
ware functionsRuijsenaars-
as coffecients
-

2
,
2) matrix

( joint with P
.

DiFrancesco, SR
.

Kedem
,

S
.

Khoroshhin
,

G
.

Schrader

Goal: find Ruijsenaars warefunctious
,aka Macdonald eigenfun ctious

Tools: SL(2
,
1) - action

cluster varieties quantum

Starring : quantum open Toda chain

G =Stn(0n = 2)



① AmericalDAHA

$IHq,t (SLn) - spherical DAHA

Double affine Hecke algebra
$11g

,
t "lives" on a TODA punctured

a) Fred
,
It" <D4)= 22 - Eve INg

,
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= F6) SL(2
,4) @ IHg

,
t goE -

g~ ~
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,
t
= ((q, t)LE Eak &k

,
0, 11k2n

SL(2
,2) - mapping class group of TPP

&

Jehu twist
, ·⑪ ⑪



Merednik's representation :

SIMqt-> ((qt)< )/ Tinj =qjTi&

En
,
0 en(↑) I N

, -
- Mn = 1
zelementa

U dMacdo al
Fan Mr(A,) t operato-

Example : n = 2

E
,01X +x

Ea+



② Strategy
1) Find (82

,9) - SL(2
,1) - egnivariant

Hilbort space rep-n of list

2)I/- X) - eigenfunctions of Epo :

&

Cu (a) 175(1
;
- Xj) = en(*)))5(1; -X; )j
[ eigenvalue

3) S =(j)
=>g(Ear) =g(S°En

,
a =g(S)g(Endg(S)

=> g(s)75(1j -Xi) - Ruijsenaars
ware function



③Character xcrieties

3-surface my punctures
G-group

decorated local system :

1) y Hom (it
,

(s)
,

@)
J2) Up-puncture -flag, invot under

monodro around p.my
Locks - space of decorated local systems

o

PGs := Loc -
1

-/G open subspace :
L decorated everything in

character generic position

variety



Pg(s) - quantised alabra of fisI
is-mapping class group of S,

acts on Og(Pcs)

Now
,

S = T2D - punctured torns

RS
monoPas := Pas S t droing around

D2 is conjugate to (in)
~e: ps Pas for n = 2

Fac E : $1Mg
,
+
=Pg(Ps), =St(t)

-

(Lost in tri(4(0)) = Erro
history)⑪ tr(y(0)) = For



④ Quantum Auster -urieties

X-cluster Poisson variety
19 := Pq(X) - quantum cluster variety
7 a R-equivariant Hilbert space

-

L "cluster rep-n of 19
modular

/

group

Apshot: PC
,

has cluster structure
S

= Ja Ps -equivariant Hilbert

19
-space rep-n of L

G
,

S
:
- Oq(Pa,s)

Same for D & Kiss 1= [sh
,

52D2 if n =2)



⑤ Embedding DIqt - Kirs

1)$Igt is gened by Evo . Eak
7 faithful rep-elemen tarymmetricEno + 2,(*)=function

Fo
,
-Mr(#

,
5)-Macdonald

operator

2) 19 contains Lo
,

LakRS

7 faithful rep-n Toda
-> [10 -Hu(X
,

P
-

Hamiltonian

Lantau (*, B
,

+)

Note: e(M) - eigenvalues of Are



↑ (*) - joint eigenfunctions forMu
1

L Whittaker function
->

-
=eMuY ,(x) = 2()4y(x) 15I

Ihm: (Kashaev
,

Schrader - S
.

) Sklyanin
measure

F
x)W : EIIRY de) = Lsym(IR, mcd >

->f(x) >(f(x))de
is a unitary equivalence

-emma : [on (*, B, t)(*) =Mr(, ,t)4(x)



Ihm: n = 2 : folklore ; n > 2 : not yet written

S 1but DiFrancesko
,

Kedem
,

Schrader
,

S
.

=> SL(2
,
1) - equivariant injective

homomorphism 2:Igtims
defined beg
Eno Lo , EauLok

Idea of proof:
2

IMa
,

& ↳gm(IR, mcd)

I ↑32 *
both

#is & LI, dx) I faithful



⑥ Ruisears are functions (n = 2)

= th

Lym(IR,d=M
,

&
↑Wosow-

↳ene) Egm(1R, du) /R,x)P = M]
=> () : = (T(x)S4z(x)u-z)dzdx
-u

= [Tx , SYu] 2=g2t
is the Ruijsenaars ware function :

M
,
(X
,1) x) =(2+e)



-rollary:1
↳oof:

T
< 4x
, SYub recovers formulas in

[Hallnas Ruijsenaars]
&

[Belosov, Derkachov
,

Kharcher
,

Khoroshkin]

forMacdonald= Fa
~Speciacount



⑦ Conclusion :

1) SL(2
,
1) - equir. Hill

, space repen

ofIt -> Ruijsenaars wavefunctions
-> Macdonald polynomials

2) Quantum cluster varieties

provide such rep-s

3) Same for other RLL-algebras
If

&

e
.g. Ugly), Pg(G), Askey - Wilson

Logan: Macdonald theory vic

Toda chain & clusters
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