Bootstrapping gauge theories (QCD)

Yifei He
LPENS CNRS

based on 2309.12402 and to appear with Martin Kruczenski



Low energy physics of asymptotically free gauge theory

asymptotically free gauge theory SU(NV,)

chiral symmetry breaking and confinement

Ny massive quarks m, < Aqcp fundamental representation of gauge group



Low energy physics of asymptotically free gauge theory

asymptotically free gauge theory SU(NV,)

chiral symmetry breaking and confinement

Ny massive quarks m, < Aqcp fundamental representation of gauge group

Ny Ny
L=1q Z q;Dq; — Z iy — —G‘“’wa + gauge fixing + ghost
J 3

gauge theory parameters: [V, Nf Mg AqQcp



Low energy physics of asymptotically free gauge theory

asymptotically free gauge theory SU(N,.)

chiral symmetry breaking and confinement

Ny massive quarks m, < Aqcp fundamental representation of gauge group
Ny Ny 1
L= zz q;1Dq; — Z iy — ZGQ’”’GZU + gauge fixing 4 ghost
Y] g

gauge theory parameters: [V, Nf Mg AqQcp

What is the low energy physics?



Physics of Goldstone bosons

chiral symmetry breaking

SU(Nf)L X SU(Nf)R — SU(Nf)V

(approximate) Goldstone bosons dominate the low energy physics

3

eg. Ny=2 pions m=7" w4 = (7r1 + i7r2)
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Physics of Goldstone bosons

chiral symmetry breaking

SU(Nf)L X SU(Nf)R — SU(Nf)V

(approximate) Goldstone bosons dominate the low energy physics

very low energy

effective Lagrangian o Zﬁ {Tr (8MU3“UT) 4 miTr (U + UT)} U — ei_ﬂ

(lowest order):
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The problem of strongly coupled physics

— energy
chiSB " breaks down ? asymptotic free
' strongly coupled regime weakly coupled

quarks/gluons (pQCD)

compute the S-matrix of Goldstone bosons

~

gauge theory bootstrap

assume — chiral symmetry breaking & confinement
input — gauge theory parameters — define the theory
as few as possible (universal) low energy parameters

rules:



Gauge theory bootstrap

e Pure S-matrix bootstrap:

symmetry, analyticity, crossing, unitarity
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Gauge theory bootstrap

e Pure S-matrix bootstrap:

symmetry, analyticity, crossing, unitarity
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e Chiral symmetry breaking:

general very low energy behavior

e Form factor bootstrap + SVZ sum rules:

gauge theory information
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Gauge theory bootstrap

o s 2 7 . 2 2 . 2 . 7 . . . 7 . . . . o e
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Numerical test of the method: Nf =2 NC =3

can be compared with experimental data

for general gauge theories — compare with lattice data



Gauge theory bootstrap

e Pure S-matrix bootstrap:

symmetry, analyticity, crossing, unitarity

________________________________________________________________________________________________________________



Pure S-matrix bootstrap

D4 d p3, C
modern S-matrix bootstrap: [Paulos, Penedones, Toledo, van Rees, Vieira, 2016 & 2017] ’

2-to-2 pion scattering: 7Ta(p1) + Wb(pg) — 7Tc(p3) + 7Td(pzl) P, a D2, b
1, 2,
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modern S-matrix bootstrap: [Paulos, Penedones, Toledo, van Rees, Vieira, 2016 & 2017] ’

2-to-2 pion scattering: Wa(pl) + Wb(pg) — 7Tc(p3) + 7Td(p4) P, a D2, b
1 2
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constrain amplitudes using generic consistency conditions

crossing A(s,t,u) = A(s,u,t) analyticity cuts s,t,u >4
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Pure S-matrix bootstrap

D4 d p3, €
modern S-matrix bootstrap: [Paulos, Penedones, Toledo, van Rees, Vieira, 2016 & 2017] ’

2-to-2 pion scattering: Wa(pl) + Wb(pg) — 7Tc(p3) + 7Td(pzl) P, a D2, b
1 2

<p17 a; p2, b’T\p3 C; D4, d> _— A(S7 tv u)dabécd 5 A(t7 S, u)éacébd + A(U, t; S)5ad5bc
constrain amplitudes using generic consistency conditions

crossing A(s,t,u) = A(s,u,t) analyticity cuts s,t,u > 4

USRS P PRSPPI s : m, = 1

101 L, y) ,01(33,y) p2<xay>
A(s,t, dx [d i
S u 7r2 / a / Y [ Lﬁ _ s t) [ (x — S)(y — u) T (:r _ f)(y — u) +subtraction terms




Pure S-matrix bootstrap

s
11 T'=(s,t,u) = 3A(s,t,u)+ A(t,s,u) + A(u,t, s)
£ T'= (s, t,u) = Alt,s,u) — A(u,t, s)
T'=2(s,t,u) = A(t,s,u) + A(u, t,s)

fl(s) = B /dcos 0P, (cos )T (s, 1)

-1

SU(2)y 1sospin

symmetry



Pure S-matrix bootstrap

11 T'=(s,t,u) = 3A(s,t,u)+ A(t,s,u) + A(u,t, s)
£ T'= (s, t,u) = Alt,s,u) — A(u,t, s)
T'=2(s,t,u) = A(t,s,u) + A(u, t,s)

fl(s) = 1 /dcos 0P, (cos )T (s, 1)
=
analytic function of s

f}/(0 < s < 4) reallinear functionals of bootstrap variables

unphysical region

SU(2)y 1sospin

symmetry



Pure S-matrix bootstrap

11 T'=(s,t,u) = 3A(s,t,u)+ A(t,s,u) + A(u,t, s)
£ T'= (s, t,u) = Alt,s,u) — A(u,t, s)
T'=2(s,t,u) = A(t,s,u) + A(u, t,s)

SU(2)y 1sospin

symmetry

physical kinematic region s > 4

- — 4 |
fej(S) _ Z /dCOS QPg(COS Q)TI<S,t) Sg(s) =1 + Z’]TFJC;(S) = 775(8) 6225{(8)

-1
analytic function of s

fgl (0 < s < 4) reallinear functionals of bootstrap variables phas;e shift

unphysical region



Pure S-matrix bootstrap

fI TI:O(S7t7u) - 3A(S7t7u) +A<t78’u> + A<u’t7 S)
; T'='(s,t,u) = At s,u)— Au,t,s)
TI=2(s,t,u) = At s,u)+ Au,t,s)

SU(2)y isospin

symmetry

physical kinematic region s > 4

e —4 '
fej(S) _ Z /dCOS QPg(COS Q)TI<S,t) Sg(s) =1 + ZWFJ‘;(S) = 775(8) 6215{(8)

-1
analytic function of s

I . . ;
f71(0 < s < 4) reallinear functionals of bootstrap variables phase shift
unphysical region

positive semidefinite — convex space of amplitudes

( 1 St (s) ) <0 convex optimization



Pure S-matrix bootstrap

/vaximize linear functional

space of generic amplitudes

symmetry+analyticity+crossing+unitarity

space of parameters under constraints

{pazl,g(lﬂ, 1) }



space of parameters under constraints

{pazl’g(lﬁ, 1) }

Pure S-matrix bootstrap

space of generic amplitudes

reconstruct

/vaximize linear functional

symmetry+analyticity+crossing+unitarity

non-perturbative numerical
computation of scattering
amplitudes




fols = 3)

project out space of amplitudes
under most generic constraints:
pure S-matrix bootstrap SU(2) symmetry, analyticity, crossing, unitarity




1(s = 3)
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SU(2) symmetry+analyticity
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. pure S-matrix bootstrap
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+crossing+unitarity

each boundary point: an extremal numerical amplitude




Gauge theory bootstrap

________________________________________________________________________________________________________________

e Chiral symmetry breaking:

general very low energy behavior



Weakly coupled Goldstone bosons

chiral symmetry breaking: weakly coupled Goldstone bosons at very low energy

2

1 m
. . . 47 — — — — — T —!
interaction: Lim = Iz ((w - 0,7)% — 70,7 - 8“%)) - e (7%)?
. 4s—mi |
tree-level amplitude:  Ayc.(s,t,u) = — linear in s [Weinberg, 1966]
T 32w f2

good in the unphysical region (very low energy) () < s, ¢,u < 4m72T



Weakly coupled Goldstone bosons

chiral symmetry breaking: weakly coupled Goldstone bosons at very low energy

2

1 m
interaction: 54”:—(7?-87?2—7?287?-8“7?>+ T_(72)?
. 4s—m2 |
tree-level amplitude:  Ayc.(s,t,u) = — linear in s [Weinberg, 1966]
T 32w f2
corresponding good in the unphysical region (very low energy) () < s, t,u < 4m72T
partial waves
fi
SO: fluuls) = 25T g i (s) = 2 gp 2 () = 22

: §)=— : S) = — . S) = —
. 0,tree T 327_(_]07% . 1,tree T 9671']2 . 0,tree T 3271'_][7% ‘XSB

good in unphysical region (very low energy) 0 < s < 4mfr




Chiral symmetry breaking input

approximate linear behavior at very low energy: input in gauge theory bootstrap Ii

numerically

/4
requires p.w. in the bootstrap match the tree level p.w. in unphysical region fﬂ

f(())(S) = f(()),tree(s)
fll(s) = fll,tree(s) 0<s< 4m72r

f()2(8) = f02,tree(8)




Chiral symmetry breaking input

approximate linear behavior at very low energy: input in gauge theory bootstrap Ii

numerically
/4
requires p.w. in the bootstrap match the tree level p.w. in unphysical region fﬂ
0 ~ £0
fO(S)—fO,tree(S) ‘AAAAAAAA—XSB AAAACAALACA £ >
1 1
fl (8) = fl,tree(s) 0<s< 4m72r
D ~ £2
fO (8) - fO,tree(S)
X: too loose: large deviation from chiSB prediction numerics with a series of tolerance
€ {

too tight: exclude the desired theory use fﬂ — 99MeV to select appropriate tolerance
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S-matrix bootstrap+chiSB
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fll,tree(s = 3) = _Ef(g),tree<s - 3)

tree level amplitude with different f7r

eX=6x10"3

o eX=4x10"3

eX=2x10"3
eX=1x10"3
eX=6x10"*

eX=2x10"*



S-matrix bootstrap+chiSB

0.002r ,
e _ foo(s=3
0.10 0.15 o(s=3)
-0.002f -
I o eX=6x10"°
o eX=4x1073
I o eX=2x1073
-0.004! 1 -
I . fl tree(s = 3) = __fO tree(s - 3) * E=lxlp
e, ’ 1577 o eX=6x107*
i i 2 tree level amplitude with different f7r o eX=2x10"*
-0.006 :
—0.008- too tight
: excluding
‘O-Omj appropriate tolerance . .
best match chiSB at very low energy
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Gauge theory bootstrap

SU (N f ) 1%
symmetry, analyticity, crossing, unitarity
e Chiral symmetry breaking:
Jo Mg
general very low energy behavior
e Form factor bootstrap + SVZ sum rules:
NC myg AQCD

gauge theory information

________________________________________________________________________________________________________________



Form factor bootstrap

[Karateev, Kuhn, Penedones, 2019]

an important development:  [V1) = [p1,p2)in,  [V2) = [P1,P2)out,  |ihs) = / dze~iPr+p2) O()|0)
1 S F state created by
positive semidefinite matrix (¢, |1hp) = | S* 1 F*| =0 UV local operator

F*F p



Form factor bootstrap

[Karateev, Kuhn, Penedones, 2019]

an important development:  [V1) = |p1,P2)in , [Wo) = |P1,D2)out,  |ths) = /da;e i(p1+p2) xo( )0)
1S F state created by
positive semidefinite matrix (¢, |1hp) = | S* 1 F*| =0 UV local operator
FF g
2-particle form factor: ¢ <p1, p2|0(0)’0> = F(S) analytic function of s |ﬁ
S F
F(s) = l/ d:l:ImF(m) +subtractions (5)
™ Ja xr—S
; d4.§C ZPa; T 1
spectral density: (2 i (0|0 (x)O(0)|0) = p(s)  supported at s > 4
s




Form factor bootstrap

[Karateev, Kuhn, Penedones, 2019]

an important development:  [V1) = |p1,P2)in , [V2) = |p1,P2)out ,  |¥3) = /daze ip1+p2) mo( )10)

1S F state created by
positive semidefinite matrix (1), |1pp) = | S* 1 F*| =0  UVlocaloperator
F*F p
2-particle form factor: ¢ <p1 , D2 | (9(0) ’O) = F(S) analytic function of s |ﬁ
00 F
F(s) = 1 / demF(:U) +subtractions ()
™ J4 xr—S

spectral density: /(2 i ZP”““(O\OT( )O(0)|0) = p(s)  supported at s > 4
7

bootstrap variables: {1 2(7,y),...,ImF(z), p(z)} allow connection with UV theory



Current correlators from the UV gauge theory

‘in>P,[,£ |OUt>P,I,€ Op1.4]0)

(infp g, I S; (s) F

to connect with w T '

UV gauge theory <OUt|f',I,e S I(f) 11 .............. ]I:e ..... =9 8- 4 v
(010p: 14 F : Fy 0y ().

construct operators from gauge theory
with desired quantum numbers



e.g.

Current correlators from the UV gauge theory

‘in>P,[,£ |OUt>P,I,€ Op1.4]0)

(infp g, I S; (s) F

to connect with w T '

UV gauge theory (outlf,,j,e S I(f) 11 .............. ]]:e ..... =9 8- 4 v
<O‘Op/7[,g F F Pr (S)

construct operators from gauge theory

with desired quantum numbers pﬁ (s) =2 ImHé (x + i€) |i

S0+ ste) = m(ou+dd) ) = i f %em<owf{js<x>js<o>}\o>
) 1 - dr .
PL: i) = (@t —drd) ) = i [ e O (ie)ia 0} 10 !




Current correlators from the UV gauge theory

‘in>P,[,£ |OUt>P,I,€ Op1.4]0)

(in]pr ;4 I S; (s) F

to connect with w T '

UV gauge theory <Out|f’,1,£ S 5;9) 11 .............. fe ..... =9 8- 4 v
<O’O 11,0 fﬁ ‘FE pf(‘S)

construct operators from gauge theory

with desired quantum numbers pﬁ (s) = QImHIf (z + ie) |i
. _ - d4gj . ~ H(S)
S0 gs@) =mo(wcdd) M) = i [ oSO {s(o)is(0)} 10)
e.g. (2m)* ]
. ) _1 — 7 s 1 . d4513 i P L4 3 i 4
PL @) = S(@r'u—dy'd)  T1i(s) — Z/Wa »O1F {5 (2)7,(0)} 10)

large spacelike momenta — asymptotic free region with pQCD computation



SVZ expansion

[Shifman, Vainshtein, Zakharov, 1979]

OPE: T{j(x)j(0)} = Cy(x 1+Zc@

(0]T{j(2)7(0)}]0) = Ca(2)+Cq(x) (0]15(0)[0) +Co2 () <0\? G, G [0)+.

pQCD

A AT A
OV




SVZ expansion

[Shifman, Vainshtein, Zakharov, 1979]

OPE: T{j(x)j(0)} = Cs(z) 1+ Y Colx) O(0)
(@)
. . . Us a0 ~auw
(017'{5(2)j(0)}]0) = C1(2)+Cqe(z) (0175(0)[0) +C2(2) (0] — G, G**[0)+. .
\ / * } quarkcondensateﬁ,s'". gluon condensate
SB vacuum
pacp pQCD

OV




SVZ expansion

[Shifman, Vainshtein, Zakharov, 1979]

T{j(2)j(0)} = Ca(z 11+Zco

OPE:

(0]T{j()7(0)}[0) =
\ /

Caa)+Cy(x) (015(0)]0)+Can () (0] =Gy, G [0)+

‘.

\d

~.. quark Condensate._s""

gluon condensate

SB vacuum
Fourier pQCD
transform pQCD
IT;
Nym? 3 13 s 1« 3
HO ) = 9 _ 1 i Inf——) — — QGQ = L T Y
o(s) (2m)4 { 82 < i 3 @ ) aln] ,uQ) 8S< m ) 28<]S> }
L N 1 g 1 « 1
o) =t Lol (1 &Y o= 2) (%6 + g
1(8) = 2 (2m)4 { Aer i3 - s In( /L2)+12S<WG>+5<]S>+

N.=3
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Finite energy sum rule

E2 connect with pQCD with bootstrap at s0
~~~~~~~~~ r\I; contour integral SnH(S) vanishes SV7
Pe €0 2w / ,
ERAARE R o / plz 5" de = —38“/ M TDPTI(50e%) dy
/ 4 0
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Finite energy sum rule

connect with pQCD with bootstrap at s0

s
contour integral S”H(s) vanishes sV7
Py 50 = ; 1 ;
| RIRRAAA A AAAAS / p(x)z"dx = —shT / gt )QOH(soew)dgo
L ’ |
gauge theory information

bootstrap variables - :
linear constraints



Finite energy sum rule

E2 connect with pQCD with bootstrap at s0
o | I
"30‘\ I;If contour integral S”H(s) vanishes SV7
N X %0 2w / .
—W / p(x)x"dx s 88+1 / e’(”Jrl)“OH(SOe“p)ng
L ’ |
bootstrap variables gauge theory information

linear constraints

-
o7
R 4
~e i
_________

Mg N, AQCD additional IR parameters

/) \

S0 n"'lN 2 1
SO /pg(:v)a:”dxzso fmq{ 350 <1+—3%) 6, — <&SG2>+5 —(]5>+ }, n>0
4

3 480 ™

S0 Qg T 0 o 2w .
_ %0 (142 46, (%02 45,58 N S|
(14 5) +0ng, (G + b i) + } n




Gauge theory parameters: numerical input

N = 9 N.=3 for comparison with experiments

gauge theory info: {
so=(1.2GeV)?, a,~0.41, m,~4MeV my=~T7.3MeV

more recently

(to appear): so=(2GeV)?, a,~031, my,~3.6MeV my~6.5MeV

IR parameters (22G2) >~ 0.023GeV?*, (js(0)) = my(au + dd) =~ —(0.1 GeV)*
71H

numerically not significant in our working precision
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[YH, Kruczenski, to appear]

gauge theory bootstrap phase shifts up to 2GeV
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scattering lengths and effective range parameters

\

7

k—0 2m \/ s —4m?2
Ref/ (s) =~ “E (ay + bpk® + ) h=r——"
e
DEES ACGL JerL PY gauge theory bootstrap
al® 0.228 £ 0.012 0.240 4+ 0.060 | 0.220 £ 0.005 0.230 4 0.010 0.178 0.188 0.201
al?) | —0.0382 4 0.0038 | —0.036 4 0.013 | —0.0444 £ 0.0010 | —0.0422 £0.0022| -0.0362 -0.0388 -0.0425
b 0.276 4 0.006 | 0.280 «+ 0.001 0.268 4 0.010 0:31 0.307 0.297
b —0.076 +0.002| —0.080+0.001 | —0.071+0.004 | -0.0629 -0.0681 -0.075
Nagel PSGY CGL PY

ai | 38+2 | 38540.6 |[37.040.13[37.940.5]* 38.6 fil;bl'j - 0.0281 0.0304 0.0343

[Nagel et al, 1979][Descotes et al, 2002][Ananthanarayan et al, 2001]
[Colangelo, Gasser, Leutwyler, 2001][Pelaez, Yndurain, 2003]

[YH, Kruczenski, to appear]




rho meson as pole on
the second sheet of S (s)
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[YH, Kruczenski, to appear]



fit P1 form factor with Breit-Wigner form

IF7| m2
Fll(s) - 2 1 ; - 2
71 s —mp +im,l',0(s — 4m3)

~779-814 MeV  ~107 — 128 MeV

particle data group (T-matrix pole):

m, ~ 761 — 765 MeV
[', ~ 142 — 148 MeV

' MeV
400 600 800 1000 1200°"er9y (MeV)

[YH, Kruczenski, to appear]
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Breit-Wigner with 4
physical rho meson '
mass and width

experimental cross section
e'e” — hadrons

:
:
bootstrap s
]

. and fit

[YH, Kruczenski, to appear]
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gauge theory bootstrap — summary
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Conclusions

e Gauge theory bootstrap:

combining old (SVZ sum rules) and new (S-matrix/form factor bootstrap) techniques
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gauge theory parameters universal low energy parameters

strongly coupled low energy physics of asymptotically free gauge theories
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e Numerical test with Ny =2 N, =3 find good agreement with experiments

results show: strongly coupled QCD physics is computable



Conclusions

e Gauge theory bootstrap:

combining old (SVZ sum rules) and new (S-matrix/form factor bootstrap) techniques

usingonly N, N; mq Agep fr ma
AN v J %_/
gauge theory parameters universal low energy parameters

strongly coupled low energy physics of asymptotically free gauge theories

e Numerical test with Ny =2 N, =3 find good agreement with experiments
results show: strongly coupled QCD physics is computable

e Further developments — deep understanding of gauge theories



Thank youl



S-matrix bootstrap+chiSB
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