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Applications of Statistical Physics to Optimal Transport Theory

Assignment and Matching problems: balanced and unbalanced
Optimal Transport (balanced)
Optimal Transport (unbalanced) with variable masses

Gromov-Wasserstein Optimal Transport



A long history...
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The study of optimal transportation
and allocation of resources
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Optmal Transport (Monge): Assignment
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Bakeries need flour

Monge, 1781



Optmal Transport: Assignment
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Mills producing flour



Optmal Transport: Assignment
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timal Transport: Assignment

—_— e . —

In u l\z

Ih—

Ol

125
=5

6,9

AL E

TE VNIVERSII EL LEANXIBC

750
4,5

RN TR

Ih—

Ol

GS DI PARIS AVEC LA DESCRIPTION DE SONasrsrar= =)

0.5



Monge formulation: déblais et remblais

T
T / \ , _M]
_ _ |
remblai
déblais
Po(X) P1(X)

I'is a transport of p, to p, Iff
VA C R4 J p1(x)dx = J p(x)dx
XEA x€T-1(A)

Det( VI(X)) . py(T(x)) = po(x)



e C(x,y) > 0: cost of transporting unit mass from x to y

* Optimal transport = Monge distance

d(pgy, pp) = inf jdx C(x, T(x)) po(x)

{T transport}

 Examples:
» Monge: C(x,y) =[x — |

» p-Wasserstein: C(x,y) = |x—y|’  Wasserstein distance



Assignment = Bipartite Matching Problem = Marriage Problem.....

C.P. Bachas, 1985: pairing of defects lines in crystals

1 Bakeries
Factories
2 Women

N points

5 (';; = transport cost from 7 to j
N x N positive matrix

Assignment = Permutation
Find permutation P which minimises cost

— t
PIEHSN Z CZP (2)



The Hungarian Algorithm

Published by Harold Kuhn in 1955

Based on work by Hungarian mathematicians Dénes Kénig and Jend Egervary in
1931

In fact (2006), solved by Jacobi and published posthumously in 1890 in latin

IDEA: Shift row values / column values to get a “simpler” cost matrix

Complexity is of order O(N3) : unpractical for large problems. Note that > 3—
matching is NP-complete!

Algorithm serial in nature and difficult to parallelize



Finite Temperature Assignment

* Finite temperature introduced in combinatorial optimisation (TSP) by
Kirkpatrick in 1981, 1983

o Statistical physics of the random assignment problem by Vannimenus and
Meézard (1984) and HO (1985), Mézard and Parisi (1985): Quenched

average over random cost function

* The study of disordered systems in the lab, was initiated by Cirano De
Dominicis, who performed seminal work in the theory of Spin-Glasses.
Followed at that time by Edouard Brézin, Claude ltzykson, Jean Zinn-
Justin, Bernard Derrida, Thomas Garel, Jean-Marc Luck...



Disordered Assignment
o — Z e—ﬁZﬁil] CipG)

PESy

Uy = e

Take C;; as random quenched variables and introduce replicas.
With no replica symmetry breaking, infinite number of order parameters.
One obtains an integral equation for an order parameter function ¢ (MP, HO).

In the case of an exponential distribution for C;. , the ground state energy has
been calculated by Mézard and Parisi (1985):
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N X N Cost Matrix Clj

N
Assignment matrix G;; with vieil,..., N} ;sz =
N
vie{l,...,N} » Gi;=
71=1
Cost Function E = » C;;G;;
2,]
1t | : E(C
Partition function at temperature / = E 7 — Z o —PE(C)

all Ce€¢

N N
[ = Z H5 ZG,L] H 0 (Z GZJ _ 1) 6_5 Zz’j CijGij
j=1

{G;;=0,1} i=1 —

P Koehl, H Orland
Physical Review E 103 (4), 042101, 2021



Fourier representation of O-functions

o(Zemr) = [l 5
J

27

4+ 00 + 00 B S ia(k)+> 4 —52G(k,l)(C(k,D—I—iA(k)—I—iu(l))
- [T [T BT 5

G(k,l)e{0,1}

Do summation over the G

—+ o0 —+ o0
Z(B) :/ Hd)\(k)/ Hdule—ﬁFﬁ(A,u)
Bl S Duality
with .

1 ' . N
g (A, p) = — (Z tA(k) + ZW(D) 3 Z In |1 4+ e PCRDFiA(k)+in(l))
kL '

k [




Saddle-Point Approximation

iA(k) — A(k)

Change (1) = u(l) Saddle point is pure imaginary
SP equations OFs (A, p) =0 and OF5 (A, p) =X
5)% 8,&[
1
Define X (k,1) = h |8 (Cri + A(k) + (1)) where h(x) = 1
e

—
-

X(k,l) = G(k,I) Thermal average of G

vk, » X(k1)=1
[

} Set of 2N non-linear equations with 2NV variables
v, » X(k1)=1
k



Some properties of the SP

* The Hessian of [ is negative, except for one trivial zero mode —>
maximum IS unique

* Free energy I / Internal energy U / as a function of 1
F=U-1TS
7 — Z C(k, Z)X(k l) Lattice gaz entropy
kl

S = — Z (X (k, 1) In X (k,1) + (1 — X(k,l)){l—X(k» 1))

: F*= lim F(B) U"= lim U(S)

At zero temperature, the SP free and internal energy converge to exact solutions



Solve equations by Newton-Raphson. Very efficient.

Start at high temperature and decrease temperature: annealing procedure.
When do we stop?

When T decreases to zero, one may reach solutions where the X(k, /) do
not converge to O or 1: problem is degenerate.

If the problem is degenerate, the entropy does not vanish at 7 = 0.

In that case, how to obtain the optimal assignment?



Solving Degenerate Assignment Problems

» Theorem: if the problem is degenerate, there are ground state solutions with integer G*(k, [)
with same total cost as the fractional solution (Gartner and Matousek, 2006).

 |f A is the gap between the optimal solution and the second best solution, the optimal solution
of the assignment problem with cost function
/ e [0,1]

C'(k,1) = C(k,l) + a x random(k, [)

. A
with o < 5N has the same optimal assignment as the original C(k,!l) cost

 The randomized original problem is non degenerate.

» If all entries of C(k, [) are scaled to be integer, then A > 1 and it is sufficient to have

1
° a<_
2N



When to stop the annealing?

 |f the problem is non-degenerate, at low enough temperature, the matrix
X(k, [) becomes row-dominant: each row contains one and only one

element > 1/2 (since ZX(k, [)=1)
kI

 Theorem: At that point, one can stop and replace in each row the
dominant X(k, /) by 1 and all others by 0. This is the ground state
assignment G*(k, [)

* |If the problem is degenerate, make it first non-degenerate by adding the
proper random noise then use above theorem.



Implementation

. Apparent computational complexity is O(N?) compared to O(N?) for
Hungarian algorithm.

 Can be parallelised and run on GPU.

. Storage space required O(N?). Limit of N=30000 on GPU.



10 = ! | [ I I I l 3
- |= = Hungarian (Serial) -7
HungarianCUDA == ]
: Hungarian (RAPIDS) - -
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500 1000 1500 2000 2500 3000 3500 4000
Size, N

For N =4000, computational times (in seconds):

Hungarian sequential Hungarian CUDA Hungarian NVIDIA UMAtching
460000 21590 2638 2.40
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Test with 1.1.d. random costs
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Optimal Transport: Transport Plan
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Transport Plan

Transport:
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Kantorovitch formulation: breaking the stones
P(x,y) is a transport plan from p, to p, iff

dep (x,y) = po(x)

[a’xP(x, y) = p1(y)

Cost function C(x,y) > 0O

d(pg,pp) = Inf dedeC(x, y)P(x,y) Identical to Monge distance

P € transport

Monge-Kantorovitch distance

d,(pp,p)) = Int JdXde |x—y|"P(x,y)  Wasserstein distance

P € transport



Optimal Transport

N, points N, points

Total output of i = m;, (i)

Total input of j = m,(j)

Balancing input and output

Vi, ) G; = my(i)

(';; = transport cost from ¢ to j

Gij c [0,1] = transport plan

J
N; X N, matrices v/, 2 Gl-]- = my(J)

Find the best transport plan to minimise ¢ = Z Cszij Z mi(i) = Z m,(J)
1 i J



N X N Cost Matrix Clj

Nao
Transport plan  G;;  with Vie{l,..,Ni}, > Gij =m(i)
=1
N1
vj € {1,..., Na}, ZGU = ma2(J)
1=1

Cost Function £ = Z CiiGi;
2,]
Partition function at temperature

1 N1 No No N
0 4 i=1 =1 =1 —1

P Koehl, M Delérue, H Orland | P Koehl, M Delarue, H Orland
Physical review letters 123 (4), 040603, 2019 Physical Review E 100 (1), 013310, 2019



Optimal Transport at Finite Temperature

Z — /Hdﬂk/Hdﬂle_ﬁFeff(ﬁJ;tkaiﬂl)

1 1 — ¢ P Cuthtu)
Fee (B, A ) = — (Zﬂkml(k) T Zﬂzmz(l)> _,EZ In (ﬁ(C,d + A + //tz))

k [ kil



Saddle-Point Approximation

afeff(ﬁai/lﬁi/’t)_ ( ’.’. )_
o —(0 and o = ().

0.8 \
2 e | |
e04 - ¢<x) o e X — 1 | X




Implementation

Hessian of & is positive, with a trivial 0-mode (set one 4 or i to 0) so
effective free energy is concave

Solve by Newton-Raphson using a temperature annealing scheme T N\ O

Free energy and internal energy are decreasing functions of / and
converge to the optimal plan at O temperature

Triangular inequality for the internal energy: 3 ensembles N, N,, N,
points, withV(k, [)Vj, C;(k, 1) < C,(k,j) + Cyz(J, 1)

—— Ui, < U+ U at any temperature



Application - Computer Vision

Flip a coin - correct 50% of the time
Software fifteen years ago - not much better
Today - 99%



Application - Computer Vision

Dog or Muffin? Still a challenge




Application - Computer Vision

Puppy or Bagel?




Application - Computer Vision

Pain au chocolat or Sloth ?




Comparing images: the Jafte Dataset

The database contains 213 images of 7 facial expressions (6 basic facial expressions + 1
neutral) posed by 10 Japanese female models.

Surprise



Comparing images: the Jafte Dataset

Comparing two images I; and I»:

a) Detect keypoints:

b) Assign mass: 1/N

c) Assign cost matrix

- Each keypoint is characterized by a vector F of 64 “features”: SURF
- For keypoint i of image 1 and j of image 2, C(i,j) = ||F@(i) — F(j)||

d) Compute distance:

d(lplz) = Ug/IF(IpIz)



Coparing images: the Jafte Dataset

‘T? : BT = cafi rp—
@ T . 1
o]




Comparing 3D shapes with OT

SPOT
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Comparing 3d shapes

e {Si}ie[l,N]




Comparing shapes

e {Si}ie[l,N]

C(i, j) = disi(S;, T)



Comparing shapes

C(i,j) = dist(S,, T)

do(S,T) = mlnz Z C(1,7)G(,))



Comparing shapes

A o S -
faay —~C(0)) s L
e s T; 1

e >
L= {E}je [1,M)
: 1
my(j) = M

C(i, j) = dist(S,, T)
d (S, T) = min C(i,71)G(1, 7
o1 ) = Z; (2,7)G(1,7)

d(S,T) = min do:(R(S), T) = min | min Z Z Cr(i, )G, j)



Comparing shapes: Problem!




Ol with variable masses

Minimize

UG, my,my) = ) Y Cli, )G(i, )
J

l
under the constraints:

Gij > 0

D GG.j)=m(i) Vi

)
D Gli.j) =my(j) Vi

P Koehl, M Delarue, H Orland
Physical Review E 103 (1), 012113 (2021)



O with variable masses
Minimize
UG, my,my) = ) Y Cli, )G(i, )
)

under the constraints:

Gij > 0

D, Gl.p)=m@) Vi m@20
J
2, Gl =m(j) Vj my) 20

l
2 )]
| =
P Koehl, M Delarue, H Orland

Physical Review E 103 (1), 012113 (2021)



Ol with variable masses

Minimize

UG, my,my) = Y Y Cli GG, jy+ay Y, miy +ay Y, my())?
J l J

l

under the constraints:

Gij > 0

2, Glij) =m(@) Vi
J
D Gli.j) =my(j) Vi
T 06 )
% -
P Koehl, M Delarue, H Orland

Physical Review E 103 (1), 012113 (2021)



1 +00 +
Zﬂ(Sl, S,) = [ H dG(k, [) J H dm; (k) J r

>0 —ﬂ( >, Cll, DGk, D) + X, ay(ymi(k) + Y, az(l)mzz(l)>
I I dm,(l)e
0 ki —00  k S

X rm I dae"PO( T D= m®) rm

— 0 k — Q0

du(Dye " PO Z, 0D = m0)
[

9 J+OO e—iﬁx(Zle(k, ) — 1>dx

P Koehl, M Delarue, H Orland
Physical Review E 103 (1), 012113 (2021)



Ol with variable masses

Effective free energy:

| — o=B(CGhD +2(K) + (D))

1 1 1
F A’a ) =i 212 2__ 1
5 (A, p, x) i 503 2 ko zl:”l B %‘4 - [ﬁ(C(k, D) + A(k) + p(D))

k

Saddle Point Approximation:

G(k, 1) = ¢p(B(C(k, 1) + A(k) + p(D)))

= 7 =
ZZG(k, = 2—;1 Vk where  P(Xx) = e_i o |
Y Gk, l)=— VI

Y. Ok =1



Ol with variable masses
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Ol with variable masses




Ol with variable masses




Gromov-Wasserstein OT

Ugw = Y, ), Gli.)dy(i,i) — dyf(j. i)V G (i)

e ey sy
Lt ],]

Ugw = ), G, )Conlij)

L,J
Cowlinj) = ) (dy(i,i) — dy(j. )V’ G)
1',]

Constraints Balancing

Vi, ), G; = my(i)
j

Y myGi) =Y my(j)
i J

Vj, ) G =my())



GW Optimal Transport at finite temperature

Ny points N, points

(&) L (0% N s

© oo ~l o (&) H (6% N

d
d,

Two different spaces with their own distances d; and d,



GW Optimal Transport at finite temperature
E= ) G(i.)CG,))
With )

Ci.j) = ) (dyGi, i) — dy(j.j))" G, j)
1,
Invariance with respect to translations and rotations.

To account for the possiblility of different scales, introduce a
scale factor and minimize the energy w.r.t. this scale

.

CGi.j) =) (dGi.i)—s "dy(j.j))" GG

TRy
l,]



Partition Function

1 P () e
_ J 46, [15(> G- m@) []6( Y G, - mii) LB T Gy = 5.d. ) GG
0 i j j i

Introduce a cost variable

Z4(s,S1,S2) = / T14G (K1) / ldC(k,l)
(k)

0 k1

—BY.G(k]1)C(k,]
e ki X

15 (Z G(k,1) — ml(k)) 15 (Z G(k,1) — mz(l))
k / / k
Hé(Zdl(k,k’) —s5-dy(L,1|PG(K, 1) — C(k,l)).
k,l k'l



Use the Fourier representation of 0—functions

/ —BY C(k1)G(k,I)
0

5 o) / TTdck1) [ TTdG(KkDe <
= k] k,l
/ OOHdA(k)e

—lﬁkZ%A(k) (kl)+ZﬁZA (k)/ 00 —iﬁZﬂ(l)G(k,lHiﬁ;u(l)mz(l)
/ iBY.D(k,1)C(k,])—iB k[;,D(k,l) Y |dy (kk ) —s-do(LI)|PG(K 1)

e
k/,l/

Do the G integrals



After some manipulations, the partition function can be written as

Ly = J'dCdDd/ld,u e Pty
where

Fs kzl:D (k,1)C(k,1) (ZA )+leylm2(z)>

+Y Y D(k,1)|dy(k, k') —s-da(1,1")|"D(K, ")
k,k" LI

1 1 _ o B(C(k)+A(k)+u(l))
Zln .
B C(k, 1) + A(k) +u(l))



Saddle-Point Equations
Define average G;; by G;; = D;

Gy= (BCy+ 4+ )

_ €
Standard Optimal Transport Z Glj — ml(l) H(x) = et —1
J
Z sz — mZ(])

Self-consistency condition Clli — ) Z (dl(i, i’) — g dz(j,j/))p Gijj’
17’



The scaling factor is obtained by minimising the free energy w.r.t. §

Y'Y D(k, Do (L) |dy(k, k') — s - do(L, 1) P72 (dy (k,K') — s - do(L,I"))D(K,I') = 0
kk' 1]l

It p=2

YY" D(k,1)dy (k, k" )do (1, 1D (K, 1")
k k1,1

ST T Y v Dk Dda(I,1)2D(K, 1)
kk'l]1




. Do a temperature annealing from high to low temperature

. Start with an initial sz , for instance Gl-j = m,(1)m,(j) and scaling factor s = 1

. Calculate C..

J
. Solve optimal transport with C;; and get new (_}lj and new s
. Back to 3 till convergence

. Decrease temperature till low enough temperature.

. Back to 3 till convergence



TOSCA Dataset: 11 classes, 133 shapes of 3400 vertices and 6600 faces

B =3x10’ p=10"

.rJ

AL A

> 4

) |/

THANAT AN T GA AT

Figure 1. Distance matrices for shape similarity within the TOSCA dataset using the Gromov-
Wassertein framework at two different “temperatures”, f = 3 X 107 (left) and B = 102 (right).
Blue colors represent small distances (high similarity), while yellow colors represent large distances
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Conclusion

Statistical mechanics is a natural framework to study assignment and
optimal transport problems.

Numerical methods are more stable than standard entropy regularisation
Possible to do local matching by using variable masses

GW OT very powerful tool but requires large computational resources



