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Entropy of Folding of the Triangular Lattice. 
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PACS. 64.60 - General studies of phase transitions. 
PACS. 82.65D - Thermodynamics of surfaces. 

Abstract. - The problem of counting the different ways of folding the planar triangular lattice is 
shown to be equivalent to that of counting the possible 3-colourings of its bonds, a dual version of 
the 3-colouring problem of the hexagonal lattice solved by Baxter. The folding entropy log q per 
triangle is thus given by Baxter’s formula q = f l T (  1/3)3’2 / 2 x  = 1.2087 ... . 

The link between geometrical objects like polymers or membranes and spin systems is a 
powerful tool of investigation. The case of phantom polymers is especially eloquent, since in 
its discrete form a phantom chain can be thought of as l-dimensional Heisenberg chain, in 
which the spin variables stand for the directions of elementary monomers. The Heisenberg 
coupling is nothing but a bending energy for the (semi-flexible) polymer. Analogously, the 
folding of a chain is expressible as a l-dimensional Ising model. 

The 2-dimensional case is somewhat more subtle. Generically, 2-dimensional membranes 
can be discretized into triangulations, whose faces can support Heisenberg spin variables, 
now representing the direction of the local normal vector to the surface. However, one finds 
several universality classes of phantom membranes, depending on internal order and/or 
rigidity [l]. Beside the case of fluid membranes, which correspond to random triangulations, 
a case of special interest is that of tethered or polymerized membranes, which correspond to  
triangulations with fixed connectivity. In their simplest formulation, tethered membranes 
translate into a statistical problem on the regular triangular lattice [2]. The corresponding 
spin system is more involved than a simple 2-dimensional triangular Heisenberg model: 
indeed, as normals to  a surface, the spins are not independent variables. The resulting 
constraints play a crucial role in favouring an ordered phase and are responsible for the 
existence of a crumpling transition for tethered membranes [l-41, as opposed to the case of 
the usual (unconstrained) 2-dimensional Heisenberg model, always disordered. 

In this letter, we address the similar, but simpler, question of folding of the regular 
triangular lattice, the geometrical counterpart of a triangular 2-dimensional Ising model 
modified by additional local constraints. This model has been introduced and studied 
numerically in ref. [5], as a simple example in which connections between discrete and 

(*) Laboratoire de la Direction des Sciences de la Matiere du Commissariat a 1’Energie Atomique. 
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Fig. 15. The 96 folding configurations of an elementary hexagon. The complete folds are indicated by thick lines, the obtuse
folds by thin lines and the acute folds by dashed lines. For each environment, we have indicated its multiplicity corresponding
to rotations of the hexagon. We also indicated the vertices which have to be retained for the three sub-models corresponding to
the planar folding (11 vertex), the folding on a single tetrahedron (11 vertex) and that on a single octahedron (16 vertex).

Note that the constraints (2.6) and (2.7) are invariant under the change (!, z) → (!, εz!). One thus
gets a duality relation which consists in exchanging globally all the unfolded edges with those carrying
an acute fold, as apparent in Fig. 15. The sub-model 3 above is self-dual while the two sub-models 1 and
2 are dual of one another. In particular, the entropy of folding on a single tetrahedron is the same as that
for the planar folding, and given by Eq. (2.5).

The entropy of folding on the FCC lattice is not know so far. Numerical estimates [6] show that
q ∼ 1.43(1). We may easily show that q >

√
2 = 1.414 · · · by estimating the entropy of the sub-model 3

of folding on a single octahedron. Indeed, the constraint
∏6

i=1 zizi+1 = 1 amounts to requiring that z is
the product "v1

"v2
"v3

on the three nodes v1, v2 and v3 adjacent to the face at hand of a node variable "v

equal to ±1 and independent on each node of the lattice. The model 3 has therefore an entropy of 2 per
node, i.e.

√
2 per triangle.

We may finally consider the phase diagram obtained by introducing a bending energy, again in the form
of a link energy Eb = −K cos(#) where # is the folding angle (none, complete, acute or obtuse). This
phase diagram was obtained in Ref. [8] by use of a variational method (see also Ref. [29]). As for planar
folding, one finds in the regime K !0 a first-order flattening/crumpling transition between a crumpled
phase for small values of K and a completely flat phase for large values of K. The situation for K "0
(i.e. for which folds are favored) is richer: Fig. 16 displays the proportion of the different types of folds

96 vertex model 
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Fig. 16. The proportion of the different types of folds as a function of the rigidity modulus K (energy Eb = −K cos(!)) in the
range K < 0.

as a function of K. One clearly distinguishes two successive folding transitions. A first, discontinuous
transition at K ∼ −0.3 separates a regime where the folding occurs preferentially on octahedra from
a regime where it occurs preferentially on tetrahedra. A second, continuous transition at K ∼ −0.85
separates this last regime from a regime where the folding is essentially maximal with dominance of
complete folds.

These transitions may also be viewed on the three-order parameters O, T and P defined as

O ≡ 〈ε"〉 ,

T ≡ 〈zε"〉 ,

P ≡ 〈z〉 (2.8)

and represented in Fig. 17. The interpretation of these order parameters is that a non-vanishing value of O
(respectively, of T) shows a tendency of the lattice to fold preferentially around octahedra (respectively,
around tetrahedra). Similarly, a non-vanishing value of P shows a tendency of the lattice to preferentially
remain within planes of the FCC lattice.
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9. 1D self-avoiding folding: Meanders

The study of previous sections was limited to phantom folding problems, with lattices made of inter-
penetrable cells. In particular, we concentrated on statistical models of folded states without any reference
to an actual folding process in a possibly higher dimension. The question of self-avoidance, where we
now prevent cells from interpenetrating one-another is extremely difficult. As we shall see now, even in
the simplest 1D case, the problem is highly non-trivial and turns out to belong to the same class as the
so-called meander problem, a notoriously difficult subject.

9.1. The meander problem

The problem of meanders is one of the combinatorial problems which, although very simply stated, still
resist any attempt to an exact enumeration, would it be only for the asymptotics. The meander problem
may be stated as follows: find the number Mn of topologically inequivalent configurations of a closed
non-intersecting circuit crossing a river through 2n bridges. In this formulation, the river is assumed to
be an infinite oriented line. Note that, by closing the river into a loop and by opening and deforming the
circuit into a line, the circuit and the river play symmetric roles. The denomination “meanders” refers
rather to the dual picture where the river meanders around the circuit but, for historical reasons, we
shall work within the first formulation. For illustration, Fig. 34 represents the M3 = 8 configurations of
meanders with 6 bridges. In the following, we shall be mainly interested in the asymptotics of Mn for
large numbers of bridges, as well as various generalizations.

9.2. Meanders as a 1D self-avoiding folding problem

The problem of meanders is related to that of the self-avoiding folding of a closed chain of segments of
unit length. Imagine for instance a strip of 2n post-stamps attached so as to form a loop. We want to count
the distinct ways of maximally folding this strip on top of a single distinguished stamp. The main difficulty
of the problem comes from the avoidance of the stamps which cannot interpenetrate one-another. Such
a folding is represented on the left in Fig. 35. We may now imagine piercing the stamps with a needle
and a piece of thread and then knotting the thread into a loop (see Fig. 35). Let us then open the strip at
the level of the marked stamp and unfold it into a straight line (river), while the thread (circuit) meanders
around it (see Fig. 35). This transformation is clearly a one-to-one mapping between the 1D self-avoiding
foldings of a closed chain of length 2n on top of one of its segments and meanders with 2n bridges.

Fig. 34. The M3 = 8 configurations of meanders for 2n = 6 bridges.

Meander: closed (racing) circuit crossing a river via          bridges
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Fig. 37. A typical meander (a) with 2n = 16 bridges and k = 4 circuits. A typical semi-meander (b) with n = 11 bridges, k = 3
circuits and winding w = 3.

where !(q) and !̄(q) are the configurational exponents. In the case of semi-meanders, we can also define
the winding w as the depth of the source, namely the minimal number of circuit crossings in a path from
the source to infinity (see Fig. 37). We may then consider the average value of w for configurations with
n bridges and a weight q per circuit. We expect the following behavior at large n:

〈w〉n(q) ∼ n"(q) (10.3)

with a winding exponent 0!"(q)!1. It is clear that n and w have the same parity and that meanders
correspond to semi-meanders with 2n bridges and with a winding w = 0.

Note conversely that a semi-meander with n bridges may be viewed as a particular meander with 2n
bridges by “opening” the river (see Fig. 38), hence splitting each bridge in two. The connectivity of the
loop is preserved by connecting the newly formed pairs of bridges via a “rainbow” of nested arches.

Two situations are a priori possible
(i) "(q) < 1 and R(q)=R̄(q): This case corresponds to a situation where the winding becomes negligible

for large n and the entropy per bridge for meanders and semi-meanders is thus the same;
or
(ii) "(q) = 1 and R(q) < R̄(q): This case corresponds to a situation where the possibility of winding

generates an extra configurational thermodynamic entropy per bridge.
We shall see in next section that both situations (i) and (ii) actually occur, depending on the value of q.
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Fig. 39. The Gn(q) matrix (here for n = 3, c3 = 5) obtained by juxtaposing all pairs (A,B) of systems of n arches. The matrix
element Gn(q)AB = qc(A,B) encodes the number of circuits c(A,B) of the obtained meander.

reduced elements of the Temperley–Lieb algebra T Ln(q) goes as follows. The Temperley–Lieb algebra
is expressed in its pictorial form, as acting on a “comb” of n strings, with the n generators 1, e1, e2,…,
en−1 defined as

(10.20)

The most general element e of T Ln(q) is obtained by composing the generators (10.20) like dominoes.
The algebra is defined through the following relations between the generators:

(i) e2
i = qei i = 1, 2, . . . , n − 1 ,

(ii) [ei, ej ] = 0 if |i − j | > 1 ,
(iii) eiei±1ei = ei i = 1, 2, . . . , n − 1 .

(10.21)

P. Di Francesco, E. Guitter / Physics Reports 415 (2005) 1–88 61

previous section for one river and arbitrarily many circuits, as it should by river-circuit duality. We list a
few of the values R(1, q) and !(1, q) for various fractions e in the table below.

q e R(1, q) !(1, q)

0 1
2 4 3

1 1
3

9
2

5
2√

2 1
4 16 − 8

√
2 = 4.68 . . . 7

3√
3 1

6 36 − 18
√

3 = 4.82 . . . 11
5

2 0 "2

2 = 4.93 . . . 2

10.4. Meander determinant

Beyond the particular enumerations above, another exact result concerns the computation for any q of
the meander determinant defined as follows. We have seen that any meander with 2n bridges (and with
an arbitrary number of circuits) may be viewed as the juxtaposition of two systems of n arches, say A
and B. By taking all pairs of systems of n arches, we define a symmetric square matrix Gn(q) of size
cn × cn whose element Gn(q)AB, indexed by the pair (A,B), is equal to

Gn(q)AB = qc(A,B) , (10.17)

where c(A,B) denotes the number of circuits of the meander obtained by juxtaposing the arch systems
A and B (see Fig. 39). We shall call “meander determinant” the determinant of the matrix Gn(q). It is
remarkable that this determinant may be computed exactly, with the result [14]

det(Gn(q)) =
n

∏

i=1

Ui(q)an,i ,

an,i =
(

2n

n − i

)

− 2

(

2n

n − i − 1

)

+
(

2n

n − i − 2

)

, (10.18)

where theUi’s are Chebyshev polynomials defined recursively asUj+1(q)=qUj (q)−Uj−1(q),U0(q)=1,
U1(q) = q. Equivalently, we have Uj(2 cos(#)) = sin((j + 1)#)/ sin(#), which leads to the equivalent
formula for the determinant

det(Gn(q)) =
∏

1! l ! i !n

(

q − 2 cos

(

"
l

i + 1

))an,i

. (10.19)

For instance, for n = 3, the determinant of the matrix G3(q) represented in Fig. 39 is equal to q5(q2 −
1)4(q2 − 2). The proof of the above formulas in Ref. [14] makes use of the intimate link between the
meander problem and the Temperley–Lieb algebra [68]. The equivalence between arch configurations and
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Brief Article

The Author

May 3, 2024

N

⇠ qN

q ⇠ 1.21

Kantor Jarić (1990)
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Fig. 53. Comparison between the numerical estimates and the large q expansions for R(q) (a) and R̄(q) (b). For R(q), we have
drawn the expansions truncated at order q−3 and q−6. For R̄(q), we have drawn the expansions truncated at order q−6, q−12

and q−18.

(11.15) from the measured value of !(q) and (b) that obtained by inverting the relation (11.16) from the
measured value of !̄(q). For q = 0, the estimates (12.5) lead, respectively, in the cases (a) and (b) to
c = −4.003(3) and c = −4.002(1).

Note finally that the above transfer matrix method was also adapted to estimate configurational ex-
ponents for other meandric numbers such as those with “eight” or “cherry” river configurations (see
Fig. 47). The agreement with the predictions (11.13) is excellent [17]. Using the same method, it was also
checked that the presence of the tangency vertex does not affect the exponents for the ordinary gravity
version of meanders, hence it corresponds to an irrelevant perturbation, as we argued.

A second way of exploiting the data consists in using them to obtain a large q expansion of various
quantities. At large q, the expansion of R̄(q) up to order p in 1/q is governed by SM(n−l)

n for l!p+1. We
have seen that for l finite and n large enough, SM(n−l)

n is a polynomial of n of degree l. This property is a
direct consequence of the arch growth algorithm. The existence of a thermodynamic limit for SMn(q)1/n

then guarantees that !̄(q) = 0 as long as the 1/q expansion remains valid. Moreover, imposing that the
above polynomials actually reproduce the numerical data leads to their complete determination up to
l = 19. The net result is finally a large q expansion of R̄(q), given by [15]

R̄(q) = q + 1 + 2

q
+ 2

q2
+ 2

q3
− 4

q5
− 8

q6
− 12

q7 − 10

q8
− 4

q9
+ 12

q10
+ 46

q11

+ 98

q12
+ 154

q13
+ 124

q14
+ 10

q15
− 102

q16
+ 20

q17
− 64

q18
+ O

(

1

q19

)

. (12.6)

A similar analysis for meanders allows to determine the analytic structure of the M
(n−l)
n for large n and

finite l. Instead of polynomials, one obtains rational fractions in this case. This results in [15]

R(q) = 2
√

q

(

1 + 1

q
+ 3

2q2
− 3

2q3
− 29

8q4
− 81

8q5
− 89

16q6
+ O

(

1

q7

))

. (12.7)

Fig. 53 shows the comparison between the values of R(q) and R̄(q) as estimated numerically and the
expansions (12.7) and (12.6) above.

Ø

Ø

2 2

c = �4

t1

t2

t3

Z = U1U2U3(1� U1 � U2 � U3)

U1 =
t1

1� U2 � U3
, U2 =

t2
1� U3 � U1

U3 =
t3

1� U1 � U2

(2023)

D = d/N1/4

⇢(D)

p
AM (q)

(a, b, c) = (1,
p
2, 1)

F. Colomo, A.G. Pronko (2010)

Z20V
(n; ⌧) = Z6V

[1,
p
2,1]

✓
n;

1 + ⌧

2

◆

F. Colomo, A. Sportiello (2016)

Z20V
(n) =

Z20V
(n) = Z6V

[1,
p
2,1]

(n)

(1986)

tr(·)2 = Mn(q
2
)

2

NB:



1    2    3    6    11 20    29    37    60    96    145    214    415 

Numerics (based on exact enumerations)

P Di Francesco e t aL/Nuclear Phys ics  B 482 [FS ] (1996) 497-535 525 

The  p ro c e s s  (I) s p lits  th is  a rch  in to  two  a rche s  ( - n , j)  a nd  ( A ( j) , n  + 1). Wh e n  the  

s qu irre l c lim b s  ba ck up  o n e  le ve l, the  two  e xtre ma l a rche s  ( - n  + 1, A( - n  + 1 ) ) a nd  

( A ( n ) , n )  a re  re -s e a le d  to  g ive  o n e  a rch  ( A ( - n  + 1),  A ( n ) ) .  At this  s ta ge , we  kn o w 
tha t the  ne xt a rch  to  b re a k s ta rts  a t b ridge  j = A (n )  + 1. Th is  e ns ure s  the  c o m p le te n e s s  

o f the  a lgo rithm. 

PARAMETER (n m a x = 14) ! ma xima l o rde r 

INTEGER A (-nmax+l : nma x) ! a rch  re pre s e n ta tion  

INTEGER S m (a m a x) ! s e m i-m e a n d e r c o u n te r 

INTEGER n ! curre n t de p th  (o r o rde r) 

INTEGER j ! ne xt b ra nch  to  vis it 

DATA n ,  S m /0 ,  n m a x*0 /  ! n a nd  S m  in itia lize d  to  0 

A(O) = 1 ! s ing le -a rch  s e m i-m e a n d e r 

A ( 1 )  = 0 

2 n  = n + 1 ! a  ne w n o d e  is  vis ite d  
Sm(n) = Sin(n) + i 

j = - n  + 1 le ftmos t (e xte rio r) a rch  

1 IF ( ( n .  E l~.nma x) .OR. ( 3 . E Q . n + I) )  GOT0 3 up  o r d o wn ?  

A( A( j) )  = n + l g o  d o wn  with  p roce s s  (I) 

A(n+l) = A(j) 

A(j) = -n 

A(-n) = j 

GOTO 2 

3 A(A(-n+I)) = A(n) g o in g  up  

A(A(n)) = A(-n+l) 

j = A(n)+i [ next arch to break 

n=n- i 

IF (n .GT. i) GOTO I 

PRINT '(i3, i15)', (n, Sm(n), n = i, nmax) 

END 

It is  p o s s ib le  to  us e  the  le ft-rig h t s ym m e try to  d ivide  the  wo rk b y two. It is  a ls o  
pos s ib le  to  a da p t the  p ro g ra m  fo r a  pa ra lle l compute r.  Fo r tha t, a n in te rme d ia te  s ize  

(n l = l l,  fo r in s ta nce ) is  chos e n . A firs t (little ) run  is  m a d e  with  n m a x  = n l,  wh ic h  

g ive s /9 /(n l ) le a ve s . In  a  s e c o n d  (b ig  a nd  pa ra lle lize d) run , e a ch  o f the s e  le a ve s  is  n o w 

ta ke n  a s  the  ro o t o f a  (s u b -)tre e  a nd  tre a te d  in d e p e n d e n tly o f the  o the rs . At the  e nd , a ll 

the  re s u lts  o f the  s ub-tre e s  a re  co lle c te d . Th e  ca lcu la tions  o f this  a rtic le  ha ve  be  d o n e  

o n  the  pa ra lle l C ra y-T3 D ( 128 p ro c e s s o rs ) o f the  C E A-G re n o b le ,  with  a p p ro xim a te ly 
7500  h o u rs  x p roce s s o rs .  

We  ha ve  c o m p u te d  zf/', (th e  (p u re ) s e m i-m e a n d e r n u m b e r o f o rd e r n ) up  to  n = 29, 

M(,~ (s e m i-m e a n d e r n u m b e r o f o rde r n with  k c o n n e c te d  c o m p o n e n ts ) up  to  n = 27 
a nd  the  o th e r qua n titie s  up  to  n = 24. Th e  re a de r ca n  ob ta in  a n e le c tron ic  c o p y o f the  
nume rica l da ta  u p o n  re que s t fro m  the  a u thors . We  c o n te n t ou rs e lve s  with  g iving , in 
Ta ble  A. I,  the  117/, a nd  o u r la s t ro w (n  = 27 ) o f the  /17/}}). 
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Semi-meanders

P. Di Francesco, E. Guitter / Physics Reports 415 (2005) 1–88 57

(a)

(b)

Fig. 37. A typical meander (a) with 2n = 16 bridges and k = 4 circuits. A typical semi-meander (b) with n = 11 bridges, k = 3
circuits and winding w = 3.

where !(q) and !̄(q) are the configurational exponents. In the case of semi-meanders, we can also define
the winding w as the depth of the source, namely the minimal number of circuit crossings in a path from
the source to infinity (see Fig. 37). We may then consider the average value of w for configurations with
n bridges and a weight q per circuit. We expect the following behavior at large n:

〈w〉n(q) ∼ n"(q) (10.3)

with a winding exponent 0!"(q)!1. It is clear that n and w have the same parity and that meanders
correspond to semi-meanders with 2n bridges and with a winding w = 0.

Note conversely that a semi-meander with n bridges may be viewed as a particular meander with 2n
bridges by “opening” the river (see Fig. 38), hence splitting each bridge in two. The connectivity of the
loop is preserved by connecting the newly formed pairs of bridges via a “rainbow” of nested arches.

Two situations are a priori possible
(i) "(q) < 1 and R(q)=R̄(q): This case corresponds to a situation where the winding becomes negligible

for large n and the entropy per bridge for meanders and semi-meanders is thus the same;
or
(ii) "(q) = 1 and R(q) < R̄(q): This case corresponds to a situation where the possibility of winding

generates an extra configurational thermodynamic entropy per bridge.
We shall see in next section that both situations (i) and (ii) actually occur, depending on the value of q.
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This line of thought was pushed further in [1]. By considering various languages describing
subsets of meanders and systems containing meanders, the authors obtained the following bounds:

11.380  A  12.901.

The numerical estimate of this parameter is A = 12.26287 . . . (see [13]). The nature of the constant
A is unknown.

Now we come to the most unusual part of the story. Physicists know, and nowadays specialists
in enumerative combinatorics know too, that the most important parameter in (1) is the critical
exponent ↵. For physicists, it determines the type of the phase transition; for mathematicians,
the type of singularity on the border of the range of convergence of the generating series. In
the paragraph that follows we will use a large paraphernalia of theories and terminology from
theoretical physics. I do not pretend to understand even a fraction of it. Hence, I systematically
use quotation marks to underline the fact that there is a universe of knowledge behind each term.
What is even more important, the words like ‘‘therefore’’ will also be put into quotation marks: they
do not have, or at least may not have the usual mathematical meaning. Ultimately, even physicists
themselves admit that the ‘‘result’’ presented here, no matter how remarkable it is, is not a theorem
but only a conjecture. However, this conjecture is not just a wild guess; it is supported by a plausible
reasoning à la Pólya and by experimental data.

I follow here the paper [7]. The problem of meanders ‘‘may be interpreted’’ as a model of ‘‘a pair
of two fully packed loops’’. Now, a model of one fully packed loop has a ‘‘central charge’’ c = �2.
‘‘Therefore’’, the central charge for the model of two fully packed loops and, hence, for the model
of meanders, is c = �4. There are reasons to believe that the model satisfies the ‘‘conformal invari-
ance’’ property. If this is the case then, using the Knizhnik–Polyakov–Zamolodchikov equation [14],
one may express the ‘‘string susceptibility’’ �str through the central charge:

�str = c � 1 � p
(25 � c)(1 � c)
12

.

Finally, the critical exponent ↵ is expressed in terms of the string susceptibility as follows:

↵ = 2 � �str.

For c = �4 all this gives

↵ = 29 +
p
145

12
= 3.420132882 . . . (2)

As one of our colleagues used to say, « cela ne s’invente pas ».
In [13], a technology is developed of extracting numerical values of parameters of asymptotics

of integer sequences from a finite number of known terms. In particular, the authors applied their
techniques to the asymptotics of closed meanders and found out that the above value (2) did not
contradict their numerical results.

5. Computing the exact numbers of meanders

Nobody likes algorithms of exponential complexity, and we all understand why. Meanwhile, such
algorithms have an important advantage: if, instead of the complexity ⇠ Cn, we get ⇠ (C/k)n, this
will give an acceleration with rate kn. That is, the improved algorithm will be exponentially more
efficient than the original one. This is what happened with the use of the algorithm designed by
Iwan Jensen [12]. All the previous algorithms had the complexity proportional to the number of
meanders, that is, roughly, 12.26n. The algorithm of Jensen is also exponential, but its complexity is
proportional to 2.58n. Thus, the acceleration factor is, once again very roughly, 4.75n: quite a feat!
The computations that used to take months of work on a multi-processor supercomputer, now took
only a few minutes on a modest desktop.

The numbers of closed meanders computed up to now are given in Table 1.
The algorithm designed by Jensen is based on the method of transfer-matrix widely used in

statistical physics. Meanders are cut by vertical lines, as is shown in Fig. 11, and every cut is

9
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a b s t r a c t

J’errais dans un méandre ;

J’avais trop de partis,

Trop compliqués, à prendre...

(Edmond Rostand,

Cyrano de Bergerac)

Meander is a self-avoiding closed curve on a plane which in-
tersects a straight line in a given set of points. Meander is
a very simple object. In the elementary school, we may ask
children to draw a few meanders and to admire their strange
beauty. In the middle school, we may ask children to perform
an exhaustive search of the meanders with a small number of
intersections with the line. Then, gradually, we start to perceive
an incredible profoundness of the subject, whose relations go
from enumeration to quantum field theory and string theory.
Pierre Rosenstiehl was one of the pioneers in the study of the
algorithmic aspects of meanders, and he also was a passionate
connoisseur of labyrinths, of which the meanders are a particular
case.

© 2023 Elsevier Ltd. All rights reserved.

1. Introduction

This paper is a follow-up of my talk, in the presence of Pierre Rosenstiehl, at the conference in
his honor held at the University of Bordeaux in April 2015 entitled Labyrinth day.

E-mail address: zvonkin@labri.fr.

https://doi.org/10.1016/j.ejc.2023.103817
0195-6698/© 2023 Elsevier Ltd. All rights reserved.
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foldings, colorings, meanders are different facets of a same problem, 
that of fully packed loops on regular or random lattices
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Abs tra c t 

We introduce  a nd s olve  a  two-ma trix mode l for the  tri-coloring proble m o f the  vertices  o f a  
ra ndom triangula tion. We  present three  diffe rent solutions : (i) by orthogona l polynomia l te ch- 
niques , (ii) by us e  o f a  discre te  Hirota  biline a r equa tion, (iii) by dire ct expans ion. The  mode l 
is  found to lie  in the  universa lity cla s s  o f pure  two-dimens iona l qua ntum gravity, despite  the  
non-polynomia lity o f its  potentia l. (~) 1998 Elsevie r S cie nce  B.V. 

PACS : 05.20.y; 04.60.Nc 
Keywords: Coloring; Folding; Random la ttice ; 2D quantum gravity 

1 .  In tro d u c tio n  

Va rious  g ra p h  c o lo rin g  p ro b le m s  ha ve  be e n  c o n s id e re d  in the  la s t two  d e c a d e s  in 

re la tion  with  s ta tis tica l me c h a n ic s .  O n  re gu la r la ttice s , m a n y o f the s e  ha ve  p ro ve d  to  be  

in te g ra b le  a nd  e xa c tly s o lva b le  [ 1 ].  Am o n g  the s e  is  the  c la s s ica l tri-co lo ring  p ro b le m  

o f the  b o n d s  o f the  tria ngu la r la ttice , s o lve d  b y Ba xte r in  [2 ]:  in  h o w m a n y wa ys  

ca n  o n e  c o lo r the  la ttice  b o n d s  with  th re e  co lo rs  s o  tha t a ny tria ng le  ha s  its  th re e  
e d g e s  o f a  d iffe re n t co lor. R e c e n tly a  re ma rka b le  c o n n e c tio n  wa s  m a d e  b e twe e n  this  
p ro b le m  a nd  tha t o f fo ld in g  o f the  tria ngu la r la ttice  [3 ],  c o u n tin g  the  d iffe re n t wa ys  

1 E-mail: philippe@math.unc.edu 
2 E-mail: Bertrand.Eynard@durham.ac.uk 
3 E-mail: guitter@spht.saclay.cea.fr 

0550-3213/98/$19.00 (~) 1998 Elsevie r Science  B.V. All rights  reserved. 
PII S 0550-321  3 (9 8 )0 0 0 3 7 -6  
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Counting planar Eulerian triangulations, i.e. triangulations
which are vertex-colorable by 3 colorsc = �4
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= tricolored tree generating functions

Where are the trees ?
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statistique des distances
conjonction de 3 “miracles”
1. codage bijectif des cartes

bijection BDG (Bouttier, Di Francesco, Guitter)
2. intégrabilité:

récurrences intégrables pour compter les arbres
3. universalité:

même loi limite pour toutes les familles de cartes

ρ(D) =
8

√
πD

∫ ∞

0
dξξ2(2ξ2 − 3)e−ξ2

×

{

1 − 6
1 − cosh(

√
3ξD) cos(

√
3ξD)

(cosh(
√

3ξD) − cos(
√

3ξD))2

}

Nucl.Phys.B 663 (2003) 655 avec J.Bouttier et P.Di Francesco

parcours et compétences trois exemples de travaux 1 2 3 perspectives

– p. 10/14

c = �4

t1

t2

t3

Z = U1U2U3(1� U1 � U2 � U3)

U1 =
t1

1� U2 � U3
, U2 =

t2
1� U3 � U1

U3 =
t3

1� U1 � U2

(2023)

D = d/N1/4

⇢(D)

2

c = �4

t1

t2

t3

Z = U1U2U3(1� U1 � U2 � U3)

U1 =
t1

1� U2 � U3
, U2 =

t2
1� U3 � U1

U3 =
t3

1� U1 � U2

(2023)

D = d/N1/4

⇢(D)

2



1    2 3 6    11 20    29    37    60    96    145    214    415

1990 1995 2000 2005 2010 2015 2020

10

20

30

folding period

meander period

random map period

arctic curve
period



1    2 3 6    11 20    29    37    60    96    145 214    415

Arctic Curves of the Twenty-Vertex Model with Domain Wall Boundaries 35

Fig. 2 Two allowed 20V model configurations with DWBC1 (top) or DWBC2 (bottom). In each case the left
picture uses the representation in terms of oriented edges and the right one the osculating path representation.
The arrows drawn in blue are fixed

(i, j +1) (for 0 < j < n), and all the elementary second diagonals (i, j +1) → (i +1, j) (for
0 < i, j < n). The internal edge set is completed by boundary edges with fixed orientations
according to either of the following two DWBC prescriptions (see Fig. 2):

• for DWBC1 (see Fig. 2-top), all the (horizontal or diagonal) edges of the left and right
boundaries except the (diagonal) lower right one are oriented towards the central square,
while all the (vertical or diagonal) edges of the top and bottom boundaries except the
(diagonal) upper left one are oriented away from the central square;

• for DWBC2 (see Fig. 2-bottom), all the (horizontal or diagonal) edges of the left and
right boundaries except the (diagonal) upper left one are oriented towards the central
square, while all the (vertical or diagonal) edges of the top and bottom boundaries except
the (diagonal) lower right one are oriented away from the central square.

Note that DWBC1 and 2 differ only by the orientations of the upper right and lower left
diagonal edges, which are opposite in the two settings. As a consequence, the configurations
of the 20V model with DWBC1 are in one-to-one correspondence with those of the 20V
model with DWBC2 by a simple 180◦ rotation. For instance, the configurations depicted in
Fig. 2-left are image of each other under this rotation. As a consequence, in the particular
case of vertex weights invariant under 180◦ rotation, the two models have the same partition
function. In the following, we will always be in such a situation.

123

20 - vertex model = ice model on triangular lattice

with DWBC

= osculating lattice paths

by Mills, Robbins and Rumsey [MRR83] to their enumeration [Zei96a, Zei96b] in relation
to other intriguing combinatorial objects such as plane partitions with maximal sym-
metries [MRR86] or descending plane partitions (DPP)[And80, Lal03, Kra06, BDFZJ12,
BDFZJ13], until they crashed against the tip of the iceberg of two-dimensional integrable
lattice models of statistical physics [Bax89]. This allowed not only for an elegant proof
of the so-called ASM conjecture [Kup96] and its variations by changing its symmetry
classes [Kup02], but set the stage for future developments, with some new input from
physics of the underlying six-vertex (6V) “ice” model in the presence of special domain
wall boundary conditions (DWBC), and its relations to a fully-packed loop gas, giving
eventually rise to the Razumov-Stroganov conjecture [RS04], finally proved by Cantini
and Sportiello in 2010 [CS11].

The ice model involves configurations on a domain of square lattice, obtained by
orienting each individual edge in such a way that the ice rule is obeyed at each node,
namely that exactly two edges point in and two edges point out of the node. It is now
recognized that the statistical model for two-dimensional ice, solved in [GAL72] is at the
crossroads of many combinatorial wonders, in relation with loop gases, osculating paths,
rhombus and domino tiling problems, and even equivariant cohomology of the nilpotent
matrix variety. Moreover, due to its inherent integrable structure, the model o↵ers a panel
of powerful techniques for solving, such as transfer matrix techniques, the various available
Bethe Ansätze, Izergin and Korepin’s determinant, the quantum Knikhnik-Zamolodchikov
equation, etc. [GAL72, Bax89, ICK92, Che92, DFZJ05a, DFZJ05b].

In the present paper, we develop and study the combinatorics of the ice model on
the regular triangular lattice, known as the Twenty-vertex (20V) model [Kel74, Bax89].
Focussing on the combinatorial content, we introduce particular “square” domains (n ⇥
n rhombi of the triangular lattice) with special boundary conditions meant to create
domain walls, i.e. separations between domains of opposite directions of oriented edges,
in an attempt to imitate the 6V situation. Among the many possibilities o↵ered by
the triangular lattice geometry, we found two particularly interesting classes of models,
which we refer to as 20V-DWBC1,2 (where DWBC1 and DWBC2 are two flavors of the
same class viewed from di↵erent perspectives) and 20V-DWBC3. These are respectively
enumerated by the sequences:

An = 1, 3, 23, 433, 19705, 2151843, 561696335, 349667866305 . . . (DWBC1,2) (1.1)

Bn = 1, 3, 29, 901, 89893, 28793575 . . . (DWBC3) (1.2)

for n = 1, 2, . . .
From their definition, both models can be interpreted as generalizations of ASMs, in

which non-zero entries may now belong to the set of sixth roots of unity, and we shall refer
to them as Alternating Phase Matrices (APM) of types 1,2,3 respectively. To further study
both sets of objects, we use the integrable version of the 20V model [Kel74, Bax89] to (i)
decorate the model’s configurations with Boltzmann weights parameterized by complex
spectral parameters; and (ii) reformulate whenever possible the partition function. In
this paper, we succeed in performing this program in the case of 20V-DWBC1,2, which
is eventually reformulated as an ordinary 6V-DWBC model on a square grid, but with
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6- vertex model 
= ice model on square lattice

again with DWBC

Figure 10: The unraveling of a configuration of the 20V model with DWBC1 (top left). Using
the Yang Baxter property allows to deform the diagonal lines and expel them out of the central
square grid (top right). Note that the main diagonal is expelled towards the lower-left of the
square grid, a choice adapted to the DWBC1 prescription. Due to the ice rule and the boundary
conditions, the orientations of all the edges outside of the central square grid are entirely fixed
(lower left), leaving as only degrees of freedom the orientation of the edges inside the central
square grid, reproducing a 6V model with DWBC (lower right).
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a c} } }}b

Figure 11: Vertex configurations of the 6V model on the square grid and the associated weights
a, b and c (top row) and their equivalent osculating path representation (bottom row).

1 2 2 2

844

Figure 12: Illustration of the property Z6V
[1,

p
2,1]

(3) = 1 + 2 + 2 + 2 + 4 + 4 + 8 = 23 obtained

by listing all the 6V model configurations with DWBC (here in the osculating path language)
and their associated weight (as indicated for each configuration), corresponding to attaching a
factor

p
2 to each node traversed vertically or horizontally by a path (as shown by cross marks).
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also true for 
the 1-point function

c = �4

t1

t2

t3

Z = U1U2U3(1� U1 � U2 � U3)

U1 =
t1

1� U2 � U3
, U2 =

t2
1� U3 � U1

U3 =
t3

1� U1 � U2

(2023)

D = d/N1/4

⇢(D)

p
AM (q)

(a, b, c) = (1,
p
2, 1)

F. Colomo, A.G. Pronko (2010)

Z20V
(n; ⌧) = Z6V

[1,
p
2,1]

✓
n;

1 + ⌧

2

◆

F. Colomo, A. Sportiello (2016)

2

} ` ! ⌧`

escape point

c = �4

t1

t2

t3

Z = U1U2U3(1� U1 � U2 � U3)

U1 =
t1

1� U2 � U3
, U2 =

t2
1� U3 � U1

U3 =
t3

1� U1 � U2

(2023)

D = d/N1/4

⇢(D)

p
AM (q)

(a, b, c) = (1,
p
2, 1)

F. Colomo, A.G. Pronko (2010)

Z20V
(n; ⌧) = Z6V

[1,
p
2,1]

✓
n;

1 + ⌧

2

◆

F. Colomo, A. Sportiello (2016)

2

tangent method

c = �4

t1

t2

t3

Z = U1U2U3(1� U1 � U2 � U3)

U1 =
t1

1� U2 � U3
, U2 =

t2
1� U3 � U1

U3 =
t3

1� U1 � U2

(2023)

D = d/N1/4

⇢(D)

p
AM (q)

(a, b, c) = (1,
p
2, 1)

F. Colomo, A.G. Pronko (2010)

Z20V
(n; ⌧) = Z6V

[1,
p
2,1]

✓
n;

1 + ⌧

2

◆

F. Colomo, A. Sportiello (2016)

2

arctic curve

Ø



1    2    3    6    11    20    29    37    60    96    145    214    415

Arctic Curves of the Twenty-Vertex Model with Domain Wall Boundaries 69

criterion we used, also invoked in [30,31], is the stabilization of the arctic curve, namely that
no qualitative change in this curve is observed. In the cases where the convergence is slow,
our estimation is checked against that obtained by running another Markov-chain starting
from a completely different configuration, as is done in [2], and we make sure that the results
are comparable.

Notice that instead of (6.1), the Metropolis probability P = min
(

1,
Wi, j (C′)
Wi, j (C)

)
can be used

alternatively.
For generic ω′

i s, this choice lowers the rejection of moves and hence increases the ther-
malization speed. Unless stated otherwise we used (6.1).

6.2 Results

Figure 24 displays a configuration with a stabilized arctic curve generated by our algorithm
for the uniform distribution, both in the path formulation (left) and vertex formulation (right).
Rather than displaying the precise 20V environments of each node, we choose to use as order
parameter the local density of diagonal steps. Indeed this average density is 1 in the frozen
phases H D, DV and H DV of Fig. 15, and 0 in H , E and V , while it varies continuously
in the liquid region. Figure 25 displays the value of this order parameter in the uniform case
η = π/8, λ = 5π/8 and µ = 0 and shows that it is indeed a good indicator for the position
of the arctic curve. The evolution of the arctic curve with varying parameters is shown in
Figures 26, 27 and 28. In all cases we also indicate the theoretical prediction (dashed curve):
the agreement is quite good, despite what looks like an “attraction” of the finite-size arctic
curve towards the liquid region. These finite size effects are estimated in Fig. 29 by evaluating
the average outermost path for different sizes, here in the uniform case. Similar finite size
effects were analyzed [22] in the case of the uniform domino tiling of the Aztec diamond,
and found to be governed by a scaling exponent α = −2/3. Our results are compatible with
a scaling exponent α = −2/3 as well.

Fig. 24 A typical configuration of the 20V model with DWB1 for n = 100 and with uniform distribution
in the osculating path representation (left) and in a colored vertex coding (right). Here vertices are colored
according to their label running from 1 to 20 in the order of Fig. 1
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Fig. 25 Local density of diagonal steps for the 20V model with DWBC1 with n = 200. The dashed curve is
plotted from the analytical expression of the arctic curve (with a scale factor of n)

Fig. 26 The local density of diagonal steps of the 20V model with DWBC1 for λ = 5η, µ = 0 and n = 100,
for several values of η ∈]π/6, π/12]. The order parameter is averaged over 1000 configurations. The dashed
curve is the analytic prediction for the arctic curve

Fig. 27 The local density of diagonal steps of the 20V model with DWBC1 for η = π
12 , µ = λ − 5η and

n = 100, for several values of λ ∈ [4η, 10η]. The order parameter is averaged over 1000 configurations. The
dashed curve is the analytic prediction for the arctic curve
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7 The Arctic Curve for the Quarter Turn Symmetric Holey Aztec Domino
TilingModel

In [18], it was shown that the set of configurations of the 20V model with DWBC1 or 2 on an
n×n square is equinumerous to that of domino tilings of a quasi-square domain of Aztec-like
shape of size 2n ×2n with a cross-shaped hole in the middle that are invariant under a quarter
turn rotation (i.e. a rotation by 90◦) around the center of the cross (see [18] for a detailed
definition). We shall refer to this model as the Quarter Turn symmetric Holey Aztec Domino
Tiling (QTHADT) model, see Fig. 30. A natural question is then that of the shape of the arctic
curve of this domino tiling problem. Here we give the answer to this question based again on
the tangent method. For simplicity, we limit ourselves to the derivation of a single portion of
arctic curve (analogous to the “normal” portion in the 20V problem). The remainder of the
arctic curve is then obtained by analytic continuation (see discussion below). As it turns out,
our results are validated by numerical simulations, with a perfect agreement.

By symmetry, any configuration of the QTHADT model is entirely determined by its
intersection with the fundamental domain, say the upper right quadrant. As shown in [18],
configurations in the fundamental domain may be reformulated in terms of non-intersecting
Schröder paths, with horizontal, diagonal and vertical steps, with symmetric starting and
ending points along the boundary and subject to particular restrictions (see Fig. 30 for an
illustration). The number of paths is not fixed and may vary between 0 and n, and all path
steps receive the same weight 1. Here we slightly generalize the model by introducing an
extra weight γ per diagonal step. This amounts in the tiling language to assign a weight γ to
a particular type of tile.

Fig. 30 A sample configuration of the QTHADT model together with the associated non-intersecting Schröder
path configuration. The path configuration of the fundamental domain (upper right quadrant) is repeated by
symmetry in the whole domain
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