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of ity excited stmtes?
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F the QM. Ganharvonic oscillator case.
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Bia apal; geta similar el of undersianding (ora QFT.

With Robertr Tate we made a start, yeuss agg...
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* EVen <o we might Worry [see later”)

(ND: wewm't veessanily s all clhor @ws. there may Ve disonnedah edbrs)
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Goubl, ¢ * 2 f\»_%‘/‘_ and all is well,
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Oiﬁfh Qthb: \ﬁfliind\! .
R This gnerales he branch points |
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CFT 2
HW HMQ)‘\‘,)\S(()(ﬂd‘JL
Lc- Vg Q’d:lz o

» The oo volume theory has Just one pocticle by ard. aveny singe Stk S (6)= anhO +ifiﬂ'a
o1t Mass 15 (M= (2640 (-0 wno- sl
o Since v = mINR we con eivalentty thinke o aur proceduce

a5 analyfic coantinuatign mthe CW()lMg 2

(p= Wp'\DU{'j, Momertum =
(payp> = (coMG5ahE) )

(i!\d'.\lol- 3&((’(%\ s red for ﬁﬂ(yﬁh}



TBA recige o fidd clr)
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N‘\CV\. é(w: =] (& alsgwhen ea‘ﬂ:O but Ehese wint B2 '\ﬂ\foffm\*)
For gpnerul. ™ thex are ol clar o <he reask ouis,
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NS ay © Nanes aloﬂg SOM Qaﬂ\? (N%: TBA an 15 Symretnic in & o
singuloribes @re. afwas paired Cke this.)

‘/x -0, LQ ﬂWﬂ E‘V/("BA Co“\lalMﬁOr\
7 7 ~¢®") /
; R ’?90 I UNOERS 5 Wfb -legy(1c€ )lb

Wnitial inbegration ..
confov (™ S \\ O‘CWW(‘, o



sﬁ{l‘. avoid the problem. by distorting Ete cortoor:

A 19
90 x\&
‘\%‘/ 7V /f\'—?gc .
0, FeLoY> ¥ LY=L  §(6-eDlon (i€ )’
(&

This oves € corraet analytic anbinuation §-the @paation.



ﬁz; veturn the contovr @ the raalk axis

-9, The relewd isidue orms am
be Sond egficitly.,,



To find the esidue, ityate by pas:
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Eﬂ'ro\‘\erw\d—mw\ ththo
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Llewise ¢(r) ets an extra bt :
c(r)= \;")__._rr". ;9,\}\90 A _%z Smr%\\e L) d &



o The new TBA equation Nas an erta unkmown: &

2)
the \ocation a§ the 5in3ularit5 which crosggl €he iﬂfegmﬁon,
Cof\ttovr.,

o [t fired ‘0:5 U posing -l 2 €0)= N

* N maps onto the lame-volume PBetre Ansatz numbert)
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o The new TBA equation Nas an erta unkmown: &

2)
the loation of the 5in3ularit3 which crosig). €he inteyration
cof\tovr,

o |t5 fred by imposing €“=-1 = ce= s

* N maps onto the lame-volume Petre Ansatz numbert)
for the tew smte which has been deneratel. .

A natwed avv\esﬁm: can this ke rqm’cai o build the
sl urfpce o <(e) and. find. hov the states with ckigerert:
Ns are confedal to each aﬁvzr?
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Grrand. plan:

o Sfact with the W’Stute—l"ﬁﬂ ) Continee to find lanﬂecﬁvig
with dicst excited-state TBAs, ontinue thog o onnect to
higher excited-stote THRs and s on, o “bootstrup™ to
the full Riemann surface of c(rD,

Unfprtunately this is haad | Numerical iteration. of TB equating
tends net to Caversp e~ Dxrch points and. the lou"gl"g levels
dont shaw any obvious patterns, so the §ull picture Jor
v Yatq.\.ee i5 still Migsing.

Instead. . didferent: model with more structure : sinh- Gordon .




Af . 9inh-Gorlon Case

Rgin asingle g o rdice,, bt vow e S-matvx dopends

oN o garameer- ¢
P 5 (§)= S\wh (8)~\ SinTp
sinh ) A 15T

“This s zeme (not pobey) ok hrp, 'ur(l—p),ano(mfsb'(tﬂd' under p2+p,

The T8A i a8 bejore.
€6)=rgsh0-L 5&47 (e-62LLe") d &’

where, LD =log(1+6%2) ,  P(8)= i @56,
Ths qavides o cepeankation § (6D for ~Tp<Wmb<ip,



This wus analysed in dedmil \’_\5 AL, awolodch)kov (JPA 2008),
The cntiomous cammeter 9 complicies matders |

Al 2. Wtrodued two functions
V(8 = &P = erp(-ramh@+ L § do-o)LENE )
and. Cholds g <mp<imie)crg)

X = exp(= sh6+L 9245
P ( Zointip jz‘*’"“ ""Cl,;:;, 2 1< Imb)CT )

No*e the initial dlejinitim Q- A holds on a wider StT‘P ‘:'W\\/.



X) y and Xy 5H5Hms

%t a=\-2p, Then

X[Q-I-.‘I{)X(G-‘%‘: =¥ X(ef‘;"zv))((e-ia_zrr>

N (©+DYE-1) =1+ Yo' P 1+ Yie-gD)
X(Q-\‘“r) Ke-'T) = YD

tr, @Y=

X(O4DXEP =111 T wafio
P‘ﬂi\e& with thee tdﬂbd\S)(m\ oderd form%v\tcts: D +X:0
X and then '/ 1o the whde compler plane, MU

Sacting drom ¢ on the reak ais g 9



SCV Q:\"ZP . Thew
X0+ 9 X(6-)= v Ko+ FIXE-5D”

N (©+3)Y(6- ~) (1 Yo'y )(H-‘f 9-““'))
X(9+'9") Xio-'T) = V(6D
X6+ T)XEO-F) =14 Yo

Faide: 4o 9= Cene Ely-dual point) the Y-syghem i
X(e+iF)K(e-F ) = |+ W)Y whichis the recurrence for- the

Custer algbr df ype. A [ Zelevinghy acXv: math/0606775 [
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’ﬂ\e P2 0 Lmit
As 020 the Yernel & (6) contarttredtes ear 60 and b(5-61) con
be replaced . Ehe TBA by 217 3(6-0), TThen the epuation beqnes
£00 = r(gh@-, TE-ILEMY = resh® - LIOD

Solw%’ \/19)-' A erw.w \

and hence ¢ ()= -2 g ﬂot,\\g\oa(\—e r(mw)w

Ty vesembles Cc.-smo)(,—) but with ome SYN &ﬁps ~ itis (,,(r))ﬁle.
eectie. Contrak dwch'qalfe boson on a C‘u’dQ, with C6(0)=1 o

Mayhe net surprising , bt thewes 2 prdbm Yere..,



’“\e,@mblem:
Dust as with, Y0, thees an alemative Jormula
§ov ¢,(1) Toee Saleurwzym 1487, Klesend Melzor wai)

() =] - «3'1[(«\ 44 .\E(y\‘hr-\(b.]
-G‘E(Jawﬁfz Zer-C

cd: ()= -}‘;‘.,Doglrr %,*L“W-Ye]

v e § (et — Q- {'fzt_@“)

e This time the. Dranch poins are ot even multiples ¢ o, wet odd ones,
Bt more. cucially, the signs o the square oot are revered |
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Whoy Might €nis be o gioblem 7

o When Corlinuing ¢ () arwnd branch points fom Che greund.
sate;, the Jligpad 5igMs @ the Square ooty led o an
Weoeer in E(m, R and exqtel st with higher
enervjies cthan Ehe pound state . Cgood ! ]

o Bur R Sguere rodts in G, () shrtith Che opposite Sign
S0 }li()pi% any oy €hem AM E CM)?“)Q ‘Qad“‘ﬁ © 'S’(OJQ“
with Lower eneryy than the gaund g, (4 V]
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L a
(s )y=H,¢ = EY 6O



Why sight Ehis not be. « problam?

0T03 Qﬂﬂ*\p\e: 5\‘\0 C@*eebason,il\aunwemwifh oneeomﬂ
(L) =H, P = EY 6O

d (Aﬁudb demand e L' C) R whee € = R,
—7 E: o)V (nz0,),2...D



\l\l‘\ﬂ m\gh{' Ens nat be a,()wbhw\?

0T03 QﬂlmP\E: 5H0 C@*eebommt\aunwemwifh one?o‘mﬂ
(L) =H, = EY 60

d (Aﬁ\kalb demand e L' C) R whee € = R,
—7 E: o)V (nz0,),2...D

o But \f we et - d? faL) and continue ¢ om0 &,
then Ehe elopnvalues change Sign ewen thowh H, > H,=H,.
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1 VZ’/Q_

o WK G Yoo~ p

o \é— A-7c0 on the Ry ‘X:Peif “GWL%

— Oofe 0(\' \v'l 0"0*'5 rd quo (is domingnt )
~while the cter chrinks (is subdominant)




Whoy did this hocppgn?

e WkK9 gur\Y : \.Plx)n, V‘Z/Q_

o \(f' X700 on the ray ‘x:Peif MWL%
— Oofe 0(\' \v'l 0"0*'5 rd quo (is domingnt )
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Whoy did this hocppgn?

x%
o WK &or xY : \.P 6O~ V :
P \d— A=7c0 ON the rm_») ‘x:Peif “GWL% ""’;‘V-x
(2]

- ONe 0(\‘ \vi @‘NS (72} quo (ES dnmil\a«l’) >Pe

~while the other shrinks (is subdominant)
o But i§ Re(va®n) = Re(re"’pe h)=0

then Veth oscillate, ST L.

o Such O dedine the antiSiokes Lings |, and. '/"?--‘-‘.s*.,.-;ﬁﬁ'f"" "

G(Jli{' Ehe wmp|€f p\ane g Slokes, ectors: . /ﬁ ‘i;;‘-;./,
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¢ "S v 15 such that” the Ovmmﬂsaﬁm contour Cm‘vxtidé’g with an
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o To keep out o Couble duning conkimuation,  C must 12 disbrte] 000
track <he same pair d- Sk, gzctry, ok ioo,ba\loio\ ovfiFokes lies
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The story s €ne same i§ @ pair of harmonic
oscillator i continued- in the copling Debween them,
( Wnivevie. wsith B ?omf'i) L see Tenderetal V702.02834]

Claim : tnis is what is hagpening 4 the free bosn: the
Continuation is messing it the Doondagy conditions at- injinity,
We would wot eypect to sae this $prsinh-Gorlon, Since Ehe

gowth of the poteatial oin(§(x)) ot each goint x is much sy,

Coreirmation comes Jom namedak worle (ne<t sction )
hieh showskhat - 070 continuation vound Yranch. Pointg
% Yoadl ‘o the veal oxis does indeed lead o stades of

Ngher eneryy.
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As 050,
ALA' 2w LB - 4m
¢s.¢' -8 D& 0 < §mi

Eah comects oo Z-goticle THA sdutin,
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N=b (G2c) § W=t Q20) ok %o,
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Some. Dd plots o Relc) (p=0.02 this time)

A

A” |
(o durther branch piint, ¢he it
¥ a sequene, neer o AD




13 tmtk Mhms mk I | | Y: p=004, r=300 | |
TOA, Monitor goints at hich I6)--] | ©
© e vhea thg crogs the. Gantour

1(013 which €he “TA i “"5 saved. .

Situation o real 20 ¢
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As = lonvey the reul ais the zems 4 ||+ Y|
wander about ond induce tymsitiong between the.

d,\&elﬂt(’ -TBAS <6& W\OV\€’5>



Conclusgians

o The 550 limit ghons reularities - Structure
which. moke us erpect Sk o more-complele. Q1Cturc
dr () in the camplex glang will %2 pribl .

- The PreasR wodking a s lim 1 subtie, ok mucn
maing to be done both analytiailly and aumerically,

o |t would b ‘\&lﬁf@ﬁg b Mjoﬂ\er wmodels i
similor way R ako other imits 4 sinh-Goseln. SUCh
W e Sfaircas models,,.
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