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Primordial Curvature Perturbations 
Perturbed FRW Metric

Linearized Einstein equation (First Order): 

∇2Φ − 3ℋ (Φ′ + ℋΦ) =
3ℋ2

2
δ , δ = (ρ − ρ̄)/ρ̄ = δm + δr ,

: conformal timeη



Tensor ( ) Induced by Scalar ( )hij Φ
Second order

h′ ′ ij + 2ℋh′ ij + k2hij = STT
ij

Sij = 4Φ∂i∂jΦ + 2∂iΦ∂jΦ −
4

3ℋ2
∂i (Φ′ + ℋΦ) ∂j (Φ′ + ℋΦ)

∂iΦ

∂jΦ

hij

Wands (2009)



Power Spectra

Two-point function

Power Spectra



Green’s function Gk

GW Power Spectrum

 depends on I Φ(η)



Planck 2018

Primordial Scalar Power Spectrum



GW abundance from power spectrum

GW Relic Abundance



Time Evolution: Φ

Sound speed: nonrelativistic matter , radiation cs = 0 cs = 1/3

no pressure, constant pressure, oscillation

Matter Domination (MD) and Radiation Domination (RD) 

Φ′ ′ + 3 (1 + c2
s ) ℋΦ′ − c2

s ∇2Φ ≈ 0



For k ≫ aH

MD and RD Time Evolution: energy density fluctuation

MD RD

δm

δr

a log a

cos(kη) + c cos(kη)



• ,  enters horizon 
 
 

• In eMD,  remains const. 
 
 
 

k = η−1
dom Φk

η < ηR, Φk

Rapid Transition

 ηR : ρm = ρR

• In RD, ,  ocsillatesη > ηR Φ

hij
k (η)

ηdom ηR

Φk(ηR) = Φk(ηdom)Φk(ηdom)

superhorizon

subhorizon

eMDRD RD

RD
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Resonance Profile 
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Gradual Transition

eMD via unstable particle:


constant decay rate Γ

Matter to radiation transition rate Γ/ℋ ∼ 𝒪(1)
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• During eMD, ,  grows but  does not.  
 
 

• After , the evolution of  is dominated by  for a while.

η < ηR δm δr

ηR Φ ρmδm

 at δm ≫ δr η = ηR

Φk ≃
3ℋ
2k2 ( ρm

ρ
δm +

ρR

ρ
δr)

oscillating

exponentially decreasing

Gradual Transition



ηdom ηR ηδr

• ,   is proportional to  (exponentially decreasing). 
 
 

• ,  is taken over by  (suppressed oscillation).

ηR < η < ηδr
Φ ρmδm

η > ηδr
Φ ρRδr

Gradual Transition

ηδr
: ρmδm = ρRδr
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(Gradual)Γ = ℋ

(Rapid)Γ ≫ ℋ



Concrete Models

parent particle: ϕ
daughter particle: χ

triggeron: τ

-dependent mass for τ χ

Misalignment I.C.

τ

V(τ)
τc = M/ 2λ

Fast roll

1) Time-varying Mass

Inomata(2019)



eMD RD

ϕ ϕ
χ

χ

χ

χ

1) Time Varying Mass
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2) pBH Domination

pHB completes the evaporation at  teva

Yanagida (2000)

Rapid Decay ansatzSuppression Factor (S) ΦpBH = ×



2) pBH Domination
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2) pBH Domination



Summary

• Tensor fluctuations induced by scalar modes 
• GW from primordial scalar fluctuations in eMD 
• GW encodes eMD to RD information: 

 Rapid (enhance peak), Gradual (suppressed) 
• Models: Time-varying decay, pBH domination
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 from MD, RD and the cross termΩGW
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Gradual Transition

Dissipation and Cancellation
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exponential decay

Suppression factor 

S ∼ 𝒪 (10−14)

 and the induced GW is suppressed if eMD to RD transition is slowΦ



Power Spectrum

Two Points function
Power Spectra and GW

Simple expression for eMD alone
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Evolution of gravitational Potential



LSS-> power law primordial scalar curvature perturbation [Planck 2018],

where is an integral with  I1 0 < I1 ≤ 16/15

GW from IeMD Wands 2009



hk =
g(kη)Sk

k2
=

40g(kη)
3(2π)3/2 ∫

kdom

0
d3k̃e(k, k̃)Φk−k̃Φk̃

In the Fourier space, 



Present density of GW from eMD part



GW Relic Abundance
Wands, 2009
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be probed by the future observations

ηR

Effective sensitivities to stochastic GW

of current and future experiments

Key ingredient: 

Sudden eMD to RD transition

IeMD + IRD



Another sudden model


