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Why primordial black holes (PBHs)?

Black holes formed in early Universe
e Carry information of conditions there (small-scale perturbations)
* Any mass (Hawking evaporation?)

Applications in cosmology
e Dark matter candidate
* Seeds of supermassive black holes
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Primordial black holes are connected to
gravitational waves (GWs)

Black hole mergers
Stochastic scalar-induced gravitational waves

Matching stochastic GW signal to PBH statistics?
 GWSs: sourced by typical scalar perturbations
* PBHs: sourced by extreme scalar perturbations
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Black holes from primordial perturbations

osmic inflation: quantum fluctuations
ater: strongest collapse into black holes
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Single-field inflation is simple

Action:
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Action:
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Background equations of motion:

1
p+3Hp+V'(p)=0, 3H?= 5@2 +V(p)

Slow-roll parameters:
cg=—-0OnvInH, e =0nyIn¢
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“Uphill” phase
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“Downhill” phase
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Linear perturbations grow near feature

0y
Comoving curvature perturbation R =
vV 2
. _ f-2 ol
Ri+ H(3+ e2)Ry + ?’Rk =0
Vacuum initial conditions: Late times:
1 .
R = ahe et/ (aH) R — const. if e > —3
3
Define power spectrum: Pr(k) = 2’“ ' Rl
m
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Why this picture is wrong

R is not the correct statistic for PBH formation

Perturbations in the tail are not Gaussian
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Approximations in two regimes

Sub-Hubble scales:

Linear perturbation theory good; neglect mode couplings

. . k? 3 1 1 1
00 + 3HOYy, + H? ( — —€9 + —€1€9 — —6% — —6263) 0, = 0

alH? 2 2 4 2

Super-Hubble scales:

Local FLRW equations good; neglect gradient terms

G+3Hp+V'(p)=0



Approximations in two regimes

Inflaton field: O+ 00

e

Coarse-grained: Short-wavelength:

FLRW . .
linear perturbation theory
d3k o d3k -
¢ = pr(N)e ™ % §¢ = N)e
bl (271-)2/3 d) ks ( )2/3 (pk‘( )

Patched together at the coarse-graining scale £ = ks = caH



Linear,
sub-Hubble

k> aH
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k=ocaH < aH

Coarse-graining exit:
Stochastic kick



Stochastic inflation
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AN formalism
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* solve stochastic system many times; include kicks up to scale k
e collect IV on each run

* build statistics for coarse-grained curvature perturbation K .
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Stochastic inflation
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Stochastic inflation
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How to move forward?

Analytical approximations?
2

(E6(N)E(N')) ~ T6(N — N

Full numerical computations?



Full numerical computations

One million CPU hours

AN
107 -
107!
o Full
..... - Simplified

-------- Gaussian fit

_____ Exponential fit

[2111.07437]

51. 51.5 52. 52.5 53.



" <

/oom into the hilltop

Classical velocity small
€1 < 1




>

/oom into the hilltop

Classical velocity small
€1 < 1

Stochastic noise
iImportant




>

/oom into the hilltop

Background:
Ultra-slow-roll phase

€2 < —6, const.




>

/oom into the hilltop

Perturbations:
Super-Hubble growth
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/oom into the hilltop

Background:
Y Dual constant-roll phase

€2 = 0, const.

Perturbations:
Frozen
Amplified modes exit




Equations simplify in dual constant-roll phase

Adiabatic perturbations:

motion along classical trajectory only

Noise independent of background stochasticity:
pre-compute power spectrum



Simplified stochastic equation:
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Simplified stochastic equation:

do = (¢5 ¢o)dN + 2 ¢50€ N\ /Pr(ks)dN én

\

<§.-"\'r§_-"\”> = 6@’_,-\{;

€2 € €2
B(N) = o (1—eFN) + Zpoe TN X,

k ~ A
X = Z \/Pn(k)dlnkfg
k=kin;
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AN distribution

T A Tn i
p(Xck) = N e 2k, o E/k Pr(k)dInk
k ini

ANc, =Rk
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Comparison to numerics
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Gaussian fit

Comparison to numerics
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Compaction function: right tool for
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Compaction function: right tool for
determining the collapse threshold

Mns — My

‘ R

2

Collapse: Cmax > C. =~ 0.4

In inflationary variables:

C(r) = 2 (1~ [14+7¢'()]?)



Assume spherical symmetry

b 2k*dk | | sin(kr)
r(r) = Zk: N Cr _COS(k?") =
V21 de

Ck =

2k3 dlnk



Assume spherical symmetry

2k*dk | | sin(kr)
= Z 5 Ck cos(kr)
k - kr - Vary k:
m dC<k | Full profile

Ck: — in one patch of space!

2k3 dlnk
Recall: in the stochastic picture, /

k
C<k,_AN<k,_—gln (1——X<k,) ——%m (1622 Z \/PR dlnkék)
=kin

k




Master formula




Alternative collapse measure:
averaged compaction function

R = are’

_ R(r) .
C(r) = 3)3/ dRR*C - /
0

R(r
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= | AP 3¢ + (¢




10113; 10112' 10I—1f | 101“5 | iol-lth | iol-l-"' 10115 | '10|-“' | iol-lé |

r (Mpc) r (Mpc)



CIIl axo» Cmax



10 1 10011021073

0.2 0.3 0.4 0.5 0.6 0.1 0.2 0.3 0.4



Initial PBH fractions

Gaussian approximation, R _; > 1, fixed k: f ~ 5 X 1071

Non-Gaussian statistics, R, > 1, fixedk: [~ 2.2 X 10~

Cons >0.4: Br~1.4x10"°

Ciax > 0.4 : B =0.016



Problems

Collapse simulations have smooth peaks.

Us: Stochastic peaks?
* Numeric converge: ok
* Physics? Smoothing? Window functions?

Multiple peaks?
e “Outermost peak” gives final collapse?
* Overlapping peaks?



Conclusions

Stochastic inflation introduces non-Gaussian
corrections to PBH statistics

Compaction function formalism needed for accurate
results

Spiked radial profiles: what to do?



.
A ) ) A Pr x k

>(}5 > |Ink

[2205.13540]



0.1}

0.4]
0.3

0.2

0.0F

-

1626

1

L

M (g)

1024 |

o



	Slide 1: Primordial black holes and numerical stochastic inflation
	Slide 2: Why primordial black holes (PBHs)?
	Slide 3
	Slide 4: Primordial black holes are connected to gravitational waves (GWs)
	Slide 5: Origins of primordial black holes
	Slide 6: Origins of primordial black holes
	Slide 7: Black holes from primordial perturbations
	Slide 8: I. (Semi-)inflection point inflation  II. Stochastic inflation  III. Black hole statistics
	Slide 9: I. (Semi-)inflection point inflation  II. Stochastic inflation  III. Black hole statistics
	Slide 10: Single-field inflation is simple
	Slide 11: Single-field inflation is simple
	Slide 12: Single-field inflation is simple
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17: Linear perturbations grow near feature
	Slide 18: Linear perturbations grow near feature
	Slide 19: Linear perturbations grow near feature
	Slide 20
	Slide 21
	Slide 22: Why this picture is wrong
	Slide 23: I. (Semi-)inflection point inflation  II. Stochastic inflation  III. Black hole statistics
	Slide 24: Approximations in two regimes
	Slide 25: Approximations in two regimes
	Slide 26
	Slide 27
	Slide 28
	Slide 29: Stochastic inflation
	Slide 30:         formalism
	Slide 31:         formalism
	Slide 32: Stochastic inflation
	Slide 33: Stochastic inflation
	Slide 34: How to move forward?
	Slide 35: Full numerical computations
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42: Equations simplify in dual constant-roll phase
	Slide 43: Simplified stochastic equation:
	Slide 44: Simplified stochastic equation:
	Slide 45:       distribution
	Slide 46:       distribution
	Slide 47:       distribution
	Slide 48
	Slide 49
	Slide 50: Comparison to numerics
	Slide 51
	Slide 52: I. (Semi-)inflection point inflation  II. Stochastic inflation  III. Black hole statistics
	Slide 53: Compaction function: right tool for determining the collapse threshold
	Slide 54: Compaction function: right tool for determining the collapse threshold
	Slide 55: Assume spherical symmetry
	Slide 56: Assume spherical symmetry
	Slide 57: Master formula
	Slide 58: Alternative collapse measure: averaged compaction function
	Slide 59
	Slide 60
	Slide 61
	Slide 62: Initial PBH fractions
	Slide 63: Problems
	Slide 64: Conclusions
	Slide 65
	Slide 66

