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INTRODUCTION : SIMPLISTIC VIEW OF PHASE DIAGRAM

 
of NS

arXiv:2211.11414v1

ADIL IMAM SAHA INSTITUTE OF NUCLEAR PHYSICS 2 / 23



THE DENSITY LADDER

ultimate determination of the neutron-skin 
thickness of 208Pb 

(some people call it „P2“)

P2:
measurement of the weak mixing angle:
10000 hours (= 417 days)
measurement of the weak charge of 12C
2500 hours (= 105 days)

PVES; IVGDR

HIC; Pulse Profile 

Pulse Profile; GW

Pulsar Timing; GW

Chiral-EFT

pQCD
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MICRO-MACRO COLLISION
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THE EOS FOR NS MATTER :
NUCLEONIC CORE COMPOSITION

■ The NS core is composed of neutron (n), proton(p), electron(e)
and muon(µ)

■ The EoS is determined by the features of nucleon-nucleon (N-N)
interaction
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THE EOS FOR NS MATTER

THE PARABOLIC APPROXIMATION :

■ Energy per nucleon for neutron star matter at a given nucleon
density ρ and asymmetry δ = (ρn

ρ − ρp
ρ ) can be written as,

ε(ρ, δ) =
∑ ∂n

∂δn ε(ρ, δ)|δ=0 = e(ρ,0) + esym(ρ)δ
2 + ...,

e(ρ,0) : Energy for SNM and
esym(ρ) = ε(ρ,1)− e(ρ,0) : Density dependent symmetry energy
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THE EOS FOR NS MATTER

THE PARABOLIC APPROXIMATION :

■
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FIGURE: Energy per nucleon for Symmetric Nuclear Matter
(SNM)((green curve) and symmetry energy (blue curve)

■ Nuclear Matter Parameters(NMPs) ∝ ∂n

∂ρn e(ρ,0) or ∝ ∂n

∂ρn esym(ρ)
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THE EOS OF NS MATTER

NUCLEAR MATTER PARAMETERS (NMPS) :

■ Taylor expansion : ε(ρ, δ) =
∑4

n=0(an + bnδ
2)(ρ−ρ0

3ρ0
)n

■ SNM parameters (at ρ0) :
■ e0 ≡ Binding energy = e(ρ,0)|ρ=ρ0 = a0

■ K0 ≡ Incompressibility coefficient ∝ ∂2e(ρ,0)
∂ρ2 |ρ=ρ0 = a2

■ Q0(Z0) ≡ Third(Fourth)order derivative = a3(a4)

■ Symmetry Energy parameters (at ρ0) :
■ J0 ≡ Symmetry energy = esym(ρ)|ρ=ρ0 = b0

■ L0 ≡ Slope of symmetry energy ∝ ∂esym(ρ)
∂ρ |ρ=ρ0 = b1

■ Ksym,0 ≡ Curvature of symmetry energy ∝ ∂2esym(ρ)

∂ρ2 |ρ=ρ0 = b2

■ Qsym,0(Zsym,0) ≡ Third(Fourth)order derivative = b3(b4)
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THE EOS OF NS MATTER

THE n
3 EXPANSION MODEL :

■ n
3 Expansion: ε(ρ, δ) =

∑6
n=2(cn + dnδ

2)( ρ
ρ0
)n/3
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CONSTRUCTION OF EOS
PHYSICAL CONSTRAINTS ON THE EOS :

Each EoS must satisfies :
■ Mechanical stability (c2

s >0) cs : speed of sound

■ Causality (c2
s ≤1)

■ Symmetry energy : esym(ρ) >0

■ MTOV ≥ mass of observed massive NS (non-rotating)
( MTOV = maximum mass in the stable branch)
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KNOWLEDGE ABOUT THE NMPS

■ The parameters which are known within a few percent: e0 and ρ0

■ The parameters which are known within about 10 percent: J0, K0

■ The parameters which are known within about 50 percent: L0

■ The parameters which are almost unknown:
Q0,Z0,Ksym,0,Qsym,0,Zsym,0
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REVERSE ENGINEERING : BAYESIAN INFERENCE

■ Constraining the EoS means constraining these parameters

■ NMPs−→ f(NMPs)−→Observable (related to EoS or NS)

■

NMPs−→ f(NMPs)−→Observable (EoS or NS)

Bayesian Inference
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CALIBRATING THE GLOBAL BEHAVIOUR OF EOS

■ NMPs −→ EoS −→ TOV −→ NS properties

■
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For one single EoS with 100 stars in the stable sequence takes 1
second then for 106 EoS it takes ∼ 11 days with a single CPU core

■ NMPs −→ NS properties

■ We use a machine learning approach : Symbolic Regression
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CALIBRATING THE GLOBAL BEHAVIOUR OF EOS
SYMBOLIC REGRESSION :

■ The goal of symbolic regression is to provide relationship between
features (input variables) and target (output variable)

■ The symbolic regression process involves searching through a
space of mathematical expressions

■ A K-fold validation procedure will give multiple equations in each
of the k fold

■ To choose the best equation one has to perform a goodness of fit
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CALIBRATING THE GLOBAL BEHAVIOUR OF EOS
SYMBOLIC REGRESSION :

■

R2 = 1 −
∑

(yi − ŷi)
2∑

(yi − ȳ)2

yi : observed or actual value
ŷi : predicted value for the ith data point
ȳ : mean of the n observed values

■

RMSE =

√∑
(yi − ŷi)2

n
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ŷi : predicted value for the ith data point
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CALIBRATING THE GLOBAL BEHAVIOUR OF EOS
SYMBOLIC REGRESSION :

■ We have construct equations for maximum mass of NS and
radius, tidal deformability for NS of mass between 1.1-2.15 M⊙

■

Mmax = 0.14K̂0 − 0.02L̂0 + 0.27Q̂0 + 0.16Ẑ0 + 2.33
R1.4 = −0.31(Ĵ0 − Q̂0 − Q̂sym0)− 0.62K̂sym0 + 1.75L̂0 + 14.22

Λ1.4 = −54.02(Ĵ0 − K̂0 − Q̂0 − Q̂sym0) + 76.09K̂sym0

+ 178.12L̂0 + 737.93
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CALIBRATING THE GLOBAL BEHAVIOUR OF EOS
DATA FOR BAYESIAN INFERENCE :

■ 12 experimental data on symmetry energy, pressure due to
symmetry energy and symmetric nuclear matter

■ 2 empirical data on energy for pure neutron matter and slope of
incompressibility

■ GW170817,mass-radius posterior data from NICER
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MAPPING NS PROPERTIES TO NMPS

IMPORTANCE OF Epnm AND M :

■ Epnm = esnm + esym

■ M ∝ ∂K
∂ρ
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FIGURE: Variation of incompressibility coefficient, K with density.
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MAPPING NS PROPERTIES TO NMPS

IMPORTANCE OF Epnm AND M :

■ Pseudo data are generated for a known set of NMPs

■ The NMPs are recovered with high accuracy when Epnm and Mc
are used in Bayesian inference

TABLE: S0 : All the data except Epnm and Mc ; SALL : All the data.

Scenario K0 Q0 J0 L0 Ksym0

ref - 266 -90 33.17 67 -47

TSRM S0 256+46
−56 -148+255

−266 32.92+1.36
−1.33 65+14

−14 -27+81
−79

SALL 262+21
−23 -167+175

−194 32.97+1.29
−1.26 65+14

−14 -26+79
−80

TTOV SALL 262+20
−20 -203+182

−176 32.74+1.24
−1.24 63+14

−13 -34+76
−74

■ Bayesian inferences are performed with realistic data including
Epnm and Mc
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CALIBRATING THE GLOBAL BEHAVIOUR OF EOS
TOV VS SYMBOLIC REGRESSION MODELS :
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FIGURE: Posterior obtained using symbolic regression models and TOV
solutions
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SUMMARY

■ Performing Bayesian inference to calibrate the EoS using NS
observation is computationally very expensive

■ Symbolic regression based equations are constructed to replace
EoS computation and solutions of TOV equations

■ Using TOV and SRMs in Bayesian inference give comparable
results while SRMs provides results within 20 minutes which is
100 times faster than the traditional TOV approach
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