Quamtum im[a_.im@h Systems ow '.w_'fﬂ-_a,_élc

classicat baalr.mwo‘
Nicolai Reshedithin

YMscC, ‘Eing'wa L(m’uusfl-g, & BIMSA &
UC Berkeley.

Pj\ibfnu— 60- M#\th;— fesf’

June, 202Y



P(an:
Hyéml quantum  syshous
( Quambam syslems on o classical backgroumd )
Hybrid ink}rda'c systens
Relakion o deformation quankizafion

An Ucamr‘tl Sfiu Ca/oam-%m sysle.m
aud dynamu'wi Haialm-—S'lus&av/
mMoolels .

(Jont with A Lioshyk wad T Sechin)



q. rQaaH-uM szsl-u«s o o classical l:ﬁnmw‘
Baw-op'v-uhhw dﬁroxiwln’on , Qu cnfum wmpu'fus:
C’ucwﬂ-um- classical iw'u#au
(M) - symphokc masifl, e phese spas

A Hu Sl’S“OA«.

v We wankt b hawe a 7Mamiwm sa,sl-cm il i

"givem " &y a Jdassical Sv;W:

The Lumdle of. &7&4& obcervalles

E <Acnl)e E""l(@”) Assume  for Siwrlfﬂy
n Hhat quaniumm syctan
M is finthe divmensional
Ay - asseciakive , % Ax=>A, (@83 -6a*,((-7a*
U.MT\(—o.L 4x c Ax ; SIW.P\L




o The olybro of hubrid observalies
A= (M, E) e spac of (SWH\)R&L’OI\S'
SIM> EF |, x> 56x) |
Pointwise M&Zpli%’ou
(s4S2) (2¢)= S (x)S2(x)
has a ¥ -shudwtey SE) > S6O* | ie. A is

& % -algeh .

ZCA');' CCMSGI c A ( T s a sech'on xr—:’l,)
hos o wobwal Foissen  shudwre
] 24, 2,9 = w"'(di‘ /\Jg,_)

A is a module over Hu conteyr Z(A)CA



. We want A L & a pedide puer Ue Risson

dpobo 2OV

12,5150 = 32,5982+ 5,322,527

& 2442 S 3 = ‘{)\34,‘?'»2 ;S(S + {?'z 421, S 33
(R.,VN'D"\W) Wb‘l'\SkiV\) .
12,8 = ') w2 V;S

ol
whe Vs = QiS4+ [V:,S] Hu wenank derabic
with ’wsru,l- b a  wwnehom oL = %-'(."*‘3'i

M, A *E#@rio( 3um4-wm snsl-am is a Lundle a-@ ailJms

over (M W) with o % aud o hopwiiom cemmedion o if..



A 1\~an‘-WW\ s,gl-u« oM “)
elassicad Qackqgrowmd

(¢0385M\ Az—uma,«]a JW)

More aﬂadmﬁuu} , 01341.‘ of olserveflea of
Q t\y&ﬁo( in‘\—lim‘k :ysl-m is
o  An associakwe Jau"m A ,('@fm'h-
Mmsiomﬂ) aumsl simr\r. oy ZLA)

FRissou alay"m shuchwe o Z(A) with
biviel  Goisson eenper ( Miw)
e Poisson nﬂabﬁ-m 2 (A) ah 13 deviabiors m A



Qv.[,_-z_sw(-d-iws ol A
R.cfnsmwo" Bumdlle :

V « V,
| Vy - finike dinensional Hermiban

M
. Uy s an vy vwodule over Ay P Ay = Ed(Vx)
(Ve €%, Ao E(EY).
j’z(ox)+= J’x(a:)
. wilh o commeckon

The associaked ut)ﬂwd-d-?om spau. of A is
H= "M VY). Te putwie ackon g x> 0,



Conneckions ok (o E ) and (V) oarie
Yat) - vt + avly
Noke Heat du Bissom algohm  Z(A) = C(1)
s also u‘)mw}ml
12,836 %z 27
32,083 = 42,030+ @z &3
ENRCOOR JESV-RER W & SN0 P PR 44!

L&Zrmatwu mMM
Fix a i fibration M geusnic fiber P(g)C,M
P is L”“ﬂ‘“’“f"‘“



As:mu( LC MU s a Lﬁwan Qé’w , ve.
L N F'M) = {IL,BB Lo gewwrit a.
Define e vechor Bumdlle \IG'L’ AL >t
~ |
Po (&)= V’CL,G

Define Hee spre W o= (e v-)

 COM) -radfe shudwre , 3 ve T(BV7)
2: GO L, )TE) , x e=LOFE)
. A- wmdude dvuduae

a: wg)» 6‘”5)

Ly
q>o'cs$w shudhue s wol «u_prqu,h.o( " HL:B



A \Lzlﬁo( quashum Heisenflerg dynamits m A wilte o
bd‘fwm&( Hama £ bonion abjMndts Wd R?/ H is
Kus«:ﬁ-q ‘)at * H"’u} . L(Hn), t-j Hm e A

Hue H s ch classicel Ham.((—omm ) H s H
alw‘wm HW%‘MQM.

Nete: H? ound H"\-u-{-l define {ue some H. dynawmic.



%’A SMAN?_# g’\dmc: Hoo ewolution of a
sediow S € P(M) V) =X

(o) . _
(%%“{H.SJ-‘“ S¢, So=S

P
Comsidr 4 ()= S (x®) ,  Xo)=x,

W*M- Hc )Y ) @)
dote x@) v o Pow line of vy = (AR with Wolex

S ghvro dimger pickere .y ¢ y L8
- iﬁ&“) _ Hm( xm) “’}(03



Ve X)) is Hae fow live of VH:.JJ‘(AH'M)
(mud—‘wxg L and '5"(3) w kwe £,

%) L{"') - finu WMO‘Q 0£ L

L p(e)



2. E#M inl'lah:ﬂl( ﬂslms

(l) A C.(&Ssiul ’m(-'.r@a,(,e gy’g{.m;

Mo, < gouric foher i
n Lagraias
Bw

Tee usual class oL ummplls; l.[(;:.‘, Hf\"ec"( Mzn) s, t.
) Hc;: e H':: == inJr-pme'l'
()

: {HE /H?)3=o
) (o) n
=) - (H 167 Hy (“))' BanC IR



kb xlhy-t0) 8o malbilime Hrajechevy

'.}f:%).: u')_‘(A H(:( X(ﬁ)>> ), £=(“4t"'l+n)

J

T neunllibime evolubon of dassical observaliles
REFYCY
V¢;

(i) A lv]&—iol in{-u}ru-@(l srkm is a &fl of Hus
Jassial s.’sl-uM bo He dybrid algebre of 60 ervafles

Az F(ME) with He "L " By quanbuns

Hamilbonians H(f‘)’ ) H‘: e A.

=T, £, 5@, £,69= Heoe L)



Hybwd wullihiwme \‘lus_w.i_wt J_&nwm/ifs of ofsexvotiles .

SG) > Se(x) , S e A

S o) o)
?_r_:("): QH}) Sﬁ é(x) +i (HJ(’())S—'S(X)]) S'o(x)-.- s(z)
:’ s ‘)...’ n :
The compakilility condibion: pallaes
AH HS S o A0, W34 ¢ CH'y, W6 p )G 2 (A)
Mulkfime  Hybnd  Schridinger dynamics : ::'
VO = Velx) |, e H J

Vv o) ()]
g.éex): W, U 34 H Ve 6o | e =)



& (o\ Hm,S . '(Hm 10}3+ : [Hf?‘) HM]-L (L A1 )(F‘_ _
Yo V0)

SuBsJ—il»u"'Q “ri(lxl-l_'))z 4’“_’)) )({-(_) s a
wmlbifime inhamﬂk Hrojechory }mmlul
b wkor pdds  an o SU(AHY ), Ha

v 5'\(/* H (xt&\)'\(f

Daff»rwkal orualm ;%\:4' Hm(xle)) commucte

{.'ﬁp- Hm (x1) , c%J-H (XH“)] =0

TLAZ NT Wd’t a audhliwe A#W(s tn HL;B



i Eﬁ.’i“): H‘.':(xﬂ.)\ AL

xl&)-mwbkkw ‘*’j‘“‘"‘”j comnu.‘-\'ua L L TT‘(Z)

Noke : Ho ooy H'n afine o Yk cmneckion
o gounic dwel surfacs of Bisson commd-iv.g iahr._l;
K o™
119°°7) Ma
The _aclokion do deformation quantizglion

@) A, - assodahive  adgsba , 2(A) € Ao L ik
cmter,




Ak = @(«A‘ cb»formw‘q’on ‘Ftwm% d A,
o A-h . associative nld.dvm for each K
v g A1‘ — A,, om ,’;anwrphd:m eﬁ 4-91:. spaws
"Sjuiv'dew‘e'a'.x 8 '?-&M-{Qﬁ H{L aSsoCiaMVG. ma At )

4¥t‘=‘et\("e:(a) ‘(11(8)) —ad - itwmla e)+ Kmy(as)+ -

od
EA: Ao\.(-km > Q}ltgr c 8 4= &ik )“Wn(‘l\e) )

ney

Well enown fad.  Suh d&}ormauﬁon .@mw{-e? indaceg
/" fbl(w:i\tz shudwaesS o Ao *

(i\ '\‘-2,%"5: M,(Q,?')W‘M(?'\?’) s a CPOTSSM\ shruchure
on ZCAO)




Qi) .{a,s]:m.(q,s)-u\(s,%) s Hie ackiou
4 2(Ao> % doy velions o Ao

G) Astwu wd LMIC AN Tn"twﬁ s;,gl'm om G

deformaki on -FWLJ, Ch: At > Ao e HT,)H: € A,
cuds Hiok

£k
(%) H."iHc""f**Hi:" i A,

(1)

Assume took astso Hy = Hy 1,- ikHe + O(K),

witlk LH'Y € Z(A)



(o)

o doews of gddr A v (9 give '\H(:, H, §=°
orws o ocdor k- Fve
()

WY, He 3= A MG TR 3= LM KT D e

H-UJL ‘{0., e}g - “‘t.(a.e) - Wz(ﬂ.ﬂ)

Peconst 36,83, Z(A) for 0,8 € 2(A)
hove o hybnd inl—cfmﬂe Hdsulu'a system .



Cluambum Spin Caﬂog_@- Myser ﬂgfm.

Cluxednik - Dunkle opum(-m adk v
C(‘zh“:%ﬂ)

2 .

, i * K, 5
R
t?) ‘-Cj J
Mg Kt«) : ('24)“'n 2‘(, “';%)""2,)|'7 (‘74)"'1 2‘(;, )€,

'ﬂwg qive & u')ww-l-ukw of Hu
ouam,ra}c %M Hedce alaf—"W\ :

e

y






dsfine wmvm%v& JA?@W"‘J OJ)U'“"'“‘-' ;:\k.

T‘f-l»'a oAe Ha)ui/uowio.us A-e c’uamr‘-mm
SP{u (_,a,(oam— Moser WAM (l—hlca,m' Wao(a,‘f 9

Hd" E:\ ?J

" LI 3 (1 "'kﬁ)

o=z p; —
)S) o4 8 sin’(‘li:b )



A h
Hy = LT pro 5 w3yl ly)
J= H-J' (2: -?))1'
-k 2 %% P by
3 g4 (20)(3-2)Re-7)
A: =0

Hy = HoGug) + KH Y (pg) + 06)
He € CCT'RYY, Hy e COTRYS (€)%



Hi< 2 p:
L= ’ H y =0
]
HE = L Y o2 1
s ;%.?‘ YT YOR 0t P
o Asluy) =2 oy
H‘ L Y LY f’z)'
3 =3 Z?‘ - 2c3 P : H(l)
= i) (%) 3 :—lLZ %3 p Xy
Hc " K | i#) Gt*'ﬁ)t
k= J):T'((*ﬁ—- ;t.?j)) ) T ?u- : 2% O Py
yai P ) (203 g2 (ze-s)

Tk .
¢ dassicel  nuwlhibime ulion -

(M DX (+)
) dtr wq("‘Hk)({—)




e On a QMUML (h-d&vwwsioml) Lol m{au
MCE) =) Hibod= E, ]

‘H\l W.ka\uz -UtaluLw 31\!14 & h,HgY\'A '\v\"&rfv‘({ s7s\t«~

. ) _ u) _
[‘ %I)' - H)' (x(#), ‘%; > H‘(x({-)):( =0

0 —n.m (A-LMSLylh NR., T Sza‘\‘m) Tlu. "Fruz‘m(; ro'uu('h

‘1}: 7'_;‘/3_ , ‘);zﬂ is 4w ow(y Jﬂxd ?o'ml'

°£ 'Rll Wbu'\l\m WoQuj-{on (M)



Co\rouw (0
[H g X;) H";(K#)] =0
°pu«a~|w
(l‘
WOe S Py 9
ut) C\n (q ._.13‘) (%) (n("ﬂ)
b o well powin Halduiwe - Shastry  wodel
£or
raMae s pin wberachious. W s
1;‘\_“_“_ (A.Lias‘u’L,G.Mﬁ, H.R.,I.Seck}u) for cach | ckend
Hure awe rb.?wmh Lowville +ori of divweusion k.

n
(%) fpes)
The next raﬂ 6 h comshudk wvam'a.de? Cov stout



secdions  for i%&- H':(xlﬂ) o Liowille dpnq
of ol drwemsions, skuhé s ms’rwkw NOMALCS
and Mo Unit N -5 oo Y
Refated wp CoMing wevk
Tukegroble  syshems on shralified git'_"ﬂ““kc spaces
( CHEN Zhuo | TIANG Kai , N.R., X\AO Hus&(wa)
£xww\r‘u: G;simr'l. ) c.o'mr\ac"’ Li& ‘J"’“F
TS/G' - 9“'*&“1.&16' q)oissow spact

SI0) = Ji (0)6- shohhiad symplechic
spaces



Happy Birthdey

Phiﬁﬂ;tﬁ]




