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• Proton-neutron pairing in the quartet condensation model (QCM)
                         

Outline

• Quartet condensation for general two-body forces of  shell-model type

relation between QCM and HFB 

• Proton-neutron pairing in mean-field+QCM calculations

binding energies in quark-meson-coupling+QCM

band-like structures in N=Z nuclei built on quartets 



Proton-neutron pairing in N=Z nuclei:  main issues    
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6 types of spin-isospin pairs 

Long standing questions
there is  a “condensate” of  pn  pairs in nuclei ?

the fingerprints of a pn condensate ?

(Γνπ
+ )Nπν /2

Γπν
+ = xi (

i
∑ ν i

+π i
+ +π i

+ν i
+ ) Δ0

+ = xi (
i
∑ ν i

+π i
+ −π i

+ν i
+ )

(Δ0
+ )Nπν /2pair condensate

collective  pair

BCS/HFB-type models :   - unified descriptions of all types of pairing 
                                          -  drawback : particle number, spin and  isospin are not conserved  

  Theoretical  approach

restoring the symmetries generate  a-like quartet correlations !   
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The annihilation of the QBCS state by the opera-
tors ηk and T±1 leads to the fact that the operators in
Eq. (8) are not actually uniquely defined. We could
add to any of the β’s an arbitrary combination of η and
PT and still obtain a valid pair-like annihilation oper-
ator. This freedom could allow for new treatments to
be consistently developed for the pairing Hamiltonian,
in analogy with Refs. [15, 19], as will be explored in
future works.

Structure of the QBCS state. Computations
with the nonlinear QBCS ansatz are made tractable
in Ref. [16] by a linearization procedure for the ex-
ponent. The quartet operator is first expressed as the
square of a rotated collective pair γ, Q = γ⃗† · γ⃗†, de-
fined by γ†

τ =
∑Nlev

j=1 xjp
†
j,τ , where

p†j,1 = i(P †
j,1 − P †

j,−1)/
√
2, p†j,2 = (P †

j,1 + P †
j,−1)/

√
2 ,

p†j,3 = −iP †
j,0 .

(10)
Note that this choice is not unique. A Hubbard-
Stratonovich transformation is then used to represent
the quartet coherent state as a combination of general
isovector pair BCS states,

exp(Q†) = exp(γ⃗† · γ⃗†) =
∫

d3z exp
(

−z⃗ 2/4 + z⃗ · γ⃗†
)

=

∫

d3z e−z⃗ 2/4
Nlev
∏

i=1

(1 + xiz⃗ · p⃗ †
i + x2

i z⃗
2q†i /2) ,

(11)

where we omitted the overall normalization factor. In
this way, we obtain a superposition of standard BCS
states, each factorized as a product over the single
particle levels.
To better understand this specific pattern of partial

symmetry breaking, it is instructive to pass to spher-
ical coordinates in Eq. (11) and write the quartet
coherent state as

exp(Q†) =

∫ ∞

0
dz z2e−z2/4

∫

S2

dn̂ exp(z n̂ · γ⃗ †) .

(12)
Naturally, the isospin projection is already imple-
mented by the angular integration. To see this, con-
sider the coherent state of the isovector pair γ⃗ inte-
grated over all directions in isospace,

j†0 ≡
∫

S2

dn̂ exp(n̂ · γ⃗ †)

=
∞
∑

k=0

(γ⃗† · γ⃗†)k

(2k + 1)!
=

∞
∑

k=0

(Q†)k

(2k + 1)!
= j0(i

√

Q†) ,

(13)
which is formally the expansion of a spherical Bessel
function of imaginary argument (hence the name).
The basic information about the quartet correlations
is thus already contained in this simpler ansatz; by

projecting onto good particle number, we always re-
cover the QCM state,

Pnq
exp(Q†) |0⟩ = Pnq

j†0 |0⟩ = (Q†)nq |0⟩ . (14)

We interpret now the role of the radial integral in
Eq. (12) as just changing the mixing between the
components having different particle numbers.
The analytic expressions of the norm function and

of the Hamiltonian average on the j†0 state may be
obtained simply by dropping the radial integrals from
the QBCS expressions (see Ref. [16], Supplemental
Material). Remarkably, identical expressions were re-
ported in Refs. [20, 21], in the context of the sym-
metry restored BCS approach. The definition itself of
the j†0 state hints at a precise relationship with the
projected BCS state, which we detail below.

BCS Symmetry restoration for T = 0. The
generalised BCS equations for isovector pairing in
even-even N = Z systems present two degenerate so-
lutions with gap parameters ∆ν = ∆π = ∆,∆πν = 0,
and ∆ν = ∆π = 0,∆πν = ∆ (for a proof, see [17]).
The corresponding BCS states are given by

|BCSI⟩ = exp[Γ†
1(x)] exp[Γ

†
−1(x)] |0⟩ ,

|BCSII⟩ = exp[Γ†
0(x)] |0⟩ .

(15)

Techniques for projecting these solutions onto good
particle number and isospin have been developed in
[20–26], with their connection to the quartet models
only being mentioned for particular cases in Refs. [8,
17, 18].
Here, we establish the correspondence in the general

case by analytically performing the projection opera-
tion on the BCS state, and recovering a version of the
j†0 ansatz of Eq. (13). For simplicity, we consider the
axially symmetric state |BCSII⟩ with Tz = 0 and we
employ the isospin projection operator [27]

PT ;Tz=0 =

∫

S2

dn̂ DT∗
00 (n̂)R(n̂) , (16)

written in terms of a Wigner D-matrix and of the ro-
tation operator in isospin space R(n̂), which may be

factorized as R(n̂) =
∏Nlev

i=1 Ri(n̂). Given the isoscalar
character of the fully occupied single particle level
q†i |0⟩, the only nontrivial term involves the rotation
of the one-pair state. The isospin rotation operator
Ri(n̂) = exp(−iϕ T̂z) exp(−i θ T̂y) acting on a Tz = 0
pair state is effectively

Ri(n̂)P
†
i,0 Ri(n̂)

−1 = i n̂ · p⃗ †
i , (17)

involving the same rotated pairs p⃗ †
i of Eq. (10) used

to bring the collective quartet operator to a diagonal
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form. The isospin rotated BCS state becomes

R(n̂)|BCSII⟩ =
Nlev
∏

k=1

(1 + i xk n̂ · p⃗ †
k − x2

k q
†
k/2)|0⟩

= exp(i n̂ · γ⃗ †) .
(18)

This implies that the isospin projected BCS may be
written as

PT ;Tz=0|BCSII⟩ =
∫

S2

dn̂ DT∗
00 (n̂) exp(i n̂·γ⃗ †) . (19)

In particular, the T = 0 component is simply

PT=0|BCSII⟩ =
∫

S2

dn̂ exp(i n̂ · γ⃗ †)

=
∞
∑

k=0

(−γ⃗† · γ⃗†)k

(2k + 1)!
=

∞
∑

k=0

(−Q†)k

(2k + 1)!
= j0(

√

Q†) ,

(20)
which is nothing else than Eq. (13) evaluated with
imaginary mixing amplitudes or, equivalently, origi-
nating from the ansatz exp(−Q†).
This proves the general equivalence of the projected

BCS and QCM approaches, for the isovector pairing
correlations in the T = 0 ground state of N = Z even-
even nuclei, i.e.

P N=4nq

T=0 |BCS⟩ = (Q†)nq |0⟩ = |QCM⟩ . (21)

Before detailing with the N > Z case below, we
remark the possibility of establishing nontrivial con-
nections between the correlation functions also for
the particle number projected QCM state, based
on the above annihilation operators. We write Eq.
(4) in schematic form α = c + c†c†c†, and project
the annihilation condition α exp[Q†]|0⟩ = 0 onto a
fixed particle number, which singles out two terms.
A proper particle-like annihilation operator for the
QCM state may then be expressed in terms of the
inverse amplitude coherent quartet, which satisfies
Q(1/x)Q†(x)|QCM⟩ = λ|QCM⟩, with λ a numeri-
cal factor (for details see Appendix A of [28]). We
obtain e.g., for the proton-like annihilation operator,

[

πi,↑ +
nq

λ
[Q†,πi,↑]Q

(

1

x

)]

|QCM⟩ = 0 (22)

where the commutator can be read off Eq. (4). In
analogy with Eq. (5) for the quartet coherent state,
we may obtain a relation between the particle and
the quartet densities on the QCM state of the form
⟨QCM |c†c|QCM⟩ = ⟨QCM |c†c†c†c†cccc|QCM⟩.
This is perfectly analogous to the simple single-

species BCS case, where the quasiparticle action on
the BCS state (ci,↑ − xic

†
i,↓) exp[Γ

†(x)]|0⟩ = 0 may be
projected to obtain the nonlinear annihilation relation

[

ci,↑ −
xi

Nlev − n+ 1
c†i,↓Γ

(

1

x

)]

[Γ†(x)]n|0⟩ = 0

(23)

We may then find the connection between the parti-
cle and the pair densities on the projected BCS state
|PBCS⟩ = [Γ†(x)]n|0⟩ as

⟨c†i,↑ci,↑⟩ =
xi

Nlev − n+ 1

Nlev
∑

j=1

1

xj
⟨P †

i Pj⟩ (24)

Similar relationships may be established also for
higher order correlation functions, which could enable
new ways of solving the pairing problem, e.g. within
the recent many body bootstrap approach [29, 30].

QCM vs projected BCS for N > Z. In the
QCM quartetting approach, the states for N > Z
systems are constructed by appending to the N =
Z ansatz additional coherent pairs [9]. A state with
np excess neutron pairs and nq quartets, having T =
Tz = np is defined as the particular combination

|QCM(T = Tz = np)⟩ = [Γ†
1(y)]

np [Q†(x)]nq |0⟩ .
(25)

Here, one allows the extra collective pairs Γ†
1(y) to

have a different structure than the pairs Γ†(x) forming
the quartets. The same idea may be applied to the
BCS ansatz: below, we consider the pair condensates
of Eq. (15) to have different mixing amplitudes. Note
that we also have to append a νν pair condensate to
the πν condensate in this N > Z case. In this section,
we define |BCSII⟩ = exp[Γ†

1(y)] exp[Γ
†
0(x)] |0⟩. We

consider as illustrative examples an N = 4, Z = 2
system and an N = 6, Z = 2 system. The particle
number and isospin projected combinations are

PN=6
T=Tz=1|BCSI⟩ = (Γ†

1,xQ
†
y − 3Γ†

1,y [Γ
†
xΓ

†
y]

T=0) |0⟩ ,
(26a)

PN=6
T=Tz=1|BCSII⟩ = (2Γ†

1,y Q
†
x − Γ†

1,x [Γ
†
xΓ

†
y]

T=0) |0⟩ ,
(26b)

PN=8
T=Tz=2|BCSI⟩ =

(5 [Γ†
1,y]

2 [Γ†
yΓ

†
x]

T=0 − 2Γ†
1,y Γ

†
1,x Q

†
y) |0⟩,

(26c)

PN=8
T=Tz=2|BCSII⟩ = (11 [Γ†

1,y]
2 Q†

x

+ 4 [Γ†
1,x]

2 Q†
y − 12Γ†

1,x Γ
†
1,y [Γ

†
xΓ

†
y]

T=0) |0⟩ ,
(26d)

with the notation Γ†
x = Γ†(x), Q†

y = Q†(y) etc. Nat-
urally, there are multiple options of coupling various
pairs to a given total isospin, and the QCM ansatz of
Eq. (25) is just a particular choice. Interestingly, the
QCM choice does not appear in all previous expres-
sions.
With the states (26), we performed variation-after-

projection calculations for a picket-fence model of
eight doubly degenerate levels, of single particle en-
ergies ϵk = k− 1, and with a state independent inter-
action of strength G. The analytical expressions for

a particular case of  the Quartet Condensation Model (QCM) 



Isovector pairing in the QCM approach 
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QCM for isovector (J=0) and isoscalar (J=1) pairing

collective quartets

generalised quartet

superposition of  T=0 and T=1 quartets
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Quartet condensation versus pair condensation  

• T=1 and T=0 pairing correlations always coexist in quartets

M. Sambataro and N. S , Phys. Rev C93, 054320 (2016)

M. SAMBATARO AND N. SANDULESCU PHYSICAL REVIEW C 93, 054320 (2016)

TABLE III. Ground-state correlation energies (19) provided by the PBCS-type states (14)–(16) in comparison with the QCM results. In
brackets we show the relative errors with respect to the exact results obtained by diagonalization. These results have been obtained with the
Hamiltonian (17) by using the interactions described in the text. All energies are in MeV.

QCM PBC1 PBCS0iv PBCS0is

20Ne 15.985 (-) 14.011 (12.35%) 13.664 (14.52%) 13.909 (12.99%)
24Mg 28.595 (0.24%) 21.993 (23.35%) 20.516 (28.50%) 23.179 (19.22%)
28Si 35.288 (0.57%) 27.206 (23.58%) 25.293 (28.95%) 27.740 (22.19%)
44Ti 7.019 (-) 5.712 (18.62%) 5.036 (28.25%) 4.196 (40.22%)
48Cr 11.614 (0.21%) 9.686 (16.85%) 8.624 (25.97%) 6.196 (46.81%)
52Fe 13.799 (0.42%) 11.774 (15.21%) 10.591 (23.73%) 6.673 (51.95%)
104Te 3.147 (-) 2.814 (10.58%) 2.544 (19.16%) 1.473 (53.19%)
108Xe 5.489 (0.20%) 4.866 (11.61%) 4.432 (19.49%) 2.432 (55.82%)
112Ba 7.017 (0.34%) 6.154 (12.82%) 5.635 (20.17%) 3.026 (57.13%)

IV. SUMMARY AND CONCLUSIONS

In this paper we generalized the quartet condensation
model for the treatment of spherically symmetric isovector
(T = 1,J = 0) and isoscalar (T = 0,J = 1) pairing forces.
The basic assumption of the QCM approximation is that
the ground-state correlations induced by these forces can be
described in terms of products of identical quartets formed
by coupling two neutrons and two protons to total isospin
T = 0 and total angular momentum J = 0. The generalized
QCM approach was first applied to pairing forces formulated
in terms of isovector (T = 1,S = 0,L = 0) and isoscalar (T =
0,S = 1,L = 0) pairs. For these forces we illustrated how the
spin-orbit interaction affects the pairing correlations and we
studied the competition between the isovector and isoscalar
pairing. Then, the QCM approach was applied to realistic
systems described by the most general pairing Hamiltonian
formulated in terms of (T = 1,J = 0) and (T = 0,J = 1)
pairs. We showed that, for both Hamiltonians, the QCM gives
an accurate description of the pairing correlations. We also
showed that, in the QCM approximation, the correlations in
the two pairing channels coexist for any admixture of isovector
and isoscalar pairing forces, which confirms the findings of
Refs. [17,19].

We wish to conclude this paper by emphasizing the striking
analogy between the like-particle and proton-neutron pairing
pictures which has emerged in this study and which is also
supported by our previous works on the same subject [13–
17,19]. Thus, if on one side a condensate of collective J = 0
pairs provides a good approximation to the ground state of
spherically symmetric like-particle pairing Hamiltonians, on

the other side, as shown here, a condensate of J = 0, T = 0
quartets provides a good approximation to the ground state of
spherically symmetric proton-neutron pairing Hamiltonians.
In the case of proton-neutron pairing, then, collective quartets
appear to play the same role as Cooper pairs in the case
of like-particle pairing. A basic difference between the like-
particle pairing and pairing in N = Z systems is that in the
latter one needs to couple the isospin and the spin of the
pairs in order to construct wave functions with well-defined
total isospin and total angular momentum. As demonstrated
in this paper, in even-even N = Z nuclei the quartets built
by coupling two pairs to T = 0 and J = 0 do represent the
simplest form of many-body structures whose condensate can
guarantee a ground state with total T = 0 and total J = 0.
The fact that, in the quartet condensate state, which describes
accurately the pairing forces in N = Z nuclei, the isovector
and isoscalar proton-neutron pairing correlations are strongly
entangled indicates that it might be difficult to disentangle
them by proton-neutron transfer reactions. If in open-shell
N = Z nuclei the quartets are indeed strongly correlated
structures acting coherently as a condensate, one would expect
collective features for alpha-particle transfer reactions (e.g.,
significant enhancement of the transfer with the number of
quartets) rather than for the transfer of proton-neutron pairs.
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energies of protons and neutrons are assumed to be equal. The
second term in Eq. (1) is the spin-orbit interaction for protons
and neutrons, which has the standard expression. The third and
the fourth terms are, respectively, the isovector (T = 1,S = 0)
and isoscalar (T = 0,S = 1) pairing interactions. They are
written in terms of the pair operators
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where L, S, and T are the orbital momentum, the spin, and
the isospin of the pairs, respectively. When the spin orbit is
neglected and the orbits are degenerate, the Hamiltonian (1)
has SO(8) symmetry. If, in addition, g1 = g0, the Hamiltonian
(1) has SU(4) symmetry and can be solved analytically both for
degenerate and nondegenerate levels [8,9]. This is no longer
possible in the presence of the spin-orbit interaction.

The question we address in this study is whether the ground
state of the Hamiltonian (1) as well as of the most general
isovector-isoscalar pairing Hamiltonian (17) (see below), can
be well approximated by a condensate of alpha-like quartets,
as in the case of isovector pairing [13]. Thus, as in Ref. [13],
we represent the ground state as a product of identical quartets

|!g.s.⟩ = (Q+)nq |0⟩. (4)

The quartet operator Q+ is taken as a sum of two quartets

Q+ = Q+
1 + Q+

0 , (5)

where Q+
1 is the collective isovector quartet formed by

coupling two isovector pairs to total T = 0, i.e.,

Q+
1 =
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j1j2
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[
P +
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]T =0
, (6)

and Q+
0 is the collective isoscalar quartet built by coupling two

isoscalar pairs to total J = 0, i.e.,
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j1j2j3j4

yj1j2j3j4
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. (7)

These quartet operators are expressed in terms of the pair
operators in the jj coupling scheme:
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In Ref. [13], the QCM state was further simplified by
factorizing the mixing amplitudes which define the quartets.
Due to this factorization it was possible to express the quartet
condensate in terms of collective pairs and to use the recurrence
relations method for the evaluation of the expectation value of
the Hamiltonian. If one adopts the same factorization in the
present formalism, therefore assuming that xj1j2 = x̄j1 x̄j2 and
yj1j2j3j4 = ȳj1j2 ȳj3j4 , the collective quartets can be written as

Q̄+
1 = 2#+

1 #+
−1 − (#+

0 )2, (10)
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These quartets are expressed in terms of the collective isoscalar
and isovector pairs
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It is soon realized that, when formulated in terms of col-
lective pairs, the wave function (4) becomes a complicated
superposition of mixed condensates, formed by all type of
pairs. If the isoscalar quartet is further reduced to include only
the $+

0 pairs, this formalism becomes formally equivalent to
that proposed in Ref. [19] for the treatment of the isovector-
isoscalar pairing forces acting on axially deformed states.

The collective isovector and isoscalar pairs defined above
can be used to construct various PBCS-type states for N = Z
systems. Thus, with the isovector pairs (12) can be formed the
following PBCS states with well-defined numbers of protons
and neutrons [13]:

|PBCS1⟩ = (#+
1 #+

−1)nq |0⟩, (14)

|PBCS0iv⟩ = (#+
0 )2nq |0⟩. (15)

Both states have, as required, J = 0 and Tz = 0, but they do not
have a well-defined total isospin. Similar PBCS states can be
constructed with the isoscalar pairs (13). Of physical interest
is the PBCS state

|PBCS0is⟩ = ($+
0 )2nq |0⟩. (16)

This state has T = 0 and Jz = 0, but it has not a well-
defined angular momentum. Since the states (15) and (16) are
condensates, respectively, of T = 1 and T = 0 proton-neutron
pairs, one might think that a comparison of their correlation
energies could give clear evidence of what type of proton-
neutron pairing is prevailing in N = Z nuclei. However, a
conclusion based only on this comparison would be misleading
because, as shown in the next section, the PBCS approximation
is not accurate enough to describe properly the isovector and
isoscalar pairing correlations.

In this work we consider the case in which the mixing
amplitudes xii ′ and yii ′jj ′ are factorized, as discussed above,
and also the case in which they keep their original form. In both
cases these amplitudes will be constructed variationally by
minimizing the expectation value of the pairing Hamiltonian
in the QCM or PBCS-type states.

The QCM formalism proposed in this paper can also be
applied to the most general spherically symmetric isovector
(T = 1,J = 0) and isoscalar (T = 0,J = 1) pairing forces
described by the Hamiltonian

H =
∑

i

ϵiNi +
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V T =1
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∑
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. (17)

The pairing interactions are written in this case in terms
of the noncollective pair operators (8) and (9) expressed in
jj coupling. These interactions are not limited to the pairs
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second term in Eq. (1) is the spin-orbit interaction for protons
and neutrons, which has the standard expression. The third and
the fourth terms are, respectively, the isovector (T = 1,S = 0)
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where L, S, and T are the orbital momentum, the spin, and
the isospin of the pairs, respectively. When the spin orbit is
neglected and the orbits are degenerate, the Hamiltonian (1)
has SO(8) symmetry. If, in addition, g1 = g0, the Hamiltonian
(1) has SU(4) symmetry and can be solved analytically both for
degenerate and nondegenerate levels [8,9]. This is no longer
possible in the presence of the spin-orbit interaction.

The question we address in this study is whether the ground
state of the Hamiltonian (1) as well as of the most general
isovector-isoscalar pairing Hamiltonian (17) (see below), can
be well approximated by a condensate of alpha-like quartets,
as in the case of isovector pairing [13]. Thus, as in Ref. [13],
we represent the ground state as a product of identical quartets

|!g.s.⟩ = (Q+)nq |0⟩. (4)

The quartet operator Q+ is taken as a sum of two quartets
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In Ref. [13], the QCM state was further simplified by
factorizing the mixing amplitudes which define the quartets.
Due to this factorization it was possible to express the quartet
condensate in terms of collective pairs and to use the recurrence
relations method for the evaluation of the expectation value of
the Hamiltonian. If one adopts the same factorization in the
present formalism, therefore assuming that xj1j2 = x̄j1 x̄j2 and
yj1j2j3j4 = ȳj1j2 ȳj3j4 , the collective quartets can be written as
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It is soon realized that, when formulated in terms of col-
lective pairs, the wave function (4) becomes a complicated
superposition of mixed condensates, formed by all type of
pairs. If the isoscalar quartet is further reduced to include only
the $+

0 pairs, this formalism becomes formally equivalent to
that proposed in Ref. [19] for the treatment of the isovector-
isoscalar pairing forces acting on axially deformed states.

The collective isovector and isoscalar pairs defined above
can be used to construct various PBCS-type states for N = Z
systems. Thus, with the isovector pairs (12) can be formed the
following PBCS states with well-defined numbers of protons
and neutrons [13]:

|PBCS1⟩ = (#+
1 #+

−1)nq |0⟩, (14)

|PBCS0iv⟩ = (#+
0 )2nq |0⟩. (15)

Both states have, as required, J = 0 and Tz = 0, but they do not
have a well-defined total isospin. Similar PBCS states can be
constructed with the isoscalar pairs (13). Of physical interest
is the PBCS state

|PBCS0is⟩ = ($+
0 )2nq |0⟩. (16)

This state has T = 0 and Jz = 0, but it has not a well-
defined angular momentum. Since the states (15) and (16) are
condensates, respectively, of T = 1 and T = 0 proton-neutron
pairs, one might think that a comparison of their correlation
energies could give clear evidence of what type of proton-
neutron pairing is prevailing in N = Z nuclei. However, a
conclusion based only on this comparison would be misleading
because, as shown in the next section, the PBCS approximation
is not accurate enough to describe properly the isovector and
isoscalar pairing correlations.

In this work we consider the case in which the mixing
amplitudes xii ′ and yii ′jj ′ are factorized, as discussed above,
and also the case in which they keep their original form. In both
cases these amplitudes will be constructed variationally by
minimizing the expectation value of the pairing Hamiltonian
in the QCM or PBCS-type states.

The QCM formalism proposed in this paper can also be
applied to the most general spherically symmetric isovector
(T = 1,J = 0) and isoscalar (T = 0,J = 1) pairing forces
described by the Hamiltonian

H =
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The pairing interactions are written in this case in terms
of the noncollective pair operators (8) and (9) expressed in
jj coupling. These interactions are not limited to the pairs
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energies of protons and neutrons are assumed to be equal. The
second term in Eq. (1) is the spin-orbit interaction for protons
and neutrons, which has the standard expression. The third and
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where L, S, and T are the orbital momentum, the spin, and
the isospin of the pairs, respectively. When the spin orbit is
neglected and the orbits are degenerate, the Hamiltonian (1)
has SO(8) symmetry. If, in addition, g1 = g0, the Hamiltonian
(1) has SU(4) symmetry and can be solved analytically both for
degenerate and nondegenerate levels [8,9]. This is no longer
possible in the presence of the spin-orbit interaction.

The question we address in this study is whether the ground
state of the Hamiltonian (1) as well as of the most general
isovector-isoscalar pairing Hamiltonian (17) (see below), can
be well approximated by a condensate of alpha-like quartets,
as in the case of isovector pairing [13]. Thus, as in Ref. [13],
we represent the ground state as a product of identical quartets

|!g.s.⟩ = (Q+)nq |0⟩. (4)
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In Ref. [13], the QCM state was further simplified by
factorizing the mixing amplitudes which define the quartets.
Due to this factorization it was possible to express the quartet
condensate in terms of collective pairs and to use the recurrence
relations method for the evaluation of the expectation value of
the Hamiltonian. If one adopts the same factorization in the
present formalism, therefore assuming that xj1j2 = x̄j1 x̄j2 and
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lective pairs, the wave function (4) becomes a complicated
superposition of mixed condensates, formed by all type of
pairs. If the isoscalar quartet is further reduced to include only
the $+

0 pairs, this formalism becomes formally equivalent to
that proposed in Ref. [19] for the treatment of the isovector-
isoscalar pairing forces acting on axially deformed states.

The collective isovector and isoscalar pairs defined above
can be used to construct various PBCS-type states for N = Z
systems. Thus, with the isovector pairs (12) can be formed the
following PBCS states with well-defined numbers of protons
and neutrons [13]:

|PBCS1⟩ = (#+
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−1)nq |0⟩, (14)

|PBCS0iv⟩ = (#+
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Both states have, as required, J = 0 and Tz = 0, but they do not
have a well-defined total isospin. Similar PBCS states can be
constructed with the isoscalar pairs (13). Of physical interest
is the PBCS state

|PBCS0is⟩ = ($+
0 )2nq |0⟩. (16)

This state has T = 0 and Jz = 0, but it has not a well-
defined angular momentum. Since the states (15) and (16) are
condensates, respectively, of T = 1 and T = 0 proton-neutron
pairs, one might think that a comparison of their correlation
energies could give clear evidence of what type of proton-
neutron pairing is prevailing in N = Z nuclei. However, a
conclusion based only on this comparison would be misleading
because, as shown in the next section, the PBCS approximation
is not accurate enough to describe properly the isovector and
isoscalar pairing correlations.

In this work we consider the case in which the mixing
amplitudes xii ′ and yii ′jj ′ are factorized, as discussed above,
and also the case in which they keep their original form. In both
cases these amplitudes will be constructed variationally by
minimizing the expectation value of the pairing Hamiltonian
in the QCM or PBCS-type states.

The QCM formalism proposed in this paper can also be
applied to the most general spherically symmetric isovector
(T = 1,J = 0) and isoscalar (T = 0,J = 1) pairing forces
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where L, S, and T are the orbital momentum, the spin, and
the isospin of the pairs, respectively. When the spin orbit is
neglected and the orbits are degenerate, the Hamiltonian (1)
has SO(8) symmetry. If, in addition, g1 = g0, the Hamiltonian
(1) has SU(4) symmetry and can be solved analytically both for
degenerate and nondegenerate levels [8,9]. This is no longer
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state of the Hamiltonian (1) as well as of the most general
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conclusion based only on this comparison would be misleading
because, as shown in the next section, the PBCS approximation
is not accurate enough to describe properly the isovector and
isoscalar pairing correlations.

In this work we consider the case in which the mixing
amplitudes xii ′ and yii ′jj ′ are factorized, as discussed above,
and also the case in which they keep their original form. In both
cases these amplitudes will be constructed variationally by
minimizing the expectation value of the pairing Hamiltonian
in the QCM or PBCS-type states.

The QCM formalism proposed in this paper can also be
applied to the most general spherically symmetric isovector
(T = 1,J = 0) and isoscalar (T = 0,J = 1) pairing forces
described by the Hamiltonian

H =
∑
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The pairing interactions are written in this case in terms
of the noncollective pair operators (8) and (9) expressed in
jj coupling. These interactions are not limited to the pairs
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energies of protons and neutrons are assumed to be equal. The
second term in Eq. (1) is the spin-orbit interaction for protons
and neutrons, which has the standard expression. The third and
the fourth terms are, respectively, the isovector (T = 1,S = 0)
and isoscalar (T = 0,S = 1) pairing interactions. They are
written in terms of the pair operators
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where L, S, and T are the orbital momentum, the spin, and
the isospin of the pairs, respectively. When the spin orbit is
neglected and the orbits are degenerate, the Hamiltonian (1)
has SO(8) symmetry. If, in addition, g1 = g0, the Hamiltonian
(1) has SU(4) symmetry and can be solved analytically both for
degenerate and nondegenerate levels [8,9]. This is no longer
possible in the presence of the spin-orbit interaction.

The question we address in this study is whether the ground
state of the Hamiltonian (1) as well as of the most general
isovector-isoscalar pairing Hamiltonian (17) (see below), can
be well approximated by a condensate of alpha-like quartets,
as in the case of isovector pairing [13]. Thus, as in Ref. [13],
we represent the ground state as a product of identical quartets

|!g.s.⟩ = (Q+)nq |0⟩. (4)

The quartet operator Q+ is taken as a sum of two quartets

Q+ = Q+
1 + Q+

0 , (5)

where Q+
1 is the collective isovector quartet formed by

coupling two isovector pairs to total T = 0, i.e.,
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In Ref. [13], the QCM state was further simplified by
factorizing the mixing amplitudes which define the quartets.
Due to this factorization it was possible to express the quartet
condensate in terms of collective pairs and to use the recurrence
relations method for the evaluation of the expectation value of
the Hamiltonian. If one adopts the same factorization in the
present formalism, therefore assuming that xj1j2 = x̄j1 x̄j2 and
yj1j2j3j4 = ȳj1j2 ȳj3j4 , the collective quartets can be written as
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It is soon realized that, when formulated in terms of col-
lective pairs, the wave function (4) becomes a complicated
superposition of mixed condensates, formed by all type of
pairs. If the isoscalar quartet is further reduced to include only
the $+

0 pairs, this formalism becomes formally equivalent to
that proposed in Ref. [19] for the treatment of the isovector-
isoscalar pairing forces acting on axially deformed states.

The collective isovector and isoscalar pairs defined above
can be used to construct various PBCS-type states for N = Z
systems. Thus, with the isovector pairs (12) can be formed the
following PBCS states with well-defined numbers of protons
and neutrons [13]:

|PBCS1⟩ = (#+
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−1)nq |0⟩, (14)

|PBCS0iv⟩ = (#+
0 )2nq |0⟩. (15)

Both states have, as required, J = 0 and Tz = 0, but they do not
have a well-defined total isospin. Similar PBCS states can be
constructed with the isoscalar pairs (13). Of physical interest
is the PBCS state

|PBCS0is⟩ = ($+
0 )2nq |0⟩. (16)

This state has T = 0 and Jz = 0, but it has not a well-
defined angular momentum. Since the states (15) and (16) are
condensates, respectively, of T = 1 and T = 0 proton-neutron
pairs, one might think that a comparison of their correlation
energies could give clear evidence of what type of proton-
neutron pairing is prevailing in N = Z nuclei. However, a
conclusion based only on this comparison would be misleading
because, as shown in the next section, the PBCS approximation
is not accurate enough to describe properly the isovector and
isoscalar pairing correlations.

In this work we consider the case in which the mixing
amplitudes xii ′ and yii ′jj ′ are factorized, as discussed above,
and also the case in which they keep their original form. In both
cases these amplitudes will be constructed variationally by
minimizing the expectation value of the pairing Hamiltonian
in the QCM or PBCS-type states.

The QCM formalism proposed in this paper can also be
applied to the most general spherically symmetric isovector
(T = 1,J = 0) and isoscalar (T = 0,J = 1) pairing forces
described by the Hamiltonian

H =
∑

i
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The pairing interactions are written in this case in terms
of the noncollective pair operators (8) and (9) expressed in
jj coupling. These interactions are not limited to the pairs
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energies of protons and neutrons are assumed to be equal. The
second term in Eq. (1) is the spin-orbit interaction for protons
and neutrons, which has the standard expression. The third and
the fourth terms are, respectively, the isovector (T = 1,S = 0)
and isoscalar (T = 0,S = 1) pairing interactions. They are
written in terms of the pair operators

P+
i,Tz

=
√

2li + 1
2

[a+
i a+

i ]T =1,S=0,L=0
Tz

, (2)

D+
i,Sz

=
√

2li + 1
2

[a+
i a+

i ]S=1,T =0,L=0
Sz

, (3)

where L, S, and T are the orbital momentum, the spin, and
the isospin of the pairs, respectively. When the spin orbit is
neglected and the orbits are degenerate, the Hamiltonian (1)
has SO(8) symmetry. If, in addition, g1 = g0, the Hamiltonian
(1) has SU(4) symmetry and can be solved analytically both for
degenerate and nondegenerate levels [8,9]. This is no longer
possible in the presence of the spin-orbit interaction.

The question we address in this study is whether the ground
state of the Hamiltonian (1) as well as of the most general
isovector-isoscalar pairing Hamiltonian (17) (see below), can
be well approximated by a condensate of alpha-like quartets,
as in the case of isovector pairing [13]. Thus, as in Ref. [13],
we represent the ground state as a product of identical quartets

|!g.s.⟩ = (Q+)nq |0⟩. (4)

The quartet operator Q+ is taken as a sum of two quartets

Q+ = Q+
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where Q+
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In Ref. [13], the QCM state was further simplified by
factorizing the mixing amplitudes which define the quartets.
Due to this factorization it was possible to express the quartet
condensate in terms of collective pairs and to use the recurrence
relations method for the evaluation of the expectation value of
the Hamiltonian. If one adopts the same factorization in the
present formalism, therefore assuming that xj1j2 = x̄j1 x̄j2 and
yj1j2j3j4 = ȳj1j2 ȳj3j4 , the collective quartets can be written as

Q̄+
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These quartets are expressed in terms of the collective isoscalar
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, (12)
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=
∑
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It is soon realized that, when formulated in terms of col-
lective pairs, the wave function (4) becomes a complicated
superposition of mixed condensates, formed by all type of
pairs. If the isoscalar quartet is further reduced to include only
the $+

0 pairs, this formalism becomes formally equivalent to
that proposed in Ref. [19] for the treatment of the isovector-
isoscalar pairing forces acting on axially deformed states.

The collective isovector and isoscalar pairs defined above
can be used to construct various PBCS-type states for N = Z
systems. Thus, with the isovector pairs (12) can be formed the
following PBCS states with well-defined numbers of protons
and neutrons [13]:

|PBCS1⟩ = (#+
1 #+

−1)nq |0⟩, (14)

|PBCS0iv⟩ = (#+
0 )2nq |0⟩. (15)

Both states have, as required, J = 0 and Tz = 0, but they do not
have a well-defined total isospin. Similar PBCS states can be
constructed with the isoscalar pairs (13). Of physical interest
is the PBCS state

|PBCS0is⟩ = ($+
0 )2nq |0⟩. (16)

This state has T = 0 and Jz = 0, but it has not a well-
defined angular momentum. Since the states (15) and (16) are
condensates, respectively, of T = 1 and T = 0 proton-neutron
pairs, one might think that a comparison of their correlation
energies could give clear evidence of what type of proton-
neutron pairing is prevailing in N = Z nuclei. However, a
conclusion based only on this comparison would be misleading
because, as shown in the next section, the PBCS approximation
is not accurate enough to describe properly the isovector and
isoscalar pairing correlations.

In this work we consider the case in which the mixing
amplitudes xii ′ and yii ′jj ′ are factorized, as discussed above,
and also the case in which they keep their original form. In both
cases these amplitudes will be constructed variationally by
minimizing the expectation value of the pairing Hamiltonian
in the QCM or PBCS-type states.

The QCM formalism proposed in this paper can also be
applied to the most general spherically symmetric isovector
(T = 1,J = 0) and isoscalar (T = 0,J = 1) pairing forces
described by the Hamiltonian

H =
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i
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V T =1
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The pairing interactions are written in this case in terms
of the noncollective pair operators (8) and (9) expressed in
jj coupling. These interactions are not limited to the pairs
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energies of protons and neutrons are assumed to be equal. The
second term in Eq. (1) is the spin-orbit interaction for protons
and neutrons, which has the standard expression. The third and
the fourth terms are, respectively, the isovector (T = 1,S = 0)
and isoscalar (T = 0,S = 1) pairing interactions. They are
written in terms of the pair operators
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where L, S, and T are the orbital momentum, the spin, and
the isospin of the pairs, respectively. When the spin orbit is
neglected and the orbits are degenerate, the Hamiltonian (1)
has SO(8) symmetry. If, in addition, g1 = g0, the Hamiltonian
(1) has SU(4) symmetry and can be solved analytically both for
degenerate and nondegenerate levels [8,9]. This is no longer
possible in the presence of the spin-orbit interaction.

The question we address in this study is whether the ground
state of the Hamiltonian (1) as well as of the most general
isovector-isoscalar pairing Hamiltonian (17) (see below), can
be well approximated by a condensate of alpha-like quartets,
as in the case of isovector pairing [13]. Thus, as in Ref. [13],
we represent the ground state as a product of identical quartets

|!g.s.⟩ = (Q+)nq |0⟩. (4)

The quartet operator Q+ is taken as a sum of two quartets

Q+ = Q+
1 + Q+

0 , (5)

where Q+
1 is the collective isovector quartet formed by

coupling two isovector pairs to total T = 0, i.e.,
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1 =
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, (6)

and Q+
0 is the collective isoscalar quartet built by coupling two
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0 =
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[
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These quartet operators are expressed in terms of the pair
operators in the jj coupling scheme:
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= 1√
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= 1
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In Ref. [13], the QCM state was further simplified by
factorizing the mixing amplitudes which define the quartets.
Due to this factorization it was possible to express the quartet
condensate in terms of collective pairs and to use the recurrence
relations method for the evaluation of the expectation value of
the Hamiltonian. If one adopts the same factorization in the
present formalism, therefore assuming that xj1j2 = x̄j1 x̄j2 and
yj1j2j3j4 = ȳj1j2 ȳj3j4 , the collective quartets can be written as

Q̄+
1 = 2#+

1 #+
−1 − (#+
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These quartets are expressed in terms of the collective isoscalar
and isovector pairs
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, (12)
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=
∑
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ȳj1j2D
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It is soon realized that, when formulated in terms of col-
lective pairs, the wave function (4) becomes a complicated
superposition of mixed condensates, formed by all type of
pairs. If the isoscalar quartet is further reduced to include only
the $+

0 pairs, this formalism becomes formally equivalent to
that proposed in Ref. [19] for the treatment of the isovector-
isoscalar pairing forces acting on axially deformed states.

The collective isovector and isoscalar pairs defined above
can be used to construct various PBCS-type states for N = Z
systems. Thus, with the isovector pairs (12) can be formed the
following PBCS states with well-defined numbers of protons
and neutrons [13]:

|PBCS1⟩ = (#+
1 #+

−1)nq |0⟩, (14)

|PBCS0iv⟩ = (#+
0 )2nq |0⟩. (15)

Both states have, as required, J = 0 and Tz = 0, but they do not
have a well-defined total isospin. Similar PBCS states can be
constructed with the isoscalar pairs (13). Of physical interest
is the PBCS state

|PBCS0is⟩ = ($+
0 )2nq |0⟩. (16)

This state has T = 0 and Jz = 0, but it has not a well-
defined angular momentum. Since the states (15) and (16) are
condensates, respectively, of T = 1 and T = 0 proton-neutron
pairs, one might think that a comparison of their correlation
energies could give clear evidence of what type of proton-
neutron pairing is prevailing in N = Z nuclei. However, a
conclusion based only on this comparison would be misleading
because, as shown in the next section, the PBCS approximation
is not accurate enough to describe properly the isovector and
isoscalar pairing correlations.

In this work we consider the case in which the mixing
amplitudes xii ′ and yii ′jj ′ are factorized, as discussed above,
and also the case in which they keep their original form. In both
cases these amplitudes will be constructed variationally by
minimizing the expectation value of the pairing Hamiltonian
in the QCM or PBCS-type states.

The QCM formalism proposed in this paper can also be
applied to the most general spherically symmetric isovector
(T = 1,J = 0) and isoscalar (T = 0,J = 1) pairing forces
described by the Hamiltonian

H =
∑
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The pairing interactions are written in this case in terms
of the noncollective pair operators (8) and (9) expressed in
jj coupling. These interactions are not limited to the pairs
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energies of protons and neutrons are assumed to be equal. The
second term in Eq. (1) is the spin-orbit interaction for protons
and neutrons, which has the standard expression. The third and
the fourth terms are, respectively, the isovector (T = 1,S = 0)
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where L, S, and T are the orbital momentum, the spin, and
the isospin of the pairs, respectively. When the spin orbit is
neglected and the orbits are degenerate, the Hamiltonian (1)
has SO(8) symmetry. If, in addition, g1 = g0, the Hamiltonian
(1) has SU(4) symmetry and can be solved analytically both for
degenerate and nondegenerate levels [8,9]. This is no longer
possible in the presence of the spin-orbit interaction.

The question we address in this study is whether the ground
state of the Hamiltonian (1) as well as of the most general
isovector-isoscalar pairing Hamiltonian (17) (see below), can
be well approximated by a condensate of alpha-like quartets,
as in the case of isovector pairing [13]. Thus, as in Ref. [13],
we represent the ground state as a product of identical quartets

|!g.s.⟩ = (Q+)nq |0⟩. (4)
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In Ref. [13], the QCM state was further simplified by
factorizing the mixing amplitudes which define the quartets.
Due to this factorization it was possible to express the quartet
condensate in terms of collective pairs and to use the recurrence
relations method for the evaluation of the expectation value of
the Hamiltonian. If one adopts the same factorization in the
present formalism, therefore assuming that xj1j2 = x̄j1 x̄j2 and
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It is soon realized that, when formulated in terms of col-
lective pairs, the wave function (4) becomes a complicated
superposition of mixed condensates, formed by all type of
pairs. If the isoscalar quartet is further reduced to include only
the $+

0 pairs, this formalism becomes formally equivalent to
that proposed in Ref. [19] for the treatment of the isovector-
isoscalar pairing forces acting on axially deformed states.

The collective isovector and isoscalar pairs defined above
can be used to construct various PBCS-type states for N = Z
systems. Thus, with the isovector pairs (12) can be formed the
following PBCS states with well-defined numbers of protons
and neutrons [13]:

|PBCS1⟩ = (#+
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−1)nq |0⟩, (14)

|PBCS0iv⟩ = (#+
0 )2nq |0⟩. (15)

Both states have, as required, J = 0 and Tz = 0, but they do not
have a well-defined total isospin. Similar PBCS states can be
constructed with the isoscalar pairs (13). Of physical interest
is the PBCS state

|PBCS0is⟩ = ($+
0 )2nq |0⟩. (16)

This state has T = 0 and Jz = 0, but it has not a well-
defined angular momentum. Since the states (15) and (16) are
condensates, respectively, of T = 1 and T = 0 proton-neutron
pairs, one might think that a comparison of their correlation
energies could give clear evidence of what type of proton-
neutron pairing is prevailing in N = Z nuclei. However, a
conclusion based only on this comparison would be misleading
because, as shown in the next section, the PBCS approximation
is not accurate enough to describe properly the isovector and
isoscalar pairing correlations.

In this work we consider the case in which the mixing
amplitudes xii ′ and yii ′jj ′ are factorized, as discussed above,
and also the case in which they keep their original form. In both
cases these amplitudes will be constructed variationally by
minimizing the expectation value of the pairing Hamiltonian
in the QCM or PBCS-type states.

The QCM formalism proposed in this paper can also be
applied to the most general spherically symmetric isovector
(T = 1,J = 0) and isoscalar (T = 0,J = 1) pairing forces
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of the noncollective pair operators (8) and (9) expressed in
jj coupling. These interactions are not limited to the pairs
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energies of protons and neutrons are assumed to be equal. The
second term in Eq. (1) is the spin-orbit interaction for protons
and neutrons, which has the standard expression. The third and
the fourth terms are, respectively, the isovector (T = 1,S = 0)
and isoscalar (T = 0,S = 1) pairing interactions. They are
written in terms of the pair operators

P+
i,Tz

=
√

2li + 1
2

[a+
i a+

i ]T =1,S=0,L=0
Tz

, (2)

D+
i,Sz

=
√

2li + 1
2

[a+
i a+

i ]S=1,T =0,L=0
Sz

, (3)

where L, S, and T are the orbital momentum, the spin, and
the isospin of the pairs, respectively. When the spin orbit is
neglected and the orbits are degenerate, the Hamiltonian (1)
has SO(8) symmetry. If, in addition, g1 = g0, the Hamiltonian
(1) has SU(4) symmetry and can be solved analytically both for
degenerate and nondegenerate levels [8,9]. This is no longer
possible in the presence of the spin-orbit interaction.

The question we address in this study is whether the ground
state of the Hamiltonian (1) as well as of the most general
isovector-isoscalar pairing Hamiltonian (17) (see below), can
be well approximated by a condensate of alpha-like quartets,
as in the case of isovector pairing [13]. Thus, as in Ref. [13],
we represent the ground state as a product of identical quartets

|!g.s.⟩ = (Q+)nq |0⟩. (4)

The quartet operator Q+ is taken as a sum of two quartets

Q+ = Q+
1 + Q+

0 , (5)

where Q+
1 is the collective isovector quartet formed by

coupling two isovector pairs to total T = 0, i.e.,

Q+
1 =

∑

j1j2

xj1j2

[
P +

j1
P +

j2

]T =0
, (6)

and Q+
0 is the collective isoscalar quartet built by coupling two

isoscalar pairs to total J = 0, i.e.,

Q+
0 =

∑

j1j2j3j4

yj1j2j3j4

[
D+

j1j2
D+

j3j4

]J=0
. (7)

These quartet operators are expressed in terms of the pair
operators in the jj coupling scheme:

P +
j,Tz

= 1√
2

[a+
j a+

j ]T =1,J=0
Tz

, (8)

D+
j1j2Jz

= 1
√

1 + δj1j2

[
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j1
a+

j2

]J=1,T =0
Jz

. (9)

In Ref. [13], the QCM state was further simplified by
factorizing the mixing amplitudes which define the quartets.
Due to this factorization it was possible to express the quartet
condensate in terms of collective pairs and to use the recurrence
relations method for the evaluation of the expectation value of
the Hamiltonian. If one adopts the same factorization in the
present formalism, therefore assuming that xj1j2 = x̄j1 x̄j2 and
yj1j2j3j4 = ȳj1j2 ȳj3j4 , the collective quartets can be written as

Q̄+
1 = 2#+

1 #+
−1 − (#+

0 )2, (10)

Q̄+
0 = 2$+

1 $+
−1 − $+

0
2
. (11)

These quartets are expressed in terms of the collective isoscalar
and isovector pairs

#+
Tz

=
∑

j

x̄jP
+
j,Tz

, (12)

$+
Jz

=
∑

j1j2

ȳj1j2D
+
j1j2Jz

. (13)

It is soon realized that, when formulated in terms of col-
lective pairs, the wave function (4) becomes a complicated
superposition of mixed condensates, formed by all type of
pairs. If the isoscalar quartet is further reduced to include only
the $+

0 pairs, this formalism becomes formally equivalent to
that proposed in Ref. [19] for the treatment of the isovector-
isoscalar pairing forces acting on axially deformed states.

The collective isovector and isoscalar pairs defined above
can be used to construct various PBCS-type states for N = Z
systems. Thus, with the isovector pairs (12) can be formed the
following PBCS states with well-defined numbers of protons
and neutrons [13]:

|PBCS1⟩ = (#+
1 #+

−1)nq |0⟩, (14)

|PBCS0iv⟩ = (#+
0 )2nq |0⟩. (15)

Both states have, as required, J = 0 and Tz = 0, but they do not
have a well-defined total isospin. Similar PBCS states can be
constructed with the isoscalar pairs (13). Of physical interest
is the PBCS state

|PBCS0is⟩ = ($+
0 )2nq |0⟩. (16)

This state has T = 0 and Jz = 0, but it has not a well-
defined angular momentum. Since the states (15) and (16) are
condensates, respectively, of T = 1 and T = 0 proton-neutron
pairs, one might think that a comparison of their correlation
energies could give clear evidence of what type of proton-
neutron pairing is prevailing in N = Z nuclei. However, a
conclusion based only on this comparison would be misleading
because, as shown in the next section, the PBCS approximation
is not accurate enough to describe properly the isovector and
isoscalar pairing correlations.

In this work we consider the case in which the mixing
amplitudes xii ′ and yii ′jj ′ are factorized, as discussed above,
and also the case in which they keep their original form. In both
cases these amplitudes will be constructed variationally by
minimizing the expectation value of the pairing Hamiltonian
in the QCM or PBCS-type states.

The QCM formalism proposed in this paper can also be
applied to the most general spherically symmetric isovector
(T = 1,J = 0) and isoscalar (T = 0,J = 1) pairing forces
described by the Hamiltonian

H =
∑

i

ϵiNi +
∑

i,j

V T =1
J=0 (i,j )

∑

Tz

P +
i,Tz

Pj,Tz

+
∑

i!j,k!l

V T =0
J=1 (ij,kl)

∑

Jz

D+
ij,Jz

Dkl,Jz
. (17)

The pairing interactions are written in this case in terms
of the noncollective pair operators (8) and (9) expressed in
jj coupling. These interactions are not limited to the pairs
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energies of protons and neutrons are assumed to be equal. The
second term in Eq. (1) is the spin-orbit interaction for protons
and neutrons, which has the standard expression. The third and
the fourth terms are, respectively, the isovector (T = 1,S = 0)
and isoscalar (T = 0,S = 1) pairing interactions. They are
written in terms of the pair operators

P+
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=
√
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i ]T =1,S=0,L=0
Tz

, (2)
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where L, S, and T are the orbital momentum, the spin, and
the isospin of the pairs, respectively. When the spin orbit is
neglected and the orbits are degenerate, the Hamiltonian (1)
has SO(8) symmetry. If, in addition, g1 = g0, the Hamiltonian
(1) has SU(4) symmetry and can be solved analytically both for
degenerate and nondegenerate levels [8,9]. This is no longer
possible in the presence of the spin-orbit interaction.

The question we address in this study is whether the ground
state of the Hamiltonian (1) as well as of the most general
isovector-isoscalar pairing Hamiltonian (17) (see below), can
be well approximated by a condensate of alpha-like quartets,
as in the case of isovector pairing [13]. Thus, as in Ref. [13],
we represent the ground state as a product of identical quartets

|!g.s.⟩ = (Q+)nq |0⟩. (4)

The quartet operator Q+ is taken as a sum of two quartets

Q+ = Q+
1 + Q+

0 , (5)

where Q+
1 is the collective isovector quartet formed by

coupling two isovector pairs to total T = 0, i.e.,

Q+
1 =

∑

j1j2

xj1j2

[
P +

j1
P +

j2

]T =0
, (6)

and Q+
0 is the collective isoscalar quartet built by coupling two

isoscalar pairs to total J = 0, i.e.,

Q+
0 =

∑

j1j2j3j4

yj1j2j3j4

[
D+

j1j2
D+

j3j4

]J=0
. (7)

These quartet operators are expressed in terms of the pair
operators in the jj coupling scheme:

P +
j,Tz

= 1√
2

[a+
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j ]T =1,J=0
Tz

, (8)

D+
j1j2Jz

= 1
√

1 + δj1j2

[
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a+

j2

]J=1,T =0
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. (9)

In Ref. [13], the QCM state was further simplified by
factorizing the mixing amplitudes which define the quartets.
Due to this factorization it was possible to express the quartet
condensate in terms of collective pairs and to use the recurrence
relations method for the evaluation of the expectation value of
the Hamiltonian. If one adopts the same factorization in the
present formalism, therefore assuming that xj1j2 = x̄j1 x̄j2 and
yj1j2j3j4 = ȳj1j2 ȳj3j4 , the collective quartets can be written as

Q̄+
1 = 2#+

1 #+
−1 − (#+

0 )2, (10)

Q̄+
0 = 2$+

1 $+
−1 − $+

0
2
. (11)

These quartets are expressed in terms of the collective isoscalar
and isovector pairs

#+
Tz

=
∑

j

x̄jP
+
j,Tz

, (12)

$+
Jz

=
∑

j1j2

ȳj1j2D
+
j1j2Jz

. (13)

It is soon realized that, when formulated in terms of col-
lective pairs, the wave function (4) becomes a complicated
superposition of mixed condensates, formed by all type of
pairs. If the isoscalar quartet is further reduced to include only
the $+

0 pairs, this formalism becomes formally equivalent to
that proposed in Ref. [19] for the treatment of the isovector-
isoscalar pairing forces acting on axially deformed states.

The collective isovector and isoscalar pairs defined above
can be used to construct various PBCS-type states for N = Z
systems. Thus, with the isovector pairs (12) can be formed the
following PBCS states with well-defined numbers of protons
and neutrons [13]:

|PBCS1⟩ = (#+
1 #+

−1)nq |0⟩, (14)

|PBCS0iv⟩ = (#+
0 )2nq |0⟩. (15)

Both states have, as required, J = 0 and Tz = 0, but they do not
have a well-defined total isospin. Similar PBCS states can be
constructed with the isoscalar pairs (13). Of physical interest
is the PBCS state

|PBCS0is⟩ = ($+
0 )2nq |0⟩. (16)

This state has T = 0 and Jz = 0, but it has not a well-
defined angular momentum. Since the states (15) and (16) are
condensates, respectively, of T = 1 and T = 0 proton-neutron
pairs, one might think that a comparison of their correlation
energies could give clear evidence of what type of proton-
neutron pairing is prevailing in N = Z nuclei. However, a
conclusion based only on this comparison would be misleading
because, as shown in the next section, the PBCS approximation
is not accurate enough to describe properly the isovector and
isoscalar pairing correlations.

In this work we consider the case in which the mixing
amplitudes xii ′ and yii ′jj ′ are factorized, as discussed above,
and also the case in which they keep their original form. In both
cases these amplitudes will be constructed variationally by
minimizing the expectation value of the pairing Hamiltonian
in the QCM or PBCS-type states.

The QCM formalism proposed in this paper can also be
applied to the most general spherically symmetric isovector
(T = 1,J = 0) and isoscalar (T = 0,J = 1) pairing forces
described by the Hamiltonian

H =
∑

i

ϵiNi +
∑

i,j

V T =1
J=0 (i,j )

∑

Tz

P +
i,Tz

Pj,Tz

+
∑

i!j,k!l

V T =0
J=1 (ij,kl)

∑
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D+
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Dkl,Jz
. (17)

The pairing interactions are written in this case in terms
of the noncollective pair operators (8) and (9) expressed in
jj coupling. These interactions are not limited to the pairs
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energies of protons and neutrons are assumed to be equal. The
second term in Eq. (1) is the spin-orbit interaction for protons
and neutrons, which has the standard expression. The third and
the fourth terms are, respectively, the isovector (T = 1,S = 0)
and isoscalar (T = 0,S = 1) pairing interactions. They are
written in terms of the pair operators

P+
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=
√
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, (2)
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where L, S, and T are the orbital momentum, the spin, and
the isospin of the pairs, respectively. When the spin orbit is
neglected and the orbits are degenerate, the Hamiltonian (1)
has SO(8) symmetry. If, in addition, g1 = g0, the Hamiltonian
(1) has SU(4) symmetry and can be solved analytically both for
degenerate and nondegenerate levels [8,9]. This is no longer
possible in the presence of the spin-orbit interaction.

The question we address in this study is whether the ground
state of the Hamiltonian (1) as well as of the most general
isovector-isoscalar pairing Hamiltonian (17) (see below), can
be well approximated by a condensate of alpha-like quartets,
as in the case of isovector pairing [13]. Thus, as in Ref. [13],
we represent the ground state as a product of identical quartets

|!g.s.⟩ = (Q+)nq |0⟩. (4)

The quartet operator Q+ is taken as a sum of two quartets

Q+ = Q+
1 + Q+

0 , (5)

where Q+
1 is the collective isovector quartet formed by

coupling two isovector pairs to total T = 0, i.e.,

Q+
1 =

∑

j1j2

xj1j2

[
P +

j1
P +

j2

]T =0
, (6)

and Q+
0 is the collective isoscalar quartet built by coupling two

isoscalar pairs to total J = 0, i.e.,

Q+
0 =

∑

j1j2j3j4

yj1j2j3j4

[
D+

j1j2
D+

j3j4

]J=0
. (7)

These quartet operators are expressed in terms of the pair
operators in the jj coupling scheme:

P +
j,Tz

= 1√
2

[a+
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j ]T =1,J=0
Tz

, (8)

D+
j1j2Jz

= 1
√

1 + δj1j2

[
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j1
a+

j2

]J=1,T =0
Jz

. (9)

In Ref. [13], the QCM state was further simplified by
factorizing the mixing amplitudes which define the quartets.
Due to this factorization it was possible to express the quartet
condensate in terms of collective pairs and to use the recurrence
relations method for the evaluation of the expectation value of
the Hamiltonian. If one adopts the same factorization in the
present formalism, therefore assuming that xj1j2 = x̄j1 x̄j2 and
yj1j2j3j4 = ȳj1j2 ȳj3j4 , the collective quartets can be written as

Q̄+
1 = 2#+

1 #+
−1 − (#+

0 )2, (10)

Q̄+
0 = 2$+

1 $+
−1 − $+

0
2
. (11)

These quartets are expressed in terms of the collective isoscalar
and isovector pairs

#+
Tz

=
∑

j

x̄jP
+
j,Tz

, (12)

$+
Jz

=
∑

j1j2

ȳj1j2D
+
j1j2Jz

. (13)

It is soon realized that, when formulated in terms of col-
lective pairs, the wave function (4) becomes a complicated
superposition of mixed condensates, formed by all type of
pairs. If the isoscalar quartet is further reduced to include only
the $+

0 pairs, this formalism becomes formally equivalent to
that proposed in Ref. [19] for the treatment of the isovector-
isoscalar pairing forces acting on axially deformed states.

The collective isovector and isoscalar pairs defined above
can be used to construct various PBCS-type states for N = Z
systems. Thus, with the isovector pairs (12) can be formed the
following PBCS states with well-defined numbers of protons
and neutrons [13]:

|PBCS1⟩ = (#+
1 #+

−1)nq |0⟩, (14)

|PBCS0iv⟩ = (#+
0 )2nq |0⟩. (15)

Both states have, as required, J = 0 and Tz = 0, but they do not
have a well-defined total isospin. Similar PBCS states can be
constructed with the isoscalar pairs (13). Of physical interest
is the PBCS state

|PBCS0is⟩ = ($+
0 )2nq |0⟩. (16)

This state has T = 0 and Jz = 0, but it has not a well-
defined angular momentum. Since the states (15) and (16) are
condensates, respectively, of T = 1 and T = 0 proton-neutron
pairs, one might think that a comparison of their correlation
energies could give clear evidence of what type of proton-
neutron pairing is prevailing in N = Z nuclei. However, a
conclusion based only on this comparison would be misleading
because, as shown in the next section, the PBCS approximation
is not accurate enough to describe properly the isovector and
isoscalar pairing correlations.

In this work we consider the case in which the mixing
amplitudes xii ′ and yii ′jj ′ are factorized, as discussed above,
and also the case in which they keep their original form. In both
cases these amplitudes will be constructed variationally by
minimizing the expectation value of the pairing Hamiltonian
in the QCM or PBCS-type states.

The QCM formalism proposed in this paper can also be
applied to the most general spherically symmetric isovector
(T = 1,J = 0) and isoscalar (T = 0,J = 1) pairing forces
described by the Hamiltonian

H =
∑

i

ϵiNi +
∑

i,j

V T =1
J=0 (i,j )

∑

Tz

P +
i,Tz

Pj,Tz

+
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i!j,k!l

V T =0
J=1 (ij,kl)

∑
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Dkl,Jz
. (17)

The pairing interactions are written in this case in terms
of the noncollective pair operators (8) and (9) expressed in
jj coupling. These interactions are not limited to the pairs
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TABLE I. Results of QCM calculations for N = Z nuclei in
various shells obtained with the Hamiltonian (1). Ecorr are the
ground-state correlation energies (19) while ET

P are the isovector and
isoscalar pairing energies defined by Eqs. (22) and (23), respectively.
In brackets we show the errors relative to the exact results obtained
by diagonalization. All energies are in MeV.

Ecorr E
(T =1)
P E

(T =0)
P

20Ne 4.005 (-) −2.740 −2.390
24Mg 5.914 (0.7%) −4.545 −2.660
28Si 6.359 (0.5%) −4.389 −3.058
44Ti 5.477(−) −3.486 −4.478
48Cr 8.571 (0.6%) −6.946 −4.985
52Fe 9.812 (1.1%) −8.576 −4.557
104Te 6.413 (-) −5.929 −2.229
108Xe 11.195 (0.3%) −10.860 −3.677
112Ba 14.377 (0.5%) −14.376 −4.994

ground state and, in brackets, the errors relative to the exact
results obtained by diagonalization. It can be seen that these
errors are very small. In Table I we also show the isovector
(22) and isoscalar (23) pairing energies. We notice that, for all
nuclei, the pairing energies are significant in both channels.

Finally, we applied the QCM approach to the most general
spherically symmetric pairing Hamiltonian (17). In Table II
we present the results of QCM calculations performed by
employing in this Hamiltonian the same input as in Ref. [17].
Namely, the single-particle energies and the pairing interac-
tions for the three sets of nuclei shown in Table II are extracted
from the shell-model forces, respectively USDB [25], KB3G
[26], and the G-matrix two-body force of Ref. [27]. In Table
II the QCM results are compared with the exact results and
with the results of the QM approximation (18) presented in
Ref. [17]. One can see that the QCM approximation, in which
it is supposed that all quartets have the same structure, gives
accurate results, comparable with the QM approximation. In
Table II we also present the results obtained with the quartet
condensate state |QCM⟩ = (Q̄+

1 + Q̄+
0 )nq |0⟩ constructed with

the quartets introduced in Eqs. (10) and (11), expressed in
terms of collective pairs. One can notice that QCM describes

less well the pairing correlations energies as compared with
QCM. On the other hand, as shown in Ref. [16], the QCM
and QCM approximations give very similar results when
one considers only the isovector interaction. This means
that the isoscalar pairing force induces genuine four-body
correlations which cannot be described accurately by a product
of collective pairs. In Table II we also present the results given
by the QCM states constructed only by the isovector or the
isoscalar quartets (10) and (11), i.e., |QCMT =1⟩ = (Q̄+

1 )nq |0⟩
and |QCMT =0⟩ = (Q̄+

0 )nq |0⟩. It can be seen that, for the
present pairing interactions, the isovector pairing correlations
are stronger than the isoscalar ones, with the exception of
nuclei in the sd shell. In all cases, however, as noticed also
in the examples presented above, the isovector and isoscalar
pairing correlations always coexist.

The importance of the mixing between various pairs to
preserve exactly the isospin and the angular momentum of the
ground state can be seen by comparing the predictions of QCM
with the PBCS approximations (14)–(16). As seen in Table III,
the results of the PBCS approximations (14), (15), and (16),
which do not conserve the isospin and the angular momentum,
respectively, are much less accurate than the ones provided by
QCM. We also notice that, for all nuclei PBCS1 gives more
binding than PBCSiv , while the latter gives more binding than
PBCSis , except for sd-shell nuclei. Thus, for sd-shell nuclei
the condensate of isoscalar proton-neutron pairs appears to be
the favorite with respect to the condensate of isovector pairs
while the opposite is true in the other shells. On the other hand,
from Table II one also sees that the approximation QCMT =1,
in which the isovector pairs are mixed together to form a
state with good isospin, gives in sd-shell nuclei more binding
than PBCSis . It is therefore clear that PBCSis results are not
by themselves enough to conclude that the ground state of
sd-shell nuclei is mainly described by a condensate of isoscalar
proton-neutron pairs. A similar conclusion was obtained in
the framework of pair-shell model (see Fig. 5 of Ref. [28]).
In fact, as shown in Tables II and III, a proper description of
the competition between the isovector and isoscalar pairing
correlations requires a ground state in which all types of pairs
are mixed together in order to conserve exactly the spin and
the angular momentum.

TABLE II. Correlation energies (19) relative to various calculations for N = Z nuclei described by the Hamiltonian (17). We show the
results for the QCM the state (4) as well as for the QCM approximations relative to the quartets (10) and (11), i.e., |QCM⟩ = (Q̄+

1 + Q̄+
0 )nq |0⟩,

|QCMT =1⟩ = (Q̄+
1 )nq |0⟩, and |QCMT =0⟩ = (Q̄+

0 )nq |0⟩. The QM results refer to the state (18) and are taken from Ref. [17]. In brackets we show
the relative errors with respect to the exact results obtained by diagonalization. All energies are in MeV.

Exact QM QCM QCM QCMT =1 QCMT =0

20Ne 15.985 15.985 (-) 15.985 (-) 15.510 (2.97%) 14.373 (10.08%) 14.930 (6.60%)
24Mg 28.694 28.626 (0.24%) 28.595 (0.34%) 27.764 (3.24% 23.229 (19.04%) 26.299 (8.35%)
28Si 35.600 35.396 (0.57%) 35.288 (0.88%) 33.913 (4.74%) 28.830 (19.02%) 32.067 (9.92%)
44Ti 7.019 7.019 (-) 7.019 (-) 6.302 (10.21%) 6.273 (10.63%) 4.825 (31.26%)
48Cr 11.649 11.624 (0.21%) 11.614 (0.30%) 10.674 (8.37%) 10.582 (10.67%) 7.075 (39.26%)
52Fe 13.887 13.828 (0.42%) 13.799 (0.63%) 12.971 (6.60%) 12.795 (7.92%) 9.589 (30.95%)
104Te 3.147 3.147 (-) 3.147 (-) 3.052 (3.02%) 3.041 (3.37%) 1.512 (51.95%)
108Xe 5.505 5.495 (0.20%) 5.489 (0.29%) 5.279 (4.10%) 5.239 (4.83%) 2.530 (54.04%)
112Ba 7.059 7.035 (0.34%) 7.017 (0.59%) 6.691 (5.21%) 6.609 (6.37%) 4.391 (37.79%)
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TABLE I. Results of QCM calculations for N = Z nuclei in
various shells obtained with the Hamiltonian (1). Ecorr are the
ground-state correlation energies (19) while ET

P are the isovector and
isoscalar pairing energies defined by Eqs. (22) and (23), respectively.
In brackets we show the errors relative to the exact results obtained
by diagonalization. All energies are in MeV.

Ecorr E
(T =1)
P E

(T =0)
P

20Ne 4.005 (-) −2.740 −2.390
24Mg 5.914 (0.7%) −4.545 −2.660
28Si 6.359 (0.5%) −4.389 −3.058
44Ti 5.477(−) −3.486 −4.478
48Cr 8.571 (0.6%) −6.946 −4.985
52Fe 9.812 (1.1%) −8.576 −4.557
104Te 6.413 (-) −5.929 −2.229
108Xe 11.195 (0.3%) −10.860 −3.677
112Ba 14.377 (0.5%) −14.376 −4.994

ground state and, in brackets, the errors relative to the exact
results obtained by diagonalization. It can be seen that these
errors are very small. In Table I we also show the isovector
(22) and isoscalar (23) pairing energies. We notice that, for all
nuclei, the pairing energies are significant in both channels.

Finally, we applied the QCM approach to the most general
spherically symmetric pairing Hamiltonian (17). In Table II
we present the results of QCM calculations performed by
employing in this Hamiltonian the same input as in Ref. [17].
Namely, the single-particle energies and the pairing interac-
tions for the three sets of nuclei shown in Table II are extracted
from the shell-model forces, respectively USDB [25], KB3G
[26], and the G-matrix two-body force of Ref. [27]. In Table
II the QCM results are compared with the exact results and
with the results of the QM approximation (18) presented in
Ref. [17]. One can see that the QCM approximation, in which
it is supposed that all quartets have the same structure, gives
accurate results, comparable with the QM approximation. In
Table II we also present the results obtained with the quartet
condensate state |QCM⟩ = (Q̄+

1 + Q̄+
0 )nq |0⟩ constructed with

the quartets introduced in Eqs. (10) and (11), expressed in
terms of collective pairs. One can notice that QCM describes

less well the pairing correlations energies as compared with
QCM. On the other hand, as shown in Ref. [16], the QCM
and QCM approximations give very similar results when
one considers only the isovector interaction. This means
that the isoscalar pairing force induces genuine four-body
correlations which cannot be described accurately by a product
of collective pairs. In Table II we also present the results given
by the QCM states constructed only by the isovector or the
isoscalar quartets (10) and (11), i.e., |QCMT =1⟩ = (Q̄+

1 )nq |0⟩
and |QCMT =0⟩ = (Q̄+

0 )nq |0⟩. It can be seen that, for the
present pairing interactions, the isovector pairing correlations
are stronger than the isoscalar ones, with the exception of
nuclei in the sd shell. In all cases, however, as noticed also
in the examples presented above, the isovector and isoscalar
pairing correlations always coexist.

The importance of the mixing between various pairs to
preserve exactly the isospin and the angular momentum of the
ground state can be seen by comparing the predictions of QCM
with the PBCS approximations (14)–(16). As seen in Table III,
the results of the PBCS approximations (14), (15), and (16),
which do not conserve the isospin and the angular momentum,
respectively, are much less accurate than the ones provided by
QCM. We also notice that, for all nuclei PBCS1 gives more
binding than PBCSiv , while the latter gives more binding than
PBCSis , except for sd-shell nuclei. Thus, for sd-shell nuclei
the condensate of isoscalar proton-neutron pairs appears to be
the favorite with respect to the condensate of isovector pairs
while the opposite is true in the other shells. On the other hand,
from Table II one also sees that the approximation QCMT =1,
in which the isovector pairs are mixed together to form a
state with good isospin, gives in sd-shell nuclei more binding
than PBCSis . It is therefore clear that PBCSis results are not
by themselves enough to conclude that the ground state of
sd-shell nuclei is mainly described by a condensate of isoscalar
proton-neutron pairs. A similar conclusion was obtained in
the framework of pair-shell model (see Fig. 5 of Ref. [28]).
In fact, as shown in Tables II and III, a proper description of
the competition between the isovector and isoscalar pairing
correlations requires a ground state in which all types of pairs
are mixed together in order to conserve exactly the spin and
the angular momentum.

TABLE II. Correlation energies (19) relative to various calculations for N = Z nuclei described by the Hamiltonian (17). We show the
results for the QCM the state (4) as well as for the QCM approximations relative to the quartets (10) and (11), i.e., |QCM⟩ = (Q̄+

1 + Q̄+
0 )nq |0⟩,

|QCMT =1⟩ = (Q̄+
1 )nq |0⟩, and |QCMT =0⟩ = (Q̄+

0 )nq |0⟩. The QM results refer to the state (18) and are taken from Ref. [17]. In brackets we show
the relative errors with respect to the exact results obtained by diagonalization. All energies are in MeV.

Exact QM QCM QCM QCMT =1 QCMT =0

20Ne 15.985 15.985 (-) 15.985 (-) 15.510 (2.97%) 14.373 (10.08%) 14.930 (6.60%)
24Mg 28.694 28.626 (0.24%) 28.595 (0.34%) 27.764 (3.24% 23.229 (19.04%) 26.299 (8.35%)
28Si 35.600 35.396 (0.57%) 35.288 (0.88%) 33.913 (4.74%) 28.830 (19.02%) 32.067 (9.92%)
44Ti 7.019 7.019 (-) 7.019 (-) 6.302 (10.21%) 6.273 (10.63%) 4.825 (31.26%)
48Cr 11.649 11.624 (0.21%) 11.614 (0.30%) 10.674 (8.37%) 10.582 (10.67%) 7.075 (39.26%)
52Fe 13.887 13.828 (0.42%) 13.799 (0.63%) 12.971 (6.60%) 12.795 (7.92%) 9.589 (30.95%)
104Te 3.147 3.147 (-) 3.147 (-) 3.052 (3.02%) 3.041 (3.37%) 1.512 (51.95%)
108Xe 5.505 5.495 (0.20%) 5.489 (0.29%) 5.279 (4.10%) 5.239 (4.83%) 2.530 (54.04%)
112Ba 7.059 7.035 (0.34%) 7.017 (0.59%) 6.691 (5.21%) 6.609 (6.37%) 4.391 (37.79%)
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TABLE I. Results of QCM calculations for N = Z nuclei in
various shells obtained with the Hamiltonian (1). Ecorr are the
ground-state correlation energies (19) while ET

P are the isovector and
isoscalar pairing energies defined by Eqs. (22) and (23), respectively.
In brackets we show the errors relative to the exact results obtained
by diagonalization. All energies are in MeV.

Ecorr E
(T =1)
P E

(T =0)
P

20Ne 4.005 (-) −2.740 −2.390
24Mg 5.914 (0.7%) −4.545 −2.660
28Si 6.359 (0.5%) −4.389 −3.058
44Ti 5.477(−) −3.486 −4.478
48Cr 8.571 (0.6%) −6.946 −4.985
52Fe 9.812 (1.1%) −8.576 −4.557
104Te 6.413 (-) −5.929 −2.229
108Xe 11.195 (0.3%) −10.860 −3.677
112Ba 14.377 (0.5%) −14.376 −4.994

ground state and, in brackets, the errors relative to the exact
results obtained by diagonalization. It can be seen that these
errors are very small. In Table I we also show the isovector
(22) and isoscalar (23) pairing energies. We notice that, for all
nuclei, the pairing energies are significant in both channels.

Finally, we applied the QCM approach to the most general
spherically symmetric pairing Hamiltonian (17). In Table II
we present the results of QCM calculations performed by
employing in this Hamiltonian the same input as in Ref. [17].
Namely, the single-particle energies and the pairing interac-
tions for the three sets of nuclei shown in Table II are extracted
from the shell-model forces, respectively USDB [25], KB3G
[26], and the G-matrix two-body force of Ref. [27]. In Table
II the QCM results are compared with the exact results and
with the results of the QM approximation (18) presented in
Ref. [17]. One can see that the QCM approximation, in which
it is supposed that all quartets have the same structure, gives
accurate results, comparable with the QM approximation. In
Table II we also present the results obtained with the quartet
condensate state |QCM⟩ = (Q̄+

1 + Q̄+
0 )nq |0⟩ constructed with

the quartets introduced in Eqs. (10) and (11), expressed in
terms of collective pairs. One can notice that QCM describes

less well the pairing correlations energies as compared with
QCM. On the other hand, as shown in Ref. [16], the QCM
and QCM approximations give very similar results when
one considers only the isovector interaction. This means
that the isoscalar pairing force induces genuine four-body
correlations which cannot be described accurately by a product
of collective pairs. In Table II we also present the results given
by the QCM states constructed only by the isovector or the
isoscalar quartets (10) and (11), i.e., |QCMT =1⟩ = (Q̄+

1 )nq |0⟩
and |QCMT =0⟩ = (Q̄+

0 )nq |0⟩. It can be seen that, for the
present pairing interactions, the isovector pairing correlations
are stronger than the isoscalar ones, with the exception of
nuclei in the sd shell. In all cases, however, as noticed also
in the examples presented above, the isovector and isoscalar
pairing correlations always coexist.

The importance of the mixing between various pairs to
preserve exactly the isospin and the angular momentum of the
ground state can be seen by comparing the predictions of QCM
with the PBCS approximations (14)–(16). As seen in Table III,
the results of the PBCS approximations (14), (15), and (16),
which do not conserve the isospin and the angular momentum,
respectively, are much less accurate than the ones provided by
QCM. We also notice that, for all nuclei PBCS1 gives more
binding than PBCSiv , while the latter gives more binding than
PBCSis , except for sd-shell nuclei. Thus, for sd-shell nuclei
the condensate of isoscalar proton-neutron pairs appears to be
the favorite with respect to the condensate of isovector pairs
while the opposite is true in the other shells. On the other hand,
from Table II one also sees that the approximation QCMT =1,
in which the isovector pairs are mixed together to form a
state with good isospin, gives in sd-shell nuclei more binding
than PBCSis . It is therefore clear that PBCSis results are not
by themselves enough to conclude that the ground state of
sd-shell nuclei is mainly described by a condensate of isoscalar
proton-neutron pairs. A similar conclusion was obtained in
the framework of pair-shell model (see Fig. 5 of Ref. [28]).
In fact, as shown in Tables II and III, a proper description of
the competition between the isovector and isoscalar pairing
correlations requires a ground state in which all types of pairs
are mixed together in order to conserve exactly the spin and
the angular momentum.

TABLE II. Correlation energies (19) relative to various calculations for N = Z nuclei described by the Hamiltonian (17). We show the
results for the QCM the state (4) as well as for the QCM approximations relative to the quartets (10) and (11), i.e., |QCM⟩ = (Q̄+

1 + Q̄+
0 )nq |0⟩,

|QCMT =1⟩ = (Q̄+
1 )nq |0⟩, and |QCMT =0⟩ = (Q̄+

0 )nq |0⟩. The QM results refer to the state (18) and are taken from Ref. [17]. In brackets we show
the relative errors with respect to the exact results obtained by diagonalization. All energies are in MeV.

Exact QM QCM QCM QCMT =1 QCMT =0

20Ne 15.985 15.985 (-) 15.985 (-) 15.510 (2.97%) 14.373 (10.08%) 14.930 (6.60%)
24Mg 28.694 28.626 (0.24%) 28.595 (0.34%) 27.764 (3.24% 23.229 (19.04%) 26.299 (8.35%)
28Si 35.600 35.396 (0.57%) 35.288 (0.88%) 33.913 (4.74%) 28.830 (19.02%) 32.067 (9.92%)
44Ti 7.019 7.019 (-) 7.019 (-) 6.302 (10.21%) 6.273 (10.63%) 4.825 (31.26%)
48Cr 11.649 11.624 (0.21%) 11.614 (0.30%) 10.674 (8.37%) 10.582 (10.67%) 7.075 (39.26%)
52Fe 13.887 13.828 (0.42%) 13.799 (0.63%) 12.971 (6.60%) 12.795 (7.92%) 9.589 (30.95%)
104Te 3.147 3.147 (-) 3.147 (-) 3.052 (3.02%) 3.041 (3.37%) 1.512 (51.95%)
108Xe 5.505 5.495 (0.20%) 5.489 (0.29%) 5.279 (4.10%) 5.239 (4.83%) 2.530 (54.04%)
112Ba 7.059 7.035 (0.34%) 7.017 (0.59%) 6.691 (5.21%) 6.609 (6.37%) 4.391 (37.79%)
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TABLE I. Results of QCM calculations for N = Z nuclei in
various shells obtained with the Hamiltonian (1). Ecorr are the
ground-state correlation energies (19) while ET

P are the isovector and
isoscalar pairing energies defined by Eqs. (22) and (23), respectively.
In brackets we show the errors relative to the exact results obtained
by diagonalization. All energies are in MeV.

Ecorr E
(T =1)
P E

(T =0)
P

20Ne 4.005 (-) −2.740 −2.390
24Mg 5.914 (0.7%) −4.545 −2.660
28Si 6.359 (0.5%) −4.389 −3.058
44Ti 5.477(−) −3.486 −4.478
48Cr 8.571 (0.6%) −6.946 −4.985
52Fe 9.812 (1.1%) −8.576 −4.557
104Te 6.413 (-) −5.929 −2.229
108Xe 11.195 (0.3%) −10.860 −3.677
112Ba 14.377 (0.5%) −14.376 −4.994

ground state and, in brackets, the errors relative to the exact
results obtained by diagonalization. It can be seen that these
errors are very small. In Table I we also show the isovector
(22) and isoscalar (23) pairing energies. We notice that, for all
nuclei, the pairing energies are significant in both channels.

Finally, we applied the QCM approach to the most general
spherically symmetric pairing Hamiltonian (17). In Table II
we present the results of QCM calculations performed by
employing in this Hamiltonian the same input as in Ref. [17].
Namely, the single-particle energies and the pairing interac-
tions for the three sets of nuclei shown in Table II are extracted
from the shell-model forces, respectively USDB [25], KB3G
[26], and the G-matrix two-body force of Ref. [27]. In Table
II the QCM results are compared with the exact results and
with the results of the QM approximation (18) presented in
Ref. [17]. One can see that the QCM approximation, in which
it is supposed that all quartets have the same structure, gives
accurate results, comparable with the QM approximation. In
Table II we also present the results obtained with the quartet
condensate state |QCM⟩ = (Q̄+

1 + Q̄+
0 )nq |0⟩ constructed with

the quartets introduced in Eqs. (10) and (11), expressed in
terms of collective pairs. One can notice that QCM describes

less well the pairing correlations energies as compared with
QCM. On the other hand, as shown in Ref. [16], the QCM
and QCM approximations give very similar results when
one considers only the isovector interaction. This means
that the isoscalar pairing force induces genuine four-body
correlations which cannot be described accurately by a product
of collective pairs. In Table II we also present the results given
by the QCM states constructed only by the isovector or the
isoscalar quartets (10) and (11), i.e., |QCMT =1⟩ = (Q̄+

1 )nq |0⟩
and |QCMT =0⟩ = (Q̄+

0 )nq |0⟩. It can be seen that, for the
present pairing interactions, the isovector pairing correlations
are stronger than the isoscalar ones, with the exception of
nuclei in the sd shell. In all cases, however, as noticed also
in the examples presented above, the isovector and isoscalar
pairing correlations always coexist.

The importance of the mixing between various pairs to
preserve exactly the isospin and the angular momentum of the
ground state can be seen by comparing the predictions of QCM
with the PBCS approximations (14)–(16). As seen in Table III,
the results of the PBCS approximations (14), (15), and (16),
which do not conserve the isospin and the angular momentum,
respectively, are much less accurate than the ones provided by
QCM. We also notice that, for all nuclei PBCS1 gives more
binding than PBCSiv , while the latter gives more binding than
PBCSis , except for sd-shell nuclei. Thus, for sd-shell nuclei
the condensate of isoscalar proton-neutron pairs appears to be
the favorite with respect to the condensate of isovector pairs
while the opposite is true in the other shells. On the other hand,
from Table II one also sees that the approximation QCMT =1,
in which the isovector pairs are mixed together to form a
state with good isospin, gives in sd-shell nuclei more binding
than PBCSis . It is therefore clear that PBCSis results are not
by themselves enough to conclude that the ground state of
sd-shell nuclei is mainly described by a condensate of isoscalar
proton-neutron pairs. A similar conclusion was obtained in
the framework of pair-shell model (see Fig. 5 of Ref. [28]).
In fact, as shown in Tables II and III, a proper description of
the competition between the isovector and isoscalar pairing
correlations requires a ground state in which all types of pairs
are mixed together in order to conserve exactly the spin and
the angular momentum.

TABLE II. Correlation energies (19) relative to various calculations for N = Z nuclei described by the Hamiltonian (17). We show the
results for the QCM the state (4) as well as for the QCM approximations relative to the quartets (10) and (11), i.e., |QCM⟩ = (Q̄+

1 + Q̄+
0 )nq |0⟩,

|QCMT =1⟩ = (Q̄+
1 )nq |0⟩, and |QCMT =0⟩ = (Q̄+

0 )nq |0⟩. The QM results refer to the state (18) and are taken from Ref. [17]. In brackets we show
the relative errors with respect to the exact results obtained by diagonalization. All energies are in MeV.

Exact QM QCM QCM QCMT =1 QCMT =0

20Ne 15.985 15.985 (-) 15.985 (-) 15.510 (2.97%) 14.373 (10.08%) 14.930 (6.60%)
24Mg 28.694 28.626 (0.24%) 28.595 (0.34%) 27.764 (3.24% 23.229 (19.04%) 26.299 (8.35%)
28Si 35.600 35.396 (0.57%) 35.288 (0.88%) 33.913 (4.74%) 28.830 (19.02%) 32.067 (9.92%)
44Ti 7.019 7.019 (-) 7.019 (-) 6.302 (10.21%) 6.273 (10.63%) 4.825 (31.26%)
48Cr 11.649 11.624 (0.21%) 11.614 (0.30%) 10.674 (8.37%) 10.582 (10.67%) 7.075 (39.26%)
52Fe 13.887 13.828 (0.42%) 13.799 (0.63%) 12.971 (6.60%) 12.795 (7.92%) 9.589 (30.95%)
104Te 3.147 3.147 (-) 3.147 (-) 3.052 (3.02%) 3.041 (3.37%) 1.512 (51.95%)
108Xe 5.505 5.495 (0.20%) 5.489 (0.29%) 5.279 (4.10%) 5.239 (4.83%) 2.530 (54.04%)
112Ba 7.059 7.035 (0.34%) 7.017 (0.59%) 6.691 (5.21%) 6.609 (6.37%) 4.391 (37.79%)
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TABLE I. Results of QCM calculations for N = Z nuclei in
various shells obtained with the Hamiltonian (1). Ecorr are the
ground-state correlation energies (19) while ET

P are the isovector and
isoscalar pairing energies defined by Eqs. (22) and (23), respectively.
In brackets we show the errors relative to the exact results obtained
by diagonalization. All energies are in MeV.

Ecorr E
(T =1)
P E

(T =0)
P

20Ne 4.005 (-) −2.740 −2.390
24Mg 5.914 (0.7%) −4.545 −2.660
28Si 6.359 (0.5%) −4.389 −3.058
44Ti 5.477(−) −3.486 −4.478
48Cr 8.571 (0.6%) −6.946 −4.985
52Fe 9.812 (1.1%) −8.576 −4.557
104Te 6.413 (-) −5.929 −2.229
108Xe 11.195 (0.3%) −10.860 −3.677
112Ba 14.377 (0.5%) −14.376 −4.994

ground state and, in brackets, the errors relative to the exact
results obtained by diagonalization. It can be seen that these
errors are very small. In Table I we also show the isovector
(22) and isoscalar (23) pairing energies. We notice that, for all
nuclei, the pairing energies are significant in both channels.

Finally, we applied the QCM approach to the most general
spherically symmetric pairing Hamiltonian (17). In Table II
we present the results of QCM calculations performed by
employing in this Hamiltonian the same input as in Ref. [17].
Namely, the single-particle energies and the pairing interac-
tions for the three sets of nuclei shown in Table II are extracted
from the shell-model forces, respectively USDB [25], KB3G
[26], and the G-matrix two-body force of Ref. [27]. In Table
II the QCM results are compared with the exact results and
with the results of the QM approximation (18) presented in
Ref. [17]. One can see that the QCM approximation, in which
it is supposed that all quartets have the same structure, gives
accurate results, comparable with the QM approximation. In
Table II we also present the results obtained with the quartet
condensate state |QCM⟩ = (Q̄+

1 + Q̄+
0 )nq |0⟩ constructed with

the quartets introduced in Eqs. (10) and (11), expressed in
terms of collective pairs. One can notice that QCM describes

less well the pairing correlations energies as compared with
QCM. On the other hand, as shown in Ref. [16], the QCM
and QCM approximations give very similar results when
one considers only the isovector interaction. This means
that the isoscalar pairing force induces genuine four-body
correlations which cannot be described accurately by a product
of collective pairs. In Table II we also present the results given
by the QCM states constructed only by the isovector or the
isoscalar quartets (10) and (11), i.e., |QCMT =1⟩ = (Q̄+

1 )nq |0⟩
and |QCMT =0⟩ = (Q̄+

0 )nq |0⟩. It can be seen that, for the
present pairing interactions, the isovector pairing correlations
are stronger than the isoscalar ones, with the exception of
nuclei in the sd shell. In all cases, however, as noticed also
in the examples presented above, the isovector and isoscalar
pairing correlations always coexist.

The importance of the mixing between various pairs to
preserve exactly the isospin and the angular momentum of the
ground state can be seen by comparing the predictions of QCM
with the PBCS approximations (14)–(16). As seen in Table III,
the results of the PBCS approximations (14), (15), and (16),
which do not conserve the isospin and the angular momentum,
respectively, are much less accurate than the ones provided by
QCM. We also notice that, for all nuclei PBCS1 gives more
binding than PBCSiv , while the latter gives more binding than
PBCSis , except for sd-shell nuclei. Thus, for sd-shell nuclei
the condensate of isoscalar proton-neutron pairs appears to be
the favorite with respect to the condensate of isovector pairs
while the opposite is true in the other shells. On the other hand,
from Table II one also sees that the approximation QCMT =1,
in which the isovector pairs are mixed together to form a
state with good isospin, gives in sd-shell nuclei more binding
than PBCSis . It is therefore clear that PBCSis results are not
by themselves enough to conclude that the ground state of
sd-shell nuclei is mainly described by a condensate of isoscalar
proton-neutron pairs. A similar conclusion was obtained in
the framework of pair-shell model (see Fig. 5 of Ref. [28]).
In fact, as shown in Tables II and III, a proper description of
the competition between the isovector and isoscalar pairing
correlations requires a ground state in which all types of pairs
are mixed together in order to conserve exactly the spin and
the angular momentum.

TABLE II. Correlation energies (19) relative to various calculations for N = Z nuclei described by the Hamiltonian (17). We show the
results for the QCM the state (4) as well as for the QCM approximations relative to the quartets (10) and (11), i.e., |QCM⟩ = (Q̄+

1 + Q̄+
0 )nq |0⟩,

|QCMT =1⟩ = (Q̄+
1 )nq |0⟩, and |QCMT =0⟩ = (Q̄+

0 )nq |0⟩. The QM results refer to the state (18) and are taken from Ref. [17]. In brackets we show
the relative errors with respect to the exact results obtained by diagonalization. All energies are in MeV.

Exact QM QCM QCM QCMT =1 QCMT =0

20Ne 15.985 15.985 (-) 15.985 (-) 15.510 (2.97%) 14.373 (10.08%) 14.930 (6.60%)
24Mg 28.694 28.626 (0.24%) 28.595 (0.34%) 27.764 (3.24% 23.229 (19.04%) 26.299 (8.35%)
28Si 35.600 35.396 (0.57%) 35.288 (0.88%) 33.913 (4.74%) 28.830 (19.02%) 32.067 (9.92%)
44Ti 7.019 7.019 (-) 7.019 (-) 6.302 (10.21%) 6.273 (10.63%) 4.825 (31.26%)
48Cr 11.649 11.624 (0.21%) 11.614 (0.30%) 10.674 (8.37%) 10.582 (10.67%) 7.075 (39.26%)
52Fe 13.887 13.828 (0.42%) 13.799 (0.63%) 12.971 (6.60%) 12.795 (7.92%) 9.589 (30.95%)
104Te 3.147 3.147 (-) 3.147 (-) 3.052 (3.02%) 3.041 (3.37%) 1.512 (51.95%)
108Xe 5.505 5.495 (0.20%) 5.489 (0.29%) 5.279 (4.10%) 5.239 (4.83%) 2.530 (54.04%)
112Ba 7.059 7.035 (0.34%) 7.017 (0.59%) 6.691 (5.21%) 6.609 (6.37%) 4.391 (37.79%)
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Fig. 1 Energies of the intrinsic states (2) and (5) for 24Mg, 28Si and
48Cr. The numbers at the bottom represent the quantum number k
characterizing the intrinsic states. Only states with energies below the
dashed-dotted lines have been included in the calculations

The approach described above for constructing spectra,
based on angular momentum projection of the intrinsic quar-
tet states (2, 5), will be contrasted with the one we have used
in Ref. [32]. Namely, in Ref. [32] the spectrum of a N = Z
nucleus was constructed by performing a configuration inter-
action (CI) calculation in the space spanned by all the quar-
tets of well-defined angular momentum which characterise
the intrinsic states (2, 5). By working in the m-scheme, this
space if formed by the states

∣∣∣!(n)
M

, {NJM }
〉
=

∏

J,M∈(−J,J )

(
q+JM

)NJM

∣∣∣∣∣∣
0

〉

(8)

under the conditions
∑

JM

NJM = n,
∑

JM

MNJM = M . (9)

The calculation requires first the orthonormalization of the
states (8) and then the diagonalization of the Hamiltonian in
this basis for the various M (in order to identify the angular
momentum of the states). This approach will be referred to
with the acronym QM (Quartet Model). It is worth noticing
that the QM approach and the projection method are based
on different calculations schemes. Indeed, in the projection
method the linear combination of the quartets which define a
state of given angular momentum is set already by the projec-
tion while in the QM method this combination is determined
by the diagonalization of the Hamiltonian. For this reason,
as seen below, the QM approach provides results closer to
the exact results.

The formalism presented above is applied for the even-
even N = Z nuclei with the valence nucleons in the sd and
p f major shells. Thus, the vacuum state |0⟩ of the previous
expressions stands for the nuclei 16O and 40Ca. The calcula-
tions for the sd and p f shell nuclei have been performed with
the USDB [38] and KB3G [39] interactions, respectively.

Fig. 2 24Mg: experimental (EXP), projected (PROJ), QM and SM
spectra. See text for details

The first problem that has to be faced in the approach
just described is that of defining the most appropriate set of
intrinsic states to involve in the calculations. In this work
we have adopted the criterion of selecting the intrinsic states
on the basis of their energy. In Fig. 1, we show the energies
of the lowest intrinsic states (with the associate value of the
quantum number k) in the cases of 24Mg, 28Si and 48Cr. The
values of the angular momentum J entering the summations
of Eqs. (3) and (6) have been restricted to J = 0, 2, 4 for |"g⟩
and |"0⟩ while for |"k⟩ (k ̸= 0) we included the values J =
k, k+1, k+2. Only in the case of 48Cr an extra J = 6 quartet
has been added to |"g⟩. In all cases the lowest intrinsic state
has been found to be the condensate (2), followed by a k=0
or 2 state (5). The calculations for the three nuclei quoted
above have been done with the intrinsic states lying below
the dashed-dotted lines shown in Fig. 1.

In Figs. 2, 3 and 4, the low-lying states obtained within
the projected approach are compared with the experimental
spectra and the results of QM and shell model (SM) calcu-
lations. For the experimental spectra we have shown only
the states with certain angular momenta and parities. The
numbers next to each level of the QM and SM spectra give
the overlaps with the corresponding projected states while
those at the bottom represent the ground state energies. At
this point it is worth mentioning that a simple SM calcula-
tion provides only a sequence of states. Associating them
with specific band-like structures, such as ground, β and γ -
like bands, requires additional analysis. In Figs. 2, 3 and 4
we have split the SM states in groups of levels following the
correspondence with the band-like structures associated to
the QM and the projected intrinsic states.

From Figs. 2, 3 and 4 one can notice that, in general,
there is a clear correspondence among projected, QM and
SM states. The only exception is in the case of 28Si, where
one generates only two J = 2 projected states and, in corre-
spondence with the second of them, one finds two QM and
three SM J = 2 states. It can be also observed that the over-
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• band-like structures similar to experimental bands  

Band structures generated from quartet states: 24Mg

• large overlaps with the shell-model exact states

diagonalisation 
in the quartet basis

shell model

• ground state energy very close to exact SM

M. Sambataro and N.S,  Phys. Lett. B 827 (2022) , EPJA 59 (2023)
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Fig. 3 As in Fig. 1 for 28Si

Fig. 4 As in Fig. 2 for 48Cr

lap of the projected states with the QM and SM states are
significant, especially for the ground band. For the reason
explained above, the QM levels are closer to the SM ones
and, since the SM interaction is fitted to the data, the QM
levels are also closer to the experimental spectrum.

As seen from Figs. 2, 3 and 4, the agreement between
projected states with the experimental data is rather good
for all the nuclei. We find quite surprising that this agree-
ment is obtained within such a simple approach, based only
on projected states and a subsequent diagonalization in very
reduced spaces (only a few units). These results support the
definition of the states (2) and (5) as proper intrinsic states
and show that the quartet structure of these intrinsic states
is able to encapsulate the most important correlations which
determine the spectra of even-even N = Z nuclei.

3 Summary and conclusions

In this paper we have shown that the band structure of
deformed N = Z nuclei can be associated with intrinsic
states based on quartets. The simplest of these states is just
a condensate of a collective quartet with isospin T = 0 and

an undefined angular momentum. The other intrinsic states
are built by promoting one quartet of this condensate to an
excited T = 0 configuration. A criterion has been introduced
to select the most appropriate set of these states. We have
shown that the band structure of 24Mg, 28Si and 48Cr can be
generated to a very good extent by projecting states of good
angular momentum from the above intrinsic states. These
results demonstrates that the emergence of band-like struc-
tures in N = Z nuclei can be simply understood in terms of
quartet-based intrinsic states. This simple manner of gener-
ating bands from intrinsic quartet states is similar to the one
employed earlier for describing deformed like-particle sys-
tems [33–35]. The basic difference is that in the latter case
the intrinsic states are built in terms of pairs instead of quar-
tets. This interesting analogy between quartets and pairs had
already emerged in a previous analysis of the proton-neutron
pairing Hamiltonian [41] where it had been observed that
quartets played the same role as Cooper pairs in the case of
a like-particle pairing Hamiltonian.

In the present study we have focused on the validity of
the quartet approach for the energy spectra of N = Z nuclei.
An open issue, which will be addressed in a future study, is
how good is this approach for describing the electromagnetic
transitions in these nuclei.

We like to emphasize the interesting analogy between the
formalism presented in the present work, based on general
two-body interactions of SM type, and the one employed in
the case of the isovector-plus-isoscalar proton-neutron pair-
ing interaction, discussed in Ref. [40]. In the latter case, it was
evidenced that a very accurate approximation of the ground
and excited states could be provided, respectively, by a con-
densate of T = 0, J = 0 quartets (each built with isovector
and isoscalar pairs) and by states obtained by promoting one
quartet of this condensate to an excited T = 0 configuration.
The intrinsic states employed in the present work appear to
be a generalization of these states in the case of deformed
systems. The basic difference between the states of Ref. [40]
and the intrinsic states of this work is that while the former
have a well defined angular momentum, the latter do not.
Thus, in the present case, in order to generate the spectrum
of a N = Z nucleus it has been necessary to go through
an additional step, namely to project states of good angular
momentum from the intrinsic states.

Finally we would like to comment on the relation between
the present quartet approach and the semi-microscopic alge-
braic quartet model which has been recently employed to
describe the band structures of sd and p f shell nuclei
[23–26]. In this model the authors use a phenomenologi-
cal interaction expressed in terms of the invariant opera-
tors of the U (3) ⊃ SU (3) ⊃ SO(3) group-chain. This
interaction contains essentially a harmonic oscillator term,
a quadrupole–quadrupole force and a rotational term. This
interaction is very different from the general two-body inter-
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Fig. 3 As in Fig. 1 for 28Si

Fig. 4 As in Fig. 2 for 48Cr

lap of the projected states with the QM and SM states are
significant, especially for the ground band. For the reason
explained above, the QM levels are closer to the SM ones
and, since the SM interaction is fitted to the data, the QM
levels are also closer to the experimental spectrum.

As seen from Figs. 2, 3 and 4, the agreement between
projected states with the experimental data is rather good
for all the nuclei. We find quite surprising that this agree-
ment is obtained within such a simple approach, based only
on projected states and a subsequent diagonalization in very
reduced spaces (only a few units). These results support the
definition of the states (2) and (5) as proper intrinsic states
and show that the quartet structure of these intrinsic states
is able to encapsulate the most important correlations which
determine the spectra of even-even N = Z nuclei.

3 Summary and conclusions

In this paper we have shown that the band structure of
deformed N = Z nuclei can be associated with intrinsic
states based on quartets. The simplest of these states is just
a condensate of a collective quartet with isospin T = 0 and

an undefined angular momentum. The other intrinsic states
are built by promoting one quartet of this condensate to an
excited T = 0 configuration. A criterion has been introduced
to select the most appropriate set of these states. We have
shown that the band structure of 24Mg, 28Si and 48Cr can be
generated to a very good extent by projecting states of good
angular momentum from the above intrinsic states. These
results demonstrates that the emergence of band-like struc-
tures in N = Z nuclei can be simply understood in terms of
quartet-based intrinsic states. This simple manner of gener-
ating bands from intrinsic quartet states is similar to the one
employed earlier for describing deformed like-particle sys-
tems [33–35]. The basic difference is that in the latter case
the intrinsic states are built in terms of pairs instead of quar-
tets. This interesting analogy between quartets and pairs had
already emerged in a previous analysis of the proton-neutron
pairing Hamiltonian [41] where it had been observed that
quartets played the same role as Cooper pairs in the case of
a like-particle pairing Hamiltonian.

In the present study we have focused on the validity of
the quartet approach for the energy spectra of N = Z nuclei.
An open issue, which will be addressed in a future study, is
how good is this approach for describing the electromagnetic
transitions in these nuclei.

We like to emphasize the interesting analogy between the
formalism presented in the present work, based on general
two-body interactions of SM type, and the one employed in
the case of the isovector-plus-isoscalar proton-neutron pair-
ing interaction, discussed in Ref. [40]. In the latter case, it was
evidenced that a very accurate approximation of the ground
and excited states could be provided, respectively, by a con-
densate of T = 0, J = 0 quartets (each built with isovector
and isoscalar pairs) and by states obtained by promoting one
quartet of this condensate to an excited T = 0 configuration.
The intrinsic states employed in the present work appear to
be a generalization of these states in the case of deformed
systems. The basic difference between the states of Ref. [40]
and the intrinsic states of this work is that while the former
have a well defined angular momentum, the latter do not.
Thus, in the present case, in order to generate the spectrum
of a N = Z nucleus it has been necessary to go through
an additional step, namely to project states of good angular
momentum from the intrinsic states.

Finally we would like to comment on the relation between
the present quartet approach and the semi-microscopic alge-
braic quartet model which has been recently employed to
describe the band structures of sd and p f shell nuclei
[23–26]. In this model the authors use a phenomenologi-
cal interaction expressed in terms of the invariant opera-
tors of the U (3) ⊃ SU (3) ⊃ SO(3) group-chain. This
interaction contains essentially a harmonic oscillator term,
a quadrupole–quadrupole force and a rotational term. This
interaction is very different from the general two-body inter-
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Proton-neutron pairing in  self-consistent   

               mean-field   +QCM calculations



pair condensate formed by the neutron pairs in excess [13]; (iii) when treated by the quartet

condensation formalism the isovector pairing is able to describe reasonably well the Wigner

energies [14].

The scope of this letter is to generalize the quartet condensation model of Ref. [12] for the

treatment of both the isovector pairing and isoscalar proton-neutron pairing. An important

prediction of this formalism, at variance with most HFB calculations, is the coexistence of

the isovector and isoscalar proton-neutron correlations for any pairing interactions and any

N=Z system.

The systems we study here are composed of an equal number of neutrons and protons

which move in a deformed mean field with axially symmetry. The nucleons are interacting

through an isoscalar proton-neutron pairing force and an isovector pairing force, the latter

including both the proton-neutron pairing and like-particle pairing. The Hamiltonian which

describe these systems is given by:

Ĥ =
∑

i,τ=±1/2

εiτNiτ +
∑

i,j

V T=1(i, j)
∑

t=−1,0,1

P+
i,tPj,t +

∑

i,j

V T=0(i, j)D+
i,0Dj,0 (1)

where εiτ are the single-particle energies associated to the mean fields of neutrons (τ = 1/2)

and protons (τ = −1/2). In the case of the axially mean field, supposed here, i = {a,Ω},

where Ω is the projection of the angular momentum on z-axis, while a are the other quantum

numbers which label the single-particle sates. The second term is the most general isovector

pairing interaction expressed by the non-collective pair operators P+
i,1 = ν+

i ν
+
ī , P

+
i,−1 = π+

i π
+
ī

and P+
i,0 = (ν+

i π
+
ī + π+

i ν
+
ī )/

√
2. The third term is the isoscalar proton-neutron pairing

interaction while D+
i,0 = (ν+

i π
+
ī − π+

i ν
+
ī )/

√
2 is the operator which creates a non-collective

isoscalar proton-neutron pairs. The operators ν+
i and π+

i create, respectively, a neutron and

a proton in the state i while ī = {a,−Ω} denotes the time conjugate of the state i.

It can be observed that all pairs operators considered here are constructed with the

nucleons in time-reversed axially deformed states. Therefore the pairs have Jz = 0, where

Jz is the projection of the angular momentum on z-axis, but not a well-defined J . In fact,

the isovector pairs and the isoscalar pairs with Jz = 0, built with axially deformed states,

can be seen as a superposition of pairs with J = {0, 2, 4, ..} and, respectively, J = {1, 3, 5, ..}.

This fact means that the Hamiltonian (1) is not physically equivalent with the spherically

symmetric pairing Hamiltonians in which are considered only J=0 isovector pairs and J=1

isoscalar proton-neutron pairs.

3

The Hamiltonian (1) has been employed, with various single-particle energies and pairing

interactions, in many studies. In most of them the Hamiltonian (1) was treated in HFB

approximation in which, through a general Bogoliubov transformation, the protons and

neutrons are mixed together to form generalized quasiparticles. As a consequence, in the

HFB approach the particle number and the isospin are not conservation. Here we present a

new approach in which both quantities are conserved exactly from the outset through the

way how the trial wave function is constructed.

As in Ref.[12], for taking into account the isovector pairing correlations we shall use as

building blocks collective isovector quartets formed from two isovector pairs coupled to the

total isospin T = 0, i.e.,

A+ =
∑

i,j

x̄ij [P
+
i P+

j ]T=0 =
∑

ij

xij(P
+
i,1P

+
j,−1 + P+

i,−1P
+
j,1 − P+

i,0P
+
j,0). (2)

Supposing that the amplitudes xij are separable in the indices i and j, the collective quartet

operator can be written as

A+ = 2Γ+
1 Γ

+
−1 − (Γ+

0 )
2, (3)

where Γ+
t =

∑
i xiP

+
i,t denote, for t=0,1,-1, the collective Cooper pair operators for the

proton-neutron (pn), neutron-neutron (nn) and proton-proton (pp) pairs.

For treating the isoscalar pn correlations we use the collective isoscalar pairs defined by

∆+
0 =

∑

i

yiD
+
i,0 =

∑

i

yi(ν
+
i π

+
ī − π+

i ν
+
ī )/

√
2 (4)

With the collective quartet (3) and the collective isoscalar proton-neutron pair (4) we

construct the following approximation for the ground sate of Hamiltonian (1)

|Ψ⟩ = (A+ + (∆+
0 )

2)nq |0⟩, (5)

where nq = (N + Z)/4 is the number of the quartets one can form with the protons and

neutrons participating to the pairing correlations (N=Z).

The ansatz (5) for the ground state is suggested by the exact solution of Hamiltonian (1)

for a set of degenerate states and for pairing forces of equal strength, i.e., g = V T=1(i, j) =

V T=0(i, j). We have found that in this case the state (5) is the exact ground state of

Hamiltonian (1). The exact ground state energy, when the single-particle energies are put

to zero, is given by

E(nq, ν) = 2nq(ν − nq + b)g (6)

4

Isoscalar – isovector pairing in axially deformed mean-fields

|Ψ >= (Q+ +Δ0
+2 )nq |− >•  Ground state

Q+ = xix j
ij
∑ [Piτ

+Pjτ '
+ ]T=0

N.S, D.Negrea, D. Gambacurta, Phys. Lett. B (2015) 

errors  for correlation energies < 1% 

Skyrme-HF+ QCM calculations (  D. Negrea, N.S , D. Gambacurta, PRC105 (2022) )

Quark-meson-coupling+ QCM: work in progress

• Applications :

pairing in time-reversed deformed statesmean-field

exact solution for degenerate states



• Quark-Meson Coupling (QCM) model : basic assumptions

nucleons described as  clusters of  3 quarks (MIT bag model)
the quarks interact by the exchange of  σ, ρ and ω mesons

• QMC energy density functional (EDF): Skyrme like structure 

• Systematic QMC calculations  of  nuclei : 

accuracy comparable with the best Skyrme calculations !

Nuclei with finite-sized nucleons

meson exchange

quarks

σ, ρ, ω 

nucleons

Quark Meson Coupling model

QMC-EDF depends only of  4 parameters   

Page 8

Suggests a different approach : QMC Model

• Start with quark model (MIT bag/NJL...) for all hadrons

• Introduce a relativistic Lagrangian 
with σ, ω and ρ mesons coupling 
to non-strange quarks

• Hence, initially only 4 parameters
(mσ , gσ,ω,ρ

q)
− determine by fitting to:

ρ0 , E/A and symmetry energy
− same in dense matter & finite nuclei

• Must solve self-consistently for the internal structure  of 
baryons in-medium

(Guichon 1988, Guichon, Saito, Tsushima et al., Rodionov et al., Stone
- see Saito et al., Prog. Part. Nucl .Phys. 58 (2007) 1 and 
Guichon et al., Prog. Part. Nucl. Phys. 100 (2018) 262-297 for reviews)

tensor and pairing forces derived within QMC

P. A. M. Guichon, Phys. Lett. B (1988)

P. Guichon, H. Metosovian, N. Sandulescu, A. W. Thomas,, NPA (2006) 

J. R. Stone, P. A. M. Guichon, P. G. Reinhard, A. W. Thomas, PRL 116 (2016)
  K. L. Martinez, A. W. Thomas, J. R. Stone, P.  Guichon PRC102 (2020)     

no proton-neutron pairing ! 



• Isovector pairing force: pairs with (T=1, Jz=0)

Proton-neutron pairing interaction in QMC

VT=1

s=1.5 (fixed from the gaps in Sn isotopes)

• Isoscalar pairing force: pairs with (T=0,Jz=0), Sz=0,1,-1

VT=0 =  w VT=1 w=1.6

derived from QMC+ a scaling factor (s)



Binding and pairing energies : sd-shell nuclei
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A. Popa, N.S et al, in preparation

Preliminary results 

T=1 & T=0 pairing  account for the missing binding energies

T=1 & T=0  proton-neutron pairing coexist in all the nuclei 

dominant contribution from T=1



Summary and Conclusions

•  a-like quartets are the appropriate degrees of  freedom for describing pn pairing
                   

• Probing a-like condensation: a-transfer in N=Z nuclei ? 

• Josphson-like effect related to a condensation ?

• Quartet condensation model (QCM) describes accurately the pn pairing (errors < 1%)  

proj-HFB  is a particular  approximation of  QCM 

•  Proton-neutron pairing has an important contribution to binding energies of  N=Z nuclei

results of  Skyrme+QCM and Quark-meson-coupling +QCM calculations

• The band-structures in  N=Z nuclei can be generated from intrinsic quar tet condensates

quartets appears naturally  by  imposing ispin-isospin conservation 

Perspectives



“ It has been suggested that heavy-ion reactions involving transfer of  two nucleons 
between superconducting  nuclei [...] should exhibit enhancement phenomena similar 
to those observed in the Josephson effect in  ordinary superconductors. Such an effect 
might also be observed in the alpha-transfer between alpha-superconducting 
nuclei.” 



Thank you for your attention !


