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Hybrid quantum systems

Quantum systems on a classical background

Hybrid integrable systems

Relation to deformation quantization

An example spin Calogero Moser system
and dynamical Haldane Shastry

models

joint with A Liashyk and I Sechin



1 Quantum systemnaclassicalbackground

Born Oppenheimer approximation Quantum computers
quantum classical interface
M W symplectic manifold the phase space
of the system
We want to have a quantum system which is

driven by a classical system

The bundle of hybrid observables

E Ax ti x End CIN Assume for simplicity
that quantum system

M is finite dimensional

Ax associative Ax Ax Cab 6 a a I at
unital 1 Ax simple



The algebra of hybrid observables

A P M E the space of smooth sections

S M E x HSG

pointwise multiplication
S S2 x 5 x 52 x

has a structure S x Six i e A is

a algebra

Z A CCM I C A I is a section oct 1 x

has a natural Poisson structure

21,223 W dz Adze

A is a module over the center Z A C A



We want A to be a module over the Poisson

algebra ZCA

22 51523 2,513527 5122,523

2127253 221,723,53 72,221,533

R Voronov Weinstein

22,53 diz Dis
where T.is Dis di s the covariant derivative

with respect to a connection α idxi

Def A hyridquantesystm is a bundle of algebras
over M W with a and a hermitian connection on it



A quantum system on a

classical background
Poisson Azumaya algebras

More algebraically algebra of observables of

a hybrid integrable system is

An associative algebra A finite
dimensional and simple over ZCA

Poisson algebra structure on Z A with

trivial Poisson center Maw

Poisson algebra Z A acts by derivations on A



Representational

Representation bundle

V Vx
Vx finite dimensional Hermitian

µ
Vx is an irr module over A x p Ax End Vx

Vx IN Ax End GN

Px ax plant
with a connection β

The associated representation space of A is

H P M V The pointwise action ax txt Axf



Connections α on E and β on V
agree

β af 74A f atff

Note that the Poisson algebra Z A M

is also represented

2 f W Diz off
22 af 47,93ft a 27,73

47 472 f 4471,723 f 272,471,733

Lagrangianeodules

Fix a Lagrangiantibraton

If
generic fiber p 6 CM
is Lagrangian



Assume LCM is a Laparfiesction i e

LN p 6 XL for generic b

Define the vector bundle
B L B

pi 6 Vocab

Define the space HL B T B V4

M module structure NE P B V

f V16 f 2L G V16 the L A p 6

A module structure

A N b 9
4
V18

Poisson structure is not represented in HL B



Dynamic

t.IEfdynames
generated by H c z A

Hat a a

A heidquantfs dynamics on A with a

background Hamiltonian dynamics generated by H is

Heisenberg
99 Hat ifH at H t A

α

Here H is the classical Hamiltonian H is the

quantum Hamiltonian

Note H and 11 f I define the same H dynamic



The hybnchroangerpicture the evolution of a

section S E P M V H

H'ist iH St so s

β

Consider It x St XH o X

i 4 H IxCH x

where It is a flow line of Ny w̅ dH with Xo X

schrodingerpicture i.pe H4B

i 6 H XH Nt b



where t is the flow line of w̅ dH

connecting L and p b in time t

It time evolution of L

L p 6



2

Hybridintegrablesystemsli.la
classical integrable system

Man generic fiber is
a Lagrangian

Bu
i

The usual class of examples Hin HEC Man sit

H H independent

H H 0

Mx H x Hi x Bn CIR



Let Hi tn be miltitime trajectory

w̅ dH x1 I Her.tn

The multitime evolution of classical observables

of x

of Ij fe x fold floc E a

ii A hybrid integrable system is a lift of this

classical system to the hybrid algebra of observables

A 1 M E with the twist by quantum
Hamiltonians H i H A



Hybrid multitime Heisenberg dynamics of observables

56 DSED.SE

G H Se 6 ti HIM x 506 56
d

j 1 N

da FINEThe compatibility condition

4H'i H 3 H'I H i H i H if Piffle Z A

Multitime Hybridchrodngerynamics
f Hi
g H

Nx VEIN VE H

8 H V 3 ti HIM V Cx V26 x

d



H'i H 3 H'I H 3 i H i H i 2 2 52 0

Substitute NICLES 41A E is a

multitime integrable trajectory generated

by vector fields Nj W dH then

i H E YE

Differential operators if H x1 commute

i H c x1 if H 1H 0

They also generate a multi time dynamics in HL B



i 6 H ID 16

IE multitime trajectory connecting L Till

Note Hi H n define a flat connection

on generic level surfaces of Poisson commuting integrals

H Ht

Thelatintdformationquantzation
a Ao associative algebra Z Ao C Ao be its

center



At flat deformation family of A
Af associative algebra for each t

It At Ao an isomorphism of top spaces

Equivalently a family of associative mult mA

9 6 4 41 9 Tile ab it mela b timala G t

Ex AFCA a b ab Eat mn a b

wellknownfat.su deformation family induces
the following structures on Ao

i z z m z z Milt z is a PIstructure
on Z Ao



i 2,53 m 2,5 Mils z is the action

of Z Ao by derivations on Ao

b Assume we have an integrable system on a

deformation family Ya At Ao i e Hi Hit Ao
such that

x HE HE HE HE o in A

Assume that as HE Hi 1 it H 01h

with 2H Z Ao



terms of order h in give 4H 4 3 0

terms of order t give

2H H e 3 2H H e3 i HI H e 3 4 4 3 0
2

Here a 632 Me a b mz 6,9

Because 49,632 Z A for a b E Z A we

have a hybrid integrable Heisenberg system



Quatu pincalogomorsystem

Cherednik Dunkle operators act on

71 Zn

dj 2 z.FI jKij E z iKij

where Kij 71 Zi Zj 2 17 71 Zj it Zn

They give
a representation of the

degenerate affine Hecke algebra



di di o Kin di dit Kitt 1

di Kice o if i k e

Kij generate the group algebra of Sn

The elements

Hk di

acting on

H kkii.tn 06Nj0ne



define commutative differential operators FIK

They are Hamiltonians of quantum

spifalogero Mosrm odellHikami Wada.fi

P it Zj e

Hi E Pi d d
69

He Ʃ
11 Kpi

8
to



Hs

IEE.cz I II

As t

oHk
H p.gl HH lp.n 07

HEECCTHIRNJ.lt TTR CN n



Hi Pi M o

Hi t.E.PH 4 EE.Me tE EIIQ

t.IE E.EEIE.Ms EE
Hi HE Is

i

The classical multitime evolution pig

M W d Hk t



On a generic n dimensional level surface

MC E HIE Ex

the multitime evolution gives a hybrid integrable system

Mr HE A

Ittihad

IT ffh
Them A Liashyk N R I Sechin The freezing point

gi F.PE is the only fixed point

of the multitime evolution M



I

Corollary Mda Melx o

The operator 0 dim

Mal Ʃ s.ttT gJ E sinIj5yitj
is a well known Hal Shastrodel for long
range spin interactions

4 0 KN

The A Liashyk G Ma N R I Sechin For each 1 Kent

there are degenerate Liouville tori of dimensie

k types

The next goal is to construct covariantly constant



sections for i H III on Liouville tori

of all dimensions s thi.sefonaryyandtImitf
n a

Related upcoming work

E lesystemsnstatifiedsymplcpa.es
CHEN Zhuo JIANG Kai N R XIAO Husileng

Examples G simple compact Lie group

TE G stratified Poisson spaceV

516 M 6 G stratified symplectic
spaces
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