
Three body forces revealed in strongly

deformed nuclei

Frédéric Nowacki
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3N forces in light nuclei
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At the neutron drip line, the ESPE’s of
28O are completely at variance with

those of 40Ca at the stability valley. The
change from the standard ESPE’s of
16O to the anomalous ones in 28O is
totally due to the interactions of sd shell
neutrons among themselves

Notice that the sd shell orbits remain
always below th pf shell with the ν0f 7

2

and ν0p 3

2

− 0p 1

2

orbitals DO get

inverted

The monopole part of the
neutron-proton interaction restores the
N=20 shell gap when the valley of
stability is approached

New 28O data from
NeuLAND-SAMOURAI collaboration
(Kondo et al., NATURE 620, 965
(2023))

New 30F data from
NeuLAND-SAMOURAI collaboration
(J. Kahlbow phD work, submitted)
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H.O. vs Spin-Orbit shell closure at N=Z
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Ab-initio predictions ?

Jason Holt 2023



Island of Inversion at the N=Z line

⋄ Strongly deformed states at N = Z :

Configuration mixing in 72Kr

Most deformed cases for 76Sr, 80Zr

Shape transition between 84Mo and 86Mo

NSCL/GRETINA Experiment
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ZBM3 valence space:

extension of JUN45

to pseudo-SU3 + Quasi-SU3

New effective interaction

( Realistic TBME

+ Monopole “3N” constraints”)

SM + DNO-SM for most deformed cases



Discrete Non-Orthogonal Shell Model

Generator Coordinate Method: |Ψeff〉 =
∑

i fi |Φi〉

1) Deformed Hartree-Fock (HF) Slater determinants

2) Restoration of rotational symmetry

3) Mixing of shapes:
|Ψeff〉= + + . . .

Intrinsic/Laboratory Description

• Deformation structure of nuclear states: {Jπ
α}, q = (β, γ)
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Island of Inversion at the N=Z line

⋄ Strongly deformed states at N = Z

Configuration mixing in 72Kr

Most deformed cases for 76Sr, 80Zr

Shape transition between 84Mo and 86Mo

NSCL/GRETINA Experiment

p
s
e
u
d
o
-S

U
3

q
u
a
s
i-
S
U
3

56

28
Ni28

Z/N=40

1p3/2

0f5/2

1p1/2

0g9/2

1d5/2

2s1/2

π

1p3/2

0f5/2

1p1/2

0g9/2

1d5/2

2s1/2

ν

K = 1/2

K = 3/2

K = 5/2

π ν

-Q
0
/b

2

q
u
as
i-
S
U
3

-6.83

-1.61

-4.11

-1.42

K = 1/2

K = 3/2

K = 5/2

-6.83

-1.61

-4.11

-1.42

K = 1/2

K = 3/2

K = 5/2

K = 1/2

K = 3/2

K = 5/2

π ν

-Q
0
/b

2

p
se
u
d
o-
S
U
3

-5.06

-1.41

2.37

-1.08

2.572.61

-5.06

-1.41

2.37

-1.08

2.57 2.61

B(E2)(e2 .fm4)

nucleus NpNh∗ ZRP PHF Exp. DNO-SM

76Sr

4p-4h 924 806

2390(240) 1847
8p-8h 2189 2101

12p-12h 2316 2300

80Zr

4p-4h 587 637

1910(180) 2325
8p-8h 1713 1509

12p-12h 2663 2396



Island of Inversion at the N=Z line

⋄ Strongly deformed states at N = Z :

Configuration mixing in 72Kr

Most deformed cases for 76Sr, 80Zr

Shape transition between 84Mo and 86Mo

NSCL/GRETINA Experiment

0

2

4

6

8

10

12

14

16

6
4
2

11
11

11

9

9

7

15

15

13

13

0

10

20

30

40

50
60

0 0.12 0.24 0.36 0.48

0

0.12

0.24

0.36

0.48

γ

β

76Sr
MeV

R.D.O. Llewellyn et al., Phys. Rev. Lett. 124, 152501 (2020)

76
Sr

DNO-SM

(30 HF states)

0+1
K

π = 0+

2+1

4+1

6+1

8+1

10+1

1847

2621

2850

2922

2912

206

676

1392

2330

3470

EXP

0+1

2+1

4+1

6+1

8+1

10+1

2220

262

747

1446

2341

3410



Island of Inversion at the N=Z line

⋄ Strongly deformed states at N = Z

Configuration mixing in 72Kr

Most deformed cases for 76Sr, 80Zr

Shape transition between 84Mo and 86Mo

NSCL/GRETINA Experiment

p
s
e
u
d
o
-S

U
3

q
u
a
s
i-
S
U
3

56

28
Ni28

Z/N=40

1p3/2

0f5/2

1p1/2

0g9/2

1d5/2

2s1/2

π

1p3/2

0f5/2

1p1/2

0g9/2

1d5/2

2s1/2

ν

K = 1/2

K = 3/2

K = 5/2

π ν

-Q
0
/b

2

-6.83

-1.61

-4.11

-1.42

K = 1/2

K = 3/2

K = 5/2

-6.83

-1.61

-4.11

-1.42

K = 1/2

K = 3/2

K = 5/2

K = 1/2

K = 3/2

K = 5/2

π ν

-Q
0
/b

2

-5.06

-1.41

2.37

-1.08

2.572.61

-5.06

-1.41

2.37

-1.08

2.57 2.61

B(E2)(e2 .fm4)

nucleus Np-Nh∗ ZRP PHF Exp. DNO-SM∗ SM

84Mo
4p-4h 1104 1193

1740+580
−730

1765 -
8p-8h 1891 1732

86Mo

0p-0h 542 196

707(71) 1184 731
2p-2h 1030 871

4p-4h 1416 1179

6p-6h 1858 1655



Island of Inversion at the N=Z line

⋄ Strongly deformed states at N = Z

Configuration mixing in 72Kr

Most deformed cases for 76Sr, 80Zr

Shape transition between 84Mo and 86Mo

NSCL/GRETINA Experiment

p
s
e
u
d
o
-S

U
3

q
u
a
s
i-
S
U
3

56

28
Ni28

Z/N=40

1p3/2

0f5/2

1p1/2

0g9/2

1d5/2

2s1/2

π

1p3/2

0f5/2

1p1/2

0g9/2

1d5/2

2s1/2

ν

K = 1/2

K = 3/2

K = 5/2

π ν

-Q
0
/b

2

-6.83

-1.61

-4.11

-1.42

K = 1/2

K = 3/2

K = 5/2

-6.83

-1.61

-4.11

-1.42

K = 1/2

K = 3/2

K = 5/2

K = 1/2

K = 3/2

K = 5/2

π ν

-Q
0
/b

2

-5.06

-1.41

2.37

-1.08

2.572.61

-5.06

-1.41

2.37

-1.08

2.57 2.61

B(E2)(e2 .fm4)

nucleus Np-Nh∗ ZRP PHF Exp. DNO-SM∗ SM

84Mo
4p-4h 1104 1193

1740+580
−730

1765 -
8p-8h 1891 1732

86Mo

0p-0h 542 196

707(71) 1184 731
2p-2h 1030 871

4p-4h 1416 1179

6p-6h 1858 1655



Island of Inversion at the N=Z line

⋄ Strongly deformed states at N = Z

Configuration mixing in 72Kr

Most deformed cases for 76Sr, 80Zr

Shape transition between 84Mo and 86Mo

NSCL/GRETINA Experiment

p
s
e
u
d
o
-S

U
3

q
u
a
s
i-
S
U
3

56

28
Ni28

Z/N=40

1p3/2

0f5/2

1p1/2

0g9/2

1d5/2

2s1/2

π

1p3/2

0f5/2

1p1/2

0g9/2

1d5/2

2s1/2

ν

K = 1/2

K = 3/2

K = 5/2

π ν

-Q
0
/b

2

-6.83

-1.61

-4.11

-1.42

K = 1/2

K = 3/2

K = 5/2

-6.83

-1.61

-4.11

-1.42

K = 1/2

K = 3/2

K = 5/2

K = 1/2

K = 3/2

K = 5/2

π ν

-Q
0
/b

2

-5.06

-1.41

2.37

-1.08

2.572.61

-5.06

-1.41

2.37

-1.08

2.57 2.61

B(E2)(e2 .fm4)

nucleus Np-Nh∗ ZRP PHF Exp. DNO-SM∗ SM

84Mo
4p-4h 1104 1193

1740+580
−730

1765 -
8p-8h 1891 1732

86Mo

0p-0h 542 196

707(71) 1184 731
2p-2h 1030 871

4p-4h 1416 1179

6p-6h 1858 1655



Island of Inversion at the N=Z line

⋄ Strongly deformed states at N = Z

Configuration mixing in 72Kr

Most deformed cases for 76Sr, 80Zr

Shape transition between 84Mo and 86Mo

NSCL/GRETINA Experiment
0

2

4

6

8

10

12

14

16

4

4

4

4

3

3

3

2

2

2

1
1

10

10

10

5

5

5

5

0

10

20

30

40

50
60

0 0.15 0.3 0.45

0

0.15

0.3

0.45

γ (deg) 

β

84Mo
MeV

32 34 36 38 40 42

Proton number

0

500

1000

1500

2000

2500

]
4

fm
2

e
) 

[
+ 1

 0
®

+ 1
B

(E
2
;2

N=Z, literature
N=Z+2, literature
N=Z, present work
N=Z+2, present work

Mo
84

Mo
86

J. Ha, F. Recchia et al., to be submitted



Island of Inversion at the N=Z line

⋄ Strongly deformed states at N = Z

Configuration mixing in 72Kr

Most deformed cases for 76Sr, 80Zr

Shape transition between 84Mo and 86Mo

NSCL/GRETINA Experiment

0

2

4

6

8

10

12

14

16

4

4

4

3

3

3

2

2

2

1

1

10

1010

5

5

5

0

10

20

30

40

50
60

0 0.15 0.3 0.45

0

0.15

0.3

0.45

γ (deg) 

β

86Mo
MeV

32 34 36 38 40 42

Proton number

0

500

1000

1500

2000

2500

]
4

fm
2

e
) 

[
+ 1

 0
®

+ 1
B

(E
2
;2

N=Z, literature
N=Z+2, literature
N=Z, present work
N=Z+2, present work

Mo
84

Mo
86

J. Ha, F. Recchia et al., to be submitted

B(E2)(e2 .fm4)

nucleus Np-Nh∗ ZRP PHF Exp. DNO-SM∗ SM

84Mo
4p-4h 1104 1193

1740+580
−730

1765 -
8p-8h 1891 1732

86Mo

0p-0h 542 196

707(71) 1184 731
2p-2h 1030 871

4p-4h 1416 1179

6p-6h 1858 1655



Island of Inversion at the N=Z line

⋄ Strongly deformed states at N = Z

Configuration mixing in 72Kr

Most deformed cases for 76Sr, 80Zr

Shape transition between 84Mo and 86Mo

NSCL/GRETINA Experiment

0

2

4

6

8

10

12

14

16

4

4

4

3

3

3

2

2

2

1

1

10

1010

5

5

5

0

10

20

30

40

50
60

0 0.15 0.3 0.45

0

0.15

0.3

0.45

γ (deg) 

β

86Mo
MeV

32 34 36 38 40 42

Proton number

0

500

1000

1500

2000

2500

]
4

fm
2

e
) 

[
+ 1

 0
®

+ 1
B

(E
2
;2

N=Z, literature
N=Z+2, literature
N=Z, present work
N=Z+2, present work

Mo
84

Mo
86

J. Ha, F. Recchia et al., to be submitted

B(E2)(e2 .fm4)

nucleus Np-Nh∗ ZRP PHF Exp. DNO-SM∗ SM

84Mo
4p-4h 1104 1193

1740+580
−730

1765 -
8p-8h 1891 1732

86Mo

0p-0h 542 196

707(71) 1184 731
2p-2h 1030 871

4p-4h 1416 1179

6p-6h 1858 1655



Shell closures and 2N forces only

no Spin-orbite shell closures in 12C, 22O, 48Ca, 56Ni

too strong H. O. shell closures 16O, 40Ca, ... and 80Zr !!!



N3LO NN calculations
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N3LO NN calculations
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Island of Inversion at the N=Z line

⋄ Strongly deformed states at N = Z

Configuration mixing in 72Kr

Most deformed cases for 76Sr, 80Zr

Shape transition between 84Mo and 86Mo

NSCL/GRETINA Experiment

0

2

4

6

8

10

12

14

16

4

4

4

3

3

3

2

2

2

1

1

10

1010

5

5

5

0

10

20

30

40

50
60

0 0.15 0.3 0.45

0

0.15

0.3

0.45

γ (deg) 

β

86Mo
MeV

32 34 36 38 40 42

Proton number

0

500

1000

1500

2000

2500

]
4

fm
2

e
) 

[
+ 1

 0
®

+ 1
B

(E
2
;2

N=Z, literature
N=Z+2, literature
N=Z, present work
N=Z+2, present work

Mo
84

Mo
86

J. Ha, F. Recchia et al., to be submitted

B(E2)(e2 .fm4)

nucleus Np-Nh∗ ZRP PHF Exp. DNO-SM∗ SM

84Mo
4p-4h 1104 1193

1740+580
−730

1765 -
8p-8h 1891 1732

86Mo

0p-0h 542 196

707(71) 1184 731
2p-2h 1030 871

4p-4h 1416 1179

6p-6h 1858 1655



Island of Inversion at the N=Z line

⋄ Strongly deformed states at N = Z

Configuration mixing in 72Kr

Most deformed cases for 76Sr, 80Zr

Shape transition between 84Mo and 86Mo

NSCL/GRETINA Experiment

0

2

4

6

8

10

12

14

16

4

4

4

3

3

3

2

2

2

1

1

10

1010

5

5

5

0

10

20

30

40

50
60

0 0.15 0.3 0.45

0

0.15

0.3

0.45

γ (deg) 

β

86Mo
MeV

32 34 36 38 40 42

Proton number

0

500

1000

1500

2000

2500

]
4

fm
2

e
) 

[
+ 1

 0
®

+ 1
B

(E
2
;2

N=Z, literature
N=Z+2, literature
N=Z, present work
N=Z+2, present work

Mo
84

Mo
86

J. Ha, F. Recchia et al., to be submitted

B(E2)(e2 .fm4)

nucleus Np-Nh∗ ZRP PHF Exp. DNO-SM∗ SM

84Mo
4p-4h 1104 1193

1740+580
−730

1765 -
8p-8h 1891 1732

86Mo

0p-0h 542 196

707(71) 1184 731
2p-2h 1030 871

4p-4h 1416 1179

6p-6h 1858 1655

Three body forces and persistence of spin-orbit shell gaps in medium-mass nuclei:

Towards the doubly magic 78Ni,

K. Sieja, F. Nowacki

Phys. Rev. C85, 051301(R) (2012)



Landscape of medium mass nuclei
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Summary

Monopole drift develops in all regions but the Interplay between correlations (pairing +

quadrupole) and spherical mean-field (monopole field) determines the physics.

New “island of inversion” or “island of deformation” present for neutron-rich systems

show up also at N=Z line with very deformed rotors dominated by

Many-particles-Many-holes configurations.

Shape transition between 84Mo and 86Mo and first fingerprint of 3N forces in deformed

systems

Around A∼ 80, an “island of enhanced collectivity” show very deformed rotors

dominated by Many-particles-Many-holes configurations.

First FRIB in-beam spectroscopy of 62Cr , A. Gade et al. to be submitted to NATURE

Island of Inversion in 84,86Mo @GRETINA/MSU, F. Recchia et al. to be submitted to

NATURE

FRIB-TA topical prgram: Theoretical justifications for FRIB (May 2023)



Open questions for the future

Are Ab-initio approaches accurate enough to describe the whole chart of isotopes

within the same framework (2N , 3N hamiltonian etc ...)? So far 34 “non-implausible”

How to simplify such calculations ? (see N. Smirnova’s talk)

3N effects mainly monopole 3N effects ?

How to implement simple global monopole effects ?

What are the data needed to better constrain theoretical models ?

Better interplay between EDF and SM/CI expertises ?

How to disentangle continuum effects from bound systems description ?
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