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nique we employed to sample the parameters posterior
probability distribution.

III.1. Parameters used in the Bayesian inference

The physical parameters that characterize the nuclear
EoS are analytically related to the Skyrme parameters
by the following equations
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We will use for the surface parameters G0 ⌘ �C�⇢
0 /2 for

the isoscalar term and G1 ⌘ �C�⇢
1 /2 for the isovector

term. Also, for simplicity in our notation, we use W0 to
indicate the spin-orbit parameter. This coincides with
the traditional notation of the Skyrme EDF and can be
related to the above-introduced parameters as follows:
CrJ

0 = �3W0/4 and CrJ
1 = �W0/4.

The quantities defined above, with the only excep-
tion of W0, are in a one-to-one correspondence with the
Skyrme’s parameters defined above (see Refs. [18, 19]).
Working with one or the other is equivalent; nonetheless,
we decided to work with the nuclear matter parameteri-
zation. We will motivate our choice below.

We decided that a uniform prior probability distribu-
tion is in order. Its boundaries are listed in Table I.
Those ranges are based on theoretical analysis of ground
and excited state data for the EoS parameters (see Table
I in Ref. [4] and references therein) and on the large set
of available Skyrme EDFs – essentially fitted to binding
energies and charge radii – for the surface and spin-orbit
parameter. We have tried to keep the ranges as large as
possible (see further discussions in Sec. III.4).

III.2. Selection of observables and associated errors

In Table II, we show the full list of the experimen-
tal observables we selected for the inference. In the first
part of the Table, we put the ground state properties of

TABLE I. Intervals for the prior distributions, that have been
assumed to be uniform in these intervals. Dovremo anche
discutere come discutere (brevemente) la stabilit dei risultati
rispetto alla scelta dei priors e tutto il resto che ci ha tenuto
a lungo impegnati.

Par. Units Lower Upper
limit limit

⇢0 [fm�3] 0.150 0.175
E0 [MeV] -16.50 -15.50
K0 [MeV] 180.00 260.00
J [MeV] 24.00 40.00
L [MeV] -20.00 120.00
G0 [MeV fm5] 90.00 170.00
G1 [MeV fm5] -90.00 70.00
W0 [MeV fm5] 60.00 190.00
m⇤

0/m 0.70 1.10
m⇤

1/m 0.60 0.90

several doubly-magic nuclei: binding energies and charge
radii, and a couple of spin-orbit splittings. The binding
energies have been taken from the AME2020 mass table
[33, 34], while the radii from [35]. As for the spin-orbit
splittings, we chose the ⌫2p splitting of 48Ca and ⇡2f
of 208Pb (from [36], Tab. III; if more than one value is
present, we took the arithmetic mean). In the second
part of the Table, we list the giant isoscalar resonance
energies we considered. We opted for two monopole and
one quadrupole resonance: for the former, we take 208Pb,
using data from [37] for EIS

GMR (constrained energy), and

1L.-W. Chen et al. Phys. Rev. C 80, 014322 (2009) 

Parameters Prior distribution

0 = isoscalar; 1 = isovector

1-to-1 correspondence with usual 
Skyrme parameters1!



3

Observable chosen for the fit
“hfbcs-qrpa1” code to compute 
observables from parameters

1G. Colò, X. Roca-Maza, arXiv:2102.06562v1 [nucl-th]



3

Observable chosen for the fit
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Table 1: Observables and initial adopted errors (see text for details).

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 2.0* 5.50 ± 0.05* 2.02 ± 0.50*
48Ca 416.0 ± 2.0* 3.48 ± 0.05* 1.72 ± 0.50*
40Ca 342.1 ± 2.0* 3.48 ± 0.05* -
56Ni 484.0 ± 2.0* - -
68Ni 590.4 ± 2.0* - -
100Sn 825.2 ± 2.0* - -
132Sn 1102.8 ± 2.0* 4.71 ± 0.05* -
90Zr 783.9 ± 2.0* 4.27 ± 0.05* -

Isoscalar resonances
EIS

GMR
[MeV] EIS

GQR
[MeV]

208Pb 13.5 ± 0.5* 10.9 ± 0.5*
90Zr 17.7 ± 0.5* -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 550 ± 18
48Ca 2.07 ± 0.22 - 2668 ± 113

Supplemental material

 : Binding Energy 
 : Charge radius 

 : Spin-orbit splitting 

B . E .
Rch

ΔESO

“hfbcs-qrpa1” code to compute 
observables from parameters
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FIG. 2. Marginalized posterior distributions of parameters for the seven inferences.

W0, which is a↵ected by the introduction of the spin-
orbit splittings (second row, orange line). Finally, the
posterior distributions are all-in-all flat for K0, G1 and
the isoscalar and isovector e↵ective masses. It is worth
noting that our choice of spin-orbit splittings seems to
slightly favor values of m⇤

0 in the upper part of the prior
interval.

At first glance, it seems that this set of ground state
observables favors low symmetry energy values, with the
J peak slightly above 28 MeV. While this is undeniable,
it does not tell the whole story, since higher J values are
not at all discarded. Its distribution has a very high tail,
where all the values in the prior interval (40 MeV) are
explored. Its mean is 31.293 MeV, with a standard de-
viation of 3.354 MeV. Besides, from the literature we
just know that the ground state properties determine a
strong positive correlation between J and L, which here
is present and fully explored. How relatively likely are
di↵erent combinations of J and L (i.e., both high or
both low) is, to our knowledge, not known. Furthermore,
our findings may very well be a↵ected by the fact that
we use observable from asymmetric nuclei, like 208Pb or
132Sn. [Come discusso nella mail, non credo che questo
sia del tutto esatto. Direi che le masse puntano a una
distribuzione un po’ diversa e più stretta, ma che il nos-
tro lavoro ne include poche e comunque non siamo in-
compatibil con UNEDF0 - nella mail la discussione è più
completa]

Adding the nuclear polarizability ↵D (yellow line)
puts sensible constraints on J, L. The Giant resonances
(green line) have multiple e↵ects: the giant monopole
constrains K0, the giant quadrupole m⇤

0/m while m(1)

m⇤
1/m. [Tutta questa parte va allargata e vanno discussi

in dettaglio questi constraints rispetto a quanto già in let-
teratura - con referenze. Magari posso volontarizzarmi io
sulla parte monopolo e quadrupolo, e Xavi è la persona
più adatta alla parte IV. Ma qui ci vuole un lungo para-
gafo.]
We carefully analyzed the e↵ect of the parity-violating

asymmetry. As we can observe, adding the 48Ca APV

(light blue line) shifts the J, L distribution to slightly
lower values, while that of 208Pb (blue line) to slightly
higher values. Including both (purple line) is a compro-
mise between the two e↵ects. In any case, this is just a
correction and does not alter heavily the distributions,
which are much more influenced by the polarizability.
[Sento già l’ostile referee che ci diche che questo viene da
un bias... ovviamente io credo a quello che stai/stiamo
dicendo ma mi chiedo se ci sia un argomento più solido,
e/o credo che dobbiamo confrontare col paper degli amer-
icani che abbiamo visto su arXiv.]
Finally, the G1 parameter distribution is fairly similar

in all the inferences. It peaks within the boundaries of
the prior interval, although its tail is cut. We should
enlarge this interval, but, as we explained above, this
would create several instabilities in the emulator training
grid; thus, at present, we cannot improve this aspect.
It is now interesting to compare this last inference with

the literature. In a recent work [45], the authors com-
piled all the parameters and nuclear matter properties
of all the published Skyrme interactions. We find that
E0, J, W0 are in line with what is published. This holds
for the e↵ective masses m⇤/m as well, even if our dis-
tributions are narrower; it also holds for the surface G
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e/o credo che dobbiamo confrontare col paper degli amer-
icani che abbiamo visto su arXiv.]
Finally, the G1 parameter distribution is fairly similar

in all the inferences. It peaks within the boundaries of
the prior interval, although its tail is cut. We should
enlarge this interval, but, as we explained above, this
would create several instabilities in the emulator training
grid; thus, at present, we cannot improve this aspect.
It is now interesting to compare this last inference with

the literature. In a recent work [45], the authors com-
piled all the parameters and nuclear matter properties
of all the published Skyrme interactions. We find that
E0, J, W0 are in line with what is published. This holds
for the e↵ective masses m⇤/m as well, even if our dis-
tributions are narrower; it also holds for the surface G

5



Progressive marginalized posteriors
7

FIG. 2. Marginalized posterior distributions of parameters for the seven inferences.

W0, which is a↵ected by the introduction of the spin-
orbit splittings (second row, orange line). Finally, the
posterior distributions are all-in-all flat for K0, G1 and
the isoscalar and isovector e↵ective masses. It is worth
noting that our choice of spin-orbit splittings seems to
slightly favor values of m⇤

0 in the upper part of the prior
interval.

At first glance, it seems that this set of ground state
observables favors low symmetry energy values, with the
J peak slightly above 28 MeV. While this is undeniable,
it does not tell the whole story, since higher J values are
not at all discarded. Its distribution has a very high tail,
where all the values in the prior interval (40 MeV) are
explored. Its mean is 31.293 MeV, with a standard de-
viation of 3.354 MeV. Besides, from the literature we
just know that the ground state properties determine a
strong positive correlation between J and L, which here
is present and fully explored. How relatively likely are
di↵erent combinations of J and L (i.e., both high or
both low) is, to our knowledge, not known. Furthermore,
our findings may very well be a↵ected by the fact that
we use observable from asymmetric nuclei, like 208Pb or
132Sn. [Come discusso nella mail, non credo che questo
sia del tutto esatto. Direi che le masse puntano a una
distribuzione un po’ diversa e più stretta, ma che il nos-
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(light blue line) shifts the J, L distribution to slightly
lower values, while that of 208Pb (blue line) to slightly
higher values. Including both (purple line) is a compro-
mise between the two e↵ects. In any case, this is just a
correction and does not alter heavily the distributions,
which are much more influenced by the polarizability.
[Sento già l’ostile referee che ci diche che questo viene da
un bias... ovviamente io credo a quello che stai/stiamo
dicendo ma mi chiedo se ci sia un argomento più solido,
e/o credo che dobbiamo confrontare col paper degli amer-
icani che abbiamo visto su arXiv.]
Finally, the G1 parameter distribution is fairly similar

in all the inferences. It peaks within the boundaries of
the prior interval, although its tail is cut. We should
enlarge this interval, but, as we explained above, this
would create several instabilities in the emulator training
grid; thus, at present, we cannot improve this aspect.
It is now interesting to compare this last inference with

the literature. In a recent work [45], the authors com-
piled all the parameters and nuclear matter properties
of all the published Skyrme interactions. We find that
E0, J, W0 are in line with what is published. This holds
for the e↵ective masses m⇤/m as well, even if our dis-
tributions are narrower; it also holds for the surface G
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FIG. 2. Marginalized posterior distributions of parameters for the seven inferences.

W0, which is a↵ected by the introduction of the spin-
orbit splittings (second row, orange line). Finally, the
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where all the values in the prior interval (40 MeV) are
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just know that the ground state properties determine a
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di↵erent combinations of J and L (i.e., both high or
both low) is, to our knowledge, not known. Furthermore,
our findings may very well be a↵ected by the fact that
we use observable from asymmetric nuclei, like 208Pb or
132Sn. [Come discusso nella mail, non credo che questo
sia del tutto esatto. Direi che le masse puntano a una
distribuzione un po’ diversa e più stretta, ma che il nos-
tro lavoro ne include poche e comunque non siamo in-
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completa]

Adding the nuclear polarizability ↵D (yellow line)
puts sensible constraints on J, L. The Giant resonances
(green line) have multiple e↵ects: the giant monopole
constrains K0, the giant quadrupole m⇤

0/m while m(1)

m⇤
1/m. [Tutta questa parte va allargata e vanno discussi

in dettaglio questi constraints rispetto a quanto già in let-
teratura - con referenze. Magari posso volontarizzarmi io
sulla parte monopolo e quadrupolo, e Xavi è la persona
più adatta alla parte IV. Ma qui ci vuole un lungo para-
gafo.]
We carefully analyzed the e↵ect of the parity-violating

asymmetry. As we can observe, adding the 48Ca APV

(light blue line) shifts the J, L distribution to slightly
lower values, while that of 208Pb (blue line) to slightly
higher values. Including both (purple line) is a compro-
mise between the two e↵ects. In any case, this is just a
correction and does not alter heavily the distributions,
which are much more influenced by the polarizability.
[Sento già l’ostile referee che ci diche che questo viene da
un bias... ovviamente io credo a quello che stai/stiamo
dicendo ma mi chiedo se ci sia un argomento più solido,
e/o credo che dobbiamo confrontare col paper degli amer-
icani che abbiamo visto su arXiv.]
Finally, the G1 parameter distribution is fairly similar

in all the inferences. It peaks within the boundaries of
the prior interval, although its tail is cut. We should
enlarge this interval, but, as we explained above, this
would create several instabilities in the emulator training
grid; thus, at present, we cannot improve this aspect.
It is now interesting to compare this last inference with

the literature. In a recent work [45], the authors com-
piled all the parameters and nuclear matter properties
of all the published Skyrme interactions. We find that
E0, J, W0 are in line with what is published. This holds
for the e↵ective masses m⇤/m as well, even if our dis-
tributions are narrower; it also holds for the surface G
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TABLE III. Mean and standard deviation of the marginalized
posterior distributions.

Parameter µ �
⇢0 [fm3] 0.161 0.004
E0 [MeV] -15.938 0.102
K0 [MeV] 219.483 10.007
J [MeV] 29.378 1.626
L [MeV] 16.136 14.732
G0 [MeV fm5] 125.470 10.210
G1 [MeV fm5] 9.439 35.735
W0 [MeV fm5] 128.719 14.848
m⇤

0/m 0.913 0.079
m⇤

1/m 0.712 0.021

parameters, even though it would be appropriate to ex-
pand the prior interval of G1. The ⇢0 distribution is
quite similar, even though our analysis seems to favor
slightly higher values. On the other hand, K0 is lower
than commonly given values, peaking around 220 MeV
and having tails below 200 MeV, while most Skyrme’s
interactions have K0 values around 240 MeV. Instead, L
has quite lower values: it peaks at around 30 MeV, and
part of the distribution is well in the negative, whereas
most interactions have L above 40 MeV.

As for the correlations, we show in Fig. 3 the corner
plot: on the diagonal, there are the single parameter
marginalized posterior distributions, while in the other
slots are the combined marginalized distributions. As we
can see, there are strong correlations between J and L,
m⇤

0 and G0.
Finally, in Tab. III we summarize the mean µ and the

standard deviation � of the marginalized posterior dis-
tributions, for the inference where we considered all the
observables.

IV.2. Observables posterior distribution

It is interesting to investigate how well Skyrme’s
parametrizations follow the posterior distribution to re-
produce the observables used for the fit. For this anal-
ysis, we extracted 100000 thousand parameter samples
and emulated the model results. From this distribution,
we computed the arithmetic mean and standard devia-
tion of observables along the samples. The results are in
Tab. IV.

To compare our results with the experimental ones
listed in Tab. II we proceed as follows. all the re-
sults are within 1-�c of the experimental data, where

�c =
q
�2
obs + �2

inf , where �obs is the (often theoretical)

error used for the inference and �inf is the standard de-
viation of the resulting posterior distribution. The only
two exceptions are 48Ca ↵D, which is at slightly more
than 1-�c from the experiment, and 208Pb APV which is
at more than 2-�c.

Finally, we look at the correlation between the model
parameters and the observables. To study those, we an-

TABLE IV. Mean and standard deviation of the observables
posterior distributions.

Ground-state properties
B.E. Rch �ESO

208Pb 1636± 1.8 5.49± 0.03 2.34± 0.16
48Ca 417± 1.2 3.51± 0.02 1.92± 0.20
40Ca 342± 1.6 3.50± 0.02 -
56Ni 482± 1.4 - -
68Ni 590± 1.0 - -
100Sn 826± 1.6 - -
132Sn 1103± 1.7 4.71± 0.03 -
90Zr 784± 1.3 4.27± 0.02 -

Isoscalar resonances
EIS

GMR EIS

GQR

208Pb 13.5± 0.3 10.8± 0.4
90Zr 17.8± 0.4 -

Isovector properties
↵D m(1) APV

208Pb 19.5± 0.5 958± 22 589± 5
48Ca 2.3± 0.1 - 2591± 54

alyzed the result over the training grid, which spans over
the whole parameter space. In Fig. 4, we plotted the
Pearson correlation factors. The observables and the pa-
rameters have been divided following the six inferences:
first the ground state properties (binding energies, charge
radii, and spin-orbit splittings); then the polarizabilities
↵D; then the excited properties (giant resonances); and
finally the parity-violating asymmetries. As we can ob-
serve, this analysis confirms what we saw in Fig. 2. The
compressibilityK0 is heavily correlated with both EIS

GMR,
J, L by both ↵D and APV , the isoscalar e↵ective mass
by EIS

GQR and the isovecto one by m(1).

V. Conclusions

In this study, we investigated the traditional Skyrme
ansatz within the Bayesian inference framework, using
as physical constraints many properties of nuclei, both
ground state and excited (isoscalar and isovector as well).
Among those, we included the parity-violating asymme-
try and the dipole polarizability, measured for 48Ca and
208Pb, which are considered to be in tension with each
other.

The posterior distributions of parameters were similar
to other results in the literature, except for L, for which
we found consistently lower values than those of other
investigations. The posterior distributions of observables
are compatible with the experimental values. The only
one posing a problem is the parity-violating asymmetry
of 208Pb.
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mise between the two e↵ects. In any case, this is just a
correction and does not alter heavily the distributions,
which are much more influenced by the polarizability.
[Sento già l’ostile referee che ci diche che questo viene da
un bias... ovviamente io credo a quello che stai/stiamo
dicendo ma mi chiedo se ci sia un argomento più solido,
e/o credo che dobbiamo confrontare col paper degli amer-
icani che abbiamo visto su arXiv.]

Finally, the G1 parameter distribution is fairly similar
in all the inferences. It peaks within the boundaries of
the prior interval, although its tail is cut. We should
enlarge this interval, but, as we explained above, this
would create several instabilities in the emulator training
grid; thus, at present, we cannot improve this aspect.

It is now interesting to compare this last inference with
the literature. In a recent work [54], the authors com-
piled all the parameters and nuclear matter properties
of all the published Skyrme interactions. We find that
E0, J, W0 are in line with what is published. This holds
for the e↵ective masses m⇤/m as well, even if our dis-
tributions are narrower; it also holds for the surface G
parameters, even though it would be appropriate to ex-
pand the prior interval of G1. The ⇢0 distribution is
quite similar, even though our analysis seems to favor
slightly higher values. On the other hand, K0 is lower
than commonly given values, peaking around 220 MeV
and having tails below 200 MeV, while most Skyrme’s
interactions have K0 values around 240 MeV. Instead, L
has quite lower values: it peaks at around 30 MeV, and
part of the distribution is well in the negative, whereas
most interactions have L above 40 MeV.

As for the correlations, we show in Fig. 5 the corner
plot: there are the single parameter marginalized poste-
rior distributions on the diagonal, while the other slots
are the combined marginalized distributions. As we can
see, there are strong correlations between J and L, m⇤

0
and G0.

IV.2. Observables posterior distribution

It is interesting to investigate how well Skyrme’s
parametrizations follow the posterior distribution to re-
produce the observables used for the fit. For this anal-
ysis, we extracted 100000 thousand parameter samples
and emulated the model results. From this distribution,
we computed the arithmetic mean and standard devia-
tion of observables along the samples. The results are in
Tab. IV.

To compare our results with the experimental ones
listed in Tab. II we proceed as follows. all the re-
sults are within 1-�c of the experimental data, where

�c =
q
�2
obs + �2

inf , where �obs is the (often theoretical)

error used for the inference and �inf is the standard de-
viation of the resulting posterior distribution. The only
exception 208Pb APV which is at slightly more than 2-�c

(2.08). This comes to no surprise, since we have ob-

TABLE IV. Mean and standard deviation of the observables
posterior distributions.

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636± 1.8 5.49± 0.03 2.34± 0.16
48Ca 417± 1.2 3.51± 0.02 1.92± 0.20
40Ca 342± 1.6 3.50± 0.02 -
56Ni 482± 1.4 - -
68Ni 590± 1.0 - -
100Sn 826± 1.6 - -
132Sn 1103± 1.7 4.71± 0.03 -
90Zr 784± 1.3 4.27± 0.02 -

Isoscalar resonances
EIS

GMR [MeV] EIS

GQR [MeV]
208Pb 13.5± 0.3 10.8± 0.4
90Zr 17.8± 0.4 -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV [p.p.b.]

208Pb 19.5± 0.5 958± 22 589± 5
48Ca 2.30± 0.08 - 2591± 54

served that the model predilects low value of J � L to
accommodate both the ↵D and 48Ca APV .
Finally, we look at the correlation between the model

parameters and the observables. To study those, we an-
alyzed the result over the training grid, which spans over
the whole parameter space. In Fig. 6, we plotted the
Pearson correlation factors. The observables and the
parameters have been divided following the seven infer-
ences: first the ground state properties (binding ener-
gies, charge radii, and spin-orbit splittings); then the po-
larizabilities ↵D; then the excited properties (giant res-
onances); and finally the parity-violating asymmetries.
As we can observe, this analysis confirms what we saw in
Fig. 2. The compressibility K0 is heavily correlated with
both EIS

GMR, J, L by both ↵D and APV , the isoscalar
e↵ective mass by EIS

GQR and the isovecto one by m(1).

V. Conclusions

In this study, we investigated the traditional Skyrme
ansatz within the Bayesian inference framework, using
as physical constraints many properties of nuclei, both
ground state and excited (isoscalar and isovector as well).
Among those, we included the parity-violating asymme-
try and the dipole polarizability, measured for 48Ca and
208Pb, which are considered to be in tension with each
other.
The posterior distributions of parameters were similar

to other results in the literature, except for L, for which
we found consistently lower values than those of other
investigations. The posterior distributions of observables
are compatible with the experimental values. The only
one posing a problem is the parity-violating asymmetry
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Table 2: Observables and initial adopted errors (see text for details).

Ground-state properties
B.E.1 [MeV] Rch

2 [fm] �ESO
3 [MeV]

208Pb 1636.4 ± 1⇥ 10�3 5.50 ± 0.001 1.96 ± 0.05
48Ca 416.0 ± 2⇥ 10�5 3.48 ± 0.002 1.72 ± 0.05
40Ca 342.1 ± 4⇥ 10�5 3.48 ± 0.002 -
56Ni 484.0 ± 1⇥ 10�3 - -
68Ni 590.4 ± 4⇥ 10�4 - -
100Sn 825.2 ± 0.25 - -
132Sn 1102.8 ± 1⇥ 10�3 4.71 ± 0.002 -
90Zr 783.9 ± 1⇥ 10�4 4.27 ± 0.001 -

Isoscalar resonances
EIS

GMR

1,2 [MeV] EIS

GQR

3 [MeV]
208Pb 13.5 ± 0.1 10.9 ± 0.3
90Zr 17.7 ± 0.07 -

Isovector properties
↵D

1,2 [fm3] m(1)3 [MeV fm2] APV
4,5 (ppb)

208Pb 19.60 ± 0.60 961 ± 22 550 ± 18
48Ca 2.07 ± 0.22 - 2668 ± 113
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mise between the two e↵ects. In any case, this is just a
correction and does not alter heavily the distributions,
which are much more influenced by the polarizability.
[Sento già l’ostile referee che ci diche che questo viene da
un bias... ovviamente io credo a quello che stai/stiamo
dicendo ma mi chiedo se ci sia un argomento più solido,
e/o credo che dobbiamo confrontare col paper degli amer-
icani che abbiamo visto su arXiv.]

Finally, the G1 parameter distribution is fairly similar
in all the inferences. It peaks within the boundaries of
the prior interval, although its tail is cut. We should
enlarge this interval, but, as we explained above, this
would create several instabilities in the emulator training
grid; thus, at present, we cannot improve this aspect.

It is now interesting to compare this last inference with
the literature. In a recent work [54], the authors com-
piled all the parameters and nuclear matter properties
of all the published Skyrme interactions. We find that
E0, J, W0 are in line with what is published. This holds
for the e↵ective masses m⇤/m as well, even if our dis-
tributions are narrower; it also holds for the surface G
parameters, even though it would be appropriate to ex-
pand the prior interval of G1. The ⇢0 distribution is
quite similar, even though our analysis seems to favor
slightly higher values. On the other hand, K0 is lower
than commonly given values, peaking around 220 MeV
and having tails below 200 MeV, while most Skyrme’s
interactions have K0 values around 240 MeV. Instead, L
has quite lower values: it peaks at around 30 MeV, and
part of the distribution is well in the negative, whereas
most interactions have L above 40 MeV.

As for the correlations, we show in Fig. 5 the corner
plot: there are the single parameter marginalized poste-
rior distributions on the diagonal, while the other slots
are the combined marginalized distributions. As we can
see, there are strong correlations between J and L, m⇤

0
and G0.

IV.2. Observables posterior distribution

It is interesting to investigate how well Skyrme’s
parametrizations follow the posterior distribution to re-
produce the observables used for the fit. For this anal-
ysis, we extracted 100000 thousand parameter samples
and emulated the model results. From this distribution,
we computed the arithmetic mean and standard devia-
tion of observables along the samples. The results are in
Tab. IV.

To compare our results with the experimental ones
listed in Tab. II we proceed as follows. all the re-
sults are within 1-�c of the experimental data, where

�c =
q
�2
obs + �2

inf , where �obs is the (often theoretical)

error used for the inference and �inf is the standard de-
viation of the resulting posterior distribution. The only
exception 208Pb APV which is at slightly more than 2-�c

(2.08). This comes to no surprise, since we have ob-

TABLE IV. Mean and standard deviation of the observables
posterior distributions.

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636± 1.8 5.49± 0.03 2.34± 0.16
48Ca 417± 1.2 3.51± 0.02 1.92± 0.20
40Ca 342± 1.6 3.50± 0.02 -
56Ni 482± 1.4 - -
68Ni 590± 1.0 - -
100Sn 826± 1.6 - -
132Sn 1103± 1.7 4.71± 0.03 -
90Zr 784± 1.3 4.27± 0.02 -

Isoscalar resonances
EIS

GMR [MeV] EIS

GQR [MeV]
208Pb 13.5± 0.3 10.8± 0.4
90Zr 17.8± 0.4 -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV [p.p.b.]

208Pb 19.5± 0.5 958± 22 589± 5
48Ca 2.30± 0.08 - 2591± 54

served that the model predilects low value of J � L to
accommodate both the ↵D and 48Ca APV .
Finally, we look at the correlation between the model

parameters and the observables. To study those, we an-
alyzed the result over the training grid, which spans over
the whole parameter space. In Fig. 6, we plotted the
Pearson correlation factors. The observables and the
parameters have been divided following the seven infer-
ences: first the ground state properties (binding ener-
gies, charge radii, and spin-orbit splittings); then the po-
larizabilities ↵D; then the excited properties (giant res-
onances); and finally the parity-violating asymmetries.
As we can observe, this analysis confirms what we saw in
Fig. 2. The compressibility K0 is heavily correlated with
both EIS

GMR, J, L by both ↵D and APV , the isoscalar
e↵ective mass by EIS

GQR and the isovecto one by m(1).

V. Conclusions

In this study, we investigated the traditional Skyrme
ansatz within the Bayesian inference framework, using
as physical constraints many properties of nuclei, both
ground state and excited (isoscalar and isovector as well).
Among those, we included the parity-violating asymme-
try and the dipole polarizability, measured for 48Ca and
208Pb, which are considered to be in tension with each
other.
The posterior distributions of parameters were similar

to other results in the literature, except for L, for which
we found consistently lower values than those of other
investigations. The posterior distributions of observables
are compatible with the experimental values. The only
one posing a problem is the parity-violating asymmetry
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Table 2: Observables and initial adopted errors (see text for details).

Ground-state properties
B.E.1 [MeV] Rch

2 [fm] �ESO
3 [MeV]

208Pb 1636.4 ± 1⇥ 10�3 5.50 ± 0.001 1.96 ± 0.05
48Ca 416.0 ± 2⇥ 10�5 3.48 ± 0.002 1.72 ± 0.05
40Ca 342.1 ± 4⇥ 10�5 3.48 ± 0.002 -
56Ni 484.0 ± 1⇥ 10�3 - -
68Ni 590.4 ± 4⇥ 10�4 - -
100Sn 825.2 ± 0.25 - -
132Sn 1102.8 ± 1⇥ 10�3 4.71 ± 0.002 -
90Zr 783.9 ± 1⇥ 10�4 4.27 ± 0.001 -

Isoscalar resonances
EIS

GMR

1,2 [MeV] EIS

GQR

3 [MeV]
208Pb 13.5 ± 0.1 10.9 ± 0.3
90Zr 17.7 ± 0.07 -

Isovector properties
↵D

1,2 [fm3] m(1)3 [MeV fm2] APV
4,5 (ppb)

208Pb 19.60 ± 0.60 961 ± 22 550 ± 18
48Ca 2.07 ± 0.22 - 2668 ± 113
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Table 2: Observables and initial adopted errors (see text for details).

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 0 5.50 ± 0 2.02 ± 0*
48Ca 416.0 ± 0 3.48 ± 0 1.72 ± 0*
40Ca 342.1 ± 0 3.48 ± 0 -
56Ni 484.0 ± 0 - -
68Ni 590.4 ± 0 - -
100Sn 825.2 ± 0 - -
132Sn 1102.8 ± 0 4.71 ± 0 -
90Zr 783.9 ± 0 4.27 ± 0 -

Isoscalar resonances
EIS

GMR
[MeV] EIS

GQR
[MeV]

208Pb 13.5 ± 0 10.9 ± 0
90Zr 17.7 ± 0 -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 550 ± 18
48Ca 2.07 ± 0.22 - 2668 ± 113

3 With that said, here are the goals of my Ph. D., which I remind you is in
co-direction between the universities of Milano and Caen. In Milano, I worked
on the nuclear part. First, I set up a statistical tool to determine the probability
distribution of nuclear matter parameters. This operation is done within the
framework of Bayesian inference, and the parameters are fit on data from nuclear
experiments. Second, we worked on a new nuclear model (in the form of an
energy density functional (hereafter EDF )), to improve the description of both
208Pb , 48Ca ↵D and APV . In Caen, I employed my results as basis for a
successive Bayesian inference, where this time the physical constraints come
from neutron stars observations. In the end, the main goal is to find a reliable
probability distribution of nuclear matter parameters that is informed both by
nuclear physics and astrophysics.

4
We employ the hfbcs-qrpa code to compute the nuclear observables from

the parameters.

5 Here I show the observable used to fit the parameters. They are the binding
energies of 40,48Ca, 56,68Ni, 90Zr, 100,132Sn and 208Pb ; charge radii of 40,48Ca,
90Zr, 132Sn and 208Pb ; IsoScalar Giant Monopole Resonance energies of 90Zn
and 208Pb ; IsoScalar Giant Quadrupole Resonance energies of 208Pb ; first
moment of the energy of the IsoVector Giant Dipole Resonance of 208Pb ; spin-
orbit splittings of levels for 48Ca and 208Pb respectively; and of course ↵D and
APV of 48Ca and 208Pb . Now, here there is a problem: while the ground state
properties of nuclei require negligible computational time, the giant resonances
energies are very slow to compute. They require a couple hours instead per
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mise between the two e↵ects. In any case, this is just a
correction and does not alter heavily the distributions,
which are much more influenced by the polarizability.
[Sento già l’ostile referee che ci diche che questo viene da
un bias... ovviamente io credo a quello che stai/stiamo
dicendo ma mi chiedo se ci sia un argomento più solido,
e/o credo che dobbiamo confrontare col paper degli amer-
icani che abbiamo visto su arXiv.]

Finally, the G1 parameter distribution is fairly similar
in all the inferences. It peaks within the boundaries of
the prior interval, although its tail is cut. We should
enlarge this interval, but, as we explained above, this
would create several instabilities in the emulator training
grid; thus, at present, we cannot improve this aspect.

It is now interesting to compare this last inference with
the literature. In a recent work [54], the authors com-
piled all the parameters and nuclear matter properties
of all the published Skyrme interactions. We find that
E0, J, W0 are in line with what is published. This holds
for the e↵ective masses m⇤/m as well, even if our dis-
tributions are narrower; it also holds for the surface G
parameters, even though it would be appropriate to ex-
pand the prior interval of G1. The ⇢0 distribution is
quite similar, even though our analysis seems to favor
slightly higher values. On the other hand, K0 is lower
than commonly given values, peaking around 220 MeV
and having tails below 200 MeV, while most Skyrme’s
interactions have K0 values around 240 MeV. Instead, L
has quite lower values: it peaks at around 30 MeV, and
part of the distribution is well in the negative, whereas
most interactions have L above 40 MeV.

As for the correlations, we show in Fig. 5 the corner
plot: there are the single parameter marginalized poste-
rior distributions on the diagonal, while the other slots
are the combined marginalized distributions. As we can
see, there are strong correlations between J and L, m⇤

0
and G0.

IV.2. Observables posterior distribution

It is interesting to investigate how well Skyrme’s
parametrizations follow the posterior distribution to re-
produce the observables used for the fit. For this anal-
ysis, we extracted 100000 thousand parameter samples
and emulated the model results. From this distribution,
we computed the arithmetic mean and standard devia-
tion of observables along the samples. The results are in
Tab. IV.

To compare our results with the experimental ones
listed in Tab. II we proceed as follows. all the re-
sults are within 1-�c of the experimental data, where

�c =
q
�2
obs + �2

inf , where �obs is the (often theoretical)

error used for the inference and �inf is the standard de-
viation of the resulting posterior distribution. The only
exception 208Pb APV which is at slightly more than 2-�c

(2.08). This comes to no surprise, since we have ob-

TABLE IV. Mean and standard deviation of the observables
posterior distributions.

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636± 1.8 5.49± 0.03 2.34± 0.16
48Ca 417± 1.2 3.51± 0.02 1.92± 0.20
40Ca 342± 1.6 3.50± 0.02 -
56Ni 482± 1.4 - -
68Ni 590± 1.0 - -
100Sn 826± 1.6 - -
132Sn 1103± 1.7 4.71± 0.03 -
90Zr 784± 1.3 4.27± 0.02 -

Isoscalar resonances
EIS

GMR [MeV] EIS

GQR [MeV]
208Pb 13.5± 0.3 10.8± 0.4
90Zr 17.8± 0.4 -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV [p.p.b.]

208Pb 19.5± 0.5 958± 22 589± 5
48Ca 2.30± 0.08 - 2591± 54

served that the model predilects low value of J � L to
accommodate both the ↵D and 48Ca APV .
Finally, we look at the correlation between the model

parameters and the observables. To study those, we an-
alyzed the result over the training grid, which spans over
the whole parameter space. In Fig. 6, we plotted the
Pearson correlation factors. The observables and the
parameters have been divided following the seven infer-
ences: first the ground state properties (binding ener-
gies, charge radii, and spin-orbit splittings); then the po-
larizabilities ↵D; then the excited properties (giant res-
onances); and finally the parity-violating asymmetries.
As we can observe, this analysis confirms what we saw in
Fig. 2. The compressibility K0 is heavily correlated with
both EIS

GMR, J, L by both ↵D and APV , the isoscalar
e↵ective mass by EIS

GQR and the isovecto one by m(1).

V. Conclusions

In this study, we investigated the traditional Skyrme
ansatz within the Bayesian inference framework, using
as physical constraints many properties of nuclei, both
ground state and excited (isoscalar and isovector as well).
Among those, we included the parity-violating asymme-
try and the dipole polarizability, measured for 48Ca and
208Pb, which are considered to be in tension with each
other.
The posterior distributions of parameters were similar

to other results in the literature, except for L, for which
we found consistently lower values than those of other
investigations. The posterior distributions of observables
are compatible with the experimental values. The only
one posing a problem is the parity-violating asymmetry

|xexp − xinf | ∈ [1,2) σc

: [2,∞) σc

: [1,2) σc
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 in units of |μexp − μtheo | σc = σ2
exp + σ2

theo
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Structure of the presentation

Nuclear equation of state from nuclear experiments and 
neutron stars observations

- First Part: constraints on EoS from nuclear experiments
- Bayesian inference 
- Skyrme Interaction

- Second Part: constraints on EoS from Neutron Stars observations
- Second Bayesian inference



Meta-Model nuclear equation of state
Meta-Model (M.M.): Taylor expansion of the nuclear equation of state around saturation1

M.M.

Neutron star EoS

Neutron star observables!

1Margueron et al., Phys. Rev. C 97, 025805 (2018) 8



Second Bayesian inference: 
Parameters & Constraints
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Parameters and prior distribution:

 ρ0, E0, K0, J, L, m*0 /m, m*1 /m

Q0, Z0, Qsym, Zsym

 Ksym
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Parameters and prior distribution:
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Q0, Z0, Qsym, Zsym

Previous Posterior distribution 
Not a free parameter!Ksym = Ksym(ρ0, E0, K0, …) Ksym



Second Bayesian inference: 
Parameters & Constraints

9

Parameters and prior distribution:

 ρ0, E0, K0, J, L, m*0 /m, m*1 /m

Q0, Z0, Qsym, Zsym

Previous Posterior distribution 

Uniform distribution 
Not a free parameter!Ksym = Ksym(ρ0, E0, K0, …) Ksym



 ρ0, E0, K0, J, L, m*0 /m, m*1 /m

Q0, Z0, Qsym, Zsym

Second Bayesian inference: 
Parameters & Constraints

- Maximum observed mass of Neutron Star; 
- Ligo-Virgo-Collaboration tidal deformability results; 
- NICER mission simultaneous mass-radius 

measurements 
- Ab-initio computations of neutron matter at low density

9

Previous Posterior distribution 

Uniform distribution 
Not a free parameter!Ksym = Ksym(ρ0, E0, K0, …) Ksym

Observational constraints:

Parameters and prior distribution:



Maximum mass  observed,  Ligo-Virgo-Collaboration tidal deformability resultsM

Ab-initio calculations All previous + NICER mission simultaneous mass-radius measurements

Prior distribution

Marginalized posteriors
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Conclusions

12

- Bayesian statistical analysis on nuclear matter parameters with nuclear 
experiments :  
- Skyrme ansatz  
- Fit with observables of different types (ground state, giant resonances,…)  
- Result: a robust posterior distribution of the (nuclear matter) parameters 
- Our protocol could  describe the observables we chose; the only tension is 
with  of 208Pb  


- Bayesian statistical analysis on nuclear matter parameters with neutron star 
observations: 
- Final distribution of parameters informed by both nuclear physics and 
neutron star observations!

APV



The MADAI package:

- was built for GP applied to 
bayesian inference 

- given the parameters prior 
distributions, it automatically 
builds the grid 

- it does a MCMC to estimate 
the posterior distribution 

- it extracts parameters sample 
following the posteriors

B1

Gaussian process (GP) emulator

From MADAI user manual

0.0 0.2 0.4 0.6 0.8 1.0

−2
−1

0
1

2

x (arb)

y 
(a

rb
)

x (arb)

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: Left panel: Assortment of
functions that have the covariance of the
form assumed in Eq. (9). The curves
are created by taking a sum of Gaussians
randomly centered about di�erent points.
Right panel: After training on 7 points,
the gray bands show the 95% confidence in-
terval for predicting the values. The four
curves in the r.h.s. represents four func-
tions that are consistent with both the
functional form and with the 7 sampled
values.

be evaluated with a Taylor expansion, one might choose the radii to be some fraction, say half, of
the overall parameter range. The hyper-parameter ◊0 is interesting because it does not a�ect the
interpretation of z(mod) (when ◊1 = 0), but it does a�ect the error estimate.
As an example of an emulated function, Fig. 2 shows several functions in the right-hand panel,
each of which are consistent with a Gaussian correlation structure as described in Eq. (9). These
were generated by taking a sum of Gaussians centered randomly about di�erent points, e�ectively
correlated noise. The left-hand panel shows the value and ranges that come from the emulator.
Our experience is that GP emulation provides a remarkably good tool for emulating and extrapolat-
ing values for z(mod). Furthermore, the extrapolated values are often remarkably insensitive to how
one chooses the hyper-radii as long as the radii are not much di�erent than some scale at which the
function changes, and if the function is smooth (only a few terms of a Taylor expansion are needed
to describe the function) choosing radii of roughly half the overall extent of the parameter space
seems to work well. However, despite being pretty reliable for reproducing the actual functions,
GP emulators can be unreliable in providing an estimate of their own error, unless the assumed
functional form come close to the truth. This is not true for functions with long-range trends,
such as monotonically rising, semi-linear functions. If one anticipates such behavior, it is best to
first perform a linear fit, then emulate the residual. The most reliable method for determining the
accuracy of the emulator is to perform a handful of model runs with points not used to train the
model, then check to see how well the emulator reproduced the model values.
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B2

Validation
13

quirement. As for the second, we want the correlation
coe�cients to be as close as possible to 1 (which would
correspond to a linear relation) and we are satisfied with
a value greater than 0.9.

In Fig. 7, we see a graphic representation of this anal-
ysis for the observables of 208Pb. The x-coordinate of
each red point corresponds to the model result, while the
y-coordinate to the emulator’s. The blue line is x = y,
while the two dotted blue lines that delimit the shaded
yellow region are x = y ±�, where � are the appropri-
ate observables errors (Tab. II). If the points fall between
the two lines, the emulator satisfies our discrepancy re-
quirements. As we can see, there is no point outside the
accepted boundaries for almost all the observables. The
only exception is EIS

IGQR, where we have only 2 points out
of 250 outside the boundaries.

Furthermore, we want the points to be as close to the
diagonal as possible. Again, the only one that is a bit
dispersed around the bisector is EIS

IGQR. This relative
di�culty in emulating this observable can be explained
by the fact that there exists a 2+ excited state at around
5 MeV in 208Pb that does not participate in the collective
excitation. For this reason, we set an energy threshold
of 8 MeV: all contributions to the sum rules below such
threshold are discarded, otherwise, we would get a wrong
centroid energy. The value of 8 MeV is high enough to
disregard the low-lying state, while low enough not to
neglect any contributions to the collective excitation.

Nonetheless, this does not solve the problem en-
tirely. The training grid explores a wide region of the
parameters space, and its points correspond often to
Skyrme’s parametrizations which produce wrong results
(e.g., 208Pb binding energies of 1400 MeV). Therefore,
for some combination of parameters, the low-lying level
could very well be much closer to the 8 MeV threshold;
or, on the contrary, relevant contributions to the collec-
tive excitation could appear below the 8 MeV threshold.
This would bias the results of the training points, on
which we then train the emulator. A more rigorous so-
lution would be setting a personalized threshold for each
point in the training grid, which would require doing the
computation twice.

Setting a common threshold is more than enough,
though. In Tab. V, we have the discrepancy percent-
ages and correlation coe�cients of all observables. As we
can see, the worst one is the very EIS

IGQR, which has a dis-
crepancy of 1.0% and a coe�cient of 0.9, which does not
justify a more careful approach. We are then convinced
that the emulator is working as intended.

For the other inferences, the validation is likewise sat-
isfactory. In the following tables, there is all the data.

TABLE V. Emulator performance.

Ground-state properties
Discrepancy Corr. coe�cient

B.E. Rch �ESO B.E. Rch �ESO

208Pb 0 % 0 % 0 % 0.993 1.000 0.997
48Ca 0 % 0 % 0 % 0.998 0.999 0.998
40Ca 0 % 0 % - 0.999 0.999 -
56Ni 0 % - - 0.996 - -
68Ni 0 % - - 0.994 - -
100Sn 0 % - - 0.994 - -
132Sn 0 % 0 % - 0.992 1.000 -
90Zr 0 % 0 % - 0.996 1.000 -

Isoscalar resonances
Discrepancy Corr. coe�cient
EIS

GMR EIS

GQR EIS

GMR EIS

GQR

208Pb 0 % 1.0 % 1.000 0.904
90Zr 0 % - 1.000 -

Isovector properties
Discrepancy Corr. coe�cient

↵D m(1) APV ↵D m(1) APV

208Pb 0 % 0 % 0 % 0.988 0.9999 0.998
48Ca 0 % - 0 % 0.990 - 0.9992

TABLE VI. Emulator performance (gs only inference).

Ground-state properties
Discrepancy Corr. coe�cient
B.E. Rch B.E. Rch

208Pb 0 % 0 % 0.991 1.000
48Ca 0 % 0 % 0.996 0.999
40Ca 0 % 0 % 0.999 0.999
56Ni 0 % - 0.994 -
68Ni 0 % - 0.993 -
100Sn 0 % - 0.994 -
132Sn 0 % 0 % 0.991 0.000
90Zr 0 % 0 % 0.993 0.998

TABLE VII. Emulator performance (gs so only inference).

Ground-state properties
Discrepancy Corr. coe�cient

B.E. Rch �ESO B.E. Rch �ESO

208Pb 0 % 0 % 0 % 0.990 1.000 0.999
48Ca 0 % 0 % 0 % 0.997 0.999 0.999
40Ca 0 % 0 % - 0.999 0.999 -
56Ni 0 % - - 0.995 - -
68Ni 0 % - - 0.993 - -
100Sn 0 % - - 0.995 - -
132Sn 0 % 0 % - 0.990 0.999 -
90Zr 0 % 0 % - 0.994 0.998 -
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Equation of state and sound speed  
posterior distributions



Mass-Radius relation and ,   posterior distributionsΛ1.4M⊙
Λ2.0M⊙
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