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Prediction of wobbling motion

l Rotation of a triaxial nucleus Bohr & Mottelson1975, Vol. II, page 190

frequency: wobbling frequency/energy
quanta: wobbling phonon quanta

LAB frame Intrinsic frame

for given I (>>1), the state of
lowest energy (yrast) has |Im|~I

rotation precession



l Odd-mass nuclei: transverse and longitudinal wobbling

Frauendorf &Dönau, PRC 89, 014322 (2014)

Valence particle influences the wobbling

n LW: increasen TW: decrease

With increasing spin I, wobbling frequency Ewob in



Experimental observations

l Experimental status: 20+ wobbling nuclei were reported in A~80, 100, 130, 160,
and 190 mass regions; configurations based on one or two quasiparticles.



Wobbling example: 130Ba

collective enhancement of the interband B(E2)

Petrache et al., PLB 795, 241 (2019)

130Ba: h11/2
2

DI=1

QB, Frauendorf, Petrache, PRC 100, 061301(R) (2019)

Elucidate the physics behind!
---> SCS/Azimuthal and SSS plots



Calculate SCS and SSS plots in particle-rotor model

l Hamiltonian:

l Reduced density matrix 
for total or particle AM

l Coupling basis

Azimuthal/Spin coherent state plots Spin squeezed state plots
Chen, QB, Luo, Meng, Zhang, PRC 96, 051303(R) (2017); 
QB, Frauendorf, EPJA 58, 75 (2022)

QB, Frauendorf, PRC 109, 044304 (2024)

d.o.f: K (I) and k (j), bipartition



Semiclassical visualization and classification

SCS/Azimuthal plots

SSS plots 

Ø LW as precession around the mediate axis (with the largest MoI);
Ø TW as precession about an axis transverse to the m-axis.
with the key signatures:
Ø collective enhancement of the interband B(E2);
Ø TW decreasing wobbling energy and LW increasing wobbling energy.

More general classification of TW and LW were introduced:



Visualization examples

130Ba: h11/2
2

SCS

Determined by the coupling/Coriolis interaction
between total and particle angular momenta.

How do we describe this?

135Pr: h11/2
1

TW: s LW: m

SSS

flip

n=0 n=1

n=2



Another perspective – back to the origin 

Frozen alignment approximation
Ψ 𝑱, 𝒋 = 𝜓(𝑱)𝜑(𝒋)

To what extend can one interpret the coupled system in terms of a
particle and a rotor state? Quantify their entanglement!



How to quantify the entanglement?

Go back to reduced density matrix 
and calculate its eigenvalues

r2=r, 1 eigenvalue ev=1 and the rest
ev=0: system is pure.

r2≠r, more non-zero ev: two
subsystems are entangled.

Figure from: Nature 528, 77 (2015)



Eigenvalue spectra

one main state with large eigenvalue QB, Frauendorf, arXiv: 2410.08749

135Pr: 1qp130Ba: 2qp

Particle and Rotor states are entangled! How to describe it quantitatively?



Using entropy and purity to describe entanglement

l Purity: P=1, pure state; P<1, mixed state

Purity: measure of the degree of mixing

Entropy: quantitative measure of the degree
of quantum entanglement (disorder) between
two subsystems

l Entropy: pm: eigenvalues

S=0, pure state; S>0, entangled; Smax=ln d (d: dimension)

von Neumann entropy

basis independent



Orientation angle of J and j

Entropy and purity: 135Pr

TW collapses: entropy increases
LW established: entropy decreases

The impurity washes out the interference pattern
of pure wave function, i.e., causes decoherence.
How to measure the decoherence?



Coherence

Coherence: the correlation and interference between
different quantum states in a system; represented by
the non-zero off-diagonal elements of the density matrix

l K/SSS-plots 
coherence:

r2=r, complete coherence, D=0; 

l Intuitive l1 norm:

PRL 113, 140401 (2014)

basis dependent



Ø P (blue) and P2 (red) deviations, missing
coherence.

Ø DSSS are small, scatter between 0.1 to 0.3.

De-coherence in SSS plot

P(f)

P2(f)



To understand the nature of de-coherence

l Schmidt decomposition of reduced density matrix:

Ø The appearance of higher
order terms causes the de-
coherence.

Ø The higher order terms are
small, so the DSSS is small.



Summary

Entropy and coherence are studied for the wobbling motion in 135Pr and 130Ba in the
framework of particle rotor model.

When transverse wobbling collapses: entropy increases; when longitudinal wobbling is
established, entropy decreases. Although the entropy changes with number of wobbling
quanta n, de-coherence stays about the same.

The physics of entropy and coherence should be further explored. They will be extended to
study the chiral modes.


