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• Assignment and Matching problems: balanced and unbalanced


• Optimal Transport (balanced)


• Optimal Transport (unbalanced) with variable masses


• Gromov-Wasserstein Optimal Transport

Applications of Statistical Physics to Optimal Transport Theory



A long history…

Gaspard Monge
(1746-1818)

Alessio Figalli

Erwin Schroedinger
(1887-1961)

Leonid Kantorovich
(1912-1986)

Cedric Villani

The study of optimal transportation 

and allocation of resources 



Optimal Transport (Monge): Assignment
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Optimal Transport: Assignment
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Transportation Cost 
From Mill (column) to Bakery (line)
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How to minimise Total Transportation Cost?

Operational research
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Physics



Optimal Transport: Assignment
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Monge formulation: déblais et remblais
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Transport optimal : Quelles applications concrètes et
financières pour ce vieux sujet ?
 

Le mathématicien Cédric Villani parle « d’un coup de neuf pour un très vieux problème » quand il évoque le transport optimal, en e"et, cette théorie a traversé les siècles

et ceci par le caractère très concret de ses applications mais également par la richesse des travaux apportés.

Ce sont des notions qui sont très intuitives : par exemple les diagrammes de Voronoï[1], qui correspondent entre autres choses à des formes prises par des taches sur le

pelage de certains animaux (girafes, léopards, etc..) sont connus de Descartes dès le 17 siècle.

Diagrammes de Voronoï sur le pelage d’un Léopard

Nous essaierons tout au long du présent article, de vulgariser des notions relatives au transport optimal, par des applications concrètes dont certaines en finance

quantitative.

Nous commencerons par citer le parcours de grands mathématiciens qui ont, à travers les siècles, confirmé le caractère central et pluridisciplinaire de ce très vieux

problème.

[1]Dans la littérature, les diagrammes de Voronoï sont des objets traités par la géométrie algébrique. Cependant ils sont très liés à la notion de transport optimal.

Quelques grands noms du transport Optimal

MONGE

Gaspard Monge – [1746 [Beaune] – 28 juillet 1818 [Paris]-  est reconnu, entre autres initiatives (création de l’école polytechnique, voyage en Egypte sous Napoléon…), pour

son apport conséquent à la géométrie di"érentielle, la combinatoire, le calcul des variations mais aussi la géométrie descriptive.

En 1781, il publie un article sur la théorie des déblais et des remblais qui s’articule sur la résolution de la problématique suivante : comment déplacer un tas de sable en

minimisant le coût du transport, c’est-à-dire le travail à fournir.

 

La notoriété de ce mémoire sera confortée notamment lorsque l’académie des sciences, en 1884, propose comme sujet de concours pour le prix Bordin, de reprendre

cette théorie concernant le transport optimal et de résoudre les cas particuliers associés.

Ci-dessous une illustration du problème de Monge[1].

KANTOROVITCH[2]

 

 

Leonid Kantorovitch – [19 Janvier 1912 [Saint-Pétersbourg] – 7Avril 1986 [Moscou]-  est un mathématicien et économiste soviétique (calcul scientifique, optimisation

linéaire, …). Prix Nobel d’économie, il est reconnu pour l’importance de ses travaux dans le domaine de l’économie mathématique. Il a par ailleurs développé la théorie du

transport optimale initiée par Monge.

En outre, il s’est intéressé à d’autres types de problèmes comme la bombe atomique ou l’évacuation de Leningrad prise à l’assaut par les Allemands.

Les travaux de Kantorovitch furent censurés par l’Etat Soviétique. Quelques années après son décès, la communauté scientifique se rend compte que les théories du

transport optimal développées par Kantorovitch révolutionnaient les mathématiques modernes par leurs larges spectres d’applications.

LES CONTEMPORAINS

 

En France, la théorie du transport optimal a connu un regain d’intérêt fin des années 80 avec les travaux de Y. Brenier qui s’inscrivent dans la continuité de ceux de Monge

& Kantorovitch. Notamment, Brenier montre un résultat fondamental prouvant l’existence et l’unicité d’un chemin de transport optimal qui correspond à un gradient de

fonction convexe. En particulier, la R&D de MPG-Partners utilise ce résultat de manière intensive, comme décrit dans la section « applications » de cet article. Cédric Villani,

médaille Fields 2010, est quant à lui connu pour l’application de cette théorie dans les di"usions des gaz (Boltzmann) ainsi qu’à la physique des plasmas.

 

Exemples concrets
Dans un problème de transport optimal, le premier concept est la fonction de coût de transport, choisie selon le cas que l’on traite, la contrainte étant que cette fonction

soit convexe. Nous définissons également la notion de plan de transfert, qui correspond à déplacer un objet. On peut mesurer le coût d’un plan de transfert par une

fonction que nous dénommons « fonction de coût ». Un problème de transport optimal revient alors à trouver le plan de transfert qui minimise le coût de transport.

Illustrons le propos :

 

DÉPLACEMENT D’OBJETS

Par exemple, considérons deux objets A et B placés l’un à côté de l’autre.  On souhaite tout simplement les déplacer de l’état initial dans deux cases, comme le montre le

schéma ci-dessous.

Pour ce problème de transport, il y a deux plans de transfert possibles : on peut, soit déplacer l’Objet 1 dans la case A, et l’Objet 2 dans la case B, soit l’inverse.

On peut se convaincre que, si le coût de transport est égal à la distance, alors les deux plans de transfert sont équivalents (le coût de transport est le même). Cependant,

si le coût de transport est le carré de la distance, alors il vaut mieux privilégier de petits déplacements (l’Objet 1 dans la case A, et l’Objet 2 dans la case B).

PROBLÉMATIQUES DISCRÈTES : DÉSERT ET OASIS, UNION SOVIÉTIQUE ET GOOGLE MAP

Imaginons N personnes dans le désert et N oasis, une oasis ne pouvant abreuver qu’une seule personne. On cherche alors à minimiser l’e"ort global à fournir (coût de

transport) de manière que chaque personne trouve son oasis.

Dans le problème de l’oasis, le coût de transport global est naturellement la somme des distances à parcourir de chaque personne vers son oasis, qui détermine l’e"ort à

fournir.  Par exemple pour N=4, voici un plan de transfert possible :

 

Dans ce diagramme, les boules en bleu peuvent représentent l’état initial des personnes. Les boules jaunes représentent les quatre états finaux, les oasis.  Cependant, il

existe d’autres interprétations possibles :

Remarquons que dans ce type de problème, le nombre de déplacement possibles ou plans de transfert est le nombre de permutations possibles entre les deux groupes

de boules, qui est N factorielle (N*(N-1) *…*2*1).  Cependant, pour résoudre ce type de problème, la complexité algorithmique (le nombre d’opérations à faire) est bien

inférieure, et est de l’ordre de   , N étant le nombre d’états (boules bleues)[3].

 

TRANSPORT OPTIMAL, PROBLÉMATIQUES CONTINUES

 

Imaginons un tas de sable (en jaune), que l’on cherche à déplacer de manière à faire une forme de même masse (en bleu). Ce problème, qui est l’objet du mémoire de

Gaspard Monge, peut se décrire comme la limite d’un des problèmes discrets présentés plus haut, lorsque le nombre d’états initiaux et finaux deviennent très grands (le

nombre N). Dans ce cas, la complexité du problème ( ) semble prohibitive pour espérer le résoudre numériquement.

Cependant, ces problèmes de transport optimaux continus peuvent se traiter d’une manière plus e#cace : notamment, le théorème de Yann Brenier cité plus haut

a#rme l’existence d’un schéma de transfert « optimal », pouvant déplacer ce tas de sable à moindre coût. D’autre part, ce chemin est décrit par l’équation de Monge-

Ampère.

Une conséquence notable de ce plan de transfert optimal est que deux grains de sable ayant des points de départ di"érents seront déplacés selon des chemins

(géodésiques) qui ne se croiseront pas.

  

DUALITÉ DE KANTOROVITCH

Dans ce paragraphe, nous expliquons les outils développés par Kantorovitch pour résoudre son problème de transfert décrit plus haut.

Rappelons que ce dernier devait organiser le convoi des productions des usines vers les troupes situées au front de l’est. La production des usines, et la consommation

des armées, sont représentées par des mesures positives, les quantités totales étant en adéquation (on suppose que la production sera consommée en son intégralité).

Le souci de Kantorovitch est de minimiser le coût dépensé en transport, connaissant précisément les « marginales » du même transport, i.e. la production et la

consommation. Nous sommes donc en présence d’un problème de Monge-Kantorovich.

L’idée de Kantorovitch est de sous-traiter le problème de transport, en payant un prix à l’embarquement de la production, et au débarquement, les prix variant bien sûr

du lieu d’embarquement et de débarquement. Kantorovitch y met une contrainte : que le prix d’embarquement et de débarquement de chaque marchandise reste

toujours inférieur au coût de transport de la marchandise. Cependant, le problème est maintenant sous-traité au convoyeur, qui cherche à maximiser son profit.

Kantorovitch démontre dans son principe de dualité que le profit maximal du convoyeur est égal au coût de transport optimal.

 

Application à la finance
 

On dénombre, pour la théorie du transport, un large spectre d’applications. Une poignée de Mathématiciens du laboratoire CMAP de l’Ecole Polytechnique se sont

intéressés[4] aux applications à la finance quantitative qui sont encore aujourd’hui assez peu nombreuses. Ainsi, des résultats en calibrations des modèles hybrides ont

pu être démontrés.

 

TRANSPORT OPTIMAL, ET VALORISATION DE PRODUITS FINANCIERS

 

La théorie du « Transport optimal martingale » utilise les fondamentaux de la théorie initiée par G.Monge  dans les mathématiques financières, et permet par exemple de

déterminer des limites de non arbitrage pour des options quelconques.

Par exemple considérons un produit financier très peu liquide, dépendant de sous-jacents (actions / taux / etc..), que nous devions valoriser pour des raisons comptables.

Supposons par ailleurs que nous disposons d’un ensemble de prix de marché sur ce sous-jacent, par exemple des prix de produits financiers très liquides (principalement

des options, swaptions, etc..).

Le premier problème auquel on fait face est de trouver une variable aléatoire modélisant les sous-jacents et respectant les prix de marché. Ce type de problème est

usuellement appelé le problème de la calibration. Or il existe une infinité de processus possibles respectant ces contraintes.

Dans ce contexte, il existe non pas un prix, mais tout un intervalle de prix possibles pour valoriser ce produit. A l’inverse, si ce produit est proposé à un prix hors de cet

intervalle, alors il existe une opportunité d’arbitrage, i.e. une stratégie qui permet de gagner en numéraire sans prendre de risques.

 

DUALITÉ DE KANTOROVITCH ET SUR-COUVERTURE DE PRODUITS FINANCIERS

 

Le principe de dualité de Kantorovitch a été appliqué par P.H. Labordère en finance quantitative, pour déterminer des couvertures dynamiques de produits dit exotiques

type Look-Back, qui sont des produits dont le payo" dépend de la performance entre deux temps   d’un sous-jacent (action / taux / etc…). On suppose que l’on

connaît exactement la distribution du sous-jacent aux deux temps en   et   . On appelle ces deux distributions des « marginales ».

Le problème est de déterminer une stratégie de couverture permettant d’annuler le risque porté par ce type de produits, sachant que l’institution dépositaire peut

acheter ou vendre des options sur le sous-jacent.

Le premier problème est similaire à la notion de calibration évoquée dans le paragraphe plus haut : connaissant la distribution d’un sous-jacent aux deux temps , il

existe une infinité de processus décrivant ce sous-jacent entre ces deux temps. Il existe donc un intervalle de prix possibles pour ce produit.

D’autre part, si l’on se donne une dynamique du sous-jacent sur tous les temps , cela détermine le prix de notre produit. Dans le formalisme du transport

optimal, déterminer le sous-jacent revient à déterminer la fonction de coût de transport mais également un plan de transfert entre les marginales en et   . Dans ce

contexte, le principe de dualité de Kantorovitch s’applique : on peut déterminer une couverture au temps et   , correspondant au coût optimal du transport, qui est

le prix de notre produit après avoir déterminé le sous-jacent.

Comme on l’a dit plus haut, il existe une infinité de dynamiques possibles pour le sous-jacent entre les temps et . Il existe donc également une infinité de

couvertures possibles. La « sur-couverture » (Superhedging) correspond à l’enveloppe de ces couvertures, et permet de ne subir aucun risque quelque soit le chemin de

transport, chaque chemin correspondant à un choix possible déterminant la dynamique du sous-jacent de notre produit entre les deux temps et   .

 

CODEFI : UN FRAMEWORK DE CALCUL DE RISQUES FINANCIERS BASÉ SUR LE TRANSPORT
OPTIMAL

 

Dans le cadre de l’activité de recherche et développement de la société MPG Partners, nous avons développé un outil de mesure des risques, que nous appelons CoDeFi,

qui utilise extensivement certains résultats du transport optimal. Nous exposons par la suite quelques résultats de recherche.

 

CODEFI : CARTE DE TRANSPORT

 

Carte de transport : Rappelons une conséquence du résultat de Y.  Brenier : pour deux mesures de probabilité, il existe une unique carte transportant une des mesures

dans l’autre et qui s’écrit sous la forme d’un gradient d’une fonction convexe. Cette carte correspond au transport optimal d’une mesure dans l’autre.

Nous utilisons très extensivement ce résultat : en mathématiques financières, les sous-jacents des produits financiers sont vus comme des processus stochastiques. Ils

possèdent donc une densité de probabilité, qui est une mesure des évènements futurs. Cependant il est très coûteux en termes de temps de calculs de simuler tous les

évènements possibles. Pour cela, on se ramène à l’espace d’évènements contenus dans le cube unité, en déterminant et calculant explicitement la carte transportant la

mesure uniforme du cube vers la mesure de densité du sous-jacent que nous étudions. Cela permet notamment de travailler sur des espaces d’évènements

équiprobables.

 

CODEFI : APPROXIMATION NUMÉRIQUE

 

Un problème très courant en analyse numérique est le calcul de l’intégrale d’une fonction. Ce problème est à la base de la célébrée méthode de Monte-Carlo, mais

apparaît dans de très nombreuses autres branches des mathématiques, notamment les équations aux dérivées partielles. Rappelons que l’erreur commise par la

méthode de Monte-Carlo s’écrit de la manière suivante : pour toutes fonctions , on a

Où  est la variance, et   sont des échantillons i.i.d. (indépendants et identiquement distribués) de la variable aléatoire de densité µ. On dit donc que la

méthode converge en   . La question se pose : existe-t-il des échantillons pour lesquels nous pouvons espérer une convergence plus rapide ? La réponse est oui, et nous

savons les calculer numériquement. En particulier, pour les fonctions classiquement utilisées en Finance (des sommes de calls et de puts), nous exhibons des taux de

convergence en   , c’est-à-dire quatre ordres de magnitude plus e#caces. Pour donner un exemple, calculer une intégrale en utilisant 100 de ces points est

aussi e#cace que les méthodes de Monte-Carlo classiques utilisant 100 millions de points. Ce résultat permet de réduire drastiquement les temps de calcul dans nos

algorithmes. Ce problème est un problème s’apparentant au transport optimal : il s’agit de trouver une distribution discrète approchant au mieux la densité de probabilité

continue d’une variable aléatoire.

 

 

Transport optimal : conclusions et perspectives
 

Comme nous avons pu le détailler dans les paragraphes précédents, la théorie du transport, lors des dernières décennies, s’est étendu aux mathématiques financières,

cependant les applications restent toutefois limitées par rapport à d’autres domaines (traitement de l’image, mathématiques fondamentales etc).

Le transport optimal, s’applique en outre aux problématiques d’optimisation et de programmation linéaires dont les applications revêtent aujourd’hui une importance

accrue.

Citons une autre application concrète : la théorie de l’économie urbaine, dans laquelle et grâce au transport optimal, il est possible de relier la structure de villes et de

métropoles et la compétitivité des entreprises s’y trouvant. Ainsi un équilibre s’établit entre la densité des habitants dans une zone donnée et la densité des emplois sur

cette même zone.

In fine, les applications très variées de ce très vieux problème, suscitent de plus en plus l’intérêt de nombreux chercheurs, les usages en mathématiques financières sont

récents et on ne peut que leur prédire un essor important au cours des prochaines années.

 

[1]Optimal transport Old and New. Cédric Villani

[2]Portrait de Kantorovitch par le peintre Vodkine en 1938.

[3]Cf par exemple Yann Brenier – https://interstices.info

[4] http://www.cmap.polytechnique.fr/~euroschoolmathfi12/lect1Part1.pdf
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déblais
remblais

Si les boules bleues représentent des usines soviétiques, les boules jaunes des divisions de l’armée rouge, et la distance exprimée étant celle donnée par l’état des routes de
Sibérie au front de l’est à l’automne 1941 pendant l’opération Barbarossa, il s’agit du problème posé par Staline à Kantorovitch.

◇

Si les boules bleues représentent des restaurants, représentées sous forme de points, les coordonnées étant données par la distance à l’utilisateur en abscisse, et de la notation
culinaire en ordonnée. Les boules jaunes servent de podium, élaboré à l’avance comme référence par les utilisateurs. Alors ce problème de transport permet de faire un choix
consensuel dans un groupe dans un contexte de choix multiples, car il permet d’ordonner sans équivoque.

◇

9 FonctiondeTransport
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ρ0(x) ρ1(x)

T is a transport of  to  iffρ0 ρ1

∀A ⊂ ℝd ∫x∈A
ρ1(x)dx = ∫x∈T−1(A)

ρ(x)dx

Det(∇T(x)) . ρ1(T(x)) = ρ0(x)



•  : cost of transporting unit mass from  to 


• Optimal transport = Monge distance


•                             


• Examples :


• Monge: 


• p-Wasserstein:        Wasserstein distance

C(x, y) ≥ 0 x y

d(ρ0, ρ1) = inf
{T transport} ∫ dx C(x, T(x)) ρ0(x)

C(x, y) = |x − y |

C(x, y) = |x − y |p



Assignment = Bipartite Matching Problem = Marriage Problem…..

Assignment = Permutation

Find permutation P which minimises cost 

Bakeries                                   Mills 
Factories                                  Mines 
Women                                     Men 
  …                                              … 
 

X

X
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X

X
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X
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Cij = transport cost from i to j
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C = inf
P2SN

 
NX

i=1

CiP (i)

!

<latexit sha1_base64="GErIKn0RI+EQg0OLIBIX4gS237w="></latexit>

N ⇥N positive matrix
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{N points

C.P. Bachas, 1985: pairing of defects Iines in crystals



The Hungarian Algorithm

• Published by Harold Kuhn in 1955


• Based on work by Hungarian mathematicians Dénes Kőnig and Jenő Egerváry in 
1931


• In fact (2006), solved by Jacobi and published posthumously in 1890 in latin


• IDEA: Shift row values / column values to get a “simpler” cost matrix


• Complexity is of order O(N3) : unpractical for large problems. Note that 
matching is NP-complete!


• Algorithm serial in nature and difficult to parallelize 
•

≥ 3−



• Finite temperature introduced in combinatorial optimisation (TSP) by 
Kirkpatrick in 1981, 1983 


• Statistical physics of the random assignment problem by Vannimenus and 
Mézard (1984) and HO (1985), Mézard and Parisi (1985): Quenched 
average over random cost function


• The study of disordered systems in the lab, was initiated by Cirano De 
Dominicis, who performed seminal work in the theory of Spin-Glasses. 
Followed at that time by Edouard Brézin, Claude Itzykson, Jean Zinn-
Justin, Bernard Derrida, Thomas Garel, Jean-Marc Luck…

Finite Temperature Assignment



Uij = e−βCij

Z = ∑
P∈𝒮N

e−β∑N
i=1] CiP(i)

Disordered Assignment

Take  as random quenched variables and introduce replicas. 

With no replica symmetry breaking, infinite number of order parameters.

One obtains an integral equation for an order parameter function  (MP, HO).

In the case of an exponential distribution for  , the ground state energy has

been calculated by Mézard and Parisi (1985):


                                                      


Cij

ϕ
Cij

E0/N =
π2

6



 Cost Matrix  N × N Cij

Assignment matrix Gij
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Do summation over the G

3

The corresponding Gibbs distribution represents the
probability of this system to exist in any specific state.
The most probable state is then the one with lowest en-
ergy. Hence, minimizing an energy function can be re-
formulated as the problem of finding the most probable
state of the system it defines. In the assignment problem
between two sets S1 and S2, the “system” is identified
with the di↵erent binary transport plans between S1 and
S2 that satisfy the marginal constraints 3a and 3b as well
as the constraint 3c. Those plans belong to the permu-
tation polytope which we denote as G. Each state in this
system is identified with a transport plan G 2 G, and its
corresponding energy U(G) is defined in equation 2. The
probability P (G) associated with a transport plan G is
defined as:

P (G) =
1

Z(�)
e��U(G) (4)

In this equation, � = 1/kBT where kB is the Boltzmann
constant and T the temperature, and Z(�) is the par-
tition function computed over all states of the system.
This partition function is given by

Z(�) = e��F(�) =

Z

G2G
e��U(G)dG (5)

where dG can be seen as the Lebesgue measure for the
space of transport plans G and F(�) is the free energy
of the system. This free energy is of limited practical
interest as it cannot be computed explicitly. We propose
a scheme for approximating it using the saddle point ap-
proximation.

Taking into account the constraints on the transport
plan G, the partition function can be written as
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The first sum imposes that the G(k, l) take values of
0 or 1 only. The constraints that there is only one 1
per line and only one 1 per column are imposed through
the delta functions. We use the Fourier representation of
those delta functions, thereby introducing new auxiliary
variables �(k) and µ(l), with (k, l) 2 {1, . . . , N}2. After
rearrangements, the partition function can be written as
(up to a multiplicative constant),
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Note that we have scaled the auxiliary variables � and µ
by a factor � for scale consistency with the energy term.

Performing the summations over the variables G(k, l), we
get,
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where F� is a functional, or e↵ective free energy defined
by:

F� (�,µ)= �
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Note that compared to the internal energy U defined in
Equation 2 that depends on N2 constrained binary vari-
ables G(k, l), the e↵ective free energy F� (�,µ) depends
on 2N unconstrained variables �(k) and µ(l). In the fol-
lowing we will show how finding the extremum of this
function allows us to solve the assignment problem.

B. Optimizing the e↵ective free energy

Let Ḡ(k, l) be the expectation value of G(k, l) with re-
spect to the Gibbs distribution given in equation 4. As
mentioned above, it is unfortunately not possible to com-
pute this value directly as the partition function defined
in (8) is not known analytically. Instead, we derive a sad-
dle point approximation (SPA) by looking for extrema of
the e↵ective free energy with respect to the variables �
and µ:

@F� (�,µ)

@�k
= 0 and

@F� (�,µ)

@µl
= 0 (10)

After some rearrangements, those two equations can be
written as

8k,
X

l

X(k, l) = 1 (11a)

8l,
X

k

X(k, l) = 1 (11b)

where,

X(k, l) = h [� (Ckl + i�(k) + iµ(l))] (12)

and

h(x) =
1

ex + 1
. (13)

We will prove that in the limit � ! 1 (or equivalently
T ! 0), the matrix X converges to the solution of the
assignment problem G⇤ (see above).
As is often the case, the saddle-point may be purely

imaginary. In the present case, one can easily see from
eq.(11) that the variables i�(k) and iµ(l) must be real
and in the following, we will replace {i�(k), iµ(l)} by

with
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Saddle-Point Approximation
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Change

3

The corresponding Gibbs distribution represents the
probability of this system to exist in any specific state.
The most probable state is then the one with lowest en-
ergy. Hence, minimizing an energy function can be re-
formulated as the problem of finding the most probable
state of the system it defines. In the assignment problem
between two sets S1 and S2, the “system” is identified
with the di↵erent binary transport plans between S1 and
S2 that satisfy the marginal constraints 3a and 3b as well
as the constraint 3c. Those plans belong to the permu-
tation polytope which we denote as G. Each state in this
system is identified with a transport plan G 2 G, and its
corresponding energy U(G) is defined in equation 2. The
probability P (G) associated with a transport plan G is
defined as:

P (G) =
1

Z(�)
e��U(G) (4)

In this equation, � = 1/kBT where kB is the Boltzmann
constant and T the temperature, and Z(�) is the par-
tition function computed over all states of the system.
This partition function is given by

Z(�) = e��F(�) =

Z

G2G
e��U(G)dG (5)

where dG can be seen as the Lebesgue measure for the
space of transport plans G and F(�) is the free energy
of the system. This free energy is of limited practical
interest as it cannot be computed explicitly. We propose
a scheme for approximating it using the saddle point ap-
proximation.

Taking into account the constraints on the transport
plan G, the partition function can be written as
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The first sum imposes that the G(k, l) take values of
0 or 1 only. The constraints that there is only one 1
per line and only one 1 per column are imposed through
the delta functions. We use the Fourier representation of
those delta functions, thereby introducing new auxiliary
variables �(k) and µ(l), with (k, l) 2 {1, . . . , N}2. After
rearrangements, the partition function can be written as
(up to a multiplicative constant),
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Note that we have scaled the auxiliary variables � and µ
by a factor � for scale consistency with the energy term.

Performing the summations over the variables G(k, l), we
get,

Z(�) =

Z +1
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dµle
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where F� is a functional, or e↵ective free energy defined
by:

F� (�,µ)= �
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Note that compared to the internal energy U defined in
Equation 2 that depends on N2 constrained binary vari-
ables G(k, l), the e↵ective free energy F� (�,µ) depends
on 2N unconstrained variables �(k) and µ(l). In the fol-
lowing we will show how finding the extremum of this
function allows us to solve the assignment problem.

B. Optimizing the e↵ective free energy

Let Ḡ(k, l) be the expectation value of G(k, l) with re-
spect to the Gibbs distribution given in equation 4. As
mentioned above, it is unfortunately not possible to com-
pute this value directly as the partition function defined
in (8) is not known analytically. Instead, we derive a sad-
dle point approximation (SPA) by looking for extrema of
the e↵ective free energy with respect to the variables �
and µ:

@F� (�,µ)

@�k
= 0 and

@F� (�,µ)

@µl
= 0 (10)

After some rearrangements, those two equations can be
written as

8k,
X

l

X(k, l) = 1 (11a)

8l,
X

k

X(k, l) = 1 (11b)

where,

X(k, l) = h [� (Ckl + i�(k) + iµ(l))] (12)

and

h(x) =
1

ex + 1
. (13)

We will prove that in the limit � ! 1 (or equivalently
T ! 0), the matrix X converges to the solution of the
assignment problem G⇤ (see above).
As is often the case, the saddle-point may be purely

imaginary. In the present case, one can easily see from
eq.(11) that the variables i�(k) and iµ(l) must be real
and in the following, we will replace {i�(k), iµ(l)} by

SP equations

X(k, l) = h [� (Ckl + �(k) + µ(l))]
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where

3

The corresponding Gibbs distribution represents the
probability of this system to exist in any specific state.
The most probable state is then the one with lowest en-
ergy. Hence, minimizing an energy function can be re-
formulated as the problem of finding the most probable
state of the system it defines. In the assignment problem
between two sets S1 and S2, the “system” is identified
with the di↵erent binary transport plans between S1 and
S2 that satisfy the marginal constraints 3a and 3b as well
as the constraint 3c. Those plans belong to the permu-
tation polytope which we denote as G. Each state in this
system is identified with a transport plan G 2 G, and its
corresponding energy U(G) is defined in equation 2. The
probability P (G) associated with a transport plan G is
defined as:

P (G) =
1

Z(�)
e��U(G) (4)

In this equation, � = 1/kBT where kB is the Boltzmann
constant and T the temperature, and Z(�) is the par-
tition function computed over all states of the system.
This partition function is given by

Z(�) = e��F(�) =

Z

G2G
e��U(G)dG (5)

where dG can be seen as the Lebesgue measure for the
space of transport plans G and F(�) is the free energy
of the system. This free energy is of limited practical
interest as it cannot be computed explicitly. We propose
a scheme for approximating it using the saddle point ap-
proximation.

Taking into account the constraints on the transport
plan G, the partition function can be written as
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The first sum imposes that the G(k, l) take values of
0 or 1 only. The constraints that there is only one 1
per line and only one 1 per column are imposed through
the delta functions. We use the Fourier representation of
those delta functions, thereby introducing new auxiliary
variables �(k) and µ(l), with (k, l) 2 {1, . . . , N}2. After
rearrangements, the partition function can be written as
(up to a multiplicative constant),
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Note that we have scaled the auxiliary variables � and µ
by a factor � for scale consistency with the energy term.

Performing the summations over the variables G(k, l), we
get,
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Note that compared to the internal energy U defined in
Equation 2 that depends on N2 constrained binary vari-
ables G(k, l), the e↵ective free energy F� (�,µ) depends
on 2N unconstrained variables �(k) and µ(l). In the fol-
lowing we will show how finding the extremum of this
function allows us to solve the assignment problem.

B. Optimizing the e↵ective free energy

Let Ḡ(k, l) be the expectation value of G(k, l) with re-
spect to the Gibbs distribution given in equation 4. As
mentioned above, it is unfortunately not possible to com-
pute this value directly as the partition function defined
in (8) is not known analytically. Instead, we derive a sad-
dle point approximation (SPA) by looking for extrema of
the e↵ective free energy with respect to the variables �
and µ:
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= 0 and
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After some rearrangements, those two equations can be
written as
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where,
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and
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We will prove that in the limit � ! 1 (or equivalently
T ! 0), the matrix X converges to the solution of the
assignment problem G⇤ (see above).
As is often the case, the saddle-point may be purely

imaginary. In the present case, one can easily see from
eq.(11) that the variables i�(k) and iµ(l) must be real
and in the following, we will replace {i�(k), iµ(l)} by

Thermal average of GX(k, l) = Ḡ(k, l)

3

The corresponding Gibbs distribution represents the
probability of this system to exist in any specific state.
The most probable state is then the one with lowest en-
ergy. Hence, minimizing an energy function can be re-
formulated as the problem of finding the most probable
state of the system it defines. In the assignment problem
between two sets S1 and S2, the “system” is identified
with the di↵erent binary transport plans between S1 and
S2 that satisfy the marginal constraints 3a and 3b as well
as the constraint 3c. Those plans belong to the permu-
tation polytope which we denote as G. Each state in this
system is identified with a transport plan G 2 G, and its
corresponding energy U(G) is defined in equation 2. The
probability P (G) associated with a transport plan G is
defined as:

P (G) =
1

Z(�)
e��U(G) (4)

In this equation, � = 1/kBT where kB is the Boltzmann
constant and T the temperature, and Z(�) is the par-
tition function computed over all states of the system.
This partition function is given by

Z(�) = e��F(�) =

Z

G2G
e��U(G)dG (5)

where dG can be seen as the Lebesgue measure for the
space of transport plans G and F(�) is the free energy
of the system. This free energy is of limited practical
interest as it cannot be computed explicitly. We propose
a scheme for approximating it using the saddle point ap-
proximation.

Taking into account the constraints on the transport
plan G, the partition function can be written as
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The first sum imposes that the G(k, l) take values of
0 or 1 only. The constraints that there is only one 1
per line and only one 1 per column are imposed through
the delta functions. We use the Fourier representation of
those delta functions, thereby introducing new auxiliary
variables �(k) and µ(l), with (k, l) 2 {1, . . . , N}2. After
rearrangements, the partition function can be written as
(up to a multiplicative constant),
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Note that we have scaled the auxiliary variables � and µ
by a factor � for scale consistency with the energy term.
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F� (�,µ)= �
 
X

k

i�(k) +
X

l

iµ(l)

!

� 1

�

X

kl

ln
h
1 + e��(C(k,l)+i�(k)+iµ(l))

i
(9)

Note that compared to the internal energy U defined in
Equation 2 that depends on N2 constrained binary vari-
ables G(k, l), the e↵ective free energy F� (�,µ) depends
on 2N unconstrained variables �(k) and µ(l). In the fol-
lowing we will show how finding the extremum of this
function allows us to solve the assignment problem.

B. Optimizing the e↵ective free energy

Let Ḡ(k, l) be the expectation value of G(k, l) with re-
spect to the Gibbs distribution given in equation 4. As
mentioned above, it is unfortunately not possible to com-
pute this value directly as the partition function defined
in (8) is not known analytically. Instead, we derive a sad-
dle point approximation (SPA) by looking for extrema of
the e↵ective free energy with respect to the variables �
and µ:

@F� (�,µ)

@�k
= 0 and

@F� (�,µ)

@µl
= 0 (10)

After some rearrangements, those two equations can be
written as

8k,
X

l

X(k, l) = 1 (11a)

8l,
X

k

X(k, l) = 1 (11b)

where,

X(k, l) = h [� (Ckl + i�(k) + iµ(l))] (12)

and

h(x) =
1

ex + 1
. (13)

We will prove that in the limit � ! 1 (or equivalently
T ! 0), the matrix X converges to the solution of the
assignment problem G⇤ (see above).
As is often the case, the saddle-point may be purely

imaginary. In the present case, one can easily see from
eq.(11) that the variables i�(k) and iµ(l) must be real
and in the following, we will replace {i�(k), iµ(l)} by

Set of  non-linear equations with  variables2N 2N}
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Saddle point is pure imaginary

Define



• The Hessian of  is negative, except for one trivial zero mode                 
maximum is unique


• Free energy                 Internal energy           as a function of   


•

F

F U T

Some properties of the SP

S = �
X

kl

(X(k, l) lnX(k, l) + (1�X(k, l)) ln(1�X(k, l)))
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At zero temperature, the SP free and internal energy converge to exact solutions

F = U � TS
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U =
X

kl

C(k, l)X(k, l)
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U⇤ = lim
�!+1

U(�)
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F ⇤ = lim
�!+1

F (�)
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• Solve equations by Newton-Raphson.  Very efficient.


• Start at high temperature and decrease temperature: annealing procedure. 
When do we stop?


• When  decreases to zero, one may reach solutions where the  do 
not converge to 0 or 1: problem is degenerate.  

• If the problem is degenerate, the entropy does not vanish at . 

• In that case, how to obtain the optimal assignment?

T X(k, l)

T = 0



• Theorem: if the problem is degenerate, there are ground state solutions with integer  
with same total cost as the fractional solution (Gartner and Matousek, 2006).


• If  is the gap between the optimal solution and the second best solution, the optimal solution 
of the assignment problem with cost function


• The randomized original problem is non degenerate.


• If all entries of  are scaled to be integer, then   and it is sufficient to have 

•

G*(k, l)

Δ

C(k, l) Δ ≥ 1

Solving Degenerate Assignment Problems

C 0(k, l) = C(k, l) + ↵⇥ random(k, l)
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with ↵ <
�

2N
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α <
1

2N

has the same optimal assignment as the original  cost C(k, l)

∈ [0,1]



When to stop the  annealing?
• If the problem is non-degenerate, at low enough temperature, the matrix 

 becomes row-dominant: each row contains one and only one 
element   (since )


• Theorem: At that point, one can stop and replace in each row the 
dominant  by 1 and all others by 0. This is the ground state 
assignment 


• If the problem is degenerate, make it first non-degenerate by adding the 
proper random noise then use above theorem.

X(k, l)
> 1/2 ∑

k,l

X(k, l) = 1

X(k, l)
G*(k, l)



Implementation

• Apparent computational complexity is  compared to  for 
Hungarian algorithm.


• Can be parallelised and run on GPU.


• Storage space required . Limit of N=30000 on GPU.

O(N2) O(N3)

O(N2)
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For  N = 4000, computational times  (in seconds):
              Hungarian sequential            Hungarian CUDA           Hungarian NVIDIA                   UMAtching
                      460000                               21590                            2638                                    2.40 
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FIG. 6. CPU time for solving pathological assignment problems. We compare the computing times of the Hungarian
algorithm (black) with the computing times of two versions of our Matching algorithm, one running on an 8-core CPU (blue)
and one running on GPU (red), when those algorithms are applied to two types of cost matrices, random real matrices whose
elements are drawn from a standard Cauchy distribution (left panel), and random integer matrices whose elements are drawn
uniformly from the interval [0, 10]. The mean computing times (clock time) over five independent calculations are plotted
against the sizes of the cost matrices. The dashed lines represent quadratic polynomial fits to the means. Technical details are
provided in the caption of figure 3.

puter with a 4.0 GHz Intel I7 processor, with 64 GB of
memory. The computing times are plotted against N in
Figure 5A. With the exceptions of small problem sizes,
Matching and IHA are found to be faster than Sinkhorn,
with Matching becoming faster as the problem size in-
creases. We have assigned this di↵erence to the fact that
Sinkhorn is known to slow down significantly for very
small ✏ values, despite the log-stabilization and ✏ scaling,
as illustrated in Figure 5B. Matching and our implemen-
tation of IHA use the same strategy of solving the non
linear system of equations to find the saddle point with
an iterative Newton’s approach. We have tried a steep-
est descent approach as well as a rewriting of IHA using
s Sinkhorn iterative scheme, as proposed in [12] ), but
found that those implementations were slower than the
Newton’s approach described here. Matching is faster
than IHA for large values of N ; we believe that this is
a consequence of the modified free energy functional we
have introduced. This will be discussed below.

D. Solving pathological assignment problems

All the numerical experiments presented above relate
to assignment problems with random cost matrices drawn
from exponential distributions. To further analyze the
behavior and e�ciency of our approach, we repeated our
analyses on two other types of cost matrices, namely real
matrices whose elements are drawn from the Cauchy dis-
tribution, and integer matrices whose elements are drawn
uniformly from a given interval.

The standard Cauchy distribution is defined with the
probability distribution

f(x) =
1

⇡(1 + x2)

It is a canonical example of a “pathological” distribu-
tion since both its expected value and its variance are
undefined. We ran simulations on random cost matrices
whose elements are drawn from this standard Cauchy dis-
tribution. Those matrices vary in sizes between 50 ⇥ 50
and 10, 000 ⇥ 10, 000. We ran five independent simu-
lations for each size. To our knowledge, there are no
known theoretical results on the expected values of the
optimal cost for the assignment problems associated to
those cost matrices. For each experiment, we have then
verified that we obtained the correct optimal assignment
cost by running in parallel the Hungarian algorithm. We
note that for all those experiments, the Hungarian and
our algorithm not only found the same optimal cost but
also the same assignment, hinting that these assignment
problems have a unique solution. The computing times
for the Hungarian algorithm and for the two versions of
Matching (i.e. CPU-based and GPU-based), averaged
over 5 independent simulations, are plotted against the
size N of the assignment problem in Figure 6, left panel.
Much akin to the simulations based on random cost ma-
trices derived from exponential distributions, we observe
that Matching provides a significant speed improvement
compared to the Hungarian algorithm. This improve-
ment is a consequence of the fact that Matching benefits
from parallelization (see above): the di↵erence between
applications of the Hungarian algorithm and of the GPU-

 integer in C(k, l) {0,1,..,10}

Test with i.i.d. random costs
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Kantorovitch formulation: breaking the stones
 is a transport plan from  to   iffP(x, y) ρ0 ρ1

∫ dyP(x, y) = ρ0(x)

∫ dxP(x, y) = ρ1(y)

Cost function C(x, y) ≥ 0

{
d(ρ0, ρ1) = inf

P ∈ transport ∫ dx∫ dyC(x, y)P(x, y) Identical to Monge distance

Monge-Kantorovitch distance

dp(ρ0, ρ1) = inf
P ∈ transport ∫ dx∫ dy |x − y |p P(x, y) Wasserstein distance



Optimal Transport
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{ pointsN1  pointsN2} Total output of  i = m1(i)

Total input of j = m2( j)

Cij = transport cost from i to j
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 matricesN1 × N2

Gij ∈ [0,1] = transport plan

Find the best transport plan to minimise 𝒞 = ∑
ij

CijGij

Balancing input and output

∀i, ∑
j

Gij = m1(i)

∀j, ∑
i

Gij = m2( j)

∑
i

m1(i) = ∑
j

m2( j)



 Cost Matrix  N × N Cij

Transport plan Gij
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with{
Cost Function E =

X

i,j

CijGij
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Optimal Transport at Finite Temperature

explicitly. We propose a scheme for approximating the free
energy using the saddle point approximation.
Taking into account the constraints defined in Eq. (2), the
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We use the Fourier representation of the delta functions,
thereby introducing new auxiliary variables λk and μl, with
k ∈ f1;…; N1g and l ∈ f1;…; N2g, respectively. The
partition function can then be written as (up to a multipli-
cative constant)
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Performing the integration over the variables Gkl, we get,
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Let Ḡkl be the expected value of Gkl with respect to the
Gibbs distribution given in Eq. (4). As mentioned above, it
is unfortunately not possible to compute these expected
values directly as the partition function defined in (8) is not
known analytically. Instead, we derive a saddle point
approximation (SPA) by looking for extrema of the
effective free energy with respect to the variables λ and μ:

∂F effðβ; iλ; iμÞ
∂λk ¼ 0 and

∂F effðβ; iλ; iμÞ
∂μl ¼ 0: ð10Þ

After some rearrangements, those two equations can be
written as

∀ k;
X

l

Ḡkl ¼ m1ðkÞ; ð11aÞ

∀ l;
X

k

Ḡkl ¼ m2ðlÞ; ð11bÞ

where

Ḡkl ¼ ϕ½βðCkl þ iλk þ iμlÞ& ð12Þ

and

ϕðxÞ ¼ e−x

e−x − 1
þ 1

x
: ð13Þ

As is often the case, the saddle point may be purely
imaginary. In the present case, one can easily see from
Eq. (11) that the variables iλk and iμl must be real and in the
following, we will replace fiλk; iμlg by fλk; μlg. We
observe also that Eqs. (9), (11), and (12) are invariant
under the translation fλk þ K; μl − Kg where K is an
arbitrary constant. This translational degree of freedom
leaves the free energy Feff unchanged.
To analyze the SPA, we need to check the existence and

assess the unicity of the critical points of the free energy. In
the companion paper [15], we have shown that the Hessian
of Feffðβ; λ; μÞ is negative semidefinite with ðN1 þ N2 − 1Þ
strictly negative eigenvalues and one zero eigenvalue.
Furthermore, the eigenvector corresponding to the zero
eigenvalue is ð1;…; 1;−1;…: − 1Þ (with N1 1s, and
N2 − 1s), and thus corresponds to the constant translation
invariance of this free energy. Setting one of the parameters
λk or μk to zero, the free energy function on this restricted
parameter space is strictly concave.
For a given value of β, the expected values Ḡkl form a

transport plan Gopt between S1 and S2 that is optimal with
respect to the effective free energy. We can associate to this
transport plan an optimum mean field energy UMF

β ðGoptÞ.
This energy satisfies some important properties. Namely,
for all β > 0 and cost metric matrix C, dβðS1; S2Þ ¼
UMF

β ðGoptÞ is a temperature dependent pseudodistance
between S1 and S2 that satisfies the symmetry and
triangular inequality properties of a metric [it is not a true
distance as dβðS1; S1Þ > 0 for β finite]. Furthermore,
dβðS1; S2Þ is a monotonic decreasing function of the
parameter β that converges to the transport distance
WðS1; S2Þ. The validity of those two assertions is proved
in [15].
The properties of the free energy functional and of the

optimized mean field energy of the system highlight a
number of advantages of the proposed framework. First, at
each temperature the OT problem is turned into a strongly
concave problem with a unique solution. This problem has
a linear complexity in the number of variables. The
concavity allows for the use of simple algorithms for
finding a maximum of the free energy functional
[Eq. (9)]. We have used an iterative Newton method to
solve those equations. In the companion paper [15], we
have shown that these equations can be solved with a time
complexity of Oðn2Þ, thereby making this approach com-
petitive with the entropy regularized OT method. We note
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Let Ḡkl be the expected value of Gkl with respect to the
Gibbs distribution given in Eq. (4). As mentioned above, it
is unfortunately not possible to compute these expected
values directly as the partition function defined in (8) is not
known analytically. Instead, we derive a saddle point
approximation (SPA) by looking for extrema of the
effective free energy with respect to the variables λ and μ:
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As is often the case, the saddle point may be purely
imaginary. In the present case, one can easily see from
Eq. (11) that the variables iλk and iμl must be real and in the
following, we will replace fiλk; iμlg by fλk; μlg. We
observe also that Eqs. (9), (11), and (12) are invariant
under the translation fλk þ K; μl − Kg where K is an
arbitrary constant. This translational degree of freedom
leaves the free energy Feff unchanged.
To analyze the SPA, we need to check the existence and

assess the unicity of the critical points of the free energy. In
the companion paper [15], we have shown that the Hessian
of Feffðβ; λ; μÞ is negative semidefinite with ðN1 þ N2 − 1Þ
strictly negative eigenvalues and one zero eigenvalue.
Furthermore, the eigenvector corresponding to the zero
eigenvalue is ð1;…; 1;−1;…: − 1Þ (with N1 1s, and
N2 − 1s), and thus corresponds to the constant translation
invariance of this free energy. Setting one of the parameters
λk or μk to zero, the free energy function on this restricted
parameter space is strictly concave.
For a given value of β, the expected values Ḡkl form a

transport plan Gopt between S1 and S2 that is optimal with
respect to the effective free energy. We can associate to this
transport plan an optimum mean field energy UMF

β ðGoptÞ.
This energy satisfies some important properties. Namely,
for all β > 0 and cost metric matrix C, dβðS1; S2Þ ¼
UMF

β ðGoptÞ is a temperature dependent pseudodistance
between S1 and S2 that satisfies the symmetry and
triangular inequality properties of a metric [it is not a true
distance as dβðS1; S1Þ > 0 for β finite]. Furthermore,
dβðS1; S2Þ is a monotonic decreasing function of the
parameter β that converges to the transport distance
WðS1; S2Þ. The validity of those two assertions is proved
in [15].
The properties of the free energy functional and of the

optimized mean field energy of the system highlight a
number of advantages of the proposed framework. First, at
each temperature the OT problem is turned into a strongly
concave problem with a unique solution. This problem has
a linear complexity in the number of variables. The
concavity allows for the use of simple algorithms for
finding a maximum of the free energy functional
[Eq. (9)]. We have used an iterative Newton method to
solve those equations. In the companion paper [15], we
have shown that these equations can be solved with a time
complexity of Oðn2Þ, thereby making this approach com-
petitive with the entropy regularized OT method. We note
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Let Ḡkl be the expected value of Gkl with respect to the
Gibbs distribution given in Eq. (4). As mentioned above, it
is unfortunately not possible to compute these expected
values directly as the partition function defined in (8) is not
known analytically. Instead, we derive a saddle point
approximation (SPA) by looking for extrema of the
effective free energy with respect to the variables λ and μ:
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∂λk ¼ 0 and
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As is often the case, the saddle point may be purely
imaginary. In the present case, one can easily see from
Eq. (11) that the variables iλk and iμl must be real and in the
following, we will replace fiλk; iμlg by fλk; μlg. We
observe also that Eqs. (9), (11), and (12) are invariant
under the translation fλk þ K; μl − Kg where K is an
arbitrary constant. This translational degree of freedom
leaves the free energy Feff unchanged.
To analyze the SPA, we need to check the existence and

assess the unicity of the critical points of the free energy. In
the companion paper [15], we have shown that the Hessian
of Feffðβ; λ; μÞ is negative semidefinite with ðN1 þ N2 − 1Þ
strictly negative eigenvalues and one zero eigenvalue.
Furthermore, the eigenvector corresponding to the zero
eigenvalue is ð1;…; 1;−1;…: − 1Þ (with N1 1s, and
N2 − 1s), and thus corresponds to the constant translation
invariance of this free energy. Setting one of the parameters
λk or μk to zero, the free energy function on this restricted
parameter space is strictly concave.
For a given value of β, the expected values Ḡkl form a

transport plan Gopt between S1 and S2 that is optimal with
respect to the effective free energy. We can associate to this
transport plan an optimum mean field energy UMF

β ðGoptÞ.
This energy satisfies some important properties. Namely,
for all β > 0 and cost metric matrix C, dβðS1; S2Þ ¼
UMF

β ðGoptÞ is a temperature dependent pseudodistance
between S1 and S2 that satisfies the symmetry and
triangular inequality properties of a metric [it is not a true
distance as dβðS1; S1Þ > 0 for β finite]. Furthermore,
dβðS1; S2Þ is a monotonic decreasing function of the
parameter β that converges to the transport distance
WðS1; S2Þ. The validity of those two assertions is proved
in [15].
The properties of the free energy functional and of the

optimized mean field energy of the system highlight a
number of advantages of the proposed framework. First, at
each temperature the OT problem is turned into a strongly
concave problem with a unique solution. This problem has
a linear complexity in the number of variables. The
concavity allows for the use of simple algorithms for
finding a maximum of the free energy functional
[Eq. (9)]. We have used an iterative Newton method to
solve those equations. In the companion paper [15], we
have shown that these equations can be solved with a time
complexity of Oðn2Þ, thereby making this approach com-
petitive with the entropy regularized OT method. We note
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Let Ḡkl be the expected value of Gkl with respect to the
Gibbs distribution given in Eq. (4). As mentioned above, it
is unfortunately not possible to compute these expected
values directly as the partition function defined in (8) is not
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observe also that Eqs. (9), (11), and (12) are invariant
under the translation fλk þ K; μl − Kg where K is an
arbitrary constant. This translational degree of freedom
leaves the free energy Feff unchanged.
To analyze the SPA, we need to check the existence and

assess the unicity of the critical points of the free energy. In
the companion paper [15], we have shown that the Hessian
of Feffðβ; λ; μÞ is negative semidefinite with ðN1 þ N2 − 1Þ
strictly negative eigenvalues and one zero eigenvalue.
Furthermore, the eigenvector corresponding to the zero
eigenvalue is ð1;…; 1;−1;…: − 1Þ (with N1 1s, and
N2 − 1s), and thus corresponds to the constant translation
invariance of this free energy. Setting one of the parameters
λk or μk to zero, the free energy function on this restricted
parameter space is strictly concave.
For a given value of β, the expected values Ḡkl form a

transport plan Gopt between S1 and S2 that is optimal with
respect to the effective free energy. We can associate to this
transport plan an optimum mean field energy UMF

β ðGoptÞ.
This energy satisfies some important properties. Namely,
for all β > 0 and cost metric matrix C, dβðS1; S2Þ ¼
UMF

β ðGoptÞ is a temperature dependent pseudodistance
between S1 and S2 that satisfies the symmetry and
triangular inequality properties of a metric [it is not a true
distance as dβðS1; S1Þ > 0 for β finite]. Furthermore,
dβðS1; S2Þ is a monotonic decreasing function of the
parameter β that converges to the transport distance
WðS1; S2Þ. The validity of those two assertions is proved
in [15].
The properties of the free energy functional and of the

optimized mean field energy of the system highlight a
number of advantages of the proposed framework. First, at
each temperature the OT problem is turned into a strongly
concave problem with a unique solution. This problem has
a linear complexity in the number of variables. The
concavity allows for the use of simple algorithms for
finding a maximum of the free energy functional
[Eq. (9)]. We have used an iterative Newton method to
solve those equations. In the companion paper [15], we
have shown that these equations can be solved with a time
complexity of Oðn2Þ, thereby making this approach com-
petitive with the entropy regularized OT method. We note
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We use the Fourier representation of the delta functions,
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cative constant)

Z¼
Z Y

k

dλk

Z Y

l

dμl

Z
1

0

Y

k;l

dGkl

×e
−β
P

k;l
GklðCklþiλkþiμlÞþβ

#P
k
iλkm1ðkÞþ

P
l
iμlm2ðlÞ

$
:

ð7Þ
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Let Ḡkl be the expected value of Gkl with respect to the
Gibbs distribution given in Eq. (4). As mentioned above, it
is unfortunately not possible to compute these expected
values directly as the partition function defined in (8) is not
known analytically. Instead, we derive a saddle point
approximation (SPA) by looking for extrema of the
effective free energy with respect to the variables λ and μ:

∂F effðβ; iλ; iμÞ
∂λk ¼ 0 and

∂F effðβ; iλ; iμÞ
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As is often the case, the saddle point may be purely
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following, we will replace fiλk; iμlg by fλk; μlg. We
observe also that Eqs. (9), (11), and (12) are invariant
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N2 − 1s), and thus corresponds to the constant translation
invariance of this free energy. Setting one of the parameters
λk or μk to zero, the free energy function on this restricted
parameter space is strictly concave.
For a given value of β, the expected values Ḡkl form a

transport plan Gopt between S1 and S2 that is optimal with
respect to the effective free energy. We can associate to this
transport plan an optimum mean field energy UMF

β ðGoptÞ.
This energy satisfies some important properties. Namely,
for all β > 0 and cost metric matrix C, dβðS1; S2Þ ¼
UMF

β ðGoptÞ is a temperature dependent pseudodistance
between S1 and S2 that satisfies the symmetry and
triangular inequality properties of a metric [it is not a true
distance as dβðS1; S1Þ > 0 for β finite]. Furthermore,
dβðS1; S2Þ is a monotonic decreasing function of the
parameter β that converges to the transport distance
WðS1; S2Þ. The validity of those two assertions is proved
in [15].
The properties of the free energy functional and of the

optimized mean field energy of the system highlight a
number of advantages of the proposed framework. First, at
each temperature the OT problem is turned into a strongly
concave problem with a unique solution. This problem has
a linear complexity in the number of variables. The
concavity allows for the use of simple algorithms for
finding a maximum of the free energy functional
[Eq. (9)]. We have used an iterative Newton method to
solve those equations. In the companion paper [15], we
have shown that these equations can be solved with a time
complexity of Oðn2Þ, thereby making this approach com-
petitive with the entropy regularized OT method. We note
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Let Ḡkl be the expected value of Gkl with respect to the
Gibbs distribution given in Eq. (4). As mentioned above, it
is unfortunately not possible to compute these expected
values directly as the partition function defined in (8) is not
known analytically. Instead, we derive a saddle point
approximation (SPA) by looking for extrema of the
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Ḡkl ¼ ϕ½βðCkl þ iλk þ iμlÞ& ð12Þ

and

ϕðxÞ ¼ e−x

e−x − 1
þ 1

x
: ð13Þ

As is often the case, the saddle point may be purely
imaginary. In the present case, one can easily see from
Eq. (11) that the variables iλk and iμl must be real and in the
following, we will replace fiλk; iμlg by fλk; μlg. We
observe also that Eqs. (9), (11), and (12) are invariant
under the translation fλk þ K; μl − Kg where K is an
arbitrary constant. This translational degree of freedom
leaves the free energy Feff unchanged.
To analyze the SPA, we need to check the existence and

assess the unicity of the critical points of the free energy. In
the companion paper [15], we have shown that the Hessian
of Feffðβ; λ; μÞ is negative semidefinite with ðN1 þ N2 − 1Þ
strictly negative eigenvalues and one zero eigenvalue.
Furthermore, the eigenvector corresponding to the zero
eigenvalue is ð1;…; 1;−1;…: − 1Þ (with N1 1s, and
N2 − 1s), and thus corresponds to the constant translation
invariance of this free energy. Setting one of the parameters
λk or μk to zero, the free energy function on this restricted
parameter space is strictly concave.
For a given value of β, the expected values Ḡkl form a

transport plan Gopt between S1 and S2 that is optimal with
respect to the effective free energy. We can associate to this
transport plan an optimum mean field energy UMF

β ðGoptÞ.
This energy satisfies some important properties. Namely,
for all β > 0 and cost metric matrix C, dβðS1; S2Þ ¼
UMF

β ðGoptÞ is a temperature dependent pseudodistance
between S1 and S2 that satisfies the symmetry and
triangular inequality properties of a metric [it is not a true
distance as dβðS1; S1Þ > 0 for β finite]. Furthermore,
dβðS1; S2Þ is a monotonic decreasing function of the
parameter β that converges to the transport distance
WðS1; S2Þ. The validity of those two assertions is proved
in [15].
The properties of the free energy functional and of the

optimized mean field energy of the system highlight a
number of advantages of the proposed framework. First, at
each temperature the OT problem is turned into a strongly
concave problem with a unique solution. This problem has
a linear complexity in the number of variables. The
concavity allows for the use of simple algorithms for
finding a maximum of the free energy functional
[Eq. (9)]. We have used an iterative Newton method to
solve those equations. In the companion paper [15], we
have shown that these equations can be solved with a time
complexity of Oðn2Þ, thereby making this approach com-
petitive with the entropy regularized OT method. We note
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we conclude that

dF MF (β )
dβ

! 0, (E8)

namely that F MF (β ) is a monotonically decreasing function of
β. In addition, we note that F MF (β ) is the mean field approx-
imation of the true free energy Fβ and that this approximation
becomes exact when β tends to ∞. Therefore,

lim
β→∞

F MF (β ) = lim
β→∞

F (β ) = d (S1, S2), (E9)

where d (S1, S2) is the traditional optimal transport distance
between the two sets of points S1 and S2.

Let

Uβ (λ,µ) =
∑

kl

CklGβ (k, l ) (E10)

and the corresponding mean field approximation of the inter-
nal energy at the saddle point

U MF (β ) =
∑

kl

CklG
opt
β (k, l ). (E11)

Before computing dU MF (β )
dβ

, let us first notice that by replacing
Eq. (E2) into (E6), we get

β
dF MF (β )

dβ
= −F MF (β ) −

∑

k

λ(k)m1(k) −
∑

l

µlm2(l )

+
∑

kl

xklφ(βxkl ). (E12)

F MF is the value of the free energy at the saddle point of the
free energy functional and is associated with a transport plan
Gopt

β that satisfies Eqs. (27). Therefore,

β
dF MF (β )

dβ
= −F MF (β ) −

∑

kl

λ(k)Gopt
β (k, l )

−
∑
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µlG
opt
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∑
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xkl G
opt
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Therefore,

β
dF MF (β )

dβ
= −F MF (β ) −

∑

kl

[xkl − λ(k) − µ(l )]Gopt
β (k, l )

= −F MF (β ) +
∑

kl

C(k, l )Gopt
β (k, l )

= −F MF (β ) + U MF (β ). (E14)

Note that this equation can be rewritten as

U MF (β ) = F MF (β ) + β
dF MF (β )

dβ

= d (βF MF (β ))
dβ

; (E15)

i.e., it extends the relationship (B1) known between the true
free energy and the average energy to their mean field coun-
terparts.

Based on the chain rule,
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∂β

+
∑

k

∂Uβ (λ,µ)
∂λ(k)

∂λ(k)
∂β

+
∑

l

∂Uβ (λ,µ)
∂µ(l )

∂µ(l )
∂β

. (E16)

Let us compute all partial derivatives in this equation:
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where the zero is a consequence of the SPA constraints.
Similarly,
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= 0. (E18)

013310-16



Implementation
• Hessian of  is positive, with a trivial 0-mode (set one  or  to 0) so 

effective free energy is concave


• Solve by Newton-Raphson using a temperature annealing scheme T      0 


• Free energy and internal energy are decreasing functions of  and 
converge to the optimal plan at 0 temperature


• Triangular inequality for the internal energy: 3 ensembles  
points, with

ℱeff λ μ

β

N1, N2, N3
∀(k, l)∀j, C13(k, l) ≤ C12(k, j) + C23( j, l)

U13 ≤ U12 + U23 at any temperature



Application - Computer Vision

Flip a coin - correct 50% of the time    
Software fifteen years ago - not much better   
Today - 99%



Dog or Muffin? Still a challenge

Application - Computer Vision



Puppy or Bagel? 

Application - Computer Vision



Application - Computer Vision

Pain au chocolat or Sloth ?



Comparing images: the Jaffe Dataset
The database contains 213 images of 7 facial expressions (6 basic facial expressions + 1 
neutral) posed by 10 Japanese female models.



Comparing images: the Jaffe Dataset
Comparing two images I1 and I2:

a) Detect keypoints:

b) Assign mass: 1/N

c) Assign cost matrix

- Each keypoint is characterized by a vector F of 64 “features”: SURF
- For keypoint i of image 1 and j of image 2, C(i, j) = | |F(i) − F( j) | |

d) Compute distance: 
d(I1, I2) = UMF

β (I1, I2)



Comparing images: the Jaffe Dataset
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Comparing 3D shapes with OT
SPOT



Comparing 3d shapes
Si S = {Si}i ∈ [1,N]

m1(i) =
1
N

T = {Tj}

m2( j) =
1
M

j ∈ [1,M]

Tj



Comparing shapes
Si

Tj

S = {Si}i ∈ [1,N]

m1(i) =
1
N

T = {Tj}

m2( j) =
1
M

j ∈ [1,M]

C(i, j) = dist(Si, Tj)

C(i,j)



Comparing shapes
Si

Tj

S = {Si}i ∈ [1,N]

m1(i) =
1
N

T = {Tj}

m2( j) =
1
M

j ∈ [1,M]

C(i, j) = dist(Si, Tj)

C(i,j)

dOT(S, T) = min
G ∑

i
∑

j

C(i, j)G(i, j)



Comparing shapes
Si

Tj

S = {Si}i ∈ [1,N]

m1(i) =
1
N

T = {Tj}

m2( j) =
1
M

j ∈ [1,M]

C(i, j) = dist(Si, Tj)

C(i,j)

dOT(S, T) = min
G ∑

i
∑

j

C(i, j)G(i, j)

d(S, T) = min
R

dOT(R(S), T) = min
R

min
G ∑

i
∑

j

CR(i, j)G(i, j)



Comparing shapes: Problem!



Gij ≥ 0

∑
i

G(i, j) = m2( j) ∀j

∑
j

G(i, j) = m1(i) ∀i

under the constraints:

OT with variable masses

U(G, m1, m2) = ∑
i

∑
j

C(i, j)G(i, j)

Minimize
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OT with variable masses

Ḡ(k, l) = ϕ(β(C(k, l) + λ(k) + μ(l)))

∑l Ḡ(k, l) =
λk

2α1
∀k

∑k Ḡ(k, l) =
μl

2α2
∀l

∑k,l G(k, l) = 1

ϕ(x) =
e−x

e−x − 1
+

1
x

where

Saddle Point Approximation:

Fβ (λ, μ, x) = − x −
1

4α1 ∑
k

λ2
k −

1
4α2 ∑

l

μ2
l −

1
β ∑

kl

ln [ 1 − e−β(C(k, l) + λ(k) + μ(l))

β (C(k, l) + λ(k) + μ(l)) ]
Effective free energy:
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Gromov-Wasserstein OT
UGW = ∑

i,i′ 

∑
j,j′ 

G(i, j)(dX(i, i′ ) − dY( j, j′ ))pG(i′ j′ )

UGW = ∑
i,j

G(i, j)CGW(i, j)

CGW(i, j) = ∑
i′ ,j′ 

(dX(i, i′ ) − dY( j, j′ ))pG(i′ j′ )

Constraints

∀i, ∑
j

Gij = m1(i)

∀j, ∑
i

Gij = m2( j)
Gij ∈ [0,1]

Balancing

∑
i

m1(i) = ∑
j

m2( j)

Nχ NY
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GW Optimal Transport at finite temperature

Two different spaces with their own distances  and d1 d2



GW Optimal Transport at finite temperature
E = ∑

i,j

G(i, j)C(i, j)

With

C(i, j) = ∑
i′ ,j′ 

(d1(i, i′ ) − d2( j, j′ ))p G(i′ , j′ )

Invariance with respect to translations and rotations. 

To account for the possibility of different scales, introduce a

scale factor and minimize the energy w.r.t. this scale

C(i, j) = ∑
i′ ,j′ 

(d1(i, i′ )−s . d2( j, j′ ))p G(i′ , j′ )



Partition Function
Zβ = ∫

1

0
∏

ij

dGij∏
i

δ(∑
j

Gij − m1(i))∏
j

δ(∑
i

Gij − m2( j))e−β∑i,j ∑i′ ,j′ G(i,j)(d1(i, i′ ) − s . d2( j, j′ ))pG(i′ ,j′ )

Introduce a cost variable
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Zb(s, S1, S2) =
Z 1

0
’
k,l

dG(k, l)e
�b Â

k,l
Â

k0 ,l0
G(k,l)|d1(k,k0)�s·d2(l,l0)|pG(k0 ,l0)

⇥

’
k

d

 

Â
l

G(k, l)� m1(k)

!

’
l

d

 

Â
k

G(k, l)� m2(l)

!
. (15)

To account for the quadratic term in the exponential, we introduce new variables
C(k, l) that are constrained to mimic a cost function between S1 and S2:

Zb(s, S1, S2) =
Z 1

0
’
k,l

dG(k, l)
Z +•

�•
’
k,l

dC(k, l)

e
�b Â

k,l
G(k,l)C(k,l)

⇥

’
k

d

 

Â
l

G(k, l)� m1(k)

!

’
l

d

 

Â
k

G(k, l)� m2(l)

!

’
k,l

d

 

Â
k0 ,l0

��d1(k, k0)� s · d2(l, l0)
��pG(k0, l0)� C(k, l)

!
. (16)

Using the Fourier representation of a delta function,

d(x) =
1

2p

Z +•

�•
e�ixtdt, (17)

the partition function can be recast with integrals only. To do so, we introduce the Fourier
variables D(k, l), l(k) and µ(l), with (k, l) 2 [1, N1]⇥ [1, N2]. Omitting the normalization
factors 1/(2p), the partition function can then be expressed as,

Zb(s, S1, S2) =
Z +•

�•
’
k,l

dC(k, l)
Z 1

0
’
k,l

dG(k, l)e
�b Â

k,l
C(k,l)G(k,l)

⇥

Z +•

�•
’

k
dl(k)e

�ib Â
k,l

l(k)G(k,l)+ib Â
k

l(k)m1(k) Z +•

�•
’

l
dµ(l)e

�ib Â
k,l

µ(l)G(k,l)+ib Â
l

µ(l)m2(l)
(18)

Z +•

�•
’
k,l

dD(k, l)e
ib Â

k,l
D(k,l)C(k,l)�ib Â

k,l
D(k,l) Â

k0 ,l0
|d1(k,k0)�s·d2(l,l0)|pG(k0 ,l0)

.

Note that we have introduced an explicit scaling factor b for the variables D(k, l), l(k)
and µ(l). The corresponding terms are then consistent with the energy term. Note also
that the terms within the integrals in Z are now complex functions, while the partition
function Z itself is real. For sake of clarity, we include the i in D(k, l), l(k) and µ(l), i.e.,
D(k, l) ⌘ iD(k, l), l(k) ⌘ il(k) and µ(l) ⌘ iµ(l). Those variables are now complex.

After rearrangements,

Zb(s, S1, S2) =
Z +•

�•
dC(k, l)

Z +•

�•
dD(k, l)

Z +•

�•
’

k
dl(k)

Z +•

�•
’

l
dµ(l)

e
b

 

Â
k,l

C(k,l)D(k,l)+Â
k

l(k)m1(k)+Â
l

µ(l)m2(l)

!

(19)
Z 1

0
’
k,l

dG(k, l)e
�b Â

k,l
G(k,l)(C(k,l)+l(k)+µ(l)+ Â

k0 ,l0
|d1(k,k0)�s·d2(l,l0)|pD(k0 ,l0))

.
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Zb(s, S1, S2) =
Z 1

0
’
k,l

dG(k, l)e
�b Â

k,l
Â

k0 ,l0
G(k,l)|d1(k,k0)�s·d2(l,l0)|pG(k0 ,l0)

⇥

’
k

d

 

Â
l

G(k, l)� m1(k)

!

’
l

d

 

Â
k

G(k, l)� m2(l)

!
. (15)

To account for the quadratic term in the exponential, we introduce new variables
C(k, l) that are constrained to mimic a cost function between S1 and S2:

Zb(s, S1, S2) =
Z 1

0
’
k,l

dG(k, l)
Z +•

�•
’
k,l

dC(k, l)

e
�b Â

k,l
G(k,l)C(k,l)

⇥

’
k

d

 

Â
l

G(k, l)� m1(k)

!

’
l

d

 

Â
k

G(k, l)� m2(l)

!

’
k,l

d

 

Â
k0 ,l0

��d1(k, k0)� s · d2(l, l0)
��pG(k0, l0)� C(k, l)

!
. (16)

Using the Fourier representation of a delta function,

d(x) =
1

2p

Z +•

�•
e�ixtdt, (17)

the partition function can be recast with integrals only. To do so, we introduce the Fourier
variables D(k, l), l(k) and µ(l), with (k, l) 2 [1, N1]⇥ [1, N2]. Omitting the normalization
factors 1/(2p), the partition function can then be expressed as,

Zb(s, S1, S2) =
Z +•

�•
’
k,l

dC(k, l)
Z 1

0
’
k,l

dG(k, l)e
�b Â

k,l
C(k,l)G(k,l)

⇥

Z +•

�•
’

k
dl(k)e

�ib Â
k,l

l(k)G(k,l)+ib Â
k

l(k)m1(k) Z +•

�•
’

l
dµ(l)e

�ib Â
k,l

µ(l)G(k,l)+ib Â
l

µ(l)m2(l)
(18)

Z +•

�•
’
k,l

dD(k, l)e
ib Â

k,l
D(k,l)C(k,l)�ib Â

k,l
D(k,l) Â

k0 ,l0
|d1(k,k0)�s·d2(l,l0)|pG(k0 ,l0)

.

Note that we have introduced an explicit scaling factor b for the variables D(k, l), l(k)
and µ(l). The corresponding terms are then consistent with the energy term. Note also
that the terms within the integrals in Z are now complex functions, while the partition
function Z itself is real. For sake of clarity, we include the i in D(k, l), l(k) and µ(l), i.e.,
D(k, l) ⌘ iD(k, l), l(k) ⌘ il(k) and µ(l) ⌘ iµ(l). Those variables are now complex.

After rearrangements,

Zb(s, S1, S2) =
Z +•

�•
dC(k, l)

Z +•

�•
dD(k, l)

Z +•

�•
’

k
dl(k)

Z +•

�•
’

l
dµ(l)

e
b

 

Â
k,l

C(k,l)D(k,l)+Â
k

l(k)m1(k)+Â
l

µ(l)m2(l)

!

(19)
Z 1

0
’
k,l

dG(k, l)e
�b Â

k,l
G(k,l)(C(k,l)+l(k)+µ(l)+ Â

k0 ,l0
|d1(k,k0)�s·d2(l,l0)|pD(k0 ,l0))

.

Do the  integralsG



After some manipulations, the partition function can be written as

Zβ = ∫ dCdDdλdμ e−βFβ
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Shifting C(k, l) C(k, l) + Â
k0 ,l0

|d1(k, k0)� s · d2(l, l0)|pD(k0, l0),

Zb(s, S1, S2) =
Z +•

�•
dC(k, l)

Z +•

�•
dD(k, l)

Z +•

�•
’

k
dl(k)

Z +•

�•
’

l
dµ(l)

e
b

 

Â
k,l

C(k,l)D(k,l)+Â
k

l(k)m1(k)+Â
l

µ(l)m2(l)

!

e
b

 

Â
k,l

Â
k0 ,l0

D(k,l)|d1(k,k0)�s·d2(l,l0)|pD(k0 ,l0)

!

(20)
Z 1

0
’
k,l

dG(k, l)e
�b Â

k,l
G(k,l)(C(k,l)+l(k)+µ(l))

.

We can now perform the integration over the real variables G(k, l) to get

Zb(s, S1, S2) =
Z +•

�•
dC(k, l)

Z +•

�•
dD(k, l)

Z +•

�•
’

k
dl(k)

Z +•

�•
’

l
dµ(l)

e
b

 

Â
k,l

C(k,l)D(k,l)+Â
k

l(k)m1(k)+Â
l

µ(l)m2(l)

!

e
b

 

Â
k,l

Â
k0 ,l0

D(k,l)|d1(k,k0)�s·d2(l,l0)|pD(k0 ,l0)

!

(21)

’
k,l

1� e�b(C(k,l)+l(k)+µ(l))

b(C(k, l) + l(k) + µ(l))
.

We rewrite this partition function as

Zb(s, S1, S2) =
Z +•

�•
dC(k, l)

Z +•

�•
dD(k, l)

Z +•

�•
’

k
dl(k)

Z +•

�•
’

l
dµ(l)e�bFb , (22)

where Fb is the effective free energy defined by:

Fb = �Â
k,l

D(k, l)C(k, l)�
 

Â
k

l(k)m1(k) + Â
l

µlm2(l)

!

+Â
k,k0

Â
l,l0

D(k, l)
��d1(k, k0)� s · d2(l, l0)

��pD(k0, l0) (23)

� 1
b Â

k,l
ln

 
1� e�b(C(k,l)+l(k)+µ(l))

b(C(k, l) + l(k) + µ(l))

!
.

Let Ḡ(k, l) and s̄ be the expected values of G(k, l) and s with respect to the probability
function given in Equation (11) (i.e., the values that lead to this probability to be maximum).
It is unfortunately not possible to compute these expected values directly as even though
we now have an expression for the partition function, this expression is not analytical. We
use instead the concept of a saddle point approximation (SPA). The SPA is computed by
searching for the effective free energy extrema with respect to the variables C(k, l), D(k, l),
l(k), µ(l), and s:

∂Fb

∂C(k, l)
= 0 and

∂Fb

∂D(k, l)
= 0,

∂Fb

∂l(k)
= 0 and

∂Fb

∂µ(l)
= 0, (24)

∂Fb

∂s
= 0.

These equations define the following system of four equations:

where



Saddle-Point Equations

Cij = 2∑
i′ j′ 

(d1(i, i′ ) − s . d2( j, j′ ))p Ḡi′ j′ 

Ḡij = ϕ (β(Cij + λi + μj))
∑

j

Ḡij = m1(i)

∑
i

Ḡij = m2( j)

explicitly. We propose a scheme for approximating the free
energy using the saddle point approximation.
Taking into account the constraints defined in Eq. (2), the

partition function can be written as

Z¼
Z

1

0

Y

kl

dGkle
−β
P

kl
CklGkl

×
Y

k

δ

!X

l

Gkl −m1ðkÞ
"Y

l

δ

!X

k

Gkl −m2ðlÞ
"
: ð6Þ

We use the Fourier representation of the delta functions,
thereby introducing new auxiliary variables λk and μl, with
k ∈ f1;…; N1g and l ∈ f1;…; N2g, respectively. The
partition function can then be written as (up to a multipli-
cative constant)

Z¼
Z Y

k

dλk

Z Y

l

dμl

Z
1

0

Y

k;l

dGkl

×e
−β
P

k;l
GklðCklþiλkþiμlÞþβ

#P
k
iλkm1ðkÞþ

P
l
iμlm2ðlÞ

$
:

ð7Þ

Performing the integration over the variables Gkl, we get,

Z ¼
Z Y

k

dλk

Z Y

l

dμle−βFeffðβ;iλk;iμlÞ ð8Þ

where Feff is a functional, or effective free energy defined
by

Feffðβ; λ; μÞ ¼ −
!X

k

λkm1ðkÞ þ
X

l

μlm2ðlÞ
"

− 1

β

X

kl

ln
!
1 − e−βðCklþλkþμlÞ

βðCkl þ λk þ μlÞ

"
: ð9Þ

Let Ḡkl be the expected value of Gkl with respect to the
Gibbs distribution given in Eq. (4). As mentioned above, it
is unfortunately not possible to compute these expected
values directly as the partition function defined in (8) is not
known analytically. Instead, we derive a saddle point
approximation (SPA) by looking for extrema of the
effective free energy with respect to the variables λ and μ:

∂F effðβ; iλ; iμÞ
∂λk ¼ 0 and

∂F effðβ; iλ; iμÞ
∂μl ¼ 0: ð10Þ

After some rearrangements, those two equations can be
written as

∀ k;
X

l

Ḡkl ¼ m1ðkÞ; ð11aÞ

∀ l;
X

k

Ḡkl ¼ m2ðlÞ; ð11bÞ

where

Ḡkl ¼ ϕ½βðCkl þ iλk þ iμlÞ& ð12Þ

and

ϕðxÞ ¼ e−x

e−x − 1
þ 1

x
: ð13Þ

As is often the case, the saddle point may be purely
imaginary. In the present case, one can easily see from
Eq. (11) that the variables iλk and iμl must be real and in the
following, we will replace fiλk; iμlg by fλk; μlg. We
observe also that Eqs. (9), (11), and (12) are invariant
under the translation fλk þ K; μl − Kg where K is an
arbitrary constant. This translational degree of freedom
leaves the free energy Feff unchanged.
To analyze the SPA, we need to check the existence and

assess the unicity of the critical points of the free energy. In
the companion paper [15], we have shown that the Hessian
of Feffðβ; λ; μÞ is negative semidefinite with ðN1 þ N2 − 1Þ
strictly negative eigenvalues and one zero eigenvalue.
Furthermore, the eigenvector corresponding to the zero
eigenvalue is ð1;…; 1;−1;…: − 1Þ (with N1 1s, and
N2 − 1s), and thus corresponds to the constant translation
invariance of this free energy. Setting one of the parameters
λk or μk to zero, the free energy function on this restricted
parameter space is strictly concave.
For a given value of β, the expected values Ḡkl form a

transport plan Gopt between S1 and S2 that is optimal with
respect to the effective free energy. We can associate to this
transport plan an optimum mean field energy UMF

β ðGoptÞ.
This energy satisfies some important properties. Namely,
for all β > 0 and cost metric matrix C, dβðS1; S2Þ ¼
UMF

β ðGoptÞ is a temperature dependent pseudodistance
between S1 and S2 that satisfies the symmetry and
triangular inequality properties of a metric [it is not a true
distance as dβðS1; S1Þ > 0 for β finite]. Furthermore,
dβðS1; S2Þ is a monotonic decreasing function of the
parameter β that converges to the transport distance
WðS1; S2Þ. The validity of those two assertions is proved
in [15].
The properties of the free energy functional and of the

optimized mean field energy of the system highlight a
number of advantages of the proposed framework. First, at
each temperature the OT problem is turned into a strongly
concave problem with a unique solution. This problem has
a linear complexity in the number of variables. The
concavity allows for the use of simple algorithms for
finding a maximum of the free energy functional
[Eq. (9)]. We have used an iterative Newton method to
solve those equations. In the companion paper [15], we
have shown that these equations can be solved with a time
complexity of Oðn2Þ, thereby making this approach com-
petitive with the entropy regularized OT method. We note
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Self-consistency condition

Define average  by Gij Ḡij = Dij



The scaling factor is obtained by minimising the free energy w.r.t. s
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8
>>>>>>><

>>>>>>>:

D(k, l) = f(b(C(k, l) + l(k) + µ(l)))
C(k, l) = 2 Â

k0 ,l0
|d1(k, k0)� s · d2(l, l0)|pD(k0, l0)

Â
l

D(k, l) = m1(k)

Â
k

D(k, l) = m2(l)

(25)

where,

f(x) =
e�x

e�x � 1
+

1
x

. (26)

For all real values x, the function f(x) is defined and continuous (once we set
f(0) = 0.5). It is monotonically decreasing over R, with the asymptotes y = 1 and y = 0 at
�• and +•, respectively.

The free energy Fb(s, S1, S2) can then be minimized with respect to s, namely ∂Fb

∂s = 0,
leading to the equation:

Â
k,k0

Â
l,l0

D(k, l)d2(l, l0)
��d1(k, k0)� s · d2(l, l0)

��p�2
(d1(k, k0)� s · d2(l, l0))D(k0, l0) = 0, (27)

which needs to be solved for s. Given D(k, l), this equation is polynomial in s, with degree
p � 1. We will see in the implementation section that in the special case p = 2, the solution
is easy to obtain.

We have the following property that relates the solutions of the SPA system of equa-
tions to the expected values for the transport plan:

Proposition 2. Let S̄ be the expected state of the system with respect to the probability given in
Equation (11). S̄ is associated with an expected transport plan Ḡ and optimal scaling factor s̄. Let
DMF(k, l), CMF(k, l), lMF(k), µMF(l)and s̄ be the solutions of the system of Equations (25) and (27).
Then the following identities hold,

Ḡ(k, l) = f(b(CMF(k, l) + lMF(k) + µMF(l))) = DMF(k, l). (28)

Note that the solutions are mean field solutions, hence the superscript MF.

Proof. See Appendix B.

Equation (28) shows that each element of Ḡ(k, l) is built to be in the range of f(x),
namely (0, 1), as expected by the constraints on G. This optimal coupling matrix Ḡ(k, l)
is real, and therefore the variables C(k, l), D(k, l), l(k) and µ(l) must be real. Otherwise
stated, note that the integral defining the partition function (see Equation (22)) does not
depend on the choice of the integration path. The saddle point Equation (25) shows that a
path parallel to the real axis for each of the variables is preferred.

For a given value of b, the expected values Ḡ(k, l) define a coupling GMF
b = Ḡ

between S1 and S2 that is an extremum of the free energy defined in Equation (24).
This extremum is referred to as FMF

b while the corresponding optimal internal energy is
UMF

b = Â
k,k0

Â
l,l0

GMF(k, l)|d1(k, k0)� s̄ · d2(l, l0)|pGMF(k0, l0). Those two values are mean field

approximations of the exact free energy and internal energy defined in Equations (13) and (14),
respectively. They satisfy the following properties:

Proposition 3. FMF
b and UMF

b are monotonic decreasing functions of the parameter b. They both

converge to the GW quantity dp(S1, S2), with the GW distance being
�
dp(S1, S2)

� 1
p .

If p = 2
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Proof. See Appendix C.

The benefits of the proposed framework that recasts the GW problem as a temperature
dependent process are visible from Proposition 3. First, because of the exponential ratio in
the function f(x), the equations provide good numerical stability for computing the optimal
coupling matrix G. Second, the energy associated with the solution of the modified problem
approaches the traditional GW distance when T ! 0. Finally, the temperature-dependent
convergence is monotonic.

4. Implementation
The preceding section defines a framework for solving the GW optimal transport

problem for any value of the parameter p. In practice, most applications consider the
square loss with p = 2. This leads to two simplifications:
(i) Faster computation of the “cost matrix” C.Recall that in the SPA system of equations,

the cost matrix C is defined as:

C(k, l) = 2 Â
k0 ,l0

��d1(k, k0)� s · d2(l, l0)
��pD(k0, l0),

with a total time complexity of O(N2
1 N2

2 ) to compute the whole matrix. In the special
case p = 2, the absolute value is not necessary and the equation can be rewritten in
matrix form as

C = 2(d1 � d1)D1N21
T
N2

+ 2s21N11
T
N1

D(d2 � d2)� 4sd1Dd2, (29)

where 1N is a vector of ones of dimension N and � is the Hadamard product. The
time complexity of computing C using this equation of O(N2

1 N2 + N1N2
2 ), a significant

improvement compared to the general case when N1 and N2 are large. This property
was already proposed as “Proposition 1” by Peyré et al. [22].

(ii) Computing the scaling factor s. In the general case, given the matrix D, solving
Equation (27) for the scaling factor s amounts to finding the zeros of a polynomial
function of degree p � 1, with possibly p � 1 real roots (see Equation (27)). In the
specific case p = 2, however, there is a unique solution to this problem, defined as

s =
Â
k,k0

Â
l,l0

D(k, l)d1(k, k0)d2(l, l0)D(k0, l0)

Â
k,k0

Â
l,l0

D(k, l)d2(l, l0)2D(k0, l0)
. (30)

We have implemented the finite temperature GW framework for p = 2 in a C++
program FreeGW that is succinctly described in Algorithm 2.

FreeGW is based on multiple iterative procedures. The outer loop performs a temper-
ature annealing: the parameter b (inverse of the temperature) is gradually increased. At
each value of b, the scaling factor and transport plan are computed iteratively. First, they
are initialized at their values at the previous temperature (step 3). A cost matrix is then
computed (step 4) and a non linear system of equations defined by equations 3 and 4 of the
SPA system (25) is solved using an iterative Newton-Raphson method (step 5). This step
is akin to solving the optimal transport problem at this temperature. Complete details on
how to solve this system can be found in Ref. [23,24]. Once this system is solved for l and
µ, a new estimate of the transport plan is derived (step 6). This new transport plan is then
used to compute new estimates of the cost matrix (step 4) and of the scaling factor (step
8). The procedure is then iterated over both estimates. When these new estimates do not
change anymore (within a tolerance TOL generally set to 10�4), the optimal coupling GMF

b

and the associated energy UMF(b) are calculated. The program stops when the inverse of
the temperature has reached its maximum value that was provided as input (usually bin f
is set to 10+12.



1. Do a temperature annealing from high to low temperature


2. Start with an initial  , for instance  and scaling factor  


3. Calculate 


4. Solve optimal transport with  and get new  and new 


5. Back to 3 till convergence


6. Decrease temperature till low enough temperature.


7. Back to 3 till convergence

Ḡij Ḡij = m1(i)m2( j) s = 1

Cij

Cij Ḡij s
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approximately 3400 vertices and 6600 faces, with the exception of the gorilla and seahorse
meshes that include approximately 2100 vertices and 4200 faces. The Euclidean farthest
point sampling procedure was used to select 1000 points from each shape’s set of vertices.
In brief, one begins by selecting a point at random from the set of vertices. The second
point is chosen among the remaining vertices as the one that is at the greatest distance from
this first point. Subsequent points are always chosen to maximize the shortest distance to
the previous points.

β = 3×107 β = 1012

Figure 1. Distance matrices for shape similarity within the TOSCA dataset using the Gromov-
Wassertein framework at two different “temperatures”, b = 3 ⇥ 107 (left) and b = 1012 (right).
Blue colors represent small distances (high similarity), while yellow colors represent large distances
(low similarity).

In each experiment, a pair of shapes i and j is represented with their sets of sampled
vertices, Si and Sj, and the geodesic distance matrices between those vertices, di and dj.
The geodesic distances are computed using the method proposed by Mitchell et al. [38]
and implemented in the code “geodesic” by Danil Kirsanov, available at https://code.
google.com/archive/p/geodesic/, and accessed on 1 June 2020. The masses associated to
the vertices are set uniform, equal to 1/Nv, where Nv is the number of vertices. The GW
problem is solved using FreeGW up to convergence. At each value of b,

q
UMF

b (see above),
defines DMb(i, j), i.e., the (i, j)-th element of the distance matrix DMb over all shapes in

our TOSCA dataset. Note that
q

UMF
b satisfies the properties of a metric distance only

when b is large (at convergence with respect to b). We generated a set of distance matrices
DMb for b ranging from 105 to 1012. Figure 1 provides graphical representations of DMb

for two different temperatures, b = 3 ⇥ 107 and b = 1012. Note that the discrimination
between the different shapes of TOSCA improves as b increases.

In order to assess quantitatively how well the different distance matrices DMb classify
correctly the shapes in TOSCA, we designed the following set of classification experiments.
We first built a reference set: we selected randomly half the shapes from each of the
11 classes within TOSCA to form this reference set. Each remaining shape was then
classified by considering its distances (derived from DMb) to all shapes in the reference
set, and assigning it to the class of the shape with the shortest such distance (this is a
1-nearest neighbor classification experiment). By comparing this predicted class with the
actual class to which the shape belongs we derived an estimate for the probability of
correct classification P(b) based on DMb. We repeated this procedure over 10,000 random
selections of the reference set. In Figure 2, we plot the averaged P(b) computed over those
10,000 experiments as a function of the inverse temperature b. The lower the temperature
(or equivalently the higher the parameter b), the more discriminative the energy UMF

b is.

TOSCA Dataset: 11 classes, 133 shapes of 3400 vertices and 6600 faces
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The highest level of correct classification is already observed for b = 108, i.e., significantly
before convergence to the GW2 distance, which is usually reached for b > 1011.

10
6

10
8

10
10

10
12

0

10

20

30

40

50

60

70

80

90

100

C
la

ss
if

ic
at

io
n

 s
u

cc
es

s 
(%

)

β

Figure 2. Quality of 3D shape recognition based of the temperature-dependent GW distances as a
function of temperature. The probability of classifying correctly a shape into its own class within the
TOSCA dataset using the distance measure DMb ⌘ UMF

b (see text for details) is plotted against b, the
inverse of the temperature. The curve is generated from the arithmetic means over 10,000 experiments
(see text for details). Shaded areas represent standard deviations over those experiments.

5.2. Shape Correspondence: Synthetic Data from SHREC19
The second test case we consider is shape correspondence: identifying corresponding

points between two (or more) 3D shapes. Note that this is different from shape registra-
tion, namely finding a transformation that brings one shape “close” to another. Indeed,
correspondence can be derived from registration, while the reverse may not be true. The
Gromov-Wassertein framework allows for finding correspondence, as the latter is embed-
ded in the optimal transport plan it computes.

To assess how well GW can recover correspondence, we considered the SHREC19
benchmark [39]. This benchmark includes 3D shapes represented with a triangular mesh
of their surfaces. These shapes are derived from 3D scans of real-world objects, with each
object being present in multiple poses associated with one or more types of deformation.
The deformations are classified into four different groups, referred to as test-sets. Those
four groups correspond to articulated deformations (group 0), isometric deformations
(group 1), non-isometric deformations (group 2), and topologic/geometric deformations
(group 3). Example of shapes for each test-set are provided in Figure 3.

The SHREC19 benchmark includes 76 shape pairs that are selected from the four
different groups, and regrouped in four test sets (Table 1). Test-set 0 includes 14 pairs
of articulating wooden hands from group 0. Test-set 1 includes 26 pairs of models corre-
sponding to clothed humans as well as hands from group 1. Test-set 2 includes 19 pairs
of models from the group 2. Each of those pairs includes a thin clothed mannequin and
a larger mannequin, ensuring the the transformation is non-isometric. Finally test-set 3
includes 17 pairs of shapes from group 3 that contain challenging geometric and topological
changes. We chose the low resolution version of this benchmark. In this version, each
shape is represented by approximately 10,000 vertices and 20,000 triangles. For each pair of
shapes, the ground-truth correspondence is known.

Quality of 3d shape recognition (10000 experiments)



Conclusion

• Statistical mechanics is a natural framework to study assignment and 
optimal transport problems.


• Numerical methods are more stable than standard entropy regularisation


• Possible to do local matching by using variable masses


• GW OT very powerful tool but requires large computational resources


