⇢, 1)
<latexit sha1_base64="wrZ9kZTZCnHEZ78ZcAtmiWwB/z4=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiRS1I1QEMFlBfuAJpTJdNIMnWTizEQoMTs3/oobF4q49Rfc+TdO2iy09cDA4Zx7uHOPFzMqlWV9GwuLS8srq6W18vrG5ta2ubPbljwRmLQwZ1x0PSQJoxFpKaoY6caCoNBjpOONLnO/c0+EpDy6VeOYuCEaRtSnGCkt9c0Dh2s7T6eOCHgGL6Aj74RKq8FDcJz1zYpVsyaA88QuSAUUaPbNL2fAcRKSSGGGpOzZVqzcFAlFMSNZ2UkkiREeoSHpaRqhkEg3ndyRwSOtDKDPhX6RghP1dyJFoZTj0NOTIVKBnPVy8T+vlyj/3E1pFCeKRHi6yE8YVBzmpcABFQQrNtYEYUH1XyEOkEBY6erKugR79uR50j6p2ae1+k290rgq6iiBfXAIqsAGZ6ABrkETtAAGj+AZvII348l4Md6Nj+noglFk9sAfGJ8/GmmZeA==</latexit>

⇢ =
p
(h|h) optimal SNR

<latexit sha1_base64="OBmsoYnWdqHzfOeXI/9yOsDMr9g="></latexit>

(a|b) ⌘ 4Re

Z +1

0

df

Sn(f)
ã(f)b̃⇤(f)

<latexit sha1_base64="VFMEpY90WlBKvWTjxnIjPWMr57w=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgVpCZS1I1QEMFVqWAf0IQymU7aoZNJmJkIJeQP3Pgrblwo4tatO//GSZuFth64cDjnXu69x4sYlcqyvo2FxaXlldXCWnF9Y3Nr29zZbckwFpg0cchC0fGQJIxy0lRUMdKJBEGBx0jbG11nfvuBCElDfq/GEXEDNODUpxgpLfXMI0cMQ3gFnSFSCU9P69CRNIBOgNQQI5bU07J1Yh/3zJJVsSaA88TOSQnkaPTML6cf4jggXGGGpOzaVqTcBAlFMSNp0YkliRAeoQHpaspRQKSbTP5J4aFW+tAPhS6u4ET9PZGgQMpx4OnO7E4562Xif143Vv6lm1AexYpwPF3kxwyqEGbhwD4VBCs21gRhQfWtEA+RQFjpCIs6BHv25XnSOqvY55XqXbVUu8njKIB9cADKwAYXoAZuQQM0AQaP4Bm8gjfjyXgx3o2PaeuCkc/sgT8wPn8Af6qbEA==</latexit>

⇢ = n̂/N ⇠ N (0, 1)
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Matched filter II

Introduce a noise-weighted inner product:

Redefine:

Simpler expressions:
<latexit sha1_base64="WaJbEonz+IQe/yvHemSBVleFYhA=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9mVol6EgggeK9oPaZeSTbNtaJJdkqxQ1v4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v52l5ZXVtfXcRn5za3tnt7C339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGF5N/OYjVZpF8t6MYuoL3JcsZAQbKz3coUtUSp4GJ91C0S27U6BF4mWkCBlq3cJXpxeRRFBpCMdatz03Nn6KlWGE03G+k2gaYzLEfdq2VGJBtZ9ODx6jY6v0UBgpW9Kgqfp7IsVC65EIbKfAZqDnvYn4n9dOTHjhp0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRnkbgjf/8iJpnJa9s3LltlKsXmdx5OAQjqAEHpxDFW6gBnUgIOAZXuHNUc6L8+58zFqXnGzmAP7A+fwBJZ6PWg==</latexit>

S = (u|h)
<latexit sha1_base64="/wm1F/yBaKHNDonpmWDP2aETPCw=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQL2E3BPUiBETwJBHMAzZrmJ3MJkNmZ5Z5CGHNZ3jxoIhXv8abf+Mk2YMmFjQUVd10d4UJo0q77reTW1ldW9/Ibxa2tnd294r7By0ljMSkiQUTshMiRRjlpKmpZqSTSILikJF2OLqa+u1HIhUV/F6PExLEaMBpRDHSVvJvH6rwEpbNkzntFUtuxZ0BLhMvIyWQodErfnX7ApuYcI0ZUsr33EQHKZKaYkYmha5RJEF4hAbEt5SjmKggnZ08gSdW6cNISFtcw5n6eyJFsVLjOLSdMdJDtehNxf883+joIkgpT4wmHM8XRYZBLeD0f9inkmDNxpYgLKm9FeIhkghrm1LBhuAtvrxMWtWKd1ap3dVK9essjjw4AsegDDxwDurgBjRAE2AgwDN4BW+Odl6cd+dj3ppzsplD8AfO5w9bVpAG</latexit>

N2 = (u|u)
<latexit sha1_base64="RNDY6rt51uuNud3qhElWThbjOko=">AAACEXicbVDLSsNAFJ34rPUVdelmsAjtpiRS1I1QEMGVVLQPaEKZTCft0MnDeQgl5hfc+CtuXCji1p07/8ZJm4W2Hhg495x7uXOPFzMqpGV9GwuLS8srq4W14vrG5ta2ubPbEpHimDRxxCLe8ZAgjIakKalkpBNzggKPkbY3Os/89j3hgkbhrRzHxA3QIKQ+xUhqqWeWHZ8jnNykyVUKz+C0KquHYSVNHHHHZVaoSpr2zJJVtSaA88TOSQnkaPTML6cfYRWQUGKGhOjaVizdBHFJMSNp0VGCxAiP0IB0NQ1RQISbTC5K4aFW+tCPuH6hhBP190SCAiHGgac7AySHYtbLxP+8rpL+qZvQMFaShHi6yFcMyghm8cA+5QRLNtYEYU71XyEeIh2K1CEWdQj27MnzpHVUtY+rtetaqX6Rx1EA++AAlIENTkAdXIIGaAIMHsEzeAVvxpPxYrwbH9PWBSOf2QN/YHz+AN2FnbQ=</latexit>

S

N
=

(u|h)p
(u|u)

Optimization, Wiener filter:
<latexit sha1_base64="8EOB5bXSFm/I9994P5BGFme4Vwg=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqsyIqMuCCC4r2Ad0hpLJZNrQTBKSjDAM9VfcuFDErR/izr8xbWehrQcuHM65l3vviSSj2njet1NZW9/Y3Kpu13Z29/YP3MOjrhaZwqSDBROqHyFNGOWkY6hhpC8VQWnESC+a3Mz83iNRmgr+YHJJwhSNOE0oRsZKQ7eewUAqIY2AgaEsJsV4OnQbXtObA64SvyQNUKI9dL+CWOAsJdxghrQe+J40YYGUoZiRaS3INJEIT9CIDCzlKCU6LObHT+GpVWKYCGWLGzhXf08UKNU6TyPbmSIz1sveTPzPG2QmuQ4LymVmCMeLRUnGoH11lgSMqSLYsNwShBW1t0I8RgphY/Oq2RD85ZdXSfe86V82L+4vGq3bMo4qOAYn4Az44Aq0wB1ogw7AIAfP4BW8OU/Oi/PufCxaK045Uwd/4Hz+AOntlPg=</latexit>

u / h̃
<latexit sha1_base64="iIP22D91Q7HrtrPihjQ4ifVrttg=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2ARKkidKUVdFkRwWdFeoC0lk55pQzOZMckUytCXcOOruHGhiFvBnW9j2s5Cqz8Efr5zDifn9yLOlHacLyuztLyyupZdz21sbm3v2Lt7dRXGkkKNhjyUTY8o4ExATTPNoRlJIIHHoeENL6f1xgikYqG40+MIOgHpC+YzSrRBXfukrRnvQdKY4IJ/jNtwH7MRLuEUDyZTeopvu8KYrp13is5M+K9xU5NHqapd+7PdC2kcgNCUE6VarhPpTkKkZpTDJNeOFUSEDkkfWsYKEoDqJLOrJvjIkB72Q2me0HhGf04kJFBqHHimMyB6oBZrU/hfrRVr/6KTMBHFGgSdL/JjjnWIpxHhHpNANR8bQ6hk5q+YDogkVJsgcyYEd/Hkv6ZeKrpnxfJNOV+5SuPIogN0iArIReeogq5RFdUQRQ/oCb2gV+vRerberPd5a8ZKZ/bRL1kf3x9MnOY=</latexit>

W̃ (f) ⌘ 2h̃(f)/Sn(f)

<latexit sha1_base64="DfJqRkaE9ZfItr56nYcjDF34I2s=">AAACHHicbVDLSgMxFM3UV62vqks3wSLUTZmpRV0WRHBZ0T6gU0omvdOGZjJjkimUYT7Ejb/ixoUiblwI/o3pY6GtBwKHc87l5h4v4kxp2/62Miura+sb2c3c1vbO7l5+/6ChwlhSqNOQh7LlEQWcCahrpjm0Igkk8Dg0veHVxG+OQCoWins9jqATkL5gPqNEG6mbP3M14z1I4rTon2IXHmI2wq4vCU2cNCmn+K4rps4s1pzEuvmCXbKnwMvEmZMCmqPWzX+6vZDGAQhNOVGq7diR7iREakY5pDk3VhAROiR9aBsqSACqk0yPS/GJUXrYD6V5QuOp+nsiIYFS48AzyYDogVr0JuJ/XjvW/mUnYSKKNQg6W+THHOsQT5rCPSaBaj42hFDJzF8xHRDTjDZ95kwJzuLJy6RRLjnnpcptpVC9nteRRUfoGBWRgy5QFd2gGqojih7RM3pFb9aT9WK9Wx+zaMaazxyiP7C+fgBRyaDj</latexit>

ũ(f) ⌘ 1

2
Sn(f)W̃ (f)

Using the Wiener filter on data:
<latexit sha1_base64="ZfqxLjaoT7BVCCG0ZISpw2O8pdU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSinoRCiJ4kgr2A9JYNttNs3STDbsbodT+DC8eFPHqr/Hmv3Hb5qCtDwYe780wM89POFPatr+t3Mrq2vpGfrOwtb2zu1fcP2gpkUpCm0RwITs+VpSzmDY105x2Eklx5HPa9odXU7/9SKViIr7Xo4R6ER7ELGAEayO5tw9VdInK4VN42iuW7Io9A1omTkZKkKHRK351+4KkEY014Vgp17ET7Y2x1IxwOil0U0UTTIZ4QF1DYxxR5Y1nJ0/QiVH6KBDSVKzRTP09McaRUqPIN50R1qFa9Kbif56b6uDCG7M4STWNyXxRkHKkBZr+j/pMUqL5yBBMJDO3IhJiiYk2KRVMCM7iy8ukVa04Z5XaXa1Uv87iyMMRHEMZHDiHOtxAA5pAQMAzvMKbpa0X6936mLfmrGzmEP7A+vwBM7qP7A==</latexit>

N2 = (h|h)
<latexit sha1_base64="ipDbmoa3XXWTu6ausrEFRP+5TeI=">AAAB+HicbVBNS8NAEJ34WetHox69LBahXkoiRb0IBRE8VrAf0Iay2W6apZtN2N0INfaXePGgiFd/ijf/jds2B219MPB4b4aZeX7CmdKO822trK6tb2wWtorbO7t7JXv/oKXiVBLaJDGPZcfHinImaFMzzWknkRRHPqdtf3Q99dsPVCoWi3s9TqgX4aFgASNYG6lvl3oh1pmaoCtUCZ/Uad8uO1VnBrRM3JyUIUejb3/1BjFJIyo04Viprusk2suw1IxwOin2UkUTTEZ4SLuGChxR5WWzwyfoxCgDFMTSlNBopv6eyHCk1DjyTWeEdagWvan4n9dNdXDpZUwkqaaCzBcFKUc6RtMU0IBJSjQfG4KJZOZWREIsMdEmq6IJwV18eZm0zqruebV2VyvXb/I4CnAEx1ABFy6gDrfQgCYQSOEZXuHNerRerHfrY966YuUzh/AH1ucPqpWSdg==</latexit>

ŝ = (h|s)

<latexit sha1_base64="NN9WE/xqeUAng+hMtlvaRWlp75s=">AAACHnicbVDJSgNBEO2JW4xb1KOXxiAklzAjcbkIARE8SQSzQCaEnk5PpknPYneNEMb5Ei/+ihcPigie9G/sLIgmPih4/V4VXfWcSHAFpvllZBYWl5ZXsqu5tfWNza389k5DhbGkrE5DEcqWQxQTPGB14CBYK5KM+I5gTWdwPvKbd0wqHgY3MIxYxyf9gLucEtBSN39kSy/EZ9h2JaGJ7RFIVJomV+mPVvTuVSlNbHUrYfTwSmnazRfMsjkGnifWlBTQFLVu/sPuhTT2WQBUEKXalhlBJyESOBUszdmxYhGhA9JnbU0D4jPVScbnpfhAKz3shlJXAHis/p5IiK/U0Hd0p0/AU7PeSPzPa8fgnnYSHkQxsIBOPnJjgSHEo6xwj0tGQQw1IVRyvSumHtGhgE40p0OwZk+eJ43DsnVcrlxXCtWLaRxZtIf2URFZ6ARV0SWqoTqi6AE9oRf0ajwaz8ab8T5pzRjTmV30B8bnN8Jyou0=</latexit>

⇢ =
ŝ

N
=

(h|s)p
(h|h)

Matched filter SNR:

In noise:

For signal: (perfect template)
<latexit sha1_base64="66CFMkaUfMHE2PaWa7JOO3UQiDk=">AAACEXicbVDLSgMxFM34rPU16tJNsAgVpMxIUZcFEVxJBfuAzlAyaaYNTSZDkhHKML/gxl9x40IRt+7c+Tdm2llo64HA4Zx7b+49Qcyo0o7zbS0tr6yurZc2yptb2zu79t5+W4lEYtLCggnZDZAijEakpalmpBtLgnjASCcYX+V+54FIRUV0rycx8TkaRjSkGGkj9e2qJ0cCeopy6HGkRxix9DaresI05TPT3M9O3ZO+XXFqzhRwkbgFqYACzb795Q0ETjiJNGZIqZ7rxNpPkdQUM5KVvUSRGOExGpKeoRHiRPnp9KIMHhtlAEMhzYs0nKq/O1LElZrwwFTmW6t5Lxf/83qJDi/9lEZxokmEZx+FCYNawDweOKCSYM0mhiAsqdkV4hGSCGsTYtmE4M6fvEjaZzX3vFa/q1ca10UcJXAIjkAVuOACNMANaIIWwOARPINX8GY9WS/Wu/UxK12yip4D8AfW5w9Tlp1Y</latexit>

⇢ ⇠ N (⇢, 1)
<latexit sha1_base64="wrZ9kZTZCnHEZ78ZcAtmiWwB/z4=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHqpiRS1I1QEMFlBfuAJpTJdNIMnWTizEQoMTs3/oobF4q49Rfc+TdO2iy09cDA4Zx7uHOPFzMqlWV9GwuLS8srq6W18vrG5ta2ubPbljwRmLQwZ1x0PSQJoxFpKaoY6caCoNBjpOONLnO/c0+EpDy6VeOYuCEaRtSnGCkt9c0Dh2s7T6eOCHgGL6Aj74RKq8FDcJz1zYpVsyaA88QuSAUUaPbNL2fAcRKSSGGGpOzZVqzcFAlFMSNZ2UkkiREeoSHpaRqhkEg3ndyRwSOtDKDPhX6RghP1dyJFoZTj0NOTIVKBnPVy8T+vlyj/3E1pFCeKRHi6yE8YVBzmpcABFQQrNtYEYUH1XyEOkEBY6erKugR79uR50j6p2ae1+k290rgq6iiBfXAIqsAGZ6ABrkETtAAGj+AZvII348l4Md6Nj+noglFk9sAfGJ8/GmmZeA==</latexit>

⇢ =
p
(h|h) optimal SNR

In practice, multiple templates and 
optimize over time and phase

<latexit sha1_base64="IhiDKaBgtw/YPthJr9qrZ1ambmw="></latexit>

h̃�t,��(f) = e�2i⇡f�tei�h̃(f)

<latexit sha1_base64="OBmsoYnWdqHzfOeXI/9yOsDMr9g="></latexit>

(a|b) ⌘ 4Re

Z +1

0

df

Sn(f)
ã(f)b̃⇤(f)

<latexit sha1_base64="VFMEpY90WlBKvWTjxnIjPWMr57w=">AAACD3icbVDLSsNAFJ34rPUVdelmsCgVpCZS1I1QEMFVqWAf0IQymU7aoZNJmJkIJeQP3Pgrblwo4tatO//GSZuFth64cDjnXu69x4sYlcqyvo2FxaXlldXCWnF9Y3Nr29zZbckwFpg0cchC0fGQJIxy0lRUMdKJBEGBx0jbG11nfvuBCElDfq/GEXEDNODUpxgpLfXMI0cMQ3gFnSFSCU9P69CRNIBOgNQQI5bU07J1Yh/3zJJVsSaA88TOSQnkaPTML6cf4jggXGGGpOzaVqTcBAlFMSNp0YkliRAeoQHpaspRQKSbTP5J4aFW+tAPhS6u4ET9PZGgQMpx4OnO7E4562Xif143Vv6lm1AexYpwPF3kxwyqEGbhwD4VBCs21gRhQfWtEA+RQFjpCIs6BHv25XnSOqvY55XqXbVUu8njKIB9cADKwAYXoAZuQQM0AQaP4Bm8gjfjyXgx3o2PaeuCkc/sgT8wPn8Af6qbEA==</latexit>

⇢ = n̂/N ⇠ N (0, 1)
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Matched filtering SNR

• templates in bank:
• values of time / yr:
• for a FAR ~ 1/yr: 
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Optimization over phase, 2 d.o.f.:

Distribution (chi2, noncentered):

Thresholding: tradeoff between 
false alarms and false dismissals

Rough estimates:

<latexit sha1_base64="r0TuqJ7D8DwmZkI7IrOcGPGdaow=">AAAB+HicbVDLTgJBEJzFF+KDVY9eJhITT2SXEOVI4sUjGnkksJLZYRYmzM6s8yDBDV/ixYPGePVTvPk3DrAHBSvppFLVne6uMGFUac/7dnIbm1vbO/ndwt7+wWHRPTpuKWEkJk0smJCdECnCKCdNTTUjnUQSFIeMtMPx9dxvT4hUVPB7PU1IEKMhpxHFSFup7xbvYI88GjqBPTkSD5W+W/LK3gJwnfgZKYEMjb771RsIbGLCNWZIqa7vJTpIkdQUMzIr9IwiCcJjNCRdSzmKiQrSxeEzeG6VAYyEtMU1XKi/J1IUKzWNQ9sZIz1Sq95c/M/rGh3VgpTyxGjC8XJRZBjUAs5TgAMqCdZsagnCktpbIR4hibC2WRVsCP7qy+ukVSn7l+XqbbVUr2Vx5MEpOAMXwAdXoA5uQAM0AQYGPINX8OY8OS/Ou/OxbM052cwJ+APn8wfbBpKN</latexit>

R ⌘ ⇢2
<latexit sha1_base64="IWydmMyaV4k9fs00XYQFsVXOISE="></latexit>

p(R|R) =
1

2
e�(R+R)/2I0

⇣p
RR

⌘

<latexit sha1_base64="L3sDIlCsqMFa1fUWtW+Cn2pKNNg=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQF9akFO1GKLhxWYt9QBvLZDpph04mYWYilJidG3/FjQtF3PoL7vwbp20W2nrgwuGce7n3HjdkVCrL+jYyS8srq2vZ9dzG5tb2jrm715RBJDBp4IAFou0iSRjlpKGoYqQdCoJ8l5GWO7qa+K17IiQN+K0ah8Tx0YBTj2KktNQzD8NCHT5A6wRewq4nEI7tJC4l5C4+rZ+Vkp6Zt4rWFHCR2CnJgxS1nvnV7Qc48glXmCEpO7YVKidGQlHMSJLrRpKECI/QgHQ05cgn0omnfyTwWCt96AVCF1dwqv6eiJEv5dh3daeP1FDOexPxP68TKa/ixJSHkSIczxZ5EYMqgJNQYJ8KghUba4KwoPpWiIdIp6F0dDkdgj3/8iJplor2ebF8U85XK2kcWXAAjkAB2OACVME1qIEGwOARPINX8GY8GS/Gu/Exa80Y6cw++APj8weTjZc4</latexit>

p(R|0) = 1

2
e�R/2

<latexit sha1_base64="8QykS58yjEtQJcFzSMr8r1T7avo=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKfBwDIniMYB6SrGF2MpsMmZldZmaFsOQrvHhQxKuf482/cbLZgyYWNBRV3XR3BTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8fXMbz9RpVkk780kpr7AQ8lCRrCx0kNPM4E89/G8X664VTcDWiZeTiqQo9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXUslFlT7aXbwFJ1YZYDCSNmSBmXq74kUC60nIrCdApuRXvRm4n9eNzHhlZ8yGSeGSjJfFCYcmQjNvkcDpigxfGIJJorZWxEZYYWJsRmVbAje4svLpHVW9S6qtbtapX6Tx1GEIziGU/DgEupwCw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB4iij5k=</latexit>

⇠ 105
<latexit sha1_base64="RbYBmKlgGN4Y2823Zb8QErnr8oE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCCB4r2A9oYtlsN+3S3U3Y3Qgl9G948aCIV/+MN/+N2zQHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRR8epIrRNYh6rXog15UzStmGG016iKBYhp91wcjP3u09UaRbLBzNNaCDwSLKIEWys5PuaCeS5j5nnzgbVmlt3c6BV4hWkBgVag+qXP4xJKqg0hGOt+56bmCDDyjDC6azip5ommEzwiPYtlVhQHWT5zTN0ZpUhimJlSxqUq78nMiy0norQdgpsxnrZm4v/ef3URNdBxmSSGirJYlGUcmRiNA8ADZmixPCpJZgoZm9FZIwVJsbGVLEheMsvr5LORd27rDfuG7XmbRFHGU7gFM7Bgytowh20oA0EEniGV3hzUufFeXc+Fq0lp5g5hj9wPn8Au8GQ2w==</latexit>

⇠ 1010
<latexit sha1_base64="AsQwYC5c0+71kbQ/fjXNlNaw0Eo=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoj0WRPBYwX5AdynZNNuGJtk1yRbK0t/hxYMiXv0x3vw3pu0etPXBwOO9GWbmhQln2rjut1PY2Nza3inulvb2Dw6PyscnbR2nitAWiXmsuiHWlDNJW4YZTruJoliEnHbC8e3c70yo0iyWj2aa0EDgoWQRI9hYKfDVKO4b5GsmUL1frrhVdwG0TrycVCBHs1/+8gcxSQWVhnCsdc9zExNkWBlGOJ2V/FTTBJMxHtKepRILqoNscfQMXVhlgKJY2ZIGLdTfExkWWk9FaDsFNiO96s3F/7xeaqJ6kDGZpIZKslwUpRyZGM0TQAOmKDF8agkmitlbERlhhYmxOZVsCN7qy+ukfVX1rqu1h1qlcZfHUYQzOIdL8OAGGnAPTWgBgSd4hld4cybOi/PufCxbC04+cwp/4Hz+AP+MkZ0=</latexit>

⇢t ⇠ 8
<latexit sha1_base64="2vhJtsDxIZqxlpEJUfI+as4yflI=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5CIVZcFEVxWsA9oQphMJ+3QeYSZiVBLv8SNC0Xc+inu/BunbRbaeuDC4Zx7ufeeJGNUG9//dkpr6xubW+Xtys7u3n7VPThsa5krTFpYMqm6CdKEUUFahhpGupkiiCeMdJLRzczvPBKlqRQPZpyRiKOBoCnFyFgpdquhGsrYwFBTDutePXZrvufPAVdJUJAaKNCM3a+wL3HOiTCYIa17gZ+ZaIKUoZiRaSXMNckQHqEB6VkqECc6mswPn8JTq/RhKpUtYeBc/T0xQVzrMU9sJ0dmqJe9mfif18tNeh1NqMhyQwReLEpzBo2EsxRgnyqCDRtbgrCi9laIh0ghbGxWFRtCsPzyKmmfe8Gld3F/UWvcFnGUwTE4AWcgAFegAe5AE7QABjl4Bq/gzXlyXpx352PRWnKKmSPwB87nD1wrkkI=</latexit>

⇢t ⇠ 5.5
single det.
two det.

<latexit sha1_base64="NFHBuMOkw5Lq/BVBEVZxBq8Xjs8=">AAACF3icbZDLSsNAFIYnXmu9RV26GSyCIISkFHUjFNy4rGAv0MYwmU7aoTOZMDMRSuhbuPFV3LhQxK3ufBsnbRa29YeBn++cw5zzhwmjSrvuj7Wyura+sVnaKm/v7O7t2weHLSVSiUkTCyZkJ0SKMBqTpqaakU4iCeIhI+1wdJPX249EKiriez1OiM/RIKYRxUgbFNhOTw7FQxVew9wEPY70UPIMTww7n2eJYYFdcR13KrhsvMJUQKFGYH/3+gKnnMQaM6RU13MT7WdIaooZmZR7qSIJwiM0IF1jY8SJ8rPpXRN4akgfRkKaF2s4pX8nMsSVGvPQdOY7qsVaDv+rdVMdXfkZjZNUkxjPPopSBrWAeUiwTyXBmo2NQVhSsyvEQyQR1ibKsgnBWzx52bSqjnfh1O5qlXq9iKMEjsEJOAMeuAR1cAsaoAkweAIv4A28W8/Wq/Vhfc5aV6xi5gjMyfr6BSJgn1A=</latexit>

⇢2 = ⇢2c + ⇢2p
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Whitening, band-passing
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<latexit sha1_base64="m4F4QSG2lDoFN3VjgoVRmyy42N4=">AAAB83icbVBNS8NAEJ34WetX1aOXYBHqpSRS1GNBBI8V7Ac0oWw2m3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZekAqu0XG+rbX1jc2t7dJOeXdv/+CwcnTc0UmmKGvTRCSqFxDNBJesjRwF66WKkTgQrBuMb2d+94kpzRP5iJOU+TEZSh5xStBInodchCwPp7XoYlCpOnVnDnuVuAWpQoHWoPLlhQnNYiaRCqJ133VS9HOikFPBpmUv0ywldEyGrG+oJDHTfj6/eWqfGyW0o0SZkmjP1d8TOYm1nsSB6YwJjvSyNxP/8/oZRjd+zmWaIZN0sSjKhI2JPQvADrliFMXEEEIVN7fadEQUoWhiKpsQ3OWXV0nnsu5e1RsPjWrzroijBKdwBjVw4RqacA8taAOFFJ7hFd6szHqx3q2PReuaVcycwB9Ynz+5L5F/</latexit>
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Whitening, band-passing

• w.b.p data: close to white noise
• GW150914 is visible in w.b.p 

data ! (only loud massive systems)
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Matched filtering example

Optimize over phase:
Optimize over time:

See also GWOSC tutorials [https://gwosc.org]

Try a fixed template
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Outline

• GW signals: the basics

• Noise as a stochastic process

• Introducing matched filtering

•Towards real CBC searches

• Other signals: continuous waves, 
stochastic backgrounds

Part I
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FIG. 1. (Color online) The template bank used by the O2 Gst-
LAL o✏ine search in component mass space.The templates
representing the di↵erent astrophysical populations are shown
in green for BNS, blue for BBH, and red for NSBH.

BNS templates cover the same component mass and di-
mensionless spin magnitude range as the o✏ine bank.
However, an additional restriction employed in total mass
(M > 150M�) resulted in di↵erent component mass
ranges for NSBH and BBH templates for the online tem-
plate bank. The maximum allowed total mass is 150M�,
to remove high-mass templates which correspond to short
waveforms that recover short transient noise fluctuations
(glitches) at a high rate.

FIG. 2. (Color online) The template bank used by the O2
GstLAL online search in component mass space. The tem-
plates representing the di↵erent astrophysical populations are
shown in green for BNS, blue for BBH, and red for NSBH.

B. Construction of the O2 bank

The construction of a template bank relies on a num-
ber of parameters, including the selection of a representa-
tive noise power spectral density Sn(f) and appropriate
waveform models, the waveform starting frequency flow,
the placement method, and a specified minimum fitting
factor criteria [46–48] for all templates in the bank.

The minimum fitting factor describes the e↵ectualness

of a template bank in recovering astrophysical sources.
To define this quantity, we note that the matched filter
output is maximized when a template waveform exactly
overlaps the signal waveform. This optimization is im-
possible in practice, however, since the template bank
samples the parameter space discretely while astrophys-
ical sources arise from a continuum. Regardless, it is
useful to quantify the degree to which two waveforms,
h1 and h2, overlap. The overlap is defined as the noise-
weighted inner product integral [46]:

(h1|h2) = 2

Z 1

flow

h̃1(f)h̃⇤
2(f) + h̃⇤

1(f)h̃2(f)

Sn(f)
df, (1)

where flow was set to 15Hz, as motivated by the noise
power spectral density described in Section II B 1.
The match between two waveforms is then defined as

the noise-weighted inner product [46, 47], maximized over
a set of parameters denoted by �. For precessing signals,
this overlap calculation considers only the (2,2) mode and
maximizes over the template’s coalescence phase, polar-
ization and sky position while the overlap calculation for
the higher order mode waveforms maximizes over only
the polarization and sky position.

M(h1, h2) = max
�

(h1|h2(�)) (2)

This defines the percent of signal-to-noise ratio (SNR)
retained when recovering waveform h2 with the (non-
identical) waveform h1. Then, the fitting factor is the
related quantity used in describing the e↵ectualness of
template banks:

FF (hs) = max
h2{hb}

M(hs, h) (3)

where hb is the set of templates in the bank and hs is
a signal waveform with parameters drawn from the con-
tinuum. For the aligned spin waveforms, the FF is cal-
culated by maximizing the noise-weighted inner product
only over the templates. The fitting factor describes the
fraction of SNR retained for arbitrary signals in the pa-
rameter space covered by the bank. Typically, compact
binary coalescence searches have required a fitting factor
of 97% to ensure that no more than ⇠ 10% of possible
astrophysical signals are lost due to the discrete nature
of the bank. As described in Sect. II B 3, we use a hierar-
chical set of fitting factor requirements to construct the
bank.

1. Modeling the detector noise

The noise power spectral density (PSD) as shown in
Fig. 3 was used to compute the overlap integrals in the
construction of the O2 template bank. This projected O2
sensitivity curve was produced by combining some of the
best LIGO L1 sensitivities achieved before the start of
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Template banks

• Effectualness criterion: match 
> 0.97

• Methods to build a template 
bank: geometric (metric 
based on match), stochastic, 
hybrid

[arXiv:1812.05121]

• Trade-off between effectualness 
(template bank size) and FAR

• Simplified physics (no precession)

Match with nearest template:
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Templates are more orthogonal at 
low masses, with many wave cycles
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FIG. 8: Total Calibration Error and Uncertainty Budget at the time of GW170104.
The uncertainty in the calibrated response function for the H1 detector is on the left, and for L1 is on the right. The y axis is

relative response error �R/R(model) and uncertainty �R/R(model), with magnitude on top and phase on the bottom. The solid line is
the median relative response, interpreted as the frequency dependent systematic error on the model response R(model). The dashed
lines represent the 1� uncertainty on this error. Stacking ten thousand drawn response function samples produces the numerical

uncertainty budget shown here. The extreme 1� uncertainties are presented in Table III.
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FIG. 9: Total Calibration Uncertainty Percentiles for Observing Run Two.
The percentiles are created for all of O2 data from November 30, 2016 to August 25th, 2017. H1’s uncertainty is on the left, and

L1’s is on the right. The y axis is relative response �R/R(model) magnitude (top) or phase (bottom), stacked for all times in the
observing run. The dashed white line is the median relative response, while the colors represent the 1� calibration uncertainty for
68%, 95%, and 99% of the run’s time. The largest changes in the calibration at H1 were due to clipping of the photon calibrator

laser misreporting the strength of our response. The largest calibration changes at L1 were due to fluctuations in the coupled
cavity pole, which changes in time but is not yet corrected for in our calibrated data.

V. FUTURE WORK

There is much to be done to build upon this work. First, we
will make use of calibration lines to track the detuning spring
frequency fs and Q values in real time. This will ensure the
sensing plant is not severely detuned, or changing rapidly dur-
ing detector operation. Second, we will employ time domain
filters capable of correction for frequency-dependent changes
in the plant. This will allow us to correct for changes in the

coupled cavity pole fCC , the anti-spring frequency fs and qual-
ity factor Q, once these are successfully tracked. Third, the
frequency-dependent systematic errors found from the Gaus-
sian process regressions will be applied directly to the cali-
brated GW strain data h(t) as it is produced, again through
time-domain filters. The above work would completely elimi-
nate all known systematic errors from our calibrated data.

As we reduce the calibration uncertainty, properly charac-
terizing systematic errors becomes much more important for
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Real data: calibration

• Calibration: the output strain is the 
results of a complex control loop

[arXiv:1708.03023]

4

derr

−ΔLctrl

ΔLres

dctrl

xT
(PC)

Sensing

Actuation

Digital
Filter

ΔLfree

h

C

D

A

Realtime interferometer control Calibration pipeline

1/L

-1

1/C(model)

A(model)

FIG. 2: DARM Control Loop and Calibration Procedure.
The DARM control loop is shown in the grey box on the left.
The sensing plant C produces the detector output derr in linear
response to residual di↵erential arm motion �Lres. The digital
filters D are known filters conditioning the detector output derr

into a control signal dctrl. The actuation plant A takes the
control signal dctrl and actuates on the optics by �Lctrl to

maintain cavity resonance. The pink box on the right shows
the calibration procedure, consisting of an inverse sensing

model 1/C(model) and actuation model A(model). The output of
the calibration pipeline is GW strain data h(t).

system, including transimpedance electronics and anti-aliasing
filters, all known to negligible uncertainty. The parameter vec-
tor ~�C defines a set of the time-independent, reference sensing
parameters whose values are fit to non-negligible precision:
~�C =

⇣
HC fCC �⌧C fS Q�1

S

⌘T
, where �⌧C is a correction

time delay factor on the model time delay ⌧C . The nominal
values of the reference sensing parameters ~�C for each detector
are found in Table I.

Our model of the sensing function C(model)( f , t,~�C) is an
approximation. The true detector sensing function changes
over time and deviates from the sensing model at high frequen-
cies. The sensing model dynamically corrects for C(t) with
real-time measurement. However, fCC , fS , and Q�1

S are also
changing in time, but are not corrected for in the model. At
present, the time dependence in fCC is included in the calibra-
tion uncertainty budget as a known systematic error, since it is
tracked via real-time measurement but cannot yet be dynami-
cally corrected for in the model. The time dependence in fS
and Q�1

S results in expanded uncertainty at low frequency. The
total systematic error in the sensing function, �C( f , t), is

�C( f , t)
C(model) =

 
1 + i f / fCC

1 + i f / fCC(t)

!
�CGP( f )
C(model) e�2⇡i f �⌧C . (10)

The first term is the explicit correction for time dependence of
the coupled cavity pole, fCC(t). A correction time delay factor
�⌧C modifies the original time delay ⌧C included in the model.
Further systematic errors may originate from the uncorrected
time dependence of fS and Q�1

S or additional unknown system-
atic errors. Any remaining frequency dependent systematic
errors are covered by a Gaussian Process regression �CGP( f ).

Quantifying errors �CGP( f ) is explained further in Section III.

B. Actuation Model

The Advanced LIGO test masses are suspended via quadru-
ple cascaded pendula. Each suspension stage has independent
actuators, as shown in Figure 1. The control signal, dctrl, is
digitally distributed as a function of frequency to each stage’s
actuators via a digital-to-analog converter and signal process-
ing electronics to create the control displacement, �Lctrl. The
distribution filters are designed taking into account all actua-
tors’ authority to displace the test mass. On the upper inter-
mediate and penultimate stage, the digital-to-analog converter
drives electromagnets on the reaction stage creating a force
on magnets attached to the suspended stage. On the test mass
stage, the digital-to-analog converter drives an electrostatic
system which creates a force, quadratic in the applied poten-
tial, via dipole-dipole interactions between the test mass and
a pattern of electrodes on the reaction mass (see Figure 1).
With a large bias voltage and low control voltage, the requested
actuation forces on the electrostatic system are in the linear
regime. Any time-dependent change to the slope of the linear
response due to quadratic terms is measured continuously, as
described below.

The sum of the paths the digital control signal, dctrl, takes
through each stage to displace the test mass, �Lctrl, makes up
our total actuation model:

A(model)( f , t,~�A) =

T (t) FT ( f ) HT AT ( f )

+ PU(t)
⇣
FP( f ) HP AP( f )

+ FU( f ) HU AU( f )
⌘�

e�2⇡i f ⌧A (11)

where U, P, and T represent the three stages used for con-
trol; the upper-intermediate, penultimate, and test mass stages,
respectively. Each stage is composed of the normalized electro-
mechanical frequency response of the pendulum and its actua-
tors, Ai( f ), the digital distribution filter, Fi( f ), a dimensionful
scale factor, Hi, and an overall digital delay, ⌧A, defined by
the common computational delay from each stage. The model
time delay ⌧A is 45 µs for L1 and 61 µs for H1. PU(t) is the
time dependence of the penultimate and upper intermediate
scale factor, and T (t) is the time dependence of the test mass
scale factor [30].

The penultimate and upper intermediate scale factor PU(t)
is not expected to vary much over time, as it represents the
change in the electromagnetic coil actuators’ strength. The
test mass scale factor T (t) does vary significantly over time
as the electric charge on the test mass builds up, changing the
actuation strength of the electrostatic drive.

The reference scale factor for each stage, Hi, collects scale
factors from that of the digital-to-analog converter in volts /
count, each stage’s drive electronics in amps / volt or volts
/ volt, the actuator itself in newtons / amp or newtons / volt
depending on the stage, and the sti↵ness of the suspension in
meters / newton. Time delay correction factors for each stage

[arXiv:1708.03023]

• Calibration is in part stochastic: 
amplitude and phase splines, with value at 
nodes randomly distributed in envelope 
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Real data and artefacts: glitches, non-stationarity

• PSD can show non-stationarity 
on short time scales
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Figure 2: Top: Binary Neutron Star (BNS) range evolution of the LIGO and Virgo
detectors from the start of O2 in November 2017 to the end of O3 in
March 2020. The broken axes remove the time between each observing run.
Bottom: Representative amplitude spectral density of the three detectors’
strain sensitivity in each observing run. The O3 spectra shown are taken
from O3a.

duty cycle of the LIGO detectors, as well as the triple coincident time. There is a
marked improvement in the stability of the LIGO detectors between O2 and O3, with
coincident science quality time increasing by some 16%. Although the Virgo duty cy-

[arXiv:2101.11673]

[arXiv:1908.11170]

A guide to LIGO-Virgo detector noise and extraction of transient gravitational-wave signals11

5. Time-frequency analysis and stationarity

The LIGO-Virgo data exhibit two main types of non-stationary behavior. The first is
slow and continuous adiabatic drifts in the power spectrum occurring over minutes or
hours, and the second is short-duration noise transients, which we refer to as glitches,
that are typically localized in time and frequency. Additional non-stationarity has been
observed in the vicinity of spectral lines, such as those due to electromagnetic couplings
to the 50/60 Hz AC power supply. The adiabatic drifts in the power spectrum can be
defined in terms of locally stationary processes [64, 65]. A locally stationary process
has a covariance function which is the product of a covariance function for a stationary
process and a time-variable function.

The stationarity of the data is evaluated as part of candidate event validation [3,45].
Here we describe some simplified non-stationarity tests that can be applied to the
data. Non-stationarity can in principle be identified by looking for correlations in the
Fourier amplitudes, but it is easier to identify and classify non-stationary behavior
using time-frequency methods. The simplest approach is to divide the data into small
chunks of time centered on time ti, and compute a smoothed estimate for the power
spectrum for each chunk Sn(f, ti). Figure 6 shows Bayesian power spectral density
estimates [61] computed using 8-second stretches of data from the LIGO-Hanford
instrument that are spaced at 64-second intervals. The instrument noise level was
highly variable during this time period, showing large changes in the power spectral
density in the band between 32 Hz and 256 Hz (note that this particular period of
time for this example was chosen due to observed large variations in the detector’s
sensitivity).

10-48

10-47

10-46

10-45

10-44

10-43

10-42

10-41

10-40

 32  64  128  256  512
S n

(f)
 H

z-1
f (Hz)

1165067724
1165067788
1165067852
1165067916
1165067980

Figure 6. Power spectral density (solid lines) with 90% credible intervals (shaded
bands) for the LIGO-Hanford detector computed using 8-second stretches of data
spaced by 64-second intervals starting at GPS time 1165067724. During this time
period there was significant broad-band non-stationarity between 32 and 256 Hz.

Wavelets provide a more flexible analysis framework than short-time Fourier
transforms. Continuous wavelet transforms are commonly used in LIGO-Virgo data
studies to produce spectrograms that provide a visual indication of non-stationary

• Detectors evolve over time, 
varying duty cycle

• Long-term variations of sensitivity

64s intervals
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Figure 4: Top left : Blips are short duration transients with large bandwidth and can
mimic a gravitational-wave signal of high mass compact binaries. Top right :
An example of a loud trigger, classified as Extremely Loud by the GravitySpy.
These high SNR triggers often cause large drops in the astrophysical range and
adversely a↵ect the sensitivity of the detector. Bottom left : Slow scattering
caused by ground motion in the microseism band (0.1 � 0.3 Hz). Multiple
reflections between the test mass and moving surface can generate higher
frequency harmonics as seen here. Bottom right : Fast scattering triggers
caused by ground motion in 1 � 6 Hz band. Trains, human activity, and
logging near the site are the most common causes of fast scattering noise.

4.2.1. Blips Blip glitches are subsecond duration glitches with high frequency
bandwidth and no known instrumental or environmental coupling. Due to its
appearance in time-frequency plane, as shown in the top-left of figure 4, a blip glitch
may resemble a gravitational wave signal from the merger of high mass binaries. Blips
occurred with a rate of approximately 2 per hour at LHO and LLO during the second
observing run. This rate increased to about 4 per hour at LLO during O3, while
no significant changes were observed for LHO. Blip glitches are responsible for a
significant portion of the unvetoed high SNR background, reducing the e↵ectiveness
of both modeled and unmodeled searches for gravitational waves [78]. These short
duration transients appear to have multiple subcategories that may be caused by
di↵erent physical mechanisms, but distinguishing di↵erent types can be di�cult given
their short duration and simple signal morphology. In the GravitySpy citizen science
project, there are other classes of glitches (called “Koi fish” and “Tomtes”) that have
similarities to blips and may be related. Many investigations have been undertaken
to find clues for their origin, but so far no conclusive evidence has been found to
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Real data and artefacts: glitches, non-stationarity

• Glitches: strong non-stationary, non-Gaussian events
• SNR alone would be dominated by glitches
• Need more robust significance metric

[arXiv:2101.11673]

Additionally, a short instrumental noise transient
appeared in the LIGO-Livingston detector 1.1 s before
the coalescence time of GW170817 as shown in Fig. 2.
This transient noise, or glitch [71], produced a very brief
(less than 5 ms) saturation in the digital-to-analog converter
of the feedback signal controlling the position of the test
masses. Similar glitches are registered roughly once every
few hours in each of the LIGO detectors with no temporal
correlation between the LIGO sites. Their cause remains
unknown. To mitigate the effect on the results presented in
Sec. III, the search analyses applied a window function to
zero out the data around the glitch [72,73], following the
treatment of other high-amplitude glitches used in the
O1 analysis [74]. To accurately determine the properties
of GW170817 (as reported in Sec. IV) in addition to the
noise subtraction described above, the glitch was modeled
with a time-frequency wavelet reconstruction [75] and
subtracted from the data, as shown in Fig. 2.
Following the procedures developed for prior gravita-

tional-wave detections [29,78], we conclude there is no
environmental disturbance observed by LIGO environmen-
tal sensors [79] that could account for the GW170817
signal.
The Virgo data, used for sky localization and an

estimation of the source properties, are shown in the
bottom panel of Fig. 1. The Virgo data are nonstationary
above 150 Hz due to scattered light from the output optics
modulated by alignment fluctuations and below 30 Hz due
to seismic noise from anthropogenic activity. Occasional
noise excess around the European power mains frequency
of 50 Hz is also present. No noise subtraction was applied
to the Virgo data prior to this analysis. The low signal
amplitude observed in Virgo significantly constrained the
sky position, but meant that the Virgo data did not
contribute significantly to other parameters. As a result,
the estimation of the source’s parameters reported in
Sec. IV is not impacted by the nonstationarity of Virgo
data at the time of the event. Moreover, no unusual
disturbance was observed by Virgo environmental sensors.
Data used in this study can be found in [80].

III. DETECTION

GW170817 was initially identified as a single-detector
event with the LIGO-Hanford detector by a low-latency
binary-coalescence search [81–83] using template wave-
forms computed in post-Newtonian theory [11,13,36,84].
The two LIGO detectors and the Virgo detector were all
taking data at the time; however, the saturation at the LIGO-
Livingston detector prevented the search from registering a
simultaneous event in both LIGO detectors, and the low-
latency transfer of Virgo data was delayed.
Visual inspection of the LIGO-Hanford and LIGO-

Livingston detector data showed the presence of a clear,
long-duration chirp signal in time-frequency representations
of the detector strain data. As a result, an initial alert was

generated reporting a highly significant detection of a binary
neutron star signal [85] in coincidence with the independ-
ently observed γ-ray burst GRB 170817A [39–41].
A rapid binary-coalescence reanalysis [86,87], with the

time series around the glitch suppressed with a window
function [73], as shown in Fig. 2, confirmed the presence of
a significant coincident signal in the LIGO detectors. The
source was rapidly localized to a region of 31 deg2,
shown in Fig. 3, using data from all three detectors [88].
This sky map was issued to observing partners, allowing
the identification of an electromagnetic counterpart
[46,48,50,77].
The combined SNR of GW170817 is estimated to be

32.4, with values 18.8, 26.4, and 2.0 in the LIGO-Hanford,

FIG. 2. Mitigation of the glitch in LIGO-Livingston data. Times
are shown relative to August 17, 2017 12∶41:04 UTC. Top panel:
A time-frequency representation [65] of the raw LIGO-Living-
ston data used in the initial identification of GW170817 [76]. The
coalescence time reported by the search is at time 0.4 s in this
figure and the glitch occurs 1.1 s before this time. The time-
frequency track of GW170817 is clearly visible despite the
presence of the glitch. Bottom panel: The raw LIGO-Livingston
strain data (orange curve) showing the glitch in the time domain.
To mitigate the glitch in the rapid reanalysis that produced the sky
map shown in Fig. 3 [77], the raw detector data were multiplied
by an inverse Tukey window (gray curve, right axis) that zeroed
out the data around the glitch [73]. To mitigate the glitch in the
measurement of the source’s properties, a model of the glitch
based on a wavelet reconstruction [75] (blue curve) was sub-
tracted from the data. The time-series data visualized in this figure
have been bandpassed between 30 Hz and 2 kHz so that the
detector’s sensitive band is emphasized. The gravitational-wave
strain amplitude of GW170817 is of the order of 10−22 and so is
not visible in the bottom panel.
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Real data: data quality, data cleaning
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Figure 12: Spectrograms of the gravitational wave strain data from LHO during
S191110af [152] and an auxiliary channel that witnessed the source of the
excess power. The similar morphology of the strain and auxiliary channel
data suggested that the excess power from S191110af was not astrophysical in
origin and was instead due to an instrumental artifact whose source was in the
output mode cleaner. The association between the gravitational wave strain
data and this auxiliary channel was confirmed to be statistically significant
using HVeto.

mass CBC source, GW190521 [159]. Candidates with high mass ratios and high spins
were a large portion of the marginal candidates in GWTC-1 which were likely due to
instrumental artifacts [3].

Even when a candidate is astrophysical, validation is important to evaluate
potential mitigation for spurious glitches coincident with the candidate. For cases
when glitches were identified, glitches were subtracted [143, 10, 19] or a reduced
time duration and bandwidth was used in analyses. The increased glitch rate in
O3a as compared to previous observing runs, along with an increased event rate, led
to mitigation steps for 10 events in GWTC-2 [4]. A similar number of mitigations
is likely required for events identified in O3b. These event validation e↵orts are
expected to continue to play a significant role as gravitational wave detectors become
more sensitive, and the source properties of gravitational wave are probed to higher
precision.

6. Data quality for persistent gravitational wave searches

Searches for persistent gravitational wave sources include those for quasi-
monochromatic signals from rapidly rotating neutron stars as well as stochastic
backgrounds due to astrophysical or cosmological sources. Many searches have been
carried out using initial LIGO/Virgo data and using Advanced LIGO/Virgo data,
though no persistent signals have yet been confidently detected [160, 161, 162, 163,
164, 165, 166].

Persistent gravitational wave searches are impacted by di↵erent types of detector
noise, usually by noise sources that are persistent as well. Spectral artifacts in
detector data, narrow in frequency and with long-term coherence (called “lines”),
pose significant challenges in analyses for persistent, narrowband gravitational wave
signals [11]. Lines are typically caused by external disturbances (e.g., 60 Hz power
mains, suspension resonances, electronic/magnetic coupling, etc.) that appear as
artifacts in the main gravitational wave strain time series. Broadband artifacts in
detector data typically do not degrade searches for persistent narrowband gravitational

[arXiv:2101.11673]

7

FIG. 2: Normalized signal amplitude (color axis) in the Livingston instrument for four synthetic events added to real
interferometric data, as examined in a time-frequency representation. The top row is before the glitch-mitigation is applied,
and the bottom row is after we have modeled and removed the glitch with BayesWave. The simulated chirping signal is clearly
visible in the background of all. The glitch extends in frequency below the lowest frequency used in either the glitch fitting and
removal or the parameter estimation procedures, and as such was not completely removed. However, since those frequencies
are excluded from the analyses, the result is una↵ected by the remaining glitch power.

ratio, mass-weighted spins (�e↵), and tidal deformabili-
ties (⇤1,⇤2). In order to check the e�cacy of recovery
for either, we used the IMRPhenomPv2 family to synthe-
size and insert three examples of a precessing signal, and
the TaylorF2 to insert three tidally influenced, but spin-
aligned, waveforms into the data. In Fig. 3 we present
a selection of two-dimensional posteriors over combina-
tions of the parameters for a precessing signal simulated
with IMRPhenomPv2 (top row) and three signals simu-
lated with TaylorF2 (second to fourth row). In all cases,
we use the same waveform family to simulate the signal
added into the data and as template in the parameter
estimation algorithm.

In all four events shown in Fig. 3, we verify the re-
covery of the detector-frame mass parameters, since they
dominate the phase evolution of the waveform. The left
column of Fig. 3 displays the total mass – chirp mass
posterior for all four simulated signals, with the zero-
noise-realization and glitch-removed cases shown. The
glitch-present recovery is often badly biased, enough so
that we do not include it in Fig. 3 and instead refer to
Table I to indicate their credible regions. The posteriors
for the glitch removed and zero-noise cases are qualita-
tively very similar. From Fig. 3 it is seen that the mass
recovery is consistent with the injected value in all cases,
and the zero-noise and glitch-removed recovery encom-
passes similar values. This validates the premise that
the glitch removal method does not bias the lower PN
order parameters which influence the waveform.

The second column of Fig. 3 shows the two-dimensional
posteriors for the mass ratio and the e↵ective spin. We
again find no bias in the parameter estimates due to the
glitch removal. The posteriors for the glitch removal and
the zero-noise analyses are minimally shifted with respect

to each other, which is consistent with the expected e↵ect
of noise realization on signal recovery and not evidence
for a bias. Indeed, the specific noise realization of the
data induces an additional shift on the posterior esti-
mates of the order of the posterior variance. In addition,
the top-right panel shows the posterior for the e↵ective
spin �e↵ and the spin parameter �p [41]. The latter pa-
rameter is an estimate of spin-precession in the waveform.
As expected we again see no biases due to glitch removal.

Finally, the tidal parameter estimation also seems un-
a↵ected by the glitch removal procedure. The two dimen-
sional marginalized posteriors for the component tidal
parameters are presented in the right column, second
through fourth row of Fig. 3. The posteriors obtained
with our two analyses are both consistent with each other
and capture the known value well within their credi-
ble intervals. Moreover, the recovered posterior struc-
ture is very similar to the actual posterior measured for
GW170817 in [1], exhibiting similar boundaries and de-
generacies.

Credible intervals for the parameters, as well as their
injected values, are quoted in Table I for all three analy-
ses (with glitch mitigation, without glitch mitigation, and
with a zero-noise realization). The 90% credible intervals
computed from the glitch-mitigated data are consistent
with the ones from the zero-noise analysis. This is in
stark contrast to the parameter estimates computed if
the glitch is included in the data analyzed. The values
recovered are well outside of the posterior in the glitch-
free examples, and nowhere near the known values. In
all four cases, the mass ratio is pushed to extremely high
values. The same extreme displacement occurs for the
tidal parameters, producing tidal deformability values in
the thousands, strongly peaked for ⇤1 and nearly unmea-

[arXiv:1808.03619]

• Data quality: exploit auxiliary channels, issue vetoes

• Glitch gating or removal 
(BayesWave)• Data cleaning (removal of noise lines)
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FIG. 10. PyCBC c2
r (top row) and GstLAL x 2 (bottom row) versus SNR in each detector. Triggers associated with a set of simulated binary

black hole signals that are added in software are shown, colored by the false alarm rate that they were recovered with (crosses). Also shown
are triggers associated with simulated signals that were added to the detectors. We see a clear separation between these simulated signals and
background noise triggers (black dots; for plotting purposes, a threshold was applied to the background, indicated by the gray region). Lines
of constant re-weighted SNR (gray dashed lines) are shown in the PyCBC plot; plotted are r̂ = {8,10,14,20}.
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FIG. 8. Ingredients in the auto-correlation-based least-
squares test as described in (26). The two panels show the
SNR time series near a simulated signal in Initial LIGO data
(black) along with the predicted SNR computed from the tem-
plate autocorrelation. Subtracting these two time series and
integrating their squared magnitude provides a signal consis-
tency test, ⇠2, at the time of a given trigger that can be used
to reject non-stationary noise transients.

the detectors. However, taking into account such fluctu-
ations requires detailed knowledge of the metric on the
signal manifold [51], which may not be easily available.
Furthermore, the exact match restriction suppresses the
noise and drastically simplifies the pipeline.

E. Event Ranking

Each trigger from each detector has independently
computed ⇢, ⇠

2, and tp values. After coincidences are
formed, it is necessary to rank the coincident events from
least likely to be a signal to most likely to be a signal and
to assign a significance to each. The GstLAL-based in-
spiral pipeline uses the likelihood-ratio statistic described
in [27] to rank coincident events by their SNR, ⇠

2, the
instantaneous sensitivity of each detector (expressed as
the horizon distance, {DH1, DL1}), and the detectors in-
volved in the coincidence (expressed as the set {H1, L1}).
For the case where only the aLIGO observatories H1
and L1 are participating, the likelihood ratio of an event
found in coincidence is defined as

L
�
{DH1, DL1}, {H1, L1}, ⇢H1, ⇠

2

H1
, ⇢L1, ⇠

2

L1
, ✓̄

�
= L

�
{DH1, DL1}, {H1, L1}, ⇢H1, ⇠

2

H1
, ⇢L1, ⇠

2

L1
| ✓̄

�
L

�
✓̄
�

=
P

�
{DH1, DL1}, {H1, L1}, ⇢H1, ⇠

2

H1
, ⇢L1, ⇠

2

L1
| ✓̄, signal

�

P
�
{DH1, DL1}, {H1, L1}, ⇢H1, ⇠

2

H1
, ⇢L1, ⇠

2

L1
| ✓̄, noise

� L
�
✓̄
�
, (29)

where ✓̄ is a label corresponding to the template bank
bin being matched-filtered (Sec. II D). The numerator
and denominator are factored into products of several
terms in [27], assuming that the noise distributions for
each interferometer are independent of each other. The
computation of each term in the factored numerator and
denominator is discussed in detail in [27]; in this paper,
we will give only a short summary of the denominator.
The denominator is factored such that

P
�
{DH1, DL1}, {H1, L1}, ⇢H1, ⇠

2

H1
, ⇢L1, ⇠

2

L1
| ✓̄, noise

�

/

Y

inst2{H1,L1}

P (⇢inst, ⇠
2

inst
| ✓̄, noise). (30)

The detection statistics ⇢ and ⇠
2 from non-coincident

triggers are used to populate histograms for each de-
tector, which are then normalized and smoothed by a
Gaussian smoothing kernel to approximate P (⇢inst, ⇠

2

inst
|

✓̄, noise). Running in the low-latency operation mode re-
quires a burn-in period until the analysis collects enough
non-coincident triggers to construct an accurate estimate
of the (⇢, ⇠

2) PDFs. Neither operation mode tracks time
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Signal consistency and ranking statistic

• Idea: use a ranking statistic for all foreground/
background events

• Tradeoff between false alarm and false dismissals
• Can use different ranking statistics !

[arXiv:1808.03619]

A guide to LIGO-Virgo detector noise and extraction of transient gravitational-wave signals22

such features suggest that the model waveform h is not a good match to the non-
Gaussian feature in the data, and the detection ranking statistic is down-weighted
accordingly.

For example, the consistency test described in [63, 103] constructs a chi-
squared test statistic by dividing the matched filter into n frequency bands as

�2 =
nX

i=1

|(d� h | p)i � (d� h | p)/n|2 + |(d� h | q)i � (d� h | q)/n|2

1/n
(22)

where (a | b)i is the same as the inner product in Eq. (8) but with the integrand
restricted to the frequency interval fi�1 < f < fi with f0 = 0 and fn = 1. Here
the bands are chosen so that (p | p)i = (q | q)i = 1/n. If the residual d � h is
Gaussian noise, �2 is chi-squared distributed with ⌫ = 2n� 2 degrees of freedom;
values of �2

� ⌫ are indicative of residual non-Gaussian features in the data after
the model has been subtracted. A re-weighted ranking statistic proposed in [19]

⇢̂ = ⇢⇥

(
1 �2

 ⌫⇥
1
2 + 1

2 (�
2/⌫)3

⇤�1/6
�2 > ⌫

(23)

down-weights the SNR for large values of �2. A similar time-domain based signal
consistency test is described in [20] and is incorporated into a likelihood ranking
statistic.

(iii) For all detections published to date we have required that gravitational-wave
signals be identified via matched filtering in at least two independent detectors
with consistent parameters. For example, the arrival times of the gravitational
waves at each detector must di↵er by no more than the the maximum time-of-flight
between the detectors, e.g. 10ms for the Hanford-Livingston pair, with an extra
5ms added in order to account for uncertainty in the inferred coalescence time
at each detector. However, having now established the existence and frequency
of gravitational-wave signals, it may now also be possible to make detections
when only one detector is operating, and thus this time coincidence test is not
available [105].

The matched-filter based searches employed by the LVC construct ranking statistics
from the SNR and the waveform consistency test statistics [3]. In addition an
astrophysical signal received in several detectors will have a common set of parameters
µ (within limits imposed by limited SNR) in all detectors, and, furthermore, the
amplitude, phase, and time-of-arrival of the signals observed in each detector will be
determined by the direction of propagation of the wave (i.e., from where on the sky the
signal originates) and the polarization state of the signal. Since gravitational waves
have two polarizations (in general relativity), referred to as the plus-polarization h+

and the cross-polarization h⇥, the strain on detector I is determined by the detector’s
antenna response patterns F+,I and F⇥,I by

hI(✓) = F+,I(↵, �, , t)h+(t� ⌧I , D, ◆,µ) + F⇥,I(↵, �, , t)h⇥(t� ⌧I , D, ◆,µ) (24)

where ↵ and � are the right ascension and declination of the source of the gravitational
waves, D is the distance to the source of the waves, ◆ is the inclination of the orbital
plane of the binary system (which, for circular orbits and leading order quadrupole
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⌫ = 2n� 2

Penalization of large residuals:
computed on n freq. bands,     with               d.o.f.

PyCBC
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GstLAL
Consistency between time series and 
autocorrelation of template
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Significance of coincident triggers: time slides

• Generate large background of coincidences 
by sliding time series

• False Alarm Rate: with and without signal

H1

L1

H1

L1

H1

L1

Background (noise)

Foreground (signal)

multiple classes, this significance is decreased by a trials
factor equal to the number of classes [71].

A. Generic transient search

Designed to operate without a specific waveform model,
this search identifies coincident excess power in time-
frequency representations of the detector strain data
[43,72], for signal frequencies up to 1 kHz and durations
up to a few seconds.
The search reconstructs signal waveforms consistent

with a common gravitational-wave signal in both detectors
using a multidetector maximum likelihood method. Each
event is ranked according to the detection statistic
ηc ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Ec=ð1þ En=EcÞ

p
, where Ec is the dimensionless

coherent signal energy obtained by cross-correlating the
two reconstructed waveforms, and En is the dimensionless
residual noise energy after the reconstructed signal is
subtracted from the data. The statistic ηc thus quantifies
the SNR of the event and the consistency of the data
between the two detectors.
Based on their time-frequency morphology, the events

are divided into three mutually exclusive search classes, as
described in [41]: events with time-frequency morphology
of known populations of noise transients (class C1), events
with frequency that increases with time (class C3), and all
remaining events (class C2).

Detected with ηc ¼ 20.0, GW150914 is the strongest
event of the entire search. Consistent with its coalescence
signal signature, it is found in the search class C3 of events
with increasing time-frequency evolution. Measured on a
background equivalent to over 67 400 years of data and
including a trials factor of 3 to account for the search
classes, its false alarm rate is lower than 1 in 22 500 years.
This corresponds to a probability < 2 × 10−6 of observing
one or more noise events as strong as GW150914 during
the analysis time, equivalent to 4.6σ. The left panel of
Fig. 4 shows the C3 class results and background.
The selection criteria that define the search class C3

reduce the background by introducing a constraint on the
signal morphology. In order to illustrate the significance of
GW150914 against a background of events with arbitrary
shapes, we also show the results of a search that uses the
same set of events as the one described above but without
this constraint. Specifically, we use only two search classes:
the C1 class and the union of C2 and C3 classes (C2þ C3).
In this two-class search the GW150914 event is found in
the C2þ C3 class. The left panel of Fig. 4 shows the
C2þ C3 class results and background. In the background
of this class there are four events with ηc ≥ 32.1, yielding a
false alarm rate for GW150914 of 1 in 8 400 years. This
corresponds to a false alarm probability of 5 × 10−6

equivalent to 4.4σ.

FIG. 4. Search results from the generic transient search (left) and the binary coalescence search (right). These histograms show the
number of candidate events (orange markers) and the mean number of background events (black lines) in the search class where
GW150914 was found as a function of the search detection statistic and with a bin width of 0.2. The scales on the top give the
significance of an event in Gaussian standard deviations based on the corresponding noise background. The significance of GW150914
is greater than 5.1σ and 4.6σ for the binary coalescence and the generic transient searches, respectively. Left: Along with the primary
search (C3) we also show the results (blue markers) and background (green curve) for an alternative search that treats events
independently of their frequency evolution (C2þ C3). The classes C2 and C3 are defined in the text. Right: The tail in the black-line
background of the binary coalescence search is due to random coincidences of GW150914 in one detector with noise in the other
detector. (This type of event is practically absent in the generic transient search background because they do not pass the time-frequency
consistency requirements used in that search.) The purple curve is the background excluding those coincidences, which is used to assess
the significance of the second strongest event.
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FIG. 2. Cumulative histograms of search results for the matched-filter searches, plotted versus inverse false-alarm rate. The dashed lines show
the expected background, given the analysis time. Shaded regions denote sigma uncertainty bounds for Poisson uncertainty. The blue dots are
the named gravitational-wave events found by each respective search. Any events with a measured or bounded inverse false alarm rate greater
than 3000 y are shown with an arrow pointing right. Left: PyCBC results. Right: GstLAL results.

FAR [y�1] Network SNR
Event UTC Time PyCBC GstLAL cWB PyCBC GstLAL cWB

GW150914 09:50:45.4 < 1.53 ⇥ 10�5 < 1.00 ⇥ 10�7 < 1.63 ⇥ 10�4 23.6 24.4 25.2
GW151012 09:54:43.4 0.17 7.92 ⇥ 10�3 – 9.5 10.0 –
GW151226 03:38:53.6 < 1.69 ⇥ 10�5 < 1.00 ⇥ 10�7 0.02 13.1 13.1 11.9
GW170104 10:11:58.6 < 1.37 ⇥ 10�5 < 1.00 ⇥ 10�7 2.91 ⇥ 10�4 13.0 13.0 13.0
GW170608 02:01:16.5 < 3.09 ⇥ 10�4 < 1.00 ⇥ 10�7 1.44 ⇥ 10�4 15.4 14.9 14.1
GW170729 18:56:29.3 1.36 0.18 0.02 9.8 10.8 10.2
GW170809 08:28:21.8 1.45 ⇥ 10�4 < 1.00 ⇥ 10�7 – 12.2 12.4 –
GW170814 10:30:43.5 < 1.25 ⇥ 10�5 < 1.00 ⇥ 10�7 < 2.08 ⇥ 10�4 16.3 15.9 17.2
GW170817 12:41:04.4 < 1.25 ⇥ 10�5 < 1.00 ⇥ 10�7 – 30.9 33.0 –
GW170818 02:25:09.1 – 4.20 ⇥ 10�5 – – 11.3 –
GW170823 13:13:58.5 < 3.29 ⇥ 10�5 < 1.00 ⇥ 10�7 2.14 ⇥ 10�3 11.1 11.5 10.8

TABLE I. Search results for the eleven GW events. We report a false-alarm rate for each search that found a given event; otherwise, we display
‘–’. The network SNR for the two matched filter searches is that of the template ranked highest by that search, which is not necessarily the
template with the highest SNR. Moreover, the network SNR is the quadrature sum of the detectors coincident in the highest-ranked trigger; in
some cases, only two detectors contribute, even if all three were operating nominally at the time of that event.

1. GW150914, GW151012, GW151226

During O1, two confident detections of binary black holes
were made: GW150914 [1] and GW151226 [2]. Addition-
ally, a third trigger was noted in the O1 catalog of binary black
holes [3, 4], and labeled LVT151012. That label was a conse-
quence of the higher FAR of that trigger, though detector char-
acterization studies showed no instrumental or environmental
artifact, and the results of parameter estimation were consis-
tent with an astrophysical BBH source. Even with the signifi-
cance that was measured with the O1 search pipelines [4], this
event meets the criteria of Sec. IV A for a gravitational wave
event, and we henceforth relabel this event as GW151012.

The improved O2 pipelines substantially reduced the FAR
assigned to GW151012: it is now 0.17 y�1 in the PyCBC

search (previously, 0.37 y�1), and 7.92 ⇥ 10�3 y�1 in the Gst-
LAL search (previously, 0.17 y�1). These improved FAR
measurements for GW151012 are the most salient result of
the reanalysis of O1 with the O2 pipelines; no new gravita-
tional wave events were discovered. The first binary black
hole observation, GW150914, remains the highest SNR event
in O1, and the second highest in the combined O1 and O2 data
sets, behind only the binary neutron star inspiral GW170817.

As this paper was in preparation, the pre-print [81] ap-
peared. That catalog also presents search results from the Py-
CBC pipeline for O1, and also finds GW150914, GW151012,
and GW151226 as the only confident gravitational wave
events in O1, with identical bounds on FAR to the Py-
CBC results in Table I for GW150914 and GW151226. The
measured FAR for GW151012 is not identical, but is consis-
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Inverse False Alarm Rate (IFAR)

• Rank all triggers with ranking 
statistic of choice

• From rank of trigger False Alarm 
Rate (over time of extended data)

• Cumulative distribution of IFAR: 
N=T/IFAR

• Consistency, does not say how 
sensitive the search is

[arXiv:1811.12907]
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Figure 6. Sensitive hypervolume hV T i from O3b for the various searches with pastro > 0.5 at the assessed points in the mass
parameter space. The Any results come from calculating the sensitive hypervolume for injections found by at least one search
analysis. The plotted points correspond to the central points of the log-normal distributions (with widths 0.1) used for the
calculation of hV T i. The values displayed are the same as those given in Table III.
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Figure 6. Sensitive hypervolume hV T i from O3b for the various searches with pastro > 0.5 at the assessed points in the mass
parameter space. The Any results come from calculating the sensitive hypervolume for injections found by at least one search
analysis. The plotted points correspond to the central points of the log-normal distributions (with widths 0.1) used for the
calculation of hV T i. The values displayed are the same as those given in Table III.
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Sensitivity and p_astro

• Probability of astrophysical origin: p_astro

[arXiv:1903.06881]

6

To define specific source categories, injection campaigns were designed to reflect the choices made for
parameter boundaries of the astrophysical sources in the catalog paper. The BNS source category included
neutron stars with component masses mi distributed uniformly in lnmi between 1  mi/M�  3.0 such
that the total mass M was less than 6.0M�. The lower mass limit is motivated by a 6� deviation from
masses of components in double neutron star systems [25] while the upper mass limit is motivated by
certain models and observations which allow neutron stars to form up to 3M� [26–30]. Spin vectors for
BNS components were allowed to be isotropic in direction and uniform in magnitude, with a maximum
allowed spin magnitude of 0.4. This maximum magnitude constraint is motivated by observations of the
fastest spinning pulsar with � . 0.4 [31]. The BBH source category included black holes with component
masses distributed uniformly in lnmi between 5  mi/M�  50 such that M  100M�. The lower mass
limit is motivated by the possible existence of a minimum black hole mass [32–34] while the upper mass
limit is motivated by evidence of an upper cuto↵ in the BBH mass spectrum based on the first few LIGO
detections [35–37]. Spin vectors for BBH components were allowed to be isotropic on the sphere with a
maximum allowed spin magnitude of 0.99. The relativistic Kerr bound provides a theoretical constraint on
black hole spin magnitude of 1.0 although we are also constrained by the limit of the waveform approximant.
The NSBH source category included neutron stars with component masses distributed uniformly in lnm1
between 1.0 m1/M�  3.0 and black holes with component masses distributed uniformly in lnm2 between
5.0 m2/M�  100.0. The total mass for the NSBH category was constrained to M  103.0M�. Both the NS
and BH components were allowed to be isotropic on the sphere with maximum allowed spin magnitudes of
0.4 and 0.99, respectively. These mass and spin limits are motivated by the NS and BH observations and
theoretical constraints already mentioned.2
Injections in each source category were distributed uniformly in co-moving volume out to redshift of

0.2 for BNS and NSBH and out to 0.7 for BBH. In order to maximize the number of recoverable injections
included in the injection campaign, an initial cut on expected signal-to-noise ratio less than 3.0 was applied
to exclude injections that would be too far away or in a poor sky location for either of the Hanford or
Livingston detectors. The parameters of these injections were tabulated and stored as unrecoverable.

E. Probability of Astrophysical Origin

From the original, two-component, FGMC counts posterior, one can compute the posterior probability
that an event, with foreground and background distribution values f (x) and b(x), evaluated at the event’s
ranking statistic x, is of astrophysical origin, given the data ~x [11]:

P1(x | ~x) =
Z 1

0
p(⇤0,⇤1 | ~x)

⇤1f (x)
⇤0b(x) +⇤1f (x)

d⇤0d⇤1. (17)

Its complementary quantity is the posterior probability P0(x | ~x) that the same event originated from the
Earth, with P0(x) +P1(x) = 1.
These posterior probabilities can be straightforwardly extended to the case when we have a multi-

component counts posterior. The source-specific foreground distributions of the multi-component posterior
allow one to compute posterior probabilities pertaining to specific astrophysical source categories:

P↵(x|~x) =
Z 1

0
p(⇤0, ~⇤1|~x)

⇤↵K↵(x)

⇤0 + ~⇤1 · ~K(x)
d⇤0d~⇤1. (18)

The complementary terrestrial posterior probability is once again related to the astrophysical probabilities
via P0(x|~x) +

P
↵ P↵(x | ~x) = 1, where ↵ is summed over all astrophysical source categories corresponding to

the multi-component posterior.
Astrophysical probabilities of candidate events are of considerable interest, from the perspective of

following up gravitational wave events with telescopes sensitive to various parts of the electromagnetic
spectrum. For instance, if PBNS were high, the probability that this event would produce an electromagnetic

2 To ensure appropriate coverage of the component mass space, an additional injection set where at least one of the components lies in
the range 3�5M�, was constructed. The masses were distributed uniformly in ln mi , with the other component spanning 1�100M�.
The spins were assumed to be isotropic, with a maximum value of 0.4 for the first component, and 0.99 for the latter.

• Injection campaigns 
(simulated signals) to 
estimate sensitivity
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expected count

sensitive volume
astrophysical rate

+ marginalisation 
over fg-bg counts 
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Unmodeled search for bursts

• Time-frequency domain: wavelets (cWB, BayesWave)
• Exploit direction-dependent detector response: signal 

reconstruction
• Background estimation challenging, introduce chirp 

morphology, vetoes
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Burst generic search method
� Robust search paradigm
¾ Require coherent signals in multiple detectors, using direction-dependent antenna response
¾ Look for excess power in time-frequency space
� Using wavelet decomposition

32

� Detection statistic
¾ dimensionless coherent signal energy obtained by 

cross-correlating the two reconstructed waveforms
¾ dimensionless residual noise energy after 

reconstructed signal is subtracted from data

� Getting the background under control is a challenge
¾ No waveform assumed

¾ But class for signal morphologies consistent with chirp
¾ Noise artifacts have greater impact than for CBC searches, 

especially at lower frequencies
Î Data quality and vetoes

multiple classes, this significance is decreased by a trials
factor equal to the number of classes [71].

A. Generic transient search

Designed to operate without a specific waveform model,
this search identifies coincident excess power in time-
frequency representations of the detector strain data
[43,72], for signal frequencies up to 1 kHz and durations
up to a few seconds.
The search reconstructs signal waveforms consistent

with a common gravitational-wave signal in both detectors
using a multidetector maximum likelihood method. Each
event is ranked according to the detection statistic
ηc ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Ec=ð1þ En=EcÞ

p
, where Ec is the dimensionless

coherent signal energy obtained by cross-correlating the
two reconstructed waveforms, and En is the dimensionless
residual noise energy after the reconstructed signal is
subtracted from the data. The statistic ηc thus quantifies
the SNR of the event and the consistency of the data
between the two detectors.
Based on their time-frequency morphology, the events

are divided into three mutually exclusive search classes, as
described in [41]: events with time-frequency morphology
of known populations of noise transients (class C1), events
with frequency that increases with time (class C3), and all
remaining events (class C2).

Detected with ηc ¼ 20.0, GW150914 is the strongest
event of the entire search. Consistent with its coalescence
signal signature, it is found in the search class C3 of events
with increasing time-frequency evolution. Measured on a
background equivalent to over 67 400 years of data and
including a trials factor of 3 to account for the search
classes, its false alarm rate is lower than 1 in 22 500 years.
This corresponds to a probability < 2 × 10−6 of observing
one or more noise events as strong as GW150914 during
the analysis time, equivalent to 4.6σ. The left panel of
Fig. 4 shows the C3 class results and background.
The selection criteria that define the search class C3

reduce the background by introducing a constraint on the
signal morphology. In order to illustrate the significance of
GW150914 against a background of events with arbitrary
shapes, we also show the results of a search that uses the
same set of events as the one described above but without
this constraint. Specifically, we use only two search classes:
the C1 class and the union of C2 and C3 classes (C2þ C3).
In this two-class search the GW150914 event is found in
the C2þ C3 class. The left panel of Fig. 4 shows the
C2þ C3 class results and background. In the background
of this class there are four events with ηc ≥ 32.1, yielding a
false alarm rate for GW150914 of 1 in 8 400 years. This
corresponds to a false alarm probability of 5 × 10−6

equivalent to 4.4σ.

FIG. 4. Search results from the generic transient search (left) and the binary coalescence search (right). These histograms show the
number of candidate events (orange markers) and the mean number of background events (black lines) in the search class where
GW150914 was found as a function of the search detection statistic and with a bin width of 0.2. The scales on the top give the
significance of an event in Gaussian standard deviations based on the corresponding noise background. The significance of GW150914
is greater than 5.1σ and 4.6σ for the binary coalescence and the generic transient searches, respectively. Left: Along with the primary
search (C3) we also show the results (blue markers) and background (green curve) for an alternative search that treats events
independently of their frequency evolution (C2þ C3). The classes C2 and C3 are defined in the text. Right: The tail in the black-line
background of the binary coalescence search is due to random coincidences of GW150914 in one detector with noise in the other
detector. (This type of event is practically absent in the generic transient search background because they do not pass the time-frequency
consistency requirements used in that search.) The purple curve is the background excluding those coincidences, which is used to assess
the significance of the second strongest event.
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properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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Detection statistic:

• Looking for generic 
transients

• Crucial for SN, 
robustness of CBC

coherent signal power

residual noise power
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Overview of search pipelines

Online analysis:

Run online (low-latency)

Pipelines

� cWB

� GstLAL
� MBTA
� PyCBC
� SPIIR

5

Generic search

Dedicated searches

Run offline

• minimize latency
• limited data quality/calibration 

information
• send alerts based on FAR

Offline analysis:
• run on ~1week chunks
• final data quality/calibration 

information
• use p_astro > 0.5 for catalogs

Outside groups:

• PyCBC
• Princeton
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CBC detections
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Outline

• GW signals: the basics

• Noise as a stochastic process

• Introducing matched filtering

• Towards real CBC searches

•Other signals: continuous 
waves, stochastic backgrounds

Part I
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Continuous waves

• Targeted/directed search: known pulsars, 
galactic center

• All-sky coherent search untractable !
• Semi-coherent searches required

Long-lived quasi-monochromatic signals:
modulated response
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F+, F⇥ ! F+(t), F⇥(t)

3

FIG. 1. Frequency and frequency derivative search ranges
of the four pipelines: the FrequencyHough pipeline ranges
marked in grey, SkyHough in red, Time-Domain F-statistic
in blue, and SOAP in magenta. See Table I for details.

relation between the time at the source ⌧ and the time
at the detector t is given by:

⌧(t) = t+
~r(t) · ~n

c
+�E� � �S� , (4)

where ~r(t) is the position vector of the detector in the
Solar System Barycenter (SSB) frame, and ~n is the unit
vector pointing to the NS; �E� and �S� are respec-
tively the relativistic Einstein and Shapiro time delays.
In standard equatorial coordinates with right ascension
↵ and declination �, the components of the unit vector ~n
are given by (cos↵ cos �, sin↵ cos �, sin �).

B. Parameter space analyzed

All the four pipelines perform an all-sky search, how-
ever the frequency and frequency derivative ranges ana-
lyzed are di↵erent for each pipeline. The detailed ranges
analyzed by the four pipelines are summarized in Table I
and presented in Fig. 1. The FrequencyHough pipeline
analyzes a broad frequency range between 10 Hz and
2048 Hz and a broad frequency time derivative range be-
tween -10�8 Hz/s and 10�9 Hz/s. A very similar range
of f and ḟ is analyzed by SOAP pipeline. The SkyHough
pipeline analyzes a narrower frequency range where the
detectors are most sensitive whereas Time-Domain F-
statistic pipeline analyzes f and ḟ ranges of the bulk of
the observed pulsar population (see Fig. 2 in Sect. IVC).

C. Detection statistics

As all-sky searches cover a large parameter space they
are computationally very expensive and it is computa-
tionally prohibitive to analyze coherently the data from
the full observing run using optimal matched-filtering.
As a result each of the pipelines developed for the anal-
ysis uses a semi-coherent method. Moreover to reduce
the computer memory and to parallelize the searches the
data are divided into narrow bands. Each analysis be-
gins with sets of short Fourier transforms (SFTs) that
span the observation period, with coherence times rang-
ing from 1024s to 8192s. The FrequencyHough, SkyHough
and SOAP pipelines compute measures of strain power
directly from the SFTs and create detection statistics
by stacking those powers with corrections for frequency
evolution applied. The FrequencyHough and SkyHough
pipelines use Hough transform to do the stacking whereas
SOAP pipeline uses the Viterbi algorithm. The Time-
Domain F-statistic pipeline extracts band-limited 6-day
long time-domain data segments from the SFT sets and
applies frequency evolution corrections coherently to ob-
tain the F-statistic ([47]). Coincidences are then required
among multiple data segments with no stacking.

D. Outlier follow-up

All four pipelines perform a follow-up analysis of
the statistically significant candidates (outliers) obtained
during the search. All pipelines perform vetoing of the
outliers corresponding to narrow, instrumental artifacts
(lines) in the advanced LIGO detectors ([53]). Several
other consistency vetoes are also applied to eliminate
outliers. The FrequencyHough, SkyHough, and Time-
Domain F-statistic pipelines perform follow-up of the
candidates by processing the data with increasing long
coherence times whereas SOAP pipeline use convolu-
tional neural networks to do the post processing.

E. Upper limits

No periodic gravitational wave signals were observed
by any of the four pipelines and and all the pipelines ob-
tain upper limits on their strength. The three pipelines
SkyHough, Time-Domain F-statistic and SOAP obtain
the upper limits by injections of the signals according to
the model given in Section IIIA above for an array of sig-
nal amplitudes h0 and randomly choosing the remaining
parameters. The FrequencyHough pipeline obtains upper
limits using an analytic formula (see Eq. 6) that depends
on the spectral density of the noise of the detector. The
formula was validated by a number of tests consisting of
injecting signals to the data.

Target: rotation of asymmetric neutron 
star (pulsar)

Figure 5: Typical modulations of the CW signal frequency for an
isolated neutron star as a function of time. Top: daily modulation
(blue) due to the rotation of the Earth. Middle: yearly modulation
(red) due to the orbit of the Earth. Bottom: long-term decrease
(yellow) due to the spindown of the star.

For isolated stars, �R(tNS) = 0 and Eq. (47) gives tNS

directly in terms of functions of tdet; otherwise, Eq. (47)
must be numerically inverted to determine the function
tNS(tdet). Finally, the CW phase is

�(tdet) = 2⇡

smaxX

s=0

f
(s) tNS(tdet)

s+1

(s+ 1)!
. (48)

Figure 5 illustrates the typical timescales of modula-
tions for the CW phase of an isolated star. On timescales
of a day, the dominant modulation is from Doppler modu-
lation due to the Earth’s sidereal rotation. Over the course
of a year, the dominant modulation is Doppler modulation
due to the Earth’s orbit. And over many years of obser-
vation, we expect a steady spindown in frequency as the
neutron star loses energy.

2.2.5. Approximate phase
While the full phase expression of Eq. (48) is required

to accurately track the CW phase over long observation
times, it is often useful (see e.g. Sec. 4.2) to consider a
simpler, approximate form of the phase [23, 85, 93].

We first discard the Einstein and Shapiro delay terms
�E�(tdet),�S�(tdet), as they are always small compared
to the other terms in Eq. (47). We then expand Eq. (48),
and discard any terms of order f

(s)
t
s�n+1

NS
�

n
R···, where

n > 1, and �R··· is any of the Rømer delay terms. This is
because, over the time-span of an observation T , f (s) typ-
ically scales with T

�s�1, ts�n+1

NS
scales with T

s�n+1, but

the oscillatory Rømer terms remain of order unity. Terms
of order f

(s)
t
s�n+1

NS
�

n
R···, therefore, scale as T

�n, and are
small enough to be neglected when n > 1. Finally, if
�R(tNS) is present, we assume that the orbital motion is
slow compared to gravitational wave transit time across
the orbit, and we can therefore approximate �R(tNS) ⇡

�R(tdet). Applying these approximations yields:

�(tdet) ⇡ 2⇡

smaxX

s=0

f
(s)

⇢
(tdet � t0)

s+1

(s+ 1)!

+
(tdet � t0)

s

s!

h
�R�(tdet) � �R(tdet)

i� (49)

= 2⇡f(tdet � t0)

h
�R�(tdet) � �R(tdet)

i

+ 2⇡


ftdet +

1

2
ḟ t

2

det
+

1

6
f̈ t

3

det
+ . . .

�
.

(50)

In Eq. (50), the instantaneous frequency f(tdet � t0) is
usually replaced by a constant fmax, the maximum fre-
quency of the signal over the observation, thereby giving
the maximum modulation from the Rømer terms.

3. Challenges of continuous wave searches

The fundamental challenge of CW searches lies in ex-
tracting a very weak signal from comparatively noisy data.
While gravitational wave signals from the mergers of bi-
nary black holes and neutron star are strong enough to, on
occasion, be discernible to the naked eye [e.g. 7, 94], CW
signals are comparatively much weaker. We must there-
fore apply data analysis techniques to the data. All such
techniques rely on the idea of matched filtering : we formu-
late a model for the CW signal (Sec. 2), apply that model
to the data, and compute a detection statistic which tells
us which of two hypotheses are favoured: the signal hy-
pothesis, that the data contains a CW signal matching our
model; or the noise hypothesis, that it does not.

A first challenge is breaking the following circular de-
pendency: how we can detect an unknown CW signal,
when we must first know its model parameters, in order to
apply the model to the data, in order to detect the signal
in the first place? It is here that the distinction between
amplitude and phase parameters made in Sec. 2 becomes
important. To see why, we first express the detector re-
sponse functions F+(t), F⇥(t) using two new functions6,
a(t) and b(t) [23]:

F+(t) = a(t) cos 2 + b(t) sin 2 ,

F⇥(t) = b(t) cos 2 � a(t) sin 2 .
(51)

By combining Eqs. (1), (4), (5) and (51), we see that the
component h

2m
(t) of h(t) associated with each harmonic

6Note that, in contract to the definitions given in [23], I have
absorbed the factor of sin ⇣ into the definitions a(t), b(t).
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22

FIG. 15. Comparison of 95% confidence upper limits on GW amplitude h0 obtained by the FrequencyHough pipeline (black
triangles), the SkyHough pipeline (red squares), the Time-Domain F-statistic pipeline (blue circles), and the SOAP pipeline
(magenta diamonds). Population-averaged upper limits obtained in [101] using the O3a data are marked with dark-green
crosses. To enhance visibility, we do not show the error estimates of h0 in this plot; additionally, the data is divided in 2 Hz
bins, and the median of h0 values within each bin is presented.

an absolute statement about the abundance and rates of PBHs.
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FIG. 2: Peakmap around the frequency of the HI pulsar3, with f0 = 108.8572 Hz, injected in Virgo VSR2 data. Time is since
the beginning of the run. The signal track is clearly visible, due to its very large amplitude.
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FIG. 3: Adaptive FH map around HI pulsar3, at frequency f0 = 108.8572 Hz. The reference time here is the middle of the
observation time.

Hz). From the figures we see that, for 1 yr observation
time, the minimum spin-down age in order to have only
the first spin-down parameter is 2100 yrs for TFFT= 1024
s and 1500 yrs for TFFT= 8192 s. Current analysis pro-
cedures includes only the first order spin-down.
The first order spin-down resolution can be generalized

as follows:

δḟ =
δf

TobsKḟ

(33)

allowing for an over-resolution factor Kḟ . The choice we
have done for the coarse step of the search is Kḟ = 1.
The use of an over-resolution factor for the spin-down
would in fact have a relevant impact on the computing
load (as the evaluation of the spin-down has to be done
by cycling on all the values). Besides this, the amplitude
digitalization loss is ∼ 3.6% for Kḟ = 1, small enough to
justify the choice we have done. Kḟ > 1 will be used in
the refined step.

Instead of fixing a value for τmin and then use
Eqs.(31,32) to compute the corresponding number of
spin-down values, we could fix the number of spin-down
value Nsd we want to search. The corresponding mini-

mum spin-down age would then be given by

τmin =
2fmax

Nsdδḟ
(34)

where fmax is the maximum frequency of the search
band.

C. Grid in the sky

The procedure to construct the sky grid is based on
what described in [20]. Let us consider two hypotheti-
cal sources, emitting a signal at the same frequency f0,
having the same ecliptic latitude β and a small angular
separation in the ecliptic longitude, γ. Due to the de-
tector motion, the separation between the two sources
can be seen as a time delay ∆t ≈ γ/Ωorb, where Ωorb

is the Earth orbital angular velocity (we are neglecting
the Earth rotation). The signals they emit are subject
to the Doppler effect, described by Eq.(11), so that the
frequency at the detector is

f(t) # f0

(

1 +
%v · n̂
c

)

≈ f0

(

1 +
ΩorbRorb cosβ sin(Ωorbt)

c

)

(35)
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FIG. 2: Peakmap around the frequency of the HI pulsar3, with f0 = 108.8572 Hz, injected in Virgo VSR2 data. Time is since
the beginning of the run. The signal track is clearly visible, due to its very large amplitude.
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FIG. 3: Adaptive FH map around HI pulsar3, at frequency f0 = 108.8572 Hz. The reference time here is the middle of the
observation time.

Hz). From the figures we see that, for 1 yr observation
time, the minimum spin-down age in order to have only
the first spin-down parameter is 2100 yrs for TFFT= 1024
s and 1500 yrs for TFFT= 8192 s. Current analysis pro-
cedures includes only the first order spin-down.
The first order spin-down resolution can be generalized

as follows:

δḟ =
δf

TobsKḟ

(33)

allowing for an over-resolution factor Kḟ . The choice we
have done for the coarse step of the search is Kḟ = 1.
The use of an over-resolution factor for the spin-down
would in fact have a relevant impact on the computing
load (as the evaluation of the spin-down has to be done
by cycling on all the values). Besides this, the amplitude
digitalization loss is ∼ 3.6% for Kḟ = 1, small enough to
justify the choice we have done. Kḟ > 1 will be used in
the refined step.

Instead of fixing a value for τmin and then use
Eqs.(31,32) to compute the corresponding number of
spin-down values, we could fix the number of spin-down
value Nsd we want to search. The corresponding mini-

mum spin-down age would then be given by

τmin =
2fmax

Nsdδḟ
(34)

where fmax is the maximum frequency of the search
band.

C. Grid in the sky

The procedure to construct the sky grid is based on
what described in [20]. Let us consider two hypotheti-
cal sources, emitting a signal at the same frequency f0,
having the same ecliptic latitude β and a small angular
separation in the ecliptic longitude, γ. Due to the de-
tector motion, the separation between the two sources
can be seen as a time delay ∆t ≈ γ/Ωorb, where Ωorb

is the Earth orbital angular velocity (we are neglecting
the Earth rotation). The signals they emit are subject
to the Doppler effect, described by Eq.(11), so that the
frequency at the detector is

f(t) # f0

(

1 +
%v · n̂
c

)

≈ f0

(

1 +
ΩorbRorb cosβ sin(Ωorbt)

c

)

(35)
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FIG. 5. Fiducial model predictions for the GWB from BBHs, BNSs, and NSBHs, along with current and projected sensitivity
curves. In the left panel we show 90% credible bands for the GWB contributions from BNS and BBH mergers. Whereas
the BNS uncertainty band illustrates purely the statistical uncertainties in the BNS merger rate, the BBH uncertainty band
additionally includes systematic uncertainties in the binary mass distribution, as described in the main text. As no unambiguous
NSBH detections have been made, we only show an upper limit on the possible contribution from such systems. The right
panel compares the combined BBH and BNS energy density spectra, and 2� power-law integrated (PI) curves for O2, O3, and
projections for the HLV network at design sensitivity, and the A+ detectors. The solid blue line shows the median estimate
of ⌦BBH+BNS(f) as a function of frequency, while the shaded blue band illustrates 90% credible uncertainties. The dashed
line, meanwhile, marks our projected upper limit on the total GWB, including our upper limit on the contribution from NSBH
mergers.

contour can be excluded on the basis of a GWB non-
detection. Direct BBH detections, meanwhile, allow for
a measurement of �1, but are not expected to meaning-
fully constrain zpeak, which likely lies beyond the horizon
of Advanced LIGO and Virgo. The direct BBH detec-
tions in GWTC-1 only allowed for a weak upper limit on
�1: �1  13.7. The non-detection of the GWB in O2
therefore ruled out a considerable portion of otherwise
available parameter space. Improved measurements due
to GWTC-2, though, have revised estimates of �1 down-
wards to �1 = 1.3+2.1

�2.1 [75], and so present GWB searches
cannot further constrain its value. The results in Fig. 6
are therefore now dominated by direct BBH detections.

With continued data collection, however, the non-
detection (or eventual detection) of the GWB may again
o↵er informative constraints on �1 and zpeak. As addi-
tional direct BBH detections are made, our knowledge
of �1 will continue to improve, identifying an increas-
ingly narrow, nearly-vertical contour in the �1 � zpeak

plane. Continued time integration in searches for the
GWB, meanwhile, will exclude a growing fraction of this
plane, ruling out large values of both �1 and zpeak. In
Fig. 7, for example, we show projected exclusion con-
tours corresponding to one year of integration with Ad-
vanced LIGO and Virgo, at both their design sensitivity
and A+ configurations; both exclusion curves extend into
the presently allowed values of �1, where they may again
be informative and break the degeneracy between �1 and

zpeak.

VI. CONCLUSIONS

In this work, we have performed a search for an
isotropic GWB using data from Advanced LIGO’s and
Virgo’s first three observing runs. Since we did not find
evidence for a background of astrophysical origin, we
placed upper limits, improving previous bounds by about
a factor of 6.0 for a flat background.

We considered the implications of the results, and
by combining the upper limits with measurements from
GWTC-2 we have constrained the BBH merger rate as a
function of redshift. Our results can be used to constrain
additional models such as cosmic strings or phase tran-
sitions, using the cross correlation spectra we have made
publicly available [57]. Our results can also be combined
with other measurements of the GWB at other frequen-
cies [81].

Moving forward, we expect currently proposed ground-
based facilities such as A+ have the potential to probe a
large range of the model space for CBC backgrounds. In
order to make full use of the data and confidently claim
a detection, it will be important to further develop the
methods to handle correlated terrestrial noise sources,
such as the magnetic couplings described here.

The authors gratefully acknowledge the support of the
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ond, in order to handle a large rate of loud glitches in
O3, we analyze data where these artifacts have been re-
moved via gating [59, 60]. Third, we perform a careful
analysis of correlated magnetic noise that could impact
the search. In addition to constructing a correlated mag-
netic noise budget, as in past runs, we use a Bayesian
statistical framework developed in [61] to constrain the
presence of magnetic noise.

Perhaps the most interesting source of an astrophysical
GWB, given the current network sensitivity, is the GWB
from CBCs. Previous studies have shown that this GWB
may be detectable with Advanced LIGO and Advanced
Virgo running at design sensitivity [62, 63], and the abil-
ity to detect such a background has been confirmed with
mock data challenges [64–66]. Therefore in this work we
carefully consider the implications of our results for the
CBC population. We estimate the GWB using the most
up-to-date information from observations during O3 [67–
72] and compare with the sensitivity of the current and
future detector networks. We show that an upgrade of
the current Advanced LIGO facilities, known as A+ [73],
could dig into a substantial part of the expected param-
eter space for the GWB at its target sensitivity. Fur-
thermore, we apply the methods of [74] to constrain the
merger rate as a function of redshift for binary black holes
(BBHs) by combining the GWB upper limits with in-
formation about individually resolvable events. We find
that the cross-correlation analysis can provide comple-
mentary information at large redshifts, compared to the
population analysis using individually detectable events
alone [75]. We make the results of our cross correlation
analysis available [57], enabling further detailed studies
of the GWB from CBCs and other models.

The rest of this work is organized as follows. In Sec-
tion II, we review the method of the cross-correlation
search. We discuss the data quality procedures and stud-
ies we performed in Section III. We present the main
results of the search in Section IV: we derive upper lim-
its on the GWB in Section IVA, put constraints on the
presence of scalar- and vector-polarized backgrounds in
Section IVB, and in Section IV C we extend these results
by simultaneously fitting for an astrophysical GWB and
an e↵ective GWB arising from magnetic correlations of
terrestrial origin. We compare our upper limits with a
fiducial model for the GWB from CBCs in Section V A,
and derive constraints on the BBH merger rate using the
upper limits on the GWB and observations of individual
CBCs in Section V B. We conclude in Section VI.

II. METHODS

A GWB that is Gaussian, isotropic, unpolarized, and
stationary is fully characterized by a spectral energy den-
sity. It is standard to express the spectrum in terms of
the dimensionless quantity ⌦GW(f), which is the GW en-
ergy density d⇢GW contained in the frequency interval f

to f + df , multiplied by the GW frequency and divided

by df times the critical energy density ⇢c needed to have
a flat Universe

⌦GW(f) =
f

⇢c

d⇢GW

df
, (1)

where ⇢c = 3H
2

0
c
2
/(8⇡G), c is the speed of light, and

G is Newton’s constant. For consistency with other GW
measurements (for example those of [67]), we take the
Hubble constant from Planck 2015 observations to be
H0 = 67.9 km s�1 Mpc�1 [76].

A. Cross correlation spectra

Let us label the GW detectors in the LIGO-Hanford,
LIGO-Livingston, and Virgo (HLV) network by the index
I = {H, L, V }. We denote the time-series output of the
detectors by sI(t), and the Fourier transform by s̃I(f).
Following [47, 58], we define the cross-correlation statistic
for the baseline IJ as

Ĉ
IJ(f) =

2

T

Re[s̃?I(f)s̃J(f)]

�IJ(f)S0(f)
, (2)

where �IJ(f) is the normalized overlap reduction func-
tion [58, 77, 78] for the baseline IJ , the function S0(f)
is given by S0(f) = (3H

2

0
)/(10⇡

2
f

3), and T is the ob-
servation time. In practice, because the noise is non-
stationary, we break the data into segments, and then
take T to be the segment duration. We then average to-
gether segments using inverse noise weighting [58]. If the
noise were stationary, this average would reproduce Eq. 2.
This estimator is normalized so that hĈ

IJ(f)i = ⌦GW(f)
in the absence of correlated noise. In the small signal-to-
noise ratio limit, the variance can be estimated as

�
2

IJ(f) ⇡
1

2T�f

PI(f)PJ(f)

�
2

IJ(f)S2

0
(f)

, (3)

where �f is the frequency resolution, and PI(f) is the
one-sided power spectral density in detector I. Note that
T�f need not equal one if several frequency bins are
coarse grained around the central frequency f to produce
the estimator in Eq. 2.

While we have expressed the cross-correlation estima-
tor in terms of the GW strain channel, in fact this analy-
sis can be applied to any pair of instruments. Following
[61], in Sections III D and IVC we will also employ these
techniques to cross correlate magnetometer channels to
search for correlated magnetic noise.

B. Optimal filtering

Strictly speaking, the optimal estimator for a given sig-
nal includes both auto-correlation and cross-correlation
terms [47]. We only use the cross correlation, and not
auto-correlation, in the search because the noise power
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FIG. 2. We present a simulated time series of duration 104

seconds illustrating the character of the BBH and BNS signals
in the time domain. In red we show a simulated BNS back-
ground corresponding to the median rate as shown in Figure 1,
and in green we display the median BBH background. We do
not show any detector noise, and do not remove some loud
and close events that would be detected individually. The re-
gion in the black box, from 1800 – 2600 seconds, is shown in
greater detail in the inset. The BNS time series is continuous
as it consists of a superposition of overlapping signals. On the
other hand the BBH background (in green) is popcorn-like,
and the signals do not overlap. Remarkably, even though the
backgrounds have very di↵erent structure in the time domain,
the energy in both backgrounds are comparable below 100 Hz,
as seen in Figure 1.
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FIG. 5. Fiducial model predictions for the GWB from BBHs, BNSs, and NSBHs, along with current and projected sensitivity
curves. In the left panel we show 90% credible bands for the GWB contributions from BNS and BBH mergers. Whereas
the BNS uncertainty band illustrates purely the statistical uncertainties in the BNS merger rate, the BBH uncertainty band
additionally includes systematic uncertainties in the binary mass distribution, as described in the main text. As no unambiguous
NSBH detections have been made, we only show an upper limit on the possible contribution from such systems. The right
panel compares the combined BBH and BNS energy density spectra, and 2� power-law integrated (PI) curves for O2, O3, and
projections for the HLV network at design sensitivity, and the A+ detectors. The solid blue line shows the median estimate
of ⌦BBH+BNS(f) as a function of frequency, while the shaded blue band illustrates 90% credible uncertainties. The dashed
line, meanwhile, marks our projected upper limit on the total GWB, including our upper limit on the contribution from NSBH
mergers.

contour can be excluded on the basis of a GWB non-
detection. Direct BBH detections, meanwhile, allow for
a measurement of �1, but are not expected to meaning-
fully constrain zpeak, which likely lies beyond the horizon
of Advanced LIGO and Virgo. The direct BBH detec-
tions in GWTC-1 only allowed for a weak upper limit on
�1: �1  13.7. The non-detection of the GWB in O2
therefore ruled out a considerable portion of otherwise
available parameter space. Improved measurements due
to GWTC-2, though, have revised estimates of �1 down-
wards to �1 = 1.3+2.1

�2.1 [75], and so present GWB searches
cannot further constrain its value. The results in Fig. 6
are therefore now dominated by direct BBH detections.

With continued data collection, however, the non-
detection (or eventual detection) of the GWB may again
o↵er informative constraints on �1 and zpeak. As addi-
tional direct BBH detections are made, our knowledge
of �1 will continue to improve, identifying an increas-
ingly narrow, nearly-vertical contour in the �1 � zpeak

plane. Continued time integration in searches for the
GWB, meanwhile, will exclude a growing fraction of this
plane, ruling out large values of both �1 and zpeak. In
Fig. 7, for example, we show projected exclusion con-
tours corresponding to one year of integration with Ad-
vanced LIGO and Virgo, at both their design sensitivity
and A+ configurations; both exclusion curves extend into
the presently allowed values of �1, where they may again
be informative and break the degeneracy between �1 and

zpeak.

VI. CONCLUSIONS

In this work, we have performed a search for an
isotropic GWB using data from Advanced LIGO’s and
Virgo’s first three observing runs. Since we did not find
evidence for a background of astrophysical origin, we
placed upper limits, improving previous bounds by about
a factor of 6.0 for a flat background.

We considered the implications of the results, and
by combining the upper limits with measurements from
GWTC-2 we have constrained the BBH merger rate as a
function of redshift. Our results can be used to constrain
additional models such as cosmic strings or phase tran-
sitions, using the cross correlation spectra we have made
publicly available [57]. Our results can also be combined
with other measurements of the GWB at other frequen-
cies [81].

Moving forward, we expect currently proposed ground-
based facilities such as A+ have the potential to probe a
large range of the model space for CBC backgrounds. In
order to make full use of the data and confidently claim
a detection, it will be important to further develop the
methods to handle correlated terrestrial noise sources,
such as the magnetic couplings described here.
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are separated by 27.2� as seen from the center of the Earth. (iii) The first zero of the
overlap function occurs just above 60 Hz. This is roughly equal to c/(2s) = 50 Hz, where
s = 3000 km is the separation between the two interferometers. Note that f = c/(2s) is
the frequency of a gravitational wave that has a wavelength equal to twice the separation
of the two sites. For lower frequencies, the two interferometers will be driven (on average)
by the same positive (or negative) part of the incident gravitational wave. For slightly
higher frequencies, one interferometer will be driven by the positive (or negative) part
of the incident wave, while the other interferometer will be driven by the negative (or
positive) part. The zeros of the overlap function correspond to the transitions between
the in-phase and out-of-phase excitations of the two interferometers.
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Figure 34: Overlap function for the LIGO Hanford-LIGO Livinston cross-correlation in
the small-antenna limit. Left panel: linear frequency scale. Right panel: logarithmic
frequency scale.

5.4.2 Big-Bang Observer overlap function

As a second example, we consider the overlap function between two LISA-like constella-
tions oriented in a hexagram (i.e., ‘six-pointed star’) configuration as shown in Figure 35.
This is one of the configurations being considered for the Big-Bang Observer (BBO), which
is a proposed space mission designed to detect or put stringent limits on a cosmologically-
generated gravitational-wave background [151]. The arm lengths of the two interferom-
eters, with vertices ~x1 and ~x2, are taken to be L = 5 ⇥ 106 km. The opening angle for
the two interferometers is � = 60�. For this example, we calculate the normalized overlap
function for strain response numerically, since the small-antenna limit is not valid for the
high-frequency end of the sensitivity band. A plot of the normalized overlap function is
given in Figure 36.
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ond, in order to handle a large rate of loud glitches in
O3, we analyze data where these artifacts have been re-
moved via gating [59, 60]. Third, we perform a careful
analysis of correlated magnetic noise that could impact
the search. In addition to constructing a correlated mag-
netic noise budget, as in past runs, we use a Bayesian
statistical framework developed in [61] to constrain the
presence of magnetic noise.

Perhaps the most interesting source of an astrophysical
GWB, given the current network sensitivity, is the GWB
from CBCs. Previous studies have shown that this GWB
may be detectable with Advanced LIGO and Advanced
Virgo running at design sensitivity [62, 63], and the abil-
ity to detect such a background has been confirmed with
mock data challenges [64–66]. Therefore in this work we
carefully consider the implications of our results for the
CBC population. We estimate the GWB using the most
up-to-date information from observations during O3 [67–
72] and compare with the sensitivity of the current and
future detector networks. We show that an upgrade of
the current Advanced LIGO facilities, known as A+ [73],
could dig into a substantial part of the expected param-
eter space for the GWB at its target sensitivity. Fur-
thermore, we apply the methods of [74] to constrain the
merger rate as a function of redshift for binary black holes
(BBHs) by combining the GWB upper limits with in-
formation about individually resolvable events. We find
that the cross-correlation analysis can provide comple-
mentary information at large redshifts, compared to the
population analysis using individually detectable events
alone [75]. We make the results of our cross correlation
analysis available [57], enabling further detailed studies
of the GWB from CBCs and other models.

The rest of this work is organized as follows. In Sec-
tion II, we review the method of the cross-correlation
search. We discuss the data quality procedures and stud-
ies we performed in Section III. We present the main
results of the search in Section IV: we derive upper lim-
its on the GWB in Section IVA, put constraints on the
presence of scalar- and vector-polarized backgrounds in
Section IVB, and in Section IV C we extend these results
by simultaneously fitting for an astrophysical GWB and
an e↵ective GWB arising from magnetic correlations of
terrestrial origin. We compare our upper limits with a
fiducial model for the GWB from CBCs in Section V A,
and derive constraints on the BBH merger rate using the
upper limits on the GWB and observations of individual
CBCs in Section V B. We conclude in Section VI.

II. METHODS

A GWB that is Gaussian, isotropic, unpolarized, and
stationary is fully characterized by a spectral energy den-
sity. It is standard to express the spectrum in terms of
the dimensionless quantity ⌦GW(f), which is the GW en-
ergy density d⇢GW contained in the frequency interval f

to f + df , multiplied by the GW frequency and divided

by df times the critical energy density ⇢c needed to have
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G is Newton’s constant. For consistency with other GW
measurements (for example those of [67]), we take the
Hubble constant from Planck 2015 observations to be
H0 = 67.9 km s�1 Mpc�1 [76].

A. Cross correlation spectra

Let us label the GW detectors in the LIGO-Hanford,
LIGO-Livingston, and Virgo (HLV) network by the index
I = {H, L, V }. We denote the time-series output of the
detectors by sI(t), and the Fourier transform by s̃I(f).
Following [47, 58], we define the cross-correlation statistic
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3), and T is the ob-
servation time. In practice, because the noise is non-
stationary, we break the data into segments, and then
take T to be the segment duration. We then average to-
gether segments using inverse noise weighting [58]. If the
noise were stationary, this average would reproduce Eq. 2.
This estimator is normalized so that hĈ
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in the absence of correlated noise. In the small signal-to-
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where �f is the frequency resolution, and PI(f) is the
one-sided power spectral density in detector I. Note that
T�f need not equal one if several frequency bins are
coarse grained around the central frequency f to produce
the estimator in Eq. 2.

While we have expressed the cross-correlation estima-
tor in terms of the GW strain channel, in fact this analy-
sis can be applied to any pair of instruments. Following
[61], in Sections III D and IVC we will also employ these
techniques to cross correlate magnetometer channels to
search for correlated magnetic noise.

B. Optimal filtering

Strictly speaking, the optimal estimator for a given sig-
nal includes both auto-correlation and cross-correlation
terms [47]. We only use the cross correlation, and not
auto-correlation, in the search because the noise power
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upper limits on the GWB and observations of individual
CBCs in Section V B. We conclude in Section VI.
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