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Branes and Supersymmetric Gauge Theories
Outline

• Branes on Gorenstein singularities


• Brane Tilings


• Cluster Algebras


• Branes and tropical geometry


• Branes and symplectic singularities



Branes on Gorenstein Singularities 
1998



Type IIB superstring (10)
D3 branes (4) on Gorenstein singularities (6)

• N D3 branes on Gorenstein singularities of cplx dim 3


• Fractional branes


• Open strings between the different branes


• Gauge fields, matter fields, interactions — Quiver Q with a superpotential W


• Problem — compute the Q & W for a given singularity 



Brane Boxes
1998

Brane Boxes
Hanany Zaffaroni

W = ∑
i,j

(Hi,jVi+1,jDi+1,j+1 − Vi,jHi,j+1Di+1,j+1)



Quiver & Superpotential ℂ3/(ℤ3 × ℤ3)
Graph taken from the work of Philippe & Jean-Bernard (1989)
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P. D i F r ancesco , J. - B. Zube r / SU (N ) l a t t i ce i n t egr ab l e mode l s

cor r espondence be t ween t he gr aphs we a r e l ook i ng f or , and t he subgroups o f
SU (3) , gene r a l i z i ng t he MacKay - Kos t an t cor r espondence o f SU (2) . Th i s
i s no t unr easonab l e f or t wo r easons . By t he Pe r ron - F roben i us t heor em , we
know t ha t a t runca t i on o f a subgroup gr aph , i . e . t he de l e t i on o f some nodes
and / or l i nks r educes t he h i ghes t e i genva l ue o f t he ad j acency ma t r i x f rom 3 t o / 3 =
1 + 2 cos 2 , r r / n < 3 . Bu t on l y t runca t i ons pr ese r v i ng cond i t i ons ( i ) - ( v ) o f subsec t .
3 . 1 a r e pe rm i t t ed , wh i ch r educes dr as t i ca l l y t he poss i b i l i t i es . On t he o t he r hand ,
t he i n t ege r - va l ued ma t r i x r epr esen t a t i ons o f t he f us i on a l gebr a d i scussed i n t he
pr ev i ous sec t i on a r e r em i n i scen t o f a group s t ruc t ur e , a f f ec t ed by some t runca t i on .
We have been i ndeed ab l e t o assoc i a t e a subgroup o f SU (3) w i t h each o f t he
gr aphs f ound bu t i n a f ew cases . We emphas i ze t ha t t he cor r espondence i s much
l ess na t ur a l and sys t ema t i c t han f or SU (2) : i n gene r a l , seve r a l nodes and poss i b l y
l i nks have t o be r emoved , and g i ven a subgroup gr aph , t he r e i s no c l ea r i nd i ca t i on

o f wh i ch node ( s ) and l i nks shou l d be de l e t ed t o produce an adm i ss i b l e gr aph .
Mor eove r , t he r e seem t o be some subgroups wh i ch a r e no t u t i l i sed i n t h i s
cor r espondence . I n t he f o l l ow i ng , we l i s t t he gr aphs we have i den t i f i ed and pa r a l l e l
t o t hem t he i r assoc i a t ed subgroup . We hope t ha t t he v i sua l s i m i l a r i t i es w i l l be
conv i nc i ng enough .

The i n f i n i t e se r i es o f gr aphs . V( " ) , and t he i r orb i f o l ds _2( " ) f or n = 0 mod 3 , a r e
r espec t i ve l y subgr aphs o f t hose o f t he cyc l i c groups Z " - 2 X Z , - 2 and t he i r 77 3

orb i f o l ds deno t ed d (3(n - 3) 2 ) = Z7n_3 X 1 " _3 / Z3 wh i ch gene r a l i ze t he d i hedr a l
subgroups o f SU (2) [41] . The 77 3 X 77 3 gr aph i s dep i c t ed i n f i g . 9 . Th i s i s a s i mp l ex
dr awn on a t orus . The V( s ) gr aph i s ob t a i ned by r emov i ng t hr ee po i n t s and a l l t he
l i nes wh i ch or i g i na t e f rom t hem and cu t t i ng t wo add i t i ona l l i nes . Pe r f orm i ng t he
quo t i en t by t he 7L 3 symme t r y wh i ch exchanges t he po i n t s ma r ked by t he same
i n t ege r ( t he r e a r e t hr ee f i xed po i n t s 1 , 4 and 5) , one ob t a i ns t he gr aph o f

d (3 X (n - 3 = 3) 2 ) o f f i g . 10 . The n i ne endpo i n t s cor r espond t o t he n i ne one -
d i mens i ona l r epr esen t a t i ons o f t he subgroup , and t he t wo r ema i n i ng nodes s t and
f or t he t hr ee - d i mens i ona l r epr esen t a t i ons o f t r i a l i t y 1 and 2 . The gr aph - 9( ' ) o f f i g .
3 i s obv i ous l y a subgr aph o f 4(3 X 3 2 ) .

F i g. 9. Gr aph o f t he 7L 3 x 77 3 subgroup o f SU (3) ; po i n t s w i t h t he same symbo l ( e , ® , e t c. ) have t o be
i den t i f i ed .



Branes Tilings 
2005



Brane Tilings
2005

Example: Del Pezzo 3, Model I



Conifold tiling
2005

Example: Conifold
19



Seiberg Duality
Urban Renewal — quiver mutation

Seiberg Duality



Cluster Algebras



Duality tree for , also known as dP0 ℂ3/ℤ3
2003

n2
1 + n2

2 + n2
3 = 3n1n2n3



Markov Numbers



Quiver 3 block modelFor three blocks the structure of the quiver diagram is always a triangle, since for each

block there is exactly one incoming arrow and one outgoing arrow. There is thus just one way

of drawing the quiver, as in figure 2. In this Figure α,β, γ are the number of nodes in each

α

a

cb

U(Nx)

U(Nz)

γ β

U(Ny)    

 

Figure 2: General 3-block chiral quiver diagram. α, β, γ are the number of nodes in each block. a, b, c

are the number of bifundamental connecting the nodes.

block, a, b and c are the number of bifundamentals connecting the nodes. The gauge groups

are U(N x), U(N y), U(N z). The nine integer numbers (α,β, γ; a, b, c; x, y, z), together with

the parameter N , define completely the field content of the theory.

The quiver matrix is a square antisymmetric block-matrix of dimension (α+β +γ), with

blocks of dimension α × α, α × β etc.

The first physical condition to be imposed on the theory is that for each gauge group

the ABJ gauge anomalies vanish:
∑

j

Qij(Nxj) = 0 for each i. (3.1)

The kernel of Q has dimension (dim[Q] − 2), but we have to search this kernel for vectors

satisfying the “three-block” condition:

(x, . . . , x
︸ ︷︷ ︸

α

, y, . . . , y
︸ ︷︷ ︸

β

, z, . . . , z
︸ ︷︷ ︸

γ

) .

It is convenient to consider a reduced antisymmetric quiver matrix:

q =

⎛

⎜
⎝

0 c −b

−c 0 a

b −a 0

⎞

⎟
⎠ (3.2)
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a2

↵
+

b2

�
+

c2

�
= abc

Ra =
2

abc

a2

↵
; Rb =

2

abc

b2

�
; Rc =

2

abc

c2

�



Quiver α β γ a b c x y z K2 surface

1 1 1 3 3 3 1 1 1 9 dP0

1 1 2 2 2 4 1 1 1 8 F0

dP3 1 2 3 1 2 3 1 1 1 6 dP3

1 1 5 1 2 5 1 2 1 5 dP4

dP5 2 2 4 1 1 2 1 1 1 4 dP5

dP6 3 3 3 1 1 1 1 1 1 3 dP6 I

2 1 6 1 1 3 1 2 1 3 dP6 II

dP7 4 4 2 1 1 1 1 1 2 2 dP7 I

1 1 8 1 1 4 2 2 1 2 dP7 II

3 1 6 1 1 2 1 3 1 2 dP7 III

dP8 1 1 9 1 1 3 3 3 1 1 dP8 I

8 2 1 2 1 1 1 2 4 1 dP8 II

2 3 6 1 1 1 3 2 1 1 dP8 III

5 5 1 1 2 1 1 2 5 1 dP8 IV

2 2 1 2 2 2 1 1 2 4 sh dP5

2 1 4 2 1 2 2 2 1 2 sh dP7

Table 1: The complete list of the minimal models for 3-block chiral quivers.

– 24 –



Duality Flower for 𝔽0 = ℙ1 × ℙ1

2003



Coulomb Branch 
2013



Affine ADE quivers
Coulomb branch — closure of minimal nilpotent orbit

18

. . .

1

1 1

n

. . .
1

1

1

12 2

n − 3 1 2 3 2 1

2

1

1 2 3 4 3 2 1

2

1 2 3 4 5 6 4 2

3

a) b) c)

d) e)

Figure 2: A�ne ADE Dynkin quivers. a) Ân b) D̂n c) Ê6 d) Ê7 e) Ê8. Their Coulomb

branches are the minimal nilpotent orbit closure of the corresponding algebra, written an,

dn, and en respectively. Their Higgs branches are the Kleinian singularities corresponding

to the algebra, written An, Dn, and En respectively. It should be clear from context,

when a capital letter refers to the Kleinian singularity rather than a Dynkin diagram or an

algebra. The Hasse diagrams for both the Coulomb and Higgs branches are given in (1.5).

1. Black dots with a number n next to it: denote a leaf of quaternionic dimension n.

2. A line � with a label next to it, between two black dots: denotes the elementary slice

between two neighbouring leaves.

Now consider the a�ne Dynkin quivers of ADE (Figure 2). Their Coulomb branches

are minimal nilpotent orbit closures, while their Higgs branches are Kleinian singularities.

Both their Higgs and Coulomb branches consist of two symplectic leaves and the transverse

slice is the the branch itself. The respective Hasse diagrams are

HC =

an, dn or en

0

x

HH =

AN , Dn or En

0

1

. (1.5)

Where closures of minimal nilpotent orbits are denoted with a lower case and Kleinian

singularities with an upper case letter, note that A1 = a1, and

x =

���������������������

n for an
2n − 3 for dn
11 for e6
17 for e7
29 for e8

(1.6)

– 6 –



Monopole formula — the ingredients
per each node of label k

•  — the Weyl group of 


•  — The (Langlands) dual lattice — lattice of coweights


• A set of integer numbers  — magnetic charges (coweights)


•  — Principal Weyl chamber 


• Boundaries of the Weyl chamber — when some  coincide


•  — stabilizer of  in  — a Levi subgroup of GL(k)


•  — degrees of Casimir invariants of 

W = Sk GL(k)

Λ̂

Λ̂ = ℤk ∋ m = (m1, …, mk)

Λ̂/W m1 ≤ ⋯ ≤ mk

mi

Hm m GL(k)

dm
i Hm



The conformal dimension — Δ(m)
 grading on the Coulomb branchℂ*

• Given a quiver with a set of nodes, each with labels 


•  is a sum of contributions from nodes and edges:


• For each node with magnetic charges  there is a negative contribution


•  (associated with positive roots of )


• For each edge connecting nodes  with magnetic charges  and  a positive contribution


•  (associated with bifundamental representation)

ka

Δ(m)

ma
i , i = 1…ka

− ∑
1≤i<j≤ka

|ma
i − ma

j | GL(ka)

a, b ma
i mb

j

1
2

ka

∑
i=1

kb

∑
j=1

|ma
i − mb

j |



The monopole formula
Hilbert series of the Coulomb branch

• Given a quiver with all the ingredients defined so far


• Introduce a variable 


• The Hilbert series is given by (flavor nodes have fixed . Set to 0.)


• 


•

t

m

H(t) = ∑
m∈Λ̂/W

t2Δ(m)Pm(t)

Pm(t) = ∏
i

1
1 − t2dm

i



Examples — from the world of nilpotent orbits
Simple quivers and their Hilbert Series

Nilpotent Orbit DimH Quiver HS HWG

[1, 1] 0 - 1 1

[2] 1
1

2
(1�t4)
(1�t2)3

1
(1�µ2t2)

[1, 1, 1] 0 - 1 1

[2, 1] 2
1 1

1 1
(1+4t2+t4)
(1�t2)4

1
(1�µ1µ2t2)

[3] 3
1 2

3
(1�t4)(1�t6)

(1�t2)8
(1�µ3

1µ
3
2t

12)
(1�µ1µ2t2)(1�µ1µ2t4)(1�µ3

1t
6)(1�µ3

2t
6)

[1, 1, 1, 1] 0 - 1 1

[2, 1, 1] 3
1 1 1

1 1
(1+t2)(1+8t2+t4)

(1�t2)6
1

(1�µ1µ3t2)

[2, 2] 4
1 2 1

2
(1+t2)2(1+5t2+t4)

(1�t2)8
1

(1�µ1µ3t2)(1�µ22t
4)

[3, 1] 5
1 2 2

1 2

(1+t2)(1+4t2+10t4+4t6+t8)
(1�t2)10

(1�µ3
1µ

3
2µ

3
3t

12)
(1�µ1µ3t2)(1�µ2

2t
4)(1�µ1µ3t4)(1�µ2

1µ2t6)(1�µ2µ2
3t

6)

[4] 6
1 2 3

4
(1�t4)(1�t6)(1�t8)

(1�t2)15 messy

Table 1: Nilpotent Orbits of SU(N) are specified by a partition [N] of N. The closure of the

nilpotent orbit can be computed as a Coulomb branch of a quiver. The Monopole Formula

can be used to compute the unrefined Hilbert Series (HS) as well as the the refined Hilbert

Series. The refined Hilbert Series can be neatly encoded in the Highest Weight Generating

Funtion (HWG). The µi label highest weights. Source: [1]

References

[1] A. Hanany and R. Kalveks, Quiver Theories for Moduli Spaces of Classical Group Nilpotent
Orbits, JHEP 06 (2016) 130, [1601.04020].
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Quivers for hyper surface symplectic singularities
Slices in Sp(n)

23

Hypersurface Quiver (Higgs branch, unless specified)

C
2/An

dimH = 1
1 1

· · ·

1 1

1

n nodes

C
2/Dn

(n � 4)

dimH = 1

1 2 2

· · ·

2 2 1

1 1

n� 3 nodes

1 2 2

· · ·

2 2 1

n� 2 nodes

B0 C1 D1

· · ·

D1 C1 B0

B0 B0

2n� 5 nodes
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1 2 3

• PE [μ2t2 + t4 + μ (t2n−1 + t2n+1) − μ2t4n+2]SU(2)



Quivers for hyper surface symplectic singularities
Slice in G2

24

Hypersurface Quiver (Higgs branch, unless specified)

C
2/An

dimH = 1
1 1

· · ·

1 1

1

n nodes

C
2/Dn

(n � 4)

dimH = 1

1 2 2

· · ·

2 2 1

1 1

n� 3 nodes

1 2 2

· · ·

2 2 1

n� 2 nodes

B0 C1 D1

· · ·

D1 C1 B0

B0 B0

2n� 5 nodes

C
2/E6

dimH = 1

1 2 3 2 1

2

1

1 2 3 4 2

D1 C1 D2 C2 D2 C1 D1

D1

B0 C1 B1 C2 B2 C2 B1 C1 B0

C1

B0

C
2/E7

dimH = 1

1 2 3 4 3 2 1

2

D1 C1 D2 C2 D3 C2 D2 C1 D1

C1

U1

C
2/E8

dimH = 1

1 2 3 4 5 6 4 2

3

D1 C1 D2 C2 D3 C3 D4 C3 D3 C2 D2 C1 D1

C1

Xn

dimH = 2
H

0

BBBB@
SU(2)

Graph with n loops

1

CCCCA
= C

0

BBBB@ 2

1

n loops

1

CCCCA

X̂
dimH = 3

1 2 3

Hypersurface Quiver (Higgs branch, unless specified)

C
2/An

dimH = 1
1 1

· · ·

1 1

1

n nodes

C
2/Dn

(n � 4)

dimH = 1

1 2 2

· · ·

2 2 1

1 1

n� 3 nodes

1 2 2

· · ·

2 2 1

n� 2 nodes

B0 C1 D1

· · ·

D1 C1 B0

B0 B0

2n� 5 nodes

C
2/E6

dimH = 1

1 2 3 2 1

2

1

1 2 3 4 2

D1 C1 D2 C2 D2 C1 D1

D1

B0 C1 B1 C2 B2 C2 B1 C1 B0

C1

B0

C
2/E7

dimH = 1

1 2 3 4 3 2 1

2

D1 C1 D2 C2 D3 C2 D2 C1 D1

C1

U1

C
2/E8

dimH = 1

1 2 3 4 5 6 4 2

3

D1 C1 D2 C2 D3 C3 D4 C3 D3 C2 D2 C1 D1

C1

Xn

dimH = 2
H

0

BBBB@
SU(2)

Graph with n loops

1

CCCCA
= C

0

BBBB@ 2

1

n loops

1

CCCCA

X̂
dimH = 3

1 2 3

• 


• Not polynomial PE

H(t, x) = PE [[2]t2 + [3]t3 − t12]



Branes



Union of 3 cones
new physics

(0, 1)

(0, 1)

(�Nc, 1)

(�Nc, 1)

Figure 16: Before Hanany-Witten

transition. SI = Nc,∑iXi = 0.

(0, 1)

(�Nc, 1)

Nc

(Nc, Nc � 1)

Figure 17: After Hanany-Witten

transition. SI = 0,∑iXi = Nc.

of the quiver ensured by the property of the stable intersection. We keep the detailed study

of this point as our future work.

4 New Notions

We proceed with examples which demonstrate new features that arise after utilizing Con-

jecture 1 in the analysis of 5d Higgs branches.

4.1 Union of Three Cones

Let us study the case of 5d N = 1 SQCD with gauge group SU(5), with Nf = 6 fundamental

flavors and CS level k = 1. The corresponding toric diagram is depicted in figure 18. The

brane web of the theory and the limit where the coupling is taken to infinity are depicted

in figure 19. The Higgs branch at infinite coupling H∞ was not known before the present

paper. Now we are able to compute it as the moduli space of dressed monopole operators,

by maximally dividing the brane system into sub webs and then applying Conjecture 1.

We see in the example of SU(2) with two flavors that there are two di↵erent ways of

maximally subdividing the brane system (figure 3), and this implies that H∞ is the union

of two cones (it has two components). In the present case, there are three di↵erent ways

of maximally subdividing the brane web, see figure 20. This means that the Higgs branch

at infinite coupling is a union of three cones:

H∞
�

�
�
�

�

6��
○

SU(5)1
�

�
�
�

�

= C1 ∪C2 ∪C3 (4.1)

The three cones C1, C2 and C3 are computed utilizing Conjecture 1 on each di↵erent

maximal subdivision, to obtain a particular quiver. These quivers are depicted on the

– 19 –

Figure 18: Toric diagram corresponding to the 5d SQCD theory with SU(5) gauge group,

number of flavors Nf = 6 and CS level k = 1.

1
g2 → 0

Figure 19: Brane system for 5d SQCD with gauge group SU(5), Nf = 6 flavors and CS

level k = 1 before and after taking the gauge coupling to infinity.

bottom of figure 20. Hence:

C1 = C
3d

�

�
�
�
�
�

�

○
1
− ○

2
−

1
○∥
○
3
− ○

2
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1

�

�
�
�
�
�

�

(4.2)

C2 = C
3d

�

�
�
�
�

�

○
1
−

1
○

3
��

1
○� �

○
2
− ○

2
− ○

2
− ○

1

�

�
�
�
�

�

(4.3)

C3 = C
3d

�

�
�
�
�

�

○
1

1
○

4
��

1
○� �

− ○
1
− ○

1
− ○

1
− ○

1

�

�
�
�
�

�

(4.4)

In this way, Conjecture 1 can be utilized to derive new properties of 5d theories at

infinite coupling that were not understood before.
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Figure 20: Di↵erent components of the Higgs branch at infinite coupling of 5d SQCD with

gauge group SU(5), Nf = 6 flavors and CS level k = 1. None of the three web sub divisions

can be a sub division of the other two. Note that the red and the blue sub webs in the

rightmost web cannot be further subdivided due to s-rule. The quiver which is obtained

by applying Conjecture 1 is depicted underneath each phase. Note that in table 3 these

three di↵erent phases receive labels III, I and II from left to right.

4.2 The Intersection of Several Cones

In fact, Conjecture 1 can also be used to specify the intersection between any pair of cones

in equation 4.1. Given two sub divisions, for example the first and the second from the left

in figure 20, find the maximal subdivision S such that both brane systems are subdivisions

of S. S is depicted in figure 21. The intersection of both cones is then the moduli space of

dressed monopole operators given by the quiver associated to S via Conjecture 1.

Hence, we have:
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Note that this space is the closure of the next to minimal nilpotent orbit of sl(6,C):
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= n.minA5 (4.6)

Therefore, we obtain the result:

C1 ∩C2 = n.minA5 (4.7)

We believe that this result nicely illustrates the power behind Conjecture 1. Similarly,

the triple intersection between all three components C1 ∩ C2 ∩ C3 can also be identified.

The maximal subdivision S
′ such that all brane systems in figure 20 are subdivisions of S′

is depicted in figure 22. The corresponding quiver can be obtained via Conjecture 1, such

that the triple intersection is defined as the space of dressed monopole operators:
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Non simply laced quivers
No known Lagrangian or path integral

• A small modification of the monopole formula


• A whole new set of moduli spaces


• A window to exotic moduli spaces


• like rank 1 4d theories

Rank 1 SCFT Magnetic quiver

C5
43 5 21 2

C3 ⇥A1
21 3 2 1

C2 ⇥ U1
1 2

1

1

A3
3 421

A1 ⇥ U1
1 2 1

A2
2 31

Table 2. The magnetic quivers of 4d N = 2 rank 1 theories with enhanced Coulomb branches
(labeled by their global symmetry).

quivers, i.e. the freedom to change between framed and unframed simply laced quivers. In

the case of simply laced quivers there is no need to denote an ungauged node.

The magnetic quivers of the 4d N = 2 theories in question can be obtained from

magnetic quivers of 5d N = 1 theories compactified with a Zk twist. In this case one starts

with the magnetic quiver Q0 of the 5d theory, which contains k identical simply-laced legs,

and obtains the magnetic quiver Q of the 4d N = 2 theory by folding the k legs of Q0:

Fk : Q0 7! Q (3.1)

where Fk is the action of folding k identical legs. Remarkably, most of the 5d theories in

question are all well known, simple theories.

Hilbert series and chiral ring. The Coulomb branch Hilbert series and refined plethys-

tic logarithm (PL) of Q are given in Table 3. The refined PL encodes information on the

generators of the chiral ring and their relations [41]. The first few positive terms are rep-

resentations of the generators whereas the first few negative terms are the representations

of the relations. Higher order terms are often higher syzygies. The terms at order t
2

transform in the adjoint representations of the global symmetry group [42].

The C5, C3 ⇥A1, and C2 ⇥U1 magnetic quivers can be derived from 5d N = 1 SQCD

magnetic quivers Q0 through folding [12], as detailed in Section 4 below. Therefore, one

can expect that the highest order relations exist at order t
4�B where �B = 3/2 is the

conformal dimension of the baryonic/instanton generators, see for example [12, Sec. 2.2].

As a result, there should be no relations beyond t
6. This is consistent with the fact that

there are no negative terms in the PL at order t7 and t
8. At higher orders, negative terms

reemerge in the form of higher syzygies, i.e. relations between relations [41]. As a result,

for these three families, all the generators and relations can be seen in Table 3.
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physical effects in 6d
Small instanton transition: 1T <—> 29 H

the use of branes makes the discrete gauging relation between the various Higgs branches manifest.
In more detail, the conjecture of [22] asserts that the 6d Higgs branches corresponding to (2.8) and
(2.12) are related via gauging of discrete permutation groups. The Type IIA picture in phase (2.7)
exhibits an Sn symmetry due to the indistinguishable nature of the NS5s. When the NS5 branes
are coincident as in (2.11) the discrete ∏i Sni group is gauged.

2.4 Small E8 instanton transition: M5 branes near M9 plane

The other extreme is a system of M5 branes near an M9 plane which do also exhibit various phases

A0 × × × × ×M5 M9
x
6

x
7,8,9,10

(2.13)

depending on whether the M5 branes are outside the M9 or inside. Here, C2 is conveniently treated
as C

2�Z1, i.e. the A0 singularity. Correspondingly, in the Type IIA picture there is a single D6
brane.

Single M5. Consider a single M5 near an M9. The phase where the M5 is outside the M9 has
the following brane system:

A0 ×M5 M9
x
6

x
7,8,9,10

(2.14)

It can be described in Type IIA as follows3:

⇔ electric quiver:
1 1

(2.15)

Note that there is no choice of boundary condition involved. Since there is only one D6 and all
eight D8 are strictly speaking on top of the O8− orientifold, one may connect the D6 to any of the
D8s. In addition, the brane system in (2.15) only displays one side of the entire brane content as
all the mirror objects outside the O8− behave identical to their counterparts. That being said, note
that the depicted NS5s are technically half NS5 branes.

Similar to above, one can move to the phase of the brane system where all D6s are suspended
between D8s by pulling one D8 from infinity, one obtains

⇔ magnetic quiver:

1

1

(2.16)

3In the remaining brane diagrams we will omit the labels for the di↵erent branes. The brane diagrams are either
M-theory or Type IIA diagrams and follow the conventions established in diagrams (2.1) and (2.2) respectively.
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Note again that one U(1) gauge node originates from the D6 suspended between two D8s, while
the other U(1) stems from the NS5 (once again the neutral hypermultiplet that also corresponds to
the NS5 has been omitted in the depiction of the magnetic quiver, since it does not contribute to
the 3d Coulomb branch). The relation between the electric and magnetic quiver is given in terms
of their associated moduli spaces

H6d �electricquiver (2.15)� = C3d �
magnetic
quiver (2.16)� = C2 = H . (2.17)

However, there is another phase of the 6d system which is reached when the M5 approaches
the M9 plane. In Type IIA the half NS5 can be moved towards the O8− through the D8s via a
transition with brane creation [8, Sec. 3.2]. As first step, one moves the half NS5 behind the last
D8 and takes care of brane creation as follows:

(2.18)

Next, one merges the half NS5 on the orientifold with its mirror image, then splits them along
the O8− such that these are free to move vertically. All the newly created D6s become unfrozen and
are now free to move along the vertical directions as well. Recalling that a D6 stretched between a
D8 and its mirror image does not lead to a massless BPS state, the D6s in the last two segments
closest to the O8− need to be rearranged as follows:

(2.19)

In the last brane system the 8 D6s in the interval between the rightmost D8 and the O8− have
been connected with their mirror images. From this, one can read o↵ the magnetic quiver using
the rules established before

1 1 2 3 4 5 6 4 2

3

(2.20)

This result deserves some comments. Firstly, the bifurcation in the magnetic quiver is a direct
consequence of the brane picture (2.19). In more detail, there is a stack of three D6s between the
7th and 8th D8s starting from the left, as well as a stack of four D6s between the 8th and the 7th
D8s, but these D6s go all the way through the O8−. By the previous arguments, the stack of three
and four D6 give rise to an U(3) and an U(4) magnetic vector multiplets, respectively, which are
both connected via magnetic bifundamental hypermultiplets to the U(6) gauge node from the stack
of six D6s in between the 6th and 7th D8s. Secondly, the U(2) node at the very right of the quiver
results from the two half NS5 branes that can move freely along the O8−. The setting is similar to
the discrete gauging argument of (2.11): the two half NS5 branes on the O8− are coincident with
the di↵erence that the magnetic adjoint hypermultiplet is frozen due to the orientifold projection;
we would like to relate this e↵ect also to the fact that the NS5s on the O8− cannot move in the
x
6 direction. The resulting U(2) magnetic gauge node is connected via a magnetic bifundamental

10
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Hasse (phase) diagrams



Hasse diagrams
Quiver subtraction

• Recall the work of Kraft and Procesi who classified degenerations in closures 
of nilpotent orbits


• Minimal degenerations are of two types


• Klein singularity (ADE) — denoted by capital letters


• closure of a minimal nilpotent orbit of some algebra — denoted lower case


• This is reproduced and generalized with the Coulomb branch



Hasse diagrams for nilpotent orbits
taken from KP

If we make a diagram where the nodes are the orbits, and there are edges connecting

them where we found a KP transition we recover the KP Hasse diagram from fig. 37 (b).

Note that in this formalism the quaternionic dimension is just:

dim :=
X

j

M2j (6.17)

7 Results

With the matrix formalism we can write a computer algorithm that is able to calculate all

matrices (i.e. all brane configurations and all quivers) and KP transitions for all nilpotent

orbits of any slN algebra, starting from the matrix of the maximal nilpotent orbit.

7.1 Tables with Results from the Matrix Formalism

In this section we present all the results that have been produced with this algorithm. For

each value of N we include a table that contains all matrices for all models of the form

T�t(SU(N)). The corresponding partition and quaternionic dimension can be read from

the matrix and are also included. The quivers for both T�t(SU(N)) and T
�
t
(SU(N)) can

easily be recovered from the matrices, as was shown in the example in the next section.

The algorithm can also provide the nature of the KP transition that is required in each

step. These have been added to the matrix data in the form of Hasse diagrams9.

sl2

A1

Matrix Partition dim

 
0 2 0

0 1 0

!
2 1

 
1 0 1

0 0 0

!
1,1 0

Table 5: Results obtained applying the matrix formalism to sl2.

9
Note that there is an equivalence a1 = A1
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sl3

A2

a2

Matrix Partition dim

 
0 3 0 0

0 2 1 0

!
3 3

 
1 1 1 0

0 1 1 0

!
2,1 2

 
2 0 0 1

0 0 0 0

!
1,1,1 0

Table 6: Results obtained applying the matrix formalism to sl3.

sl4

A3

A1

a1

a3

Matrices � dim

 
0 4 0 0 0

0 3 2 1 0

!
4 6

 
1 2 1 0 0

0 2 2 1 0

!
3,1 5

 
2 0 2 0 0

0 1 2 1 0

!
2,2 4

 
2 1 0 1 0

0 1 1 1 0

!
2,1,1 3

 
3 0 0 0 1

0 0 0 0 0

!
1,1,1,1 0

Table 7: Results obtained applying the matrix formalism to sl4.
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sl3

A2

a2

Matrix Partition dim

 
0 3 0 0

0 2 1 0

!
3 3

 
1 1 1 0

0 1 1 0

!
2,1 2

 
2 0 0 1

0 0 0 0

!
1,1,1 0

Table 6: Results obtained applying the matrix formalism to sl3.

sl4

A3

A1

a1

a3

Matrices � dim

 
0 4 0 0 0

0 3 2 1 0

!
4 6

 
1 2 1 0 0

0 2 2 1 0

!
3,1 5

 
2 0 2 0 0

0 1 2 1 0

!
2,2 4

 
2 1 0 1 0

0 1 1 1 0

!
2,1,1 3

 
3 0 0 0 1

0 0 0 0 0

!
1,1,1,1 0

Table 7: Results obtained applying the matrix formalism to sl4.
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sl5

A4

A2

a1

A1

a2

a4

Matrices � dim

 
0 5 0 0 0 0

0 4 3 2 1 0

!
5 10

 
1 3 1 0 0 0

0 3 3 2 1 0

!
4,1 9

 
2 1 2 0 0 0

0 2 3 2 1 0

!
3,2 8

 
2 2 0 1 0 0

0 2 2 2 1 0

!
3,1,1 7

 
3 0 1 1 0 0

0 1 2 2 1 0

!
2,2,1 6

 
3 1 0 0 1 0

0 1 1 1 1 0

!
2,1,1,1 4

 
4 0 0 0 0 1

0 0 0 0 0 0

!
1,1,1,1,1 0

Table 8: Results obtained applying the matrix formalism to sl5.
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sl6

A5

A3

a1

A2

A1

A2

a2

a1

a2

A1

a3

a5

Matrices � dim

 
0 6 0 0 0 0 0

0 5 4 3 2 1 0

!
6 15

 
1 4 1 0 0 0 0

0 4 4 3 2 1 0

!
5,1 14

 
2 2 2 0 0 0 0

0 3 4 3 2 1 0

!
4,2 13

 
2 3 0 1 0 0 0

0 3 3 3 2 1 0

!
4,1,1 12

 
3 0 3 0 0 0 0

0 2 4 3 2 1 0

!
3,3 12

 
3 1 1 1 0 0 0

0 2 3 3 2 1 0

!
3,2,1 11

 
3 2 0 0 1 0 0

0 2 2 2 2 1 0

!
3,1,1,1 9

 
4 0 0 2 0 0 0

0 1 2 3 2 1 0

!
2,2,2 9

 
4 0 1 0 1 0 0

0 1 2 2 2 1 0

!
2,2,1,1 8

 
4 1 0 0 0 1 0

0 1 1 1 1 1 0

!
2,1,1,1,1 5

 
5 0 0 0 0 0 1

0 0 0 0 0 0 0

!
1,1,1,1,1,1 0

Table 9: Results obtained applying the matrix formalism to sl6.
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sl7

A6

A4

a1

A3

A2

A2

A1

A1

a2

A2

A1

a3

A1

a2

a2

a4

a6

Matrices � dim

 
0 7 0 0 0 0 0 0

0 6 5 4 3 2 1 0

!
7 21

 
1 5 1 0 0 0 0 0

0 5 5 4 3 2 1 0

!
6,1 20

 
2 3 2 0 0 0 0 0

0 4 5 4 3 2 1 0

!
5,2 19

 
2 4 0 1 0 0 0 0

0 4 4 4 3 2 1 0

!
5,1,1 18

 
3 1 3 0 0 0 0 0

0 3 5 4 3 2 1 0

!
4,3 18

 
3 2 1 1 0 0 0 0

0 3 4 4 3 2 1 0

!
4,2,1 17

 
4 0 2 1 0 0 0 0

0 2 4 4 3 2 1 0

!
3,3,1 16

 
3 3 0 0 1 0 0 0

0 3 3 3 3 2 1 0

!
4,1,1,1 15

 
4 1 0 2 0 0 0 0

0 2 3 4 3 2 1 0

!
3,2,2 15

 
4 1 1 0 1 0 0 0

0 2 3 3 3 2 1 0

!
3,2,1,1 14

 
5 0 0 1 1 0 0 0

0 1 2 3 3 2 1 0

!
2,2,2,1 12

 
4 2 0 0 0 1 0 0

0 2 2 2 2 2 1 0

!
3,1,1,1,1 11

 
5 0 1 0 0 1 0 0

0 1 2 2 2 2 1 0

!
2,2,1,1,1 10

 
5 1 0 0 0 0 1 0

0 1 1 1 1 1 1 0

!
2,1,1,1,1,1 6

 
6 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0

!
1,1,1,1,1,1,1 0

Table 10: Results obtained applying the matrix formalism to sl7.
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6d — small instanton transition
SU(2) with 10 flavors

• The Classical Higgs branch — minimal nilpotent orbit of SO(20)


• The moduli space of 1 SO(20) instanton on ℂ2SU(2)-[SO(20)] finite and infinite coupling in 6d:

4 5 6 7 8 4

5

1 2 2 2 2 2 2 2 1

1 1

1 2 3 4 5 6 7 8 5 2

4

d10 d10

e8

–
4
–



 family  — shows up in 5d, 6dE8 k = 2
Structure of symplectic leaves — left: Coulomb branch; right: Higgs branch

33

One can perform quiver subtraction on the quiver (2.5) to obtain the Hasse diagram of the

Coulomb branch

HC(2.5) =

D4

A5

0

1

2

. (2.6)

(2.5) has the 3d Mirror dual

1 2 3 2 1

1 1

. (2.7)

The Hasse diagram of the Higgs branch of (2.5) (Coulomb branch of the mirror (2.7)) is

straight forward to obtain from quiver subtraction on the mirror quiver (2.7)

HH(2.5) = HC(2.7) =

a5

d4

0

5

10

= I(HC(2.5)) . (2.8)

Both Hasse diagrams (2.5) and (2.7) are related by inversion.

The inversion procedure can be used to make predictions for the Higgs branch Hasse

diagrams of good or ugly quivers with no known Lagrangian 3d Mirror dual. An example

of such a quiver is

1 2
�

9 10 6 2

5

(2.9)
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The Coulomb branch Hasse diagram of 2.9 is readily computed from quiver subtraction

HC(2.9) =

e8

d10

d12

. (2.10)

its inversion is

I(HC(2.9)) =

D12

D10

E8

= HH(2.9) , (2.11)

where the equality to the right of the Hasse diagram is conjectured. This result remains

to be checked with the methods of [26]. In Section 4 we see yet another application of

inversion, in the case of a bad quiver with a known Higgs branch Hasse diagram.

Finally we can give an example for which the Coulomb branch and Higgs branch Hasse

diagram are not related by inversion. Take

O(1)

1

(2.12)

the Higgs branch of this theory is A1 = C
2�Z2

11, the Coulomb branch of this theory is

trivial (Figure 3). The relevant Hasse diagrams are:

HH((2.12)) =
A1

≠ I(HC((2.12))) , HC((2.12)) = ≠ I(HH((2.12))) (2.13)

Inversion does not relate the Higgs and Coulomb branch Hasse diagrams of just any

theory and a precise set of admissible quivers has to be found.

3 The Hasse diagram of the full moduli space – invertible

In this section we use Hasse diagrams to explore not only the Coulomb or Higgs branch

of a theory, but its entire moduli spaceM, including mixed branches. This enables us to

understand all di↵erent phases of spontaneous symmetry breaking and the massless spectra

11This space should really be called c1, as the Higgs branch of O(1) with N flavours is cN .
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•
PE [

k+3

∑
i=1

μ2it2i + t4 + μ2k+8 (tk+2 + tk+4)]
SO(4k+16)



small instanton transition
finite - infinite coupling

34

6d SCFT Sp(k) with N = 4k + 16 flavours G2 with 7 flavours

Magnetic quiver ○
1
− ○

2
−�−

○ k+3�
○

2k+6 − ○k+4 − ○2 Not known

Hasse diagram

2k2 + 15k + 29

⋮

e8

d10

d12

d2k+8

64

35

18

7

e8

d10

a11

c7

Table 8: Hasse diagrams of 6d SCFTs: Sp(k) family and G2 theory.

As an illustration, we first consider two infinite families of rank one theories on a −1

curve. These are the following:

• The 6d SU(N) gauge theory with N +8 fundamental hypermultiplets and a 2nd rank

antisymmetric hypermultiplet, denoted by ⇤2. The Hasse diagrams for this theory is

given in Table 7, using the magnetic quiver of [19, Sec. 3.6.2] for SU(2k) and of [19,

Sec. 3.6.4] for SU(2k + 1). This family generalises the case N = 4 studied in detail

in Sections 2.3, 2.4, and 4.2. Note that the Hasse diagram of the SU(N1) theory

is entirely included into the Hasse diagram of the SU(N2) provided N1 ≤ N2. This

means that one can Higgs the SU(N2) theory with N2 + 8 fundamentals and one ⇤2

to the SU(N1) theory with exactly N1 + 8 fundamentals and one ⇤2. Alternatively,

this can be checked directly by decomposing the representations, see for instance [41,

Fig. 5].

• The Sp(k) with N = 4k + 16 fundamental 6d half-hypermultiplets, with magnetic

quivers derived in [19, Sec. 3.6.1 and 3.6.3]. The Hasse diagram for this family of

theories is given in Table 8. Again, theories defined by various k-values display Hasse

diagrams included into one another.

As a consistency check, the global symmetry of the theories is reproduced by the bottom

part of the diagrams, as per the rules of Section 3.2.

In addition, to these two infinite families of theories, there are 12 other rank one

theories defined by a −1 curve. When there is no ambiguity, we label these theories by

their gauge group; when there is ambiguity, we give them a special name as specified below.

We describe the 12 theories using the notation of [41] as

• SU(6)⊕⇤⊕15 ⊕ 1

2
⇤3. This theory is denoted SU(6)�.

• SO(7)⊕ V
⊕2
⊕ S

⊕6

– 35 –



6d — small instanton transition
a family of Sp(k-1) theories with 2k+6 flavors

• The Classical Higgs branch — a nilpotent orbit of SO(4k+12)


• The Higgs branch at infinite coupling with magnetic quiver and Hasse 
diagram. The HWG is PE of the polynomial below

Family Theory SU Theory Sp Magnetic quiver U Magnetic quiver OSp

E8

SU(k+1)± 1
2

2k+5

Sp(k)

D2k+5

1
· · ·

2k
+
4

k
+
3

2

k + 2

D1 C1

· · ·
Ck+2 Dk+3 Ck+2

· · ·
C1 D1

C1

E7

SU(k+1)±1

2k+4

Sp(k)

D2k+4

1
· · ·

2k
+
2

k
+
2

2 1

k + 1

D1 C1

· · ·
Ck+1 Dk+2 Ck+1

· · ·
C1 D1

C1

U1

E6

SU(k+1)± 3
2

2k+3

Sp(k)

D2k+3

1
· · ·

2k
+
1

k
+
1

1

k + 1 1

D1 C1

· · ·
Dk+1 Ck+1 Dk+1

· · ·
C1 D1

U1

E5

SU(k+1)±2

2k+2

Sp(k)

D2k+2

1
· · ·

2k k
+
1

1

k 1

D1 C1

· · ·
Ck Dk+1 Ck

· · ·
C1 D1

U1

E4�2l

k�l�0

SU(k+1)±( 5
2+l)

2k�2l+1

Sp(k)

D2k�2l+1

1
· · ·

2k�
2l�

1

k�
l

1

l +
1

k�l
1

D1 C1

· · ·
Dk�l Ck�l Dk�l

· · ·
C1 D1

U1

l+1

E3�2l

k�l�0

SU(k+1)±(3+l)

2k�2l

Sp(k)

D2k�2l 1
· · ·

2k�
2l�

2

k�
l

1

l +
1

k�l�1
1

1
· · ·

2k�
2l�

2

k�
l

1

2

k�l�1
D1 C1

· · ·
Ck�l�1Dk�lCk�l�1

· · ·
C1 D1

U1

l+1

Cannot be read from brane diagram

Table 1: Magnetic quivers at infinite coupling. The 5d N = 1 duality between “Theory SU” and
“Theory Sp” has been observed in [16], also [18]. The wiggly link denotes a charge 2 hypermultiplet.
The “Magnetic quiver OSp” are derived in Section 3, while “Magnetic Quiver U” are subject of
Section 4. For k = 0, the moduli spaces are free hypermultiplets transforming as spinors of the
global symmetry. The “Magnetic quiver OSp” for E8,7,6 can be obtained from class S [78, 79].
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Family

Dimension and

symmetry for k > 1

at finite coupling

Dimension and

symmetry for k > 1

at infinite coupling

Hasse diagram

finite coupling

Hasse diagram

infinite coupling

E8

2k2 + 9k

so(4k + 10)

2k2 + 11k + 16

so(4k + 12) ...

d7

d9

d2k+5

...

e8

d10

d2k+6

E7

2k2 + 7k

so(4k + 8)

2k2 + 7k + 8

so(4k + 8)� su(2) ...

d6

d8

d2k+4

...

e7

d8

d10

d2k+4

...

e8

d10

d2k+4

a1

a1

a1

a1

E6

2k2 + 5k

so(4k + 6)

2k2 + 5k + 4

so(4k + 6)� u(1) ...

d5

d7

d2k+3

...

e6

d7

d2k+3

E5

2k2 + 3k

so(4k + 4)

2k2 + 3k + 2

so(4k + 4)� u(1) ...

d4

d6

d2k+2

...

e5

d6

d2k+2

Table 2: Coulomb branch quaternionic dimension, global symmetry and Hasse diagram for the
orthogonal exceptional families, both at finite and infinite gauge coupling. The Hasse diagrams
are further detailed in Section 5. Note the following changes between finite and infinite coupling.
The constant terms in the dimension formulae change in powers of two, as indicated by the spinor
representations for the free hypermultiplets in the k = 0 case. The global symmetry at finite coupling
does not include the U(1)I factor since it is realized by the gaugino bilinear which lives in a nilpotent
supermultiplet. At infinite coupling, it ceases to be nilpotent and becomes part of the geometry. As
a consequence the rank of the global symmetry of the Higgs branch variety increases by one. The
Hasse diagram is modified only in its top dimensional symplectic leaf for the E6 and E5 families,
while the change is deeper for the E7 and E8 families. A recurring pattern for the En families is
the transformation of a dn�1 transition into an en transition.
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Family HWG at finite coupling HWG at infinite coupling

E8

kP
i=1

µ2it
2i

✓
k+2P
i=1

µ2it
2i

◆
+ t

4 + µ2k+6(tk+1 + t
k+3)

E7

kP
i=1

µ2it
2i

✓
k+1P
i=1

µ2it
2i

◆
+ ⌫

2
t
2 + t

4

+⌫µ2k+4(tk+1 + t
k+3) + µ

2

2k+4
t
2k+4 � ⌫

2
µ
2

2k+4
t
2k+6

E6

kP
i=1

µ2it
2i

✓
kP

i=1

µ2it
2i

◆
+ t

2 + (µ2k+2q + µ2k+3q
�1)tk+1

E5

kP
i=1

µ2it
2i

✓
kP

i=1

µ2it
2i

◆
+ t

2 + (q + q
�1)µ2k+2t

k+1

E4

✓
k�1P
i=1

µ2it
2i

◆
+ µ2kµ2k+1t

2k

✓
k�1P
i=1

µ2it
2i

◆
+ t

2 + (qµ2k + q
�1

µ2k+1)tk+1

+µ2kµ2k+1(t2k�t
2k+2)

E3

✓
k�1P
i=1

µ2it
2i

◆
+ (µ2

2k�1
+ µ

2

2k)t
2k

�µ
2

2k�1
µ
2

2kt
4k

✓
k�1P
i=1

µ2it
2i

◆
+ t

2 + (q +
1

q
)µ2kt

k+1 + µ
2

2kt
2k

�µ
2

2kt
2k+2

E4�2l

k�l�0

✓
k�l�1P
i=1

µ2it
2i

◆
+ µ2k�2lµ2k�2l+1t

2k�2l

✓
k�l�1P
i=1

µ2it
2i

◆
+ t

2 + (qµ2k�2l +
1

qµ2k�2l+1)tk+1

+µ2k�2lµ2k�2l+1(t2k�2l�t
2k+2)

E3�2l

k�l�0

✓
k�l�1P
i=1

µ2it
2i

◆
+ (µ2

2k�2l�1
+ µ

2

2k�2l)t
2k�2l

�µ
2

2k�2l�1
µ
2

2k�2lt
4k�2l

✓
k�l�1P
i=1

µ2it
2i

◆
+ t

2 + (q +
1

q
)µ2k�2lt

k+1

+µ
2

2k�2l(t
2k�2l�t

2k+2)

Table 4: Highest weight generating function (HWG) [82, 83] for the orthogonal exceptional fam-
ilies. The highest weight fugacities are assigned as follows: µi for so, ⌫ for su(2), and q for u(1).
The global symmetry in each case can be read in Tables 2 and 3. Moreover, t denotes the SU(2)R
fugacity along the 3d N = 4 Coulomb branch.
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Basic Hasse diagrams - affine ADE quivers
2 symplectic leaves, minimal slices

36

. . .

1

1 1

n

. . .
1

1

1

12 2

n − 3 1 2 3 2 1

2

1

1 2 3 4 3 2 1

2

1 2 3 4 5 6 4 2

3

a) b) c)

d) e)

Figure 2: A�ne ADE Dynkin quivers. a) Ân b) D̂n c) Ê6 d) Ê7 e) Ê8. Their Coulomb

branches are the minimal nilpotent orbit closure of the corresponding algebra, written an,

dn, and en respectively. Their Higgs branches are the Kleinian singularities corresponding

to the algebra, written An, Dn, and En respectively. It should be clear from context,

when a capital letter refers to the Kleinian singularity rather than a Dynkin diagram or an

algebra. The Hasse diagrams for both the Coulomb and Higgs branches are given in (1.5).

1. Black dots with a number n next to it: denote a leaf of quaternionic dimension n.

2. A line � with a label next to it, between two black dots: denotes the elementary slice

between two neighbouring leaves.

Now consider the a�ne Dynkin quivers of ADE (Figure 2). Their Coulomb branches

are minimal nilpotent orbit closures, while their Higgs branches are Kleinian singularities.

Both their Higgs and Coulomb branches consist of two symplectic leaves and the transverse

slice is the the branch itself. The respective Hasse diagrams are

HC =

an, dn or en

0

x

HH =

AN , Dn or En

0

1

. (1.5)

Where closures of minimal nilpotent orbits are denoted with a lower case and Kleinian

singularities with an upper case letter, note that A1 = a1, and

x =

���������������������

n for an
2n − 3 for dn
11 for e6
17 for e7
29 for e8

(1.6)
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4d  SU(6) with fundamental matter𝒩 = 2
union of 2 cones

37

Nf = 1 Nf = 2 Nf = 3 Nf = 4 Nf = 5 Nf = 6 Nf = 7 Nf = 8 Nf = 9 Nf = 10 Nf = 11 Nf = 12 Nf = 13

a1 a2

a1

a3

a2

a4
A5

a1

a3

a5

A4

a2

a4

a6

A3

a1

a3

a5

a7

A2
a2

a4

a6

a8

A1
a1

a3

a5

a7

a9

d3

a4

a6

a8

a10

d4

a5

a7

a9

a11

d5

a6

a8

a10

a12

Figure 7: This figure displays the explicit Hasse diagrams as given in generic form in Table 7, in the particular case Nc = 6, and for

1  Nf  13.

The case Nf = 10 could also be represented as a d2 � a3 � a5 � a7 � a9 diagram.

Note that the maximal height of the diagram is 5, which is the rank of the gauge group. It is reached only when Nf � 2Nc � 2 = 10.

One can see that for Nf < Nc = 6 there is only the mesonic branch. The baryonic branch appears for Nf = 6, and then grows in

dimension from 1 (for Nf = Nc = 6) to 25 (for Nf = 2Nc � 2 = 10) where it equals the dimension of the mesonic branch. Then the

baryonic branch takes over, and contains the mesonic branch as a sub-cone for Nf � 2Nc � 1 = 11.

–
26

–



Minimal transverse slices
Symplectic singularities

• A list of minimal transitions

Slice Framed quiver Unframed quiver

an

1 1
· · ·

1 1

1 1

1 1
· · ·

1 1

1

bn

1 2
· · ·

2 1

1

1 2
· · ·

2 1

1

cn

1 1
· · ·

1 1

1

1 1
· · ·

1 1

1

dn

1 2
· · ·

2 1

11

1 2
· · ·

2 1

11

e6

1 2 3 2 1

2

1

1 2 3 2 1

2

1

e7

1 2 3 4

2

3 2

1

1 2 3 4

2

3 2

1

e8

1

2 3 4 5 6 4 2

3 1

2 3 4 5 6 4 2

3

Slice Framed quiver Unframed quiver

f4

1 2 3 2

1

1 2 3 2

1

g2

1 2

1

1 2

1

acn

1

1 1
· · ·

1 1

1

1 1
· · ·

1 1

1

ag2

1 1

11

1 1

1

cg2

1 1

1

1 1

1

hn,k

1 1
· · ·

1 1

1

k

1 1
· · ·

1 1

1

kk

hn,k

1

1 1
· · ·

1 1

1

k

1 1
· · ·

1 1

1

kk

An
n+ 1

1

1

1
n+ 1

Table 1. Most up-to-date, but incomplete list of unitary quivers without loops for elementary slices usable in the quiver subtraction algorithm.
In each case we provide two quivers, a framed version and an equivalent unframed version, where a U(1) should be ungauged on the long node.
For an, bn, cn, dn, acn, hn,k and h̄n,k there are n gauge nodes in the framed quiver and n + 1 gauge nodes in the unframed quiver. Notice that
hn,1 = H

n, hn,2 = cn, h2,3 = cg2, hn,1 = an, hn,2 = acn, and h2,3 = ag2.

–
4
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Affine Grasmanian G2

g2

cg2

A1

ag2

A2

A1

A1

A3

A1

A2

A4

A2

A1

A1

A3

A5

A2

A1

A2

A4

A3

A1

A2

1

21

1

32

2

42

6

126

41

116

32

127

4

128

23

13851

137

13

117

11

53

3

63

2

64

21

74

4

84

12

85

31

95

5

105
3

96

22

106

Figure 13. Bottom of the Hasse diagram for G2. See detailed caption on page 17.
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Orthogonal Symplectic
closures of minimal nilpotent orbits of type  for En n = 8,7,6,5,4

Before folding After folding
Orthosymplectic quiver Coulomb branch Orthosymplectic quiver Coulomb branch

4 6 6 8422 6 2 2446

2

O
e8
min

2 8 6 6 4 4 2 2

O
e7
min

4 6 4 4422 2 2

2

1

O
e7
min

2 6 4 4 2 21

O
e6
min

4 4 2 2422

1

O
e6
min

4 4 2 21

O
so(10)
min

2 4 2 22

1

O
so(10)
min

4 2 21

O
so(8)
min

2 22

1

1

O
sl(5)
min

2 21 1

O
sl(4)
min

Table 2: The orthosymplectic quivers on the left have Coulomb branches that are closures of exceptional algebras En for n = 4, . . . , 8.
Folding these quivers along the identical legs gives the non-simply laced orthosymplectic quivers on the right. The Coulomb branches
of these theories are given as well. In all the quivers here, there is an overall Z2 which is ungauged, see [14] for more details.

–
4
–
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branches are the minimal nilpotent orbit closure of the corresponding algebra, written an,

dn, and en respectively. Their Higgs branches are the Kleinian singularities corresponding

to the algebra, written An, Dn, and En respectively. It should be clear from context,

when a capital letter refers to the Kleinian singularity rather than a Dynkin diagram or an

algebra. The Hasse diagrams for both the Coulomb and Higgs branches are given in (1.5).

1. Black dots with a number n next to it: denote a leaf of quaternionic dimension n.

2. A line � with a label next to it, between two black dots: denotes the elementary slice

between two neighbouring leaves.

Now consider the a�ne Dynkin quivers of ADE (Figure 2). Their Coulomb branches

are minimal nilpotent orbit closures, while their Higgs branches are Kleinian singularities.

Both their Higgs and Coulomb branches consist of two symplectic leaves and the transverse

slice is the the branch itself. The respective Hasse diagrams are

HC =

an, dn or en

0

x

HH =

AN , Dn or En

0

1

. (1.5)

Where closures of minimal nilpotent orbits are denoted with a lower case and Kleinian

singularities with an upper case letter, note that A1 = a1, and

x =

���������������������

n for an
2n − 3 for dn
11 for e6
17 for e7
29 for e8

(1.6)
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