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Playing with random matrices 
and free probability 

in noisy many-body systems 

(A small — possibly entertaining — exercice)



(Standard) random matrices :
with impact on modeling many physical phenomenons (say random surfaces, chaotic systems, etc)

- U(N), hence U(1)^N invariance 
- Unstructured matrices (invariance under permutation, in law)

— Basic examples :

 « Haar orbits » with U unitary Haar distributed, D diagonal
<latexit sha1_base64="4FCj8okCNyuit4Vi9vAX/0pvrfw="></latexit>

M = UDU†

with HCIZ integral as 
cumulant generating function

<latexit sha1_base64="7fPrlP82DaOsLQHxo8mlAmkncSE="></latexit>

E[etr(AM)] =
R
dU etr(AUDU†)

— Properties :

—> Expectation values are « topological » 

 « Wigner’s matrices » <latexit sha1_base64="Gey9zgsy1N4JPrdwPkdHDhkSf0U="></latexit>

M = (Mij)

with Gaussian entries
hermitian, NxN

<latexit sha1_base64="JLZrJ3jUjHkm4NjxB/hNP6a0C0s="></latexit>

E[MijMji] = N�1

—> Look at structured matrices ?… 



Some computational experiments…

— U(1) invariance (by choice) : 
<latexit sha1_base64="Z8CKhJCR7dA5SztPtm7wajqqp/o="></latexit>

Mjk ⌘in law ei✓jMjke
�i✓k

<latexit sha1_base64="2gUHVG9/ob4q4fUU7gh8XlOEcj8="></latexit>

E[Mij ] = 0 , (i 6= j)
<latexit sha1_base64="yley35Mw0veLQRcOET/Fs3r0ppE="></latexit>

E[Mii] = g1(x) , x = i/N echo of the « structure »

— Factorisation of disconnected graphs 
<latexit sha1_base64="1cDJK2RYaJ3ZJxLOp9j0xduAs8U="></latexit>

E[MiiMjj ] = g1(x)g1(y) , (i 6= j) (up to 1/N correction)

—> Originates from noisy many-body systems, in particular QSSEP (more later…)

non-trivial graphs are Eulerian

(—> charge conservation)

— Scaling of the loop/simple cumulants 
<latexit sha1_base64="rHGxje6Dl6GVFZD0GP07MLeEnCM="></latexit>

E[MijMji] = N�1 g2(x, y) , x = i/N, y = j/N, (i 6= j)

with smaller 1/N dependence for bigger loops (moments)

(—> limiting spectrum and large deviation function)

(at leading order)



Ensemble of ‘structured’ random matrices :
— Ensemble of large NxN matrices M with four defining properties :

- U(1) invariance :

- Scaling of the loop expectation values :

- Factorisation of product of disconnected graphs (at leading order) :

<latexit sha1_base64="Z8CKhJCR7dA5SztPtm7wajqqp/o="></latexit>

Mjk ⌘in law ei✓jMjke
�i✓k

<latexit sha1_base64="rAyHjAahaPBqP3JMBHFCbjZ0Rb8="></latexit>

E[Mj1jn · · ·Mj2j1 ·Mi1ip · · ·Mi2i1 ] = E[Mj1jn · · ·Mj2j1 ] E[Mi1ip · · ·Mi2i1 ]

<latexit sha1_base64="fEvWPSE20PX4hLhGk5tvnjBiI8g="></latexit>

E[Mi1in · · ·Mi3i2Mi2i1 ] ⇠ N1�n

- Continuity of the loop cumulants at coincident points (at leading order) :

<latexit sha1_base64="VRtwRXjE5wa0sVml/lpQ1WGKqQ8="></latexit>

(xk = ik/N, distincts)

<latexit sha1_base64="MD823gKyAK1VRiE2JBlHL4rn5P8="></latexit>

Nn�1C[Mi1i2Mi2i3 · · ·Mini1 ] continuous at xip = xiq

——> Allow to compute the expectation of any graph (at leading order)



The role of non-crossing partitions (i) :
Compute the moments / loop expectation values  
(with possible coincident points) via the cumulant expansion

Recall the moment-cumulant formula :

— N=1 :  
<latexit sha1_base64="8J2LAm9zK19Xhz2BySC1n7KHx1w="></latexit>

E[Mii] = g1(x)

<latexit sha1_base64="L9ZaBcGVM4m/b+S6cKH5umJHLfs="></latexit>

E[X1 · · ·Xn] =
X

⇡2P (n)

E⇡[X1 · · ·Xn]
c

<latexit sha1_base64="tgd3h5qRvZgn97E2KVzUikl//mo="></latexit>

�ki— N=3 : (idem…)
<latexit sha1_base64="kQYHgIGSgZq8AfZggyb/KiW9Vqc="></latexit>

�ij
<latexit sha1_base64="dCYrm48TlL7H1i3zbLmxArjfOcM="></latexit>

�ijN�1
<latexit sha1_base64="kQYHgIGSgZq8AfZggyb/KiW9Vqc="></latexit>

�ij
<latexit sha1_base64="85CsTN252g8uFtYq3EIZl7uhhvA="></latexit>

�jk

<latexit sha1_base64="QwZWQSSTHwusHbPeHAukc1aphMg="></latexit>

E[MijMjkMki] = E[MijMjmMki]
c + E[Mij ]

cE[MjkMki]
c+  +E[Mij ]

cE[Mjk]
cE[Mki]

c

= N�2 [g3(x1, x2) + �(x1 � x2)g1(x1)g2(x2, x3)+  
+ �(x1 � x2)�(x2 � x3)g1(x1)g1(x2)g1(x3)]

— N=2 : 

<latexit sha1_base64="4VwK5FH43bJLPfb2gRyNLXYlKkc="></latexit>

�ijE[Mii]
<latexit sha1_base64="gSR7/Adr9PCCXTeAnzaApF4R8Os="></latexit>

�ijE[Mjj ]

<latexit sha1_base64="1qgW/rz0mRGFrkhVQciWN+SYu+g="></latexit>

(with �ij  N�1�(x� y) )i j
<latexit sha1_base64="Qm/DVyMrbbvqFhjv8qpqgq+VPc8="></latexit>

(or E[Tr(h1Mh2M · · ·hnM)], hk diag)

<latexit sha1_base64="G3ALH2/XQtgsNA53HEue6CNvNDM="></latexit>

E[MijMji] = E[MijMji]
c + E[Mij ]

cE[Mji]
c

= N�1 [g2(x, y) + �(x� y)g1(x)g1(y)]



— N=4 : the role of non-crossing partitions…

Only the non-crossing partitions contribute. 
<latexit sha1_base64="mkQ6uXlZOt8b2Q4JEgSqxwzT6H0="></latexit>

=) Free probability !

<latexit sha1_base64="MPoSJDphjNHColy0FWd4zlA29/A="></latexit>

= N�3 [g4(x1, x2, x3, x4) + �(x1, x2)g1(x1)g3(x2, x3, x4)+  
+ �(x1, x3)g2(x1, x2)g2(x3, x4)+  
+ · · · ”only non� crossing partitions”]

cumulants 
(partition of edges)

negligeable !

<latexit sha1_base64="6VdK4d0E9kPmVXYxE3LscCrn2ik="></latexit>

E[MijMjkMklMli] =

<latexit sha1_base64="LH5cQdbIXIpCsm+VhnwzS65b4XM="></latexit>

E[MijMjk]cE[MklMli]c

<latexit sha1_base64="LOw3ftS/3kWphDPZtYLj7RHxx8k="></latexit>

E[MijMkl]cE[MjkMli]c

<latexit sha1_base64="wKMbgmIE3I3QDeqJKj8Tw7cCI7o="></latexit>

�ikN�2

<latexit sha1_base64="JauLRyu0CmWoA3//JblqVQL81pY="></latexit>

�ij�jk�klN�2

The role of non-crossing partitions (ii) :



——> Dominant role of the loop expectation values. 

 - They code for all structures and correlations (at leading order)

<latexit sha1_base64="zpVnyERmLmilZdn76uBHJcsp4l8="></latexit>

gn(x1, x2, · · · , xn) := lim
N!1

Nn�1 E[Mi1i2Mi2,i3 · · ·Mini1 ]
c

Structured RMT & Loop expectations values:

- We call them the ‘local free cumulants’

- Scaling with N ensures the existence of a large deviation function (formal series)

- They have a natural interpretation as free cumulants in operator valued  
free probability (see below)

<latexit sha1_base64="VRtwRXjE5wa0sVml/lpQ1WGKqQ8="></latexit>

(xk = ik/N, distincts)



— For loop of any size, we have (by similar arguments) :

Loop expectations values & 
and non-crossing partition :

non-crossing partition 
(on edges)

its Kreweras dual 
(on points)

— Operator valued probability alias « conditioned expectations over the diagonal »  

<latexit sha1_base64="qHwMjclrx2Ds/1qIZhY4Jp5b6Z8="></latexit>

⇡ = {{1̄, 2̄}, {3̄, 5̄, 6̄}, {4̄}}
<latexit sha1_base64="hrLAZ4sN+3C0jXPSj2f8LF497pg="></latexit>

⇡⇤ = {{1, 3}, {2}, {4, 5}, {6}}

or
<latexit sha1_base64="/etfGmriWAEcmY8D0spiK2swSl8="></latexit>

N�1E[Tr(Mn)] =
P

⇡2NC(n)

R
g⇡⇤(~x) �⇡(~x)d~x

<latexit sha1_base64="om+8/nhNDrIHqrZFqQqTzYdxzO8="></latexit>

e.g. E[hx|Mh1M · · ·hnM |xi], hk diag

<latexit sha1_base64="7Gveh8bC9t94i6eVRf1aUEr6YkA="></latexit>

lim
N!1

Nn�1E[Mi1i2Mi2i3 · · ·Mini1 ] =
X

⇡2NC(n)

g⇡(~x) �⇡⇤(~x) .



Non-linear transformations 

—> A way of constructing new ensembles from simple ones. 
     Applications (say in ML) ??…

The ‘axioms’ (i)-(iv) are closed under some non-linear transformations

— Polynomial transformations 
<latexit sha1_base64="6TqUuH5dpM220NdXVgjWKoWd13E="></latexit>

If M satisfies the axioms, so does P (M) =
P

n>0 an Mn.

(with an explicit expression for the new local free cumulants)

— Point-wise transformations 
<latexit sha1_base64="0nWPwiL2joAlqVU25iOd9k4h548="></latexit>

Given M , define Y with entries Yij = Mijfij(N |Mij |2), with non-linear func-
tions fij which may be di↵erent for each entries. Then

<latexit sha1_base64="6DX7OBFIEtEIa46Lpc7DzT/Aoww="></latexit>

If M satisfies the axioms, so does Y .

(with an explicit expression for the new local free cumulants)

[Thanks to R. Speicher]



Spectrum of sub-blocks (i) 

—> What is the spectral distribution of any (collection of) sub-blocks ?

— For the usual unstructured ensemble is simple or known:

- sub-blocks of Wigner matrices —> again Winger semi-circle law.
- sub-blocks of Haar rotated matrices UDU*     

—> free dilatation of the spectral measure of D

<latexit sha1_base64="3TLDPhKSP0m7+yyL0sQmWodXmS8="></latexit>

M =

0

BBBBBBBB@

⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤
⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤
⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤
⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤
⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤
⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤
⇤ ⇤ ⇤ ⇤ ⇤ ⇤ ⇤

1

CCCCCCCCA

<latexit sha1_base64="8zjfxlQ6l7Bn+BtKbJ37Yx9A4d0="></latexit> 

<latexit sha1_base64="mrEvqFnYPlfAacfTyRpWymYCwwk="></latexit>

M̂I =

0

BBBBBBBB@

0 0 0 0 0 0 0
0 ⇤ ⇤ ⇤ 0 ⇤ 0
0 ⇤ ⇤ ⇤ 0 ⇤ 0
0 ⇤ ⇤ ⇤ 0 ⇤ 0
0 0 0 0 0 0 0
0 ⇤ ⇤ ⇤ 0 ⇤ 0
0 0 0 0 0 0 0

1

CCCCCCCCA



—> (Using the moment methods (from which the spectral measure can be deduced…))

[D.B.-L. Hruza]

Theorem

Let with

« generating function of single loop expectation values »

<latexit sha1_base64="TgBHervxSQhbXRinAYw6W50GzcM="></latexit>

F [h](z) = min
az,bz

Z
[log(z � h(x)bz(x)) + az(x)bz(x)] dx� F0[az]

�

Spectrum of sub-blocks (ii) 

Proof Via nested structured of non-crossing partition or via operator valued free probability

<latexit sha1_base64="MfvZrahbVLfFiED7OAN+3LYdWXg="></latexit>

F [h](z) := EN�1Tr log(z �Mh)
<latexit sha1_base64="/+FBQzrEb0bQElQkHbky/c+AW28="></latexit>

Mh = h
1
2Mh

1
2 , e.g. h(x) = Ix2I

<latexit sha1_base64="f6v8YwuItt0Cu1mqeT7VB2vh/iA="></latexit>

F0[a] =
X

n�1

1

n

Z
d~x gn(~x) a(x1) · · · a(xn)

<latexit sha1_base64="+HVmGzdUHX74SMN4ZvBLje2zGL0="></latexit>

bz(x) =
�F0[az]

�az(x)
& az(x) =

h(x)

z � h(x)bz(x)
,  G[h](z) =

Z
dx

z � h(x)bz(x)



Origin in / Relation with Q-SSEP :

— Q-SSEP = Quantum Symmetric Simple Exclusion Process :

dHt =
p
D

P
j

�
c
†
j+1cj dW

j
t + c

†
jcj+1 dW

j
t

�
<latexit sha1_base64="ulTd1PvrQPvEFW0hHf6JMpjCIWo="></latexit><latexit sha1_base64="dVsNuVm2BclEKqtVtWana46ryQ0="></latexit><latexit sha1_base64="dVsNuVm2BclEKqtVtWana46ryQ0="></latexit><latexit sha1_base64="pGzFw9zOeOvJk/naqt5nzsr9b7Y="></latexit>

+ boundary terms… 
+ injection/extraction…

unitary noisy hopping
nb

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

na
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

dissipative 
processes

dissipative 
processes

— Stochastic many-body quantum system (quadratic but noisy) :
 —> « Coherences » alias « matrix of two-point functions »

<latexit sha1_base64="IYK7jvmn6CeMKNkxb7SVjA1Myec="></latexit>

Gij = hc†jciit = Tr(⇢t c
†
jci)

random quantum states

Large « structured » 
random matrices 

<latexit sha1_base64="mkQ6uXlZOt8b2Q4JEgSqxwzT6H0="></latexit>

=)

— Claim : At any time (with the measure E induced by the above SDE), 
and hence in particular in the infinite time steady measure :

The matrix of coherences G belongs to the above ‘structured’ RMT class.

Many (physical) consequences : e.g. long range correlations,  
     volume law for entanglement mutual information, …

{

{

[D.B.-T.Jin, 2019]



Application to /Relation with mesoscopic physics :

— « Mesoscopic » (diffusive + coherent) systems out-of-equilibrium

coherence length

mean free path
reservoirs

          « ballistic cells » : 
small scale / fast d.o.f. —> noise

(fixed density)

— Conjecture :

If the fast dynamics on the small scale degrees of freedom is ergodic, 
If the mean dynamics follows the classical ‘macroscopic fluctuation theory’,  
Then 
The matrix of two point functions belongs to the above ‘structured’ RMT class.

[D.B.-L. Hruza]



Bon 
Anniversaire 
Philippe !!!



Q-SSEP Spectral density from free probability
<latexit sha1_base64="yXnlcfml2VNkZM8DSXiD/xFC21c="></latexit>

az(x) := Ehx| h
z�Gh

|xi— Let then
<latexit sha1_base64="SuPUti8vJA17mw87C0llS+U4Yvs="></latexit>

zh(x)�1 = R0[az](x) + az(x)�1

(local R-transform)Let
<latexit sha1_base64="Fgw2QZAQ6/ZTCu8Rfy2RFAv8cR0="></latexit>

bz(x) := R0[az](x) = �F0[az]/�az(x)

— For the complete interval (i.e. for G)
<latexit sha1_base64="eKJ/LWq1ruP1f/bZ4ICkLfgtuyI="></latexit>

d�[0,1](�) =
d�

�(1� �)

1

⇡2 + log2( 1��
� )

.

which is a Lorentzian distribution for 
<latexit sha1_base64="Lx5VDhyg7yCTbfbnlanErc4AIq0="></latexit>

⌫ = log( 1��
� )

with
<latexit sha1_base64="65DYNOijKWvxjC8XnXuFSGK2+qg="></latexit>

bz(0) = 0, bz(1) = 1.

— For Q-SSEP: 

because Ro[a](x) is constructed from free cumulants w.r.t. the Lebesgue measure.

<latexit sha1_base64="kR8xfqkjD80eSAyo+VWrtAApUhA="></latexit>

[log(z � bz(x))]
00 = 0, x 2 I,

bz(x)
00 = 0, x 62 I,



Hidden free probability in classical SSEP :

— Three steps :

(i) : Q-SSEP /classical SSEP relation 
(ii)  : Free probability description of the Q-SSEP steady measure 
(iii) : A relation between cumulants and « non-coincidants » cumulants  
        for Bernoulli variables

with 

— Large deviation Q-SSEP

—> In terms of free probability data

n-th free cumulants of  
w.r.t. to the Lebesgue measure on [0,1]

<latexit sha1_base64="aYw58D6q2FfpMtF/DHVzvhK4oT0="></latexit>

I[a](x) =
Z 1

x
dy a(y)

[M. Bauer, D.B. ,Ph. Biane]



Emergence of free probability in noisy systems 

— Coarse-grained description (at mesoscopic scale) 
« ballistic cells » 

(i) separation of time scales :  
    fast, closed dynamics within ballistic cells for              
—> unitary dynamics within each cells for

<latexit sha1_base64="fk9XAsLlQ46tnXVL/jQ6mQsg0og="></latexit>

t < t`

(ii) ergodicity of the fast dynamics (—> noise) : 
<latexit sha1_base64="Ifh/5Q5sLCe2XmGzYvw2/9HNvDo="></latexit>

Et[Gjk] :=
1

t`

Z t+t`

t
dt0 Gjk(t

0) = Tr(⇢t [c
†
i cj ]U )

(local) Haar measure

<latexit sha1_base64="Kd+WiFLSAW6h4Tx+GPgS90jRR3A="></latexit>

t < t`

— Validation / Violation of these three conditions ? …

— Validity of U(1) sym. + MFT in mean —> the « universality three conditions » 
U(1) invariance : <— local conservation and  

     closed unitary dynamics at short time
<latexit sha1_base64="tteFCfby6hF0CxftdEg3CwmIRq0="></latexit>

Gjk ⌘in law ei✓jGjke
�i✓k

Scaling of the loop expectation values :
<latexit sha1_base64="h4EZRVfAXGbspbu+sNc3eVsrNCA="></latexit>

E[Gj1jn · · ·Gj3j2Gj2j1 ] ⇠ N1�n

<— If mean densities satisfy MFT

If some perturbation theory is valid 

Factorisation of loop expectations : <— closed fast dynamics / cells independence

<latexit sha1_base64="XPdY/7mxvetnVMNn/LSfEnZcTjA="></latexit>

(H = H0 + V )


