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Non-contractual photograph of  the 

Saclay Plateau, January 9th, 2024

Source: Peakpx

A (dubious) metaphor for Cosmological Phase Transitions
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Non-contractual photograph of  the 

Saclay Plateau, January 9th, 2024

Source: Peakpx

A (dubious) metaphor for Cosmological Phase Transitions

More realistic photograph of  the Saclay 

Plateau, 3 days later
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Looking for the source 

of  the melting: New 

(Scalar) Particles

A (dubious) metaphor for Cosmological Phase Transitions

Looking for prints in 

the mud: 

Gravitational Waves
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𝜂𝐵 ≡
𝑛𝐵 − 𝑛 ത𝐵

𝑛𝛾
≃

𝑛𝐵

𝑛𝛾
= 6. 10−10 ≠ 0

• Did the Universe « melt » from one state to another?

• Did the melting have anything to do with the Baryon 

Asymmetry of  the Universe?

Need for New Physics: Sterile Neutrinos
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Outline

1. Phase Transition

2. Propagation with time-dependent masses

3.The role of  flavor

4. Lepton asymmetry



1. Phase Transition: going out 

of  equilibrium
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Sakharov conditions for generation of  matter-

antimatter asymmetry (1967):

• Baryon/Lepton number violation

• C and CP violation

• Out-of-Equilibrium
Andreï Sakharov 



𝐿 = 𝐿𝑆𝑀 +  𝑖 ഥ𝑁𝛾𝜇𝜕𝜇𝑁 − 𝑀𝑁
𝐼 ഥ𝑁𝐼

𝑐𝑁𝐼 + 𝑌𝐼𝛼𝑁𝐼
ҧ𝑙𝛼

෨𝜙 + ℎ. 𝑐.
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Massive Neutrinos

Majorana mass 𝑀

The Neutrinos interact 

with the Standard Model
Violates Lepton number

Violates CP 

symmetry



𝐿 = 𝐿𝑆𝑀 +  𝑖 ഥ𝑁𝛾𝜇𝜕𝜇𝑁 − 𝑀𝑁
𝐼 ഥ𝑁𝐼

𝑐𝑁𝐼 + 𝑌𝐼𝛼𝑁𝐼
ҧ𝑙𝛼

෨𝜙 + ℎ. 𝑐.

𝐿 = 𝐿𝑆𝑀 + 𝐿𝑆 +  𝑖 ഥ𝑁𝛾𝜇𝜕𝜇𝑁 − 𝜆𝑁𝑆
𝐼  𝑆 ഥ𝑁𝐼

𝑐𝑁𝐼 + 𝑌𝐼𝛼𝑁𝐼
ҧ𝑙𝛼

෨𝜙 + ℎ. 𝑐.
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𝑀𝑁
𝐼 = 𝜆𝑁𝑆

𝐼  𝑆

[Rosauro-Alcaraz (2021)]

[Huang, Xie (2022)]

[Khoze, Ro, 2013]

[Fischer, Lindner, van der Woude, 2021]



𝐿 = 𝐿𝑆𝑀 +  𝑖 ഥ𝑁𝛾𝜇𝜕𝜇𝑁 − 𝑀𝑁
𝐼 ഥ𝑁𝐼

𝑐𝑁𝐼 + 𝑌𝐼𝛼𝑁𝐼
ҧ𝑙𝛼

෨𝜙 + ℎ. 𝑐.

𝐿 = 𝐿𝑆𝑀 + 𝐿𝑆 +  𝑖 ഥ𝑁𝛾𝜇𝜕𝜇𝑁 − 𝜆𝑁𝑆
𝐼  𝑆 ഥ𝑁𝐼

𝑐𝑁𝐼 + 𝑌𝐼𝛼𝑁𝐼
ҧ𝑙𝛼

෨𝜙 + ℎ. 𝑐.

New dynamics for the sterile 

sector: Phase Transition 
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𝑀𝑁
𝐼 = 𝜆𝑁𝑆

𝐼  𝑆

[Rosauro-Alcaraz (2021)]

[Huang, Xie (2022)]

[Khoze, Ro, 2013]

[Fischer, Lindner, van der Woude, 2021]



False vacuum

12
Sterile Neutrino SM fermion

< 𝑆 > = 0

𝑴 = 𝟎



False vacuum

13
Sterile Neutrino SM fermion

< 𝑆 > = 0

𝑴 = 𝟎



False vacuum

True vacuum
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Sterile Neutrino SM fermion

< 𝑆 >≠ 0

< 𝑆 > = 0

𝑴 = 𝟎

𝑴 ≠ 𝟎



False vacuum

True vacuum
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Sterile Neutrino SM fermion

< 𝑆 >≠ 0

< 𝑆 > = 0

𝑴 = 𝟎

𝑴 ≠ 𝟎
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During the phase-transition, the masses of  the 

Neutrinos are time-dependent. All quantities will 

have an explicit time-dependence along the wall.

𝑀𝑁
𝐼 = 𝜆𝑁𝑆

𝐼 < 𝑆 > 𝑡 = 𝑀𝑁
𝐼 (𝑡)

< 𝑆 > 𝑡



2. Propagation with time-

dependent masses

17

𝜈
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𝑆𝑁 𝑥1, 𝑥2 = −𝑖 ഥ𝑁 𝑥1 𝑁(𝑥2)𝑁(𝑥1)

Correction to the self-energy of  the leptons
Lepton 

asymmetry
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𝑖 𝜎𝜇𝜕𝜇𝑁𝑅 − 𝑀𝑁 𝑡 𝑁𝐿
𝑐 = 0

𝑖 ത𝜎𝜇𝜕𝜇𝑁𝐿
𝑐 − 𝑀𝑁 𝑡 𝑁𝑅 = 0

𝑁 =
𝑁𝐿

𝑐 = 𝑖 𝜎2𝑁𝑅

𝑁𝑅
 

Consider the left- and right-handed parts of  the Majorana Neutrino (one flavor for 

simplicity):

𝜎0 = 𝐼𝑑, 𝜎𝑖 = Pauli matrices
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𝑁 𝒙, 𝑡 =  

ℎ=±

න 𝑑3𝒌 𝑒𝑖 𝒌 ⋅𝒙 𝑳𝒉

𝑹𝒉
⊗ ξ𝒌,ℎ𝑎𝒌,ℎ +

𝒉 𝑹𝒉
∗

−𝒉𝑳𝒉
∗ ⊗ ξ−𝒌,−ℎ𝑎−𝒌,ℎ

†

ξ𝒌,ℎ = helicity eigenvectors

𝑎𝒌,ℎ, 𝑎𝒌,ℎ
† = annihilation 

and creation operators 

defined at 𝒕 = −∞

We decompose the Majorana field in (spatial) momentum modes:

Free case: 𝐿ℎ, 𝑅ℎ ∝ 𝑒− 𝑖𝜔𝑡, 𝐿ℎ
∗ , 𝑅ℎ

∗ ∝ 𝑒+ 𝑖𝜔𝑡

  (valid at 𝒕 = −∞) 
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𝑖 𝜕𝑡𝐿ℎ + ℎ 𝑘 𝐿ℎ −  𝑀𝑁 𝑡 𝑅ℎ = 0

𝑖 𝜕𝑡𝑅ℎ − ℎ 𝑘 𝑅ℎ −  𝑀𝑁 𝑡 𝐿ℎ = 0

For a time-dependence of  the mass 𝑀𝑁 𝑡 = 𝑀𝑁
0 (1 + tanh Τ𝑡 𝑡𝑊 )/2, 

one can get analytical results.

𝑡𝑊
[Prokopec, Schmidt, Weenink, 2013]

𝐿ℎ~𝜆ℎ 2𝐹1 𝑎ℎ, 𝑏ℎ , 𝑐ℎ, 𝑍 + 𝜇ℎ 2𝐹1(𝑎ℎ
′ , 𝑏ℎ

′ , 𝑐ℎ
′ , 𝑍)…

(Gaussian hypergeometric function, with 𝑎ℎ, 𝑏ℎ, 𝑐ℎ functions of  𝑘 and 𝑀𝑁 )𝑍 ≡
1 + tanh Τ𝑡 𝑡𝑊

2
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𝐿ℎ~ 2𝐹1 …  ~𝑡→ +∞ 𝛼ℎ
𝒌𝑒−𝑖𝜔+𝑡 + 𝛽ℎ

𝒌𝑒+𝑖𝜔+𝑡 ≠ Free case

𝑁𝑅 𝒙, 𝑡 =  

ℎ=±

න 𝑑3𝒌 𝑒𝑖 𝒌 ⋅𝒙 𝑳𝒉 ⊗ ξ𝒌,ℎ𝑎𝒌,ℎ + 𝒉 𝑹𝒉
∗ ⊗ ξ−𝒌,−ℎ𝑎−𝒌,ℎ

†

The modes that correspond to 

positive frequencies at initial times 

(−∞) end up being a linear 

combination of  positive and 

negative frequencies in the far future 

(+∞). This corresponds to making a 

Bogolyubov transformation of  the 

annihilation and creation operators. 

𝑡

𝑛𝑣𝑎𝑐
𝑘 (𝑡)

𝑛𝑡ℎ
𝑘 (𝑡)

𝑛𝑡ℎ
𝒌 = 𝛽ℎ

𝒌 2
  



3. The role of  flavor

23
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𝑆𝑁
𝐼𝐽

𝑥1, 𝑥2 = −𝑖 ഥ𝑁𝐼 𝑥1 𝑁𝐽(𝑥2)𝑁(𝑥1)

Correction to the self-energy of  the leptons
Lepton 

asymmetry

✓

𝐿ℎ, 𝑅ℎ
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𝑆𝑁
𝐼𝐽

= 

ℎ,𝑠

𝑃𝒌,ℎ𝑃𝐼
𝑠𝛾0𝑃𝐽

𝑠 𝑓𝐼𝐽
𝑚,𝑠 + 𝑃𝒌,ℎ𝑃𝐼

𝑠𝛾0𝑃𝐽
−𝑠𝑓𝐼𝐽

𝑐,𝑠

= 

ℎ,𝑠

 𝒫𝒌,ℎ
𝑚,𝑠 𝑓ℎ

𝑚,𝑠  +  𝒫𝒌,ℎ
𝑐,𝑠  𝑓ℎ

𝑐,𝑠

𝐼𝐽

The ‘flavored’ propagator is best written in terms of  phase-space functions:

𝑓ℎ
𝑚,𝑠

 is called the mass-shell distribution function ~ particle-particle 

transitions ~ 𝑒𝑖 𝜔𝐼−𝜔𝐽 𝑡

𝑓ℎ
𝑐,𝑠

 is called the coherence-shell distribution function ~ particle-

antiparticle transitions ~ 𝑒𝑖 𝜔𝐼+𝜔𝐽 𝑡

Slow mode

Fast mode
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𝑓ℎ
𝑚/𝑐

= 𝑓𝑎𝑑 + 𝛿𝑓ℎ
𝑚/𝑐

𝑆𝑁 = 𝑆𝑎𝑑 + 𝛿𝑆𝑁

The Schwinger-Dyson equations for the full propagator are complicated 

integro-differential equations (memory effects). Instead, we consider 

deviations from an adiabatic background.

[Jukkala, Kainulainen, Rahkila, 2021]

Information about 

non-locality

Solve for local 

deformations from 

adiabaticity
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In principle, some freedom to choose 𝑆𝑎𝑑: use what we did   

𝑆𝑎𝑑 = 𝟙 − 

ℎ

𝐿ℎ𝐿ℎ
†  

𝑅ℎ𝐿ℎ
†

 
𝐿ℎ𝑅ℎ

† 

𝑅ℎ𝑅ℎ
†

⊗ 𝑃𝒌,ℎ

𝑆𝑎𝑑 =
𝑘𝜇𝛾𝜇 − 𝑀𝑁(𝑡)

𝑘2 − 𝑀𝑁
2 𝑡 + 𝑖𝜖

In practice, easier to track poles using:    

[Jukkala, Kainulainen, Rahkila, 2021]

(flavor-diagonal)

(flavor-diagonal)
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𝜕𝑡𝛿𝑓ℎ 𝐼𝐽
𝑚 = −𝑖 𝜔𝐼 𝑡 − 𝜔𝐽 𝑡  𝛿𝑓ℎ 𝐼𝐽

𝑚 − 𝜕𝑡𝑓𝐼𝐽
𝑎𝑑,𝑚

                     − Γℎ
𝑚(𝑡), 𝛿𝑓ℎ 

𝑚
𝐼𝐽 − ෨Γℎ(𝑡), 𝛿𝑓ℎ 

𝑐
𝐼𝐽

𝜕𝑡𝛿𝑓ℎ 𝐼𝐽
𝑐 = −𝑖 𝜔𝐼 𝑡 + 𝜔𝐽 𝑡  𝛿𝑓ℎ 𝐼𝐽

𝑚 − 𝜕𝑡𝑓𝐼𝐽
𝑎𝑑,𝑐

                     − Γℎ
𝑐(𝑡), 𝛿𝑓ℎ 

𝑚
𝐼𝐽 − ෨Γℎ(𝑡), 𝛿𝑓ℎ 

𝑐
𝐼𝐽

[Jukkala, Kainulainen, Rahkila, 2021]

NB: The time variable describes the Phase Transition, not the 

expansion of  the Universe (temperature).
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𝑁(𝑥1)

Correction to the self-energy of  the leptons
Lepton 

asymmetry

✓

𝐿ℎ, 𝑅ℎ

𝑓𝑐 , 𝑓𝑚

✓

𝑆𝑁
𝐼𝐽

𝑥1, 𝑥2 = −𝑖 ഥ𝑁𝐼 𝑥1 𝑁𝐽(𝑥2)



4. Lepton asymmetry
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𝜈 𝜈
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Sterile 

Neutrino

Higgs 

Active lepton

𝒌

𝑙𝛼

𝑁𝐼

𝑌𝐼𝛼

𝜕𝑡∆𝐿
𝒌≈ Im 𝑌𝑌†

𝐼𝐽
Im 𝑓+

𝒎 + 𝑓−
𝒎

𝐽𝐼 + Re 𝑌𝑌†
𝐼𝐽

Re 𝑓+
𝒎 − 𝑓−

𝒎
𝐽𝐼 × Σ𝒜(𝒌) 

[Drewes, Garbrecht, 2012]

[Jukkala, Kainulainen, Rahkila, 2021]

Σ𝒜 𝒌 = self-energy of  the Neutrino 

Phase-space distribution of  Neutrinos

∆𝐿
𝒌= asymmetry in leptons
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𝜕𝑡∆𝐿
𝒌≈ Im 𝑌𝑌†

𝐼𝐽
Im 𝑓+

𝒎 + 𝑓−
𝒎

𝐽𝐼 + Re 𝑌𝑌†
𝐼𝐽

Re 𝑓+
𝒎 − 𝑓−

𝒎
𝐽𝐼 × Σ𝒜(𝒌) 

Im 𝑌𝑌†
𝐼𝐽

Im 𝑓𝒌,+
𝒎 + 𝑓𝒌,−

𝒎

𝐽𝐼
+ Re 𝑌𝑌†

𝐼𝐽
Re 𝑓𝒌,+

𝒎 − 𝑓𝒌,−
𝒎

𝐽𝐼

∋ 𝑓𝐹𝐷

𝑘

𝑀𝐼
2 − 𝑀𝐽

2 Im 𝑌𝑌†
𝐼𝐽

2
Im exp ∫ d𝑡′ 𝑖 Δ𝜔𝐼𝐽 𝑡′ − Γ𝑚(𝑡′)

The phase-space distributions were solved to first-order in 𝑌𝑌†.

Lepton number 

violation
CP-violation Out-of-equilibrium 

modes
+ + = Lepton asymmetry source



Summary and conclusion

33
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𝑁(𝑥1)

Correction to the self-energy of  the leptons
Lepton 

asymmetry

✓

𝐿ℎ, 𝑅ℎ

𝑓𝑐 , 𝑓𝑚

✓
Hypergeometric 

equation

Spinorial 

projectors
∆𝐿

𝒌

Momentum 

integrals Analytical expressions…

𝑆𝑁
𝐼𝐽

𝑥1, 𝑥2 = −𝑖 ഥ𝑁𝐼 𝑥1 𝑁𝐽(𝑥2)



Further prospects
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• Numerical resolution of  the (momentum-dependent) equations

• Dependence on the parameters of  the Phase Transition 

(thickness of  the wall)

• Washout of  the asymmetries before electroweak PT



Thank you for your attention!
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𝜈True vacuum



Homogeneous and isotropic Universe
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𝑑𝑠2 = 𝑑𝑡2 − 𝑎 𝑡 2𝑑 Ԧ𝑥2

𝑓ℎ Ԧ𝑝, Ԧ𝑥, 𝑡 = 𝑓ℎ( Ԧ𝑝, 𝑡) 𝑛ℎ = න 𝑑3 Ԧ𝑝 𝑓ℎ Ԧ𝑝, 𝑡 = 𝑛ℎ 𝑡 = 𝑛𝑒𝑞 + 𝛿𝑛ℎ

Scale factor = « Size » of  the Universe

Its evolution is driven by the matter 

content
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𝑖 𝜕𝑡𝐿ℎ + ℎ 𝑘 𝐿ℎ −  𝑀𝑁 𝑡 𝑅ℎ = 0

𝑖 𝜕𝑡𝑅ℎ − ℎ 𝑘 𝑅ℎ −  𝑀𝑁 𝑡 𝐿ℎ = 0

For a time-dependence of  the mass 𝑀𝑁 𝑡 = 𝑀𝑁
0 (1 + tanh Τ𝑡 𝑡𝑊 )/2, 

one can get analytical results.

𝑡𝑊

[Prokopec, Schmidt, Weenink, 2013]

𝑍 ≡
1 + tanh Τ𝑡 𝑡𝑊

2 𝑑

𝑑𝑡
=

𝑑𝑍

𝑑𝑡

𝑑

𝑑𝑍
=

1

2 𝑡𝑊
1 − tanh Τ𝑡 𝑡𝑊

2
𝑑

𝑑𝑍
= 2 𝛾𝑍 1 − 𝑍

𝑑

𝑑𝑍𝛾 ≡ 1/𝑡𝑊
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𝜕𝑡
2 + 2𝑖ℎ𝑘

𝜕𝑡𝑀𝑁

𝑀𝑁
𝜕𝑡 + (𝑘2 + 𝑀𝑁 𝑡 2) 𝐿ℎ = 0

𝐿ℎ ≡ 𝑍𝛼 1 − 𝑍 𝛽𝜒ℎ(𝑍)

𝑍 1 − 𝑍 𝜒ℎ
′′ + 𝑐ℎ − 𝑎ℎ + 𝑏ℎ + 1 𝑍 𝜒ℎ

′ − 𝑎ℎ𝑏ℎ 𝜒ℎ = 0

𝑖 𝜕𝑡𝐿ℎ + ℎ 𝑘 𝐿ℎ − 𝑀𝑁 𝑡 𝑅ℎ = 0

𝑖 𝜕𝑡𝑅ℎ − ℎ 𝑘 𝑅ℎ − 𝑀𝑁 𝑡 𝐿ℎ = 0
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𝜕𝑡
2 + 2𝑖ℎ𝑘

𝜕𝑡𝑀𝑁

𝑀𝑁
𝜕𝑡 + (𝑘2 + 𝑀𝑁 𝑡 2) 𝐿ℎ = 0

𝐿ℎ~𝜆ℎ 2𝐹1 𝑎ℎ, 𝑏ℎ , 𝑐ℎ, 𝑍 + 𝜇ℎ 2𝐹1(𝑎ℎ
′ , 𝑏ℎ

′ , 𝑐ℎ
′ , 𝑍)…

(Gaussian hypergeometric function, with 𝑎ℎ, 𝑏ℎ, 𝑐ℎ functions of  𝑘 and 𝑀𝑁 )

𝐿ℎ ≡ 𝑍𝛼 1 − 𝑍 𝛽𝜒ℎ(𝑍)

𝑍 1 − 𝑍 𝜒ℎ
′′ + 𝑐ℎ − 𝑎ℎ + 𝑏ℎ + 1 𝑍 𝜒ℎ

′ − 𝑎ℎ𝑏ℎ 𝜒ℎ = 0

𝑖 𝜕𝑡𝐿ℎ + ℎ 𝑘 𝐿ℎ − 𝑀𝑁 𝑡 𝑅ℎ = 0

𝑖 𝜕𝑡𝑅ℎ − ℎ 𝑘 𝑅ℎ − 𝑀𝑁 𝑡 𝐿ℎ = 0
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𝑁 𝒙, 𝑡 =  

ℎ=±

න 𝑑3𝒌 𝑒𝑖 𝒌 ⋅𝒙 𝑳𝒉

𝑹𝒉
⊗ ξ𝒌,ℎ𝑎𝒌,ℎ +

𝒉 𝑹𝒉
∗

−𝒉𝑳𝒉
∗ ⊗ ξ𝒌,−ℎ𝑎−𝒌,ℎ

†

ξ𝒌,ℎ = helicity eigenvectors

𝑎𝒌,ℎ, 𝑎𝒌,ℎ
† = annihilation 

and creation operators 

defined at 𝒕 = −∞

The constants 𝜆ℎ and 𝜇ℎ are determined from initial conditions 

+ normalization:

𝐿ℎ, 𝑅ℎ ∝ 𝑒− 𝑖𝜔−𝑡, 𝐿ℎ
∗ , 𝑅ℎ

∗ ∝ 𝑒+ 𝑖𝜔−𝑡

𝐿ℎ
2 + 𝑅ℎ

2 = 1

𝒕 = −∞

Normalization:
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𝑁𝐼 𝒙, 𝑡 =  

ℎ=±

න 𝑑3𝒌 𝑒𝑖 𝒌 ⋅𝒙
𝑳𝒉

𝑰𝑱

𝑹𝒉
𝑰𝑱 ⊗ ξ𝒌,ℎ𝑎𝒌,ℎ𝐽 + ℎ. 𝑐.

ξ𝒌,ℎ = helicity eigenvectors

𝑎𝒌,ℎ, 𝑎𝒌,ℎ
† = annihilation 

and creation operators 

defined at 𝒕 = −∞

Multiflavor field decomposition:

𝐿ℎ
𝐼𝐽

, 𝑅ℎ
𝐼𝐽

∝ 𝑒− 𝑖𝜔−𝑡

𝐿ℎ𝐿ℎ
† + 𝑅ℎ𝑅ℎ

† = 1

𝒕 = −∞

Normalization:
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𝐿ℎ
𝐼𝐽 1

≡ −𝑀𝑡ℎ,𝐼𝐽
2 𝑍𝛼 1 − 𝑍 𝛽𝐼𝜒ℎ

𝐼𝐽
(𝑍)

𝑍 1 − 𝑍 𝜒ℎ
𝐼𝐽′′

+ 𝑐𝐼 − 𝑎𝐼 + 𝑏𝐼 + 1 𝑍 𝜒ℎ
𝐼𝐽′

− 𝑎𝐼𝑏𝐼 𝜒ℎ
𝐼𝐽

= 1 − 𝑍 𝛽𝐽−𝛽𝐼𝜒ℎ
𝐽 0

(𝑍)

𝐿ℎ
𝐽𝐽 0

≡ 𝑍𝛼 1 − 𝑍 𝛽𝐽𝜒ℎ
𝐽 0

(𝑍)

The general solution is the sum of  an homogeneous and a particular 

solutions. The particular solution can be found from the source using the 

Wronskian. 

𝜒ℎ
𝐼𝐽

= 𝜒𝑝
𝐼𝐽

+ 𝜒ℎ𝑜𝑚
𝐼
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𝑇𝑜𝑠𝑐 ≡ 𝑀𝑃𝑙Δ𝑀2,1
2 1/3

Leptogenesis via neutrino oscillations (ARS)

[Akhmedov, Rubakov, Smirnov (1998)]

𝑀𝑃𝑙 ≃ 7 × 1017GeV 

is the Planck Mass

[See for example 

Drewes, Garbrecht, 

Gueter, Klaric (2010)]

𝑇𝑜𝑠𝑐 = 7 × 1017 × 1102 − 1002 1/3
GeV ≃ 107GeV > 𝑇𝑃𝑇 

𝑀1 = 100 GeV 𝑀2 = 110 GeV 𝑇𝑃𝑇 = 106GeV
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