
higher rank dimers

Richard Kenyon (Yale)
<latexit sha1_base64="Ovih89FbpHEvdF6W++g9u9ki9H0=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEuilpFR8bKbgR3FSxD2lDmUxv26GTSZiZCCEU/BU3LhRx63e4829M0iBqPXDhcM693HuP43OmtGV9Grm5+YXFpfxyYWV1bX3D3NxqKi+QFBrU455sO0QBZwIammkObV8CcR0OLWd8kfite5CKeeJWhz7YLhkKNmCU6FjqmTs3jI6I7OMrEKEncOmOcDjomUWrbKXAs6SSkSLKUO+ZH92+RwMXhKacKNWpWL62IyI1oxwmhW6gwCd0TIbQiakgLig7Ss+f4P1Y6eOBJ+MSGqfqz4mIuEqFrhN3ukSP1F8vEf/zOoEenNoRE36gQdDpokHAsfZwkgXuMwlU8zAmhEoW34qTMAjVcWKFNISzBMffL8+SZrVcOSwfXVeLtfMsjjzaRXuohCroBNXQJaqjBqIoQo/oGb0YD8aT8Wq8TVtzRjazjX7BeP8CAQSU/A==</latexit>

based on joint work with

<latexit sha1_base64="ZWvJEwmPntfYho7B5yt1bpaLAvA=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqswUQd1IwY3LCvYBbSmZTNrGZpIhyVjK0A9w46+4caGIWz/AnX9jpp2Fth4IHM595NzjR5xp47rfTm5ldW19I79Z2Nre2d0r7h80tIwVoXUiuVQtH2vKmaB1wwynrUhRHPqcNv3RdVpvPlClmRR3ZhLRbogHgvUZwcZKvWKpIyQTARUGpWsCJAW6t4pBY6lGaMzMENkut+zOgJaJl5ESZKj1il+dQJI4tFsJx1q3PTcy3QQrwwin00In1jTCZIQHtG2pwCHV3WR2zBSdxKmNvlT2WRsz9fdEgkOtJ6FvO0Nshnqxlor/1dqx6V90Eyai2FBB5h/1Y46MRGkyKGCKEsMnlmCimPWKyBArTIzNr2BD8BZPXiaNStk7K1/eVkrVqyyOPBzBMZyCB+dQhRuoQR0IPMIzvMKb8+S8OO/Ox7w152Qzh/AHzucPJQ6bCQ==</latexit>

Daniel Douglas, Nicholas Ovenhouse, Haolin Shi, David Wilson

<latexit sha1_base64="s4huWZwyfYZ3IMj5cvfNDt9/F9I="></latexit>



Take two dimer covers of a rectangle, one of which misses the four corners. What
is the probability that, in the union, the corner connection goes top-to-bottom?

<latexit sha1_base64="QLZ0HKwqRkRdVCn+f7hfjXkAAJ8="></latexit>

Connection probabilities in double-dimers

<latexit sha1_base64="zNX7KbwqEdauV/mzKZZgAijVhUc=">AAACHHicbVDLSgMxFM3UV62vUZdugkVwY5mpggouCt24rGAf0A4lk8m0oXkMSUYopR/ixl9x40IRNy4E/8ZMOwttPRA4nHMfuSdMGNXG876dwsrq2vpGcbO0tb2zu+fuH7S0TBUmTSyZVJ0QacKoIE1DDSOdRBHEQ0ba4aie+e0HojSV4t6MExJwNBA0phgZK/Xd856QVEREGFiXQhCcyTBRMkQhZdRQoiEVMJKpnXgWUW5n9d2yV/FmgMvEz0kZ5Gj03c9eJHHK7RbMkNZd30tMMEHKUMzItNRLNUkQHqEB6VoqECc6mMyOm8ITq0Qwlso++8uZ+rtjgrjWYx7aSo7MUC96mfif101NfBVMqEhSQwSeL4pTBo2EWVIwosrGwcaWIKxsFBjiIVIIG5tByYbgL568TFrVin9Rub6rlms3eRxFcASOwSnwwSWogVvQAE2AwSN4Bq/gzXlyXpx352NeWnDynkPwB87XD74/omQ=</latexit>

 

a

<latexit sha1_base64="IVRk40lbiGtFhmMuivs3GHU8X1c=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSkw5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterXLbrJbrtTyOApzDBVyBB9dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBwmeM4Q==</latexit>

b

<latexit sha1_base64="RnV/6skgt3B1eOAW+IqelLSIBBU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSMxiUym7FXYCsEy8nZcjRGJS++sOYpRFKwwTVuue5ifEzqgxnAmfFfqoxoWxCR9izVNIItZ8tDp2RS6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbIo2BG/15XXSrla8WuW2WS3Xa3kcBTiHC7gCD66hDvfQgBYwQHiGV3hzHp0X5935WLZuOPnMGfyB8/kDw+uM4g==</latexit>

c

<latexit sha1_base64="JGf4XyHv5xIivgExwk+aYlTJ3H0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSkw1KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterXLbrJbrtTyOApzDBVyBB9dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBxW+M4w==</latexit>

d

<latexit sha1_base64="s2rAAYhg4/Zxjlivnv8MkGlCNzg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lspu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyYecUWOlZjgold2KuwBZJ15OypCjMSh99cOYpRFKwwTVuue5ifEzqgxnAmfFfqoxoWxCR9izVNIItZ8tDp2RS6uEZBgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeaoY3fsZlkhqUbLlomApiYjL/moRcITNiagllittbCRtTRZmx2RRtCN7qy+ukXa14tcpts1qu1/I4CnAOF3AFHlxDHe6hAS1ggPAMr/DmPDovzrvzsWzdcPKZM/gD5/MHxvOM5A==</latexit>

d

<latexit sha1_base64="s2rAAYhg4/Zxjlivnv8MkGlCNzg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lspu3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyYecUWOlZjgold2KuwBZJ15OypCjMSh99cOYpRFKwwTVuue5ifEzqgxnAmfFfqoxoWxCR9izVNIItZ8tDp2RS6uEZBgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeaoY3fsZlkhqUbLlomApiYjL/moRcITNiagllittbCRtTRZmx2RRtCN7qy+ukXa14tcpts1qu1/I4CnAOF3AFHlxDHe6hAS1ggPAMr/DmPDovzrvzsWzdcPKZM/gD5/MHxvOM5A==</latexit>

c

<latexit sha1_base64="JGf4XyHv5xIivgExwk+aYlTJ3H0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSkw1KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterXLbrJbrtTyOApzDBVyBB9dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBxW+M4w==</latexit>

a

<latexit sha1_base64="IVRk40lbiGtFhmMuivs3GHU8X1c=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSkw5KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyterXLbrJbrtTyOApzDBVyBB9dQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwBwmeM4Q==</latexit>

b

<latexit sha1_base64="RnV/6skgt3B1eOAW+IqelLSIBBU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9djY2t7Z3dgt7xf2Dw6Pj0slpW8epYthisYhVN6AaBZfYMtwI7CYKaRQI7ASTu7nfeUKleSwfzDRBP6IjyUPOqLFSMxiUym7FXYCsEy8nZcjRGJS++sOYpRFKwwTVuue5ifEzqgxnAmfFfqoxoWxCR9izVNIItZ8tDp2RS6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbIo2BG/15XXSrla8WuW2WS3Xa3kcBTiHC7gCD66hDvfQgBYwQHiGV3hzHp0X5935WLZuOPnMGfyB8/kDw+uM4g==</latexit>

(2-multiwebs)

<latexit sha1_base64="dqsEJy/M4Tv687EsMOaIx1Q3Jm0=">AAAB/HicbVBNS8NAEN34WetXtEcvi0WoB0tSCuqt4MVjBfsBbSib7aZdupuE3YkSQv0rXjwo4tUf4s1/47bNQVsfDDzem2Fmnh8LrsFxvq219Y3Nre3CTnF3b//g0D46busoUZS1aCQi1fWJZoKHrAUcBOvGihHpC9bxJzczv/PAlOZReA9pzDxJRiEPOCVgpIFdqmR9P8C16YVMBPBH5uvzgV12qs4ceJW4OSmjHM2B/dUfRjSRLAQqiNY914nBy4gCTgWbFvuJZjGhEzJiPUNDIpn2svnxU3xmlCEOImUqBDxXf09kRGqdSt90SgJjvezNxP+8XgLBlZfxME6AhXSxKEgEhgjPksBDrhgFkRpCqOLmVkzHRBEKJq+iCcFdfnmVtGtVt169vquVG/U8jgI6Qaeoglx0iRroFjVRC1GUomf0it6sJ+vFerc+Fq1rVj5TQn9gff4Aw0+ULQ==</latexit>

<latexit sha1_base64="ifBMJ+1S+b8M3Jsi0tV/M8lBZ4A=">AAAC/3icbVLLbtNAFB2bVwmvFMSKzRUpokghcipUEAtUiQ2ITZGaplJiRdfjcT3qvDQzprJMFvwKGxYgxJbfYMffMHGMgJa7uj73zJxzjyczgjufJD+j+MLFS5evbFztXbt+4+at/ubtQ6crS9mEaqHtUYaOCa7YxHMv2JGxDGUm2DQ7ebmaT98x67hWB742LJV4rHjBKfoALTaju3OlucqZ8s08K+CglDB783jKhdMKHia76f MlvFbgSwaOYpA5BsEl90MotAVUNeRaIldwyn0ZsMpCpiuVo63BhJu9gy0cZkM6zLdguyWhMVYby9GzP1yqVc5Xntyj4UqtFzgZZlxwXwN3rYE5k6ZsqNXOgV0tsARdtJNWl4fd2G/R05KtXXf2whVBIniWKEQNMphgOXjdcqrwYaFEUYARqNho0R8ko6QtON+Mu2ZAutpf9H/Mc00rGXKkAp2bjRPj0wat51SwZW9eOWaQngSHs9AqlMylTfv/lvAgIHmbZ6GVhxb9+0SD0rlaZoEp0Zfu7GwF/m82q3zxLG24MpVniq6Fikq0a4fHADm3jPoQR86R2hA/BVqiRerDk+mFEMZnVz7fHO6MxrujJ293Bnsvujg2yD1yn2yTMXlK9sgrsk8mhEbvo4/R5+hL/CH+FH+Nv62pcdSduUP+qfj7L2ul8c4=</latexit>

Thm [K-Wilson ’06]: In the scaling limit, for any domain with four boundary
points a, b, c, d (with appropriate boundary conditions), the probability is the
cross ratio of the four image points when the domain is conformally mapped to
the upper half plane.



<latexit sha1_base64="SzgEKW/JkzJEIhiDbM0G58QttAo=">AAAB/HicbVDLSgNBEJyNrxhf0Ry9DAbBU9gNop404MVjBPOAJITZSW8yZHZ2mekVwhJ/xYsHRbz6Id78GyfJHjSxoKGo6qa7y4+lMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2UaA4NHslIt31mQAoFDRQooR1rYKEvoeWPb2d+6xG0EZF6wEkMvZANlQgEZ2ilfrEkFIJWTFKDOuGYaLjpF8tuxZ2DrhIvI2WSod4vfnUHEU9CUMglM6bjuTH2UqZRcAnTQjcxEDM+ZkPoWKpYCKaXzo+f0lOrDGgQaVsK6Vz9PZGy0JhJ6NvOkOHILHsz8T+vk2Bw1UuFihMExReLgkRSjOgsCToQGjjKiSWMa2FvpXzENOM2EFOwIXjLL6+SZrXiXVTO76vl2nUWR54ckxNyRjxySWrkjtRJg3AyIc/klbw5T86L8+58LFpzTjZTIn/gfP4AK/6VGQ==</latexit>

internal structure?

<latexit sha1_base64="PhzTrnmGvdc72Q1qqY126es8s6U=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5IUUfEgBS8eK9gPaEPZbCbt0t0k7G6EEOpf8eJBEa/+EG/+G7dtDtr6YODx3gwz8/yEM6Ud59sqra1vbG6Vtys7u3v7B/bhUUfFqaTQpjGPZc8nCjiLoK2Z5tBLJBDhc+j6k9uZ330EqVgcPegsAU+QUcRCRok20tCuaskSDjhgAiQWcQD8emjXnLozB14lbkFqqEBraH8NgpimAiJNOVGq7zqJ9nIiNaMcppVBqiAhdEJG0Dc0IgKUl8+Pn+JTowQ4jKWpSOO5+nsiJ0KpTPimUxA9VsveTPzP66c6vPJyFiWphoguFoUpxzrGsyTMyxKo5pkhhEpmbsV0TCSh2uRVMSG4yy+vkk6j7l7Uz+8bteZNEUcZHaMTdIZcdIma6A61UBtRlKFn9IrerCfrxXq3PhatJauYqaI/sD5/AGVDlJg=</latexit>

triple dimer model:



<latexit sha1_base64="pgQERi2cPYA48wUwLAfPUmVu8gc="></latexit>

1. Multiwebs

2. Motivation

3. Kasteleyn matrix

4. Traces

5. Theorem

6. Applications



n : V ! N

<latexit sha1_base64="93eSqecZEjPkdBmaZ4ukRfaRdcs=">AAACDHicbVDLSgMxFM34rPVVdekm2AquykwRfOCi4MaVVLAP6Awlk8m0oZlkSDJCGeYD3Pgrblwo4tYPcOffmGlnoa0HAodzHzn3+DGjStv2t7W0vLK6tl7aKG9ube/sVvb2O0okEpM2FkzIno8UYZSTtqaakV4sCYp8Rrr++Dqvdx+IVFTwez2JiRehIachxUgbaVCpulxQHhCuYS11/RDy7LLjapG6EdIj34e3Wc102XV7CrhInIJUQYHWoPLlBgInkdmKGVKq79ix9lIkNcWMZGU3USRGeIyGpG8oRxFRXjo9JoPHRglgKKR5xtVU/T2RokipSeSbztyimq/l4n+1fqLDcy+lPE404Xj2UZgwqAXMk4EBlQRrNjEEYUmNV4hHSCKsTX5lE4Izf/Ii6TTqzmn94q5RbV4VcZTAITgCJ8ABZ6AJbkALtAEGj+AZvII368l6sd6tj1nrklXMHIA/sD5/ANvPmtk=</latexit>

G = (V,E) is a (planar) (bipartite) graph

<latexit sha1_base64="8oNiV4RKve93411uApFxbnGpx8U=">AAACHHicbVDLSgMxFM34rPU16tJNsBVakDJTBRUUCiK6rGAf0JZyJ03b0EwmJBmhlH6IG3/FjQtF3LgQ/BvTx0JbD1w4nPs+geRMG8/7dhYWl5ZXVhNryfWNza1td2e3rKNYEVoiEY9UNQBNORO0ZJjhtCoVhTDgtBL0rkb5ygNVmkXi3vQlbYTQEazNCBgrNd3juoiYaFFhcPrmMlM+us6mMdMYcEZyEKCyOBMwCcrOplncUSC7TTfl5bwx8DzxpySFpig23c96KyJxaLcQDlrXfE+axmA0lHA6TNZjTSWQHnRozVIBIdWNwfi5IT60Sgu3I2XDXjlWf3cMINS6Hwa2MgTT1bO5kfhfrhab9lljwISMDRVksqgdc2wiPHIKt5iixPC+JUAUs7di0gUFxFg/k9YEf/bleVLO5/yT3PldPlW4mNqRQPvoAGWQj05RAd2iIiohgh7RM3pFb86T8+K8Ox+T0gVn2rOH/sD5+gGeLZ8/</latexit>

vertex multiplicities

<latexit sha1_base64="ILWuj/DUqdMagGUGK/J+Pde0pFU=">AAACCHicbVC7SgNBFJ31GeMramnhYBCswm4QVLAI2FhGMA9IljA7uZsMmZ1dZu6KYUlp46/YWChi6yfY+TdOHoUmHhg4nHMfc0+QSGHQdb+dpeWV1bX13EZ+c2t7Z7ewt183cao51HgsY90MmAEpFNRQoIRmooFFgYRGMLge+4170EbE6g6HCfgR6ykRCs7QSp3CUVvFQnVBIbVlCA80SiUKu5oLFGA6haJbciegi8SbkSKZodopfLW7MU8jO5FLZkzLcxP0M6ZRcAmjfDs1kDA+YD1oWapYBMbPJoeM6IlVujSMtX32RxP1d0fGImOGUWArI4Z9M++Nxf+8VorhhZ8JlaQIik8XhamkGNNxKrQrNHCUQ0sY1/ZyTnmfacbRZpe3IXjzJy+SernknZUub8vFytUsjhw5JMfklHjknFTIDamSGuHkkTyTV/LmPDkvzrvzMS1dcmY9B+QPnM8fve6abw==</latexit>

 

Assign to vertex v a vector space Yv of dimension nv.

<latexit sha1_base64="h5NJDUlV0AumLEqgF12xQYTspVY="></latexit>
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<latexit sha1_base64="raxpALt/Ej382GhfqUjOdRKRyRg=">AAACE3icbVA9SwNBEN3z2/h1aqnFYjCIRbgTQQULwcYygjGBbAh7e3NxcW/v2N0Tw5HfEBv/io2FEmxt7Pwh9m4SEY0+GHi8N8PMvCAVXBvPe3cmJqemZ2bn5gsLi0vLK+7q2qVOMsWgyhKRqHpANQguoWq4EVBPFdA4EFALrk8Hfu0GlOaJvDCdFJoxbUsecUaNlVruLgmgzWWextQoftvFtBQQwkohIVCKCMjw22q5Ra/sDYH/Ev+LFE82e2Tno9+rtNw3EiYsi0EaJqjWDd9LTTOnynAmoFsgmYaUsmvahoalksagm/nwpy7etkqIo0TZkgYP1Z8TOY217sSB7bT3XelxbyD+5zUyEx02cy7TzIBko0VRJrBJ8CAgHHIFzIiOJZQpbm/F7IoqyoyNsWBD8Mdf/ksu98r+fvno3KZxjEaYQxtoC+0gHx2gE3SGKqiKGLpDD+gJPTv3zqPTd15GrRPO18w6+gXn9ROJ9KJL</latexit>

A quiver representation is a collection � = {�bw}bw2E where �bw : Yb ! Yw.

<latexit sha1_base64="ROm9TjYYqcdc7Y6jCfS6jAjbMNY="></latexit>

When n ⌘ n and �bw 2 GLn, we have a GLn-local system.

<latexit sha1_base64="euLhM6MK7mbvO1wlK/DueZ8Iffw="></latexit>

Or GLn-connection.

<latexit sha1_base64="IiDEYDXehMDYlUP1DqLh7jp8OX8=">AAACD3icbVDLSgMxFM3UV62vUZdugq3ixmGmCCq4KLjQhWAF+4B2GDJppg3NJEOSEcrQP3Djr7hxoYhbt+78G9PHQlsPBA7n3Htz7wkTRpV23W8rt7C4tLySXy2srW9sbtnbO3UlUolJDQsmZDNEijDKSU1TzUgzkQTFISONsH858hsPRCoq+L0eJMSPUZfTiGKkjRTYh20uKO8QruGthG0SJ72sdHUT8NIxFpwTPCobOoFddB13DDhPvCkpgimqgf3V7gicxmYwZkiplucm2s+Q1BQzMiy0U0UShPuoS1qGchQT5Wfje4bwwCgdGAlpnllsrP7uyFCs1CAOTWWMdE/NeiPxP6+V6ujMzyhPUk04nnwUpQxqAUfhwA6V5mI2MARhSc2uEPeQRFibCAsmBG/25HlSLzveiXN+Vy5WLqZx5MEe2AdHwAOnoAKuQRXUAAaP4Bm8gjfryXqx3q2PSWnOmvbsgj+wPn8AJTScGA==</latexit>

Tensor networks and multiwebs

<latexit sha1_base64="vBB+QuJiRQCl/31HDNqxZUfkEKM=">AAACBnicbVA9SwNBFNzzM8avU0sRFoNgFe5EUMEiYGOpYFSIR9jbvEuW7O0eu+8MIaSy8a/YWChi62+w89+4iVdo4lTDzHu8eRNnUlgMgi9vZnZufmGxtFReXlldW/c3Nq+tzg2HOtdSm9uYWZBCQR0FSrjNDLA0lnATd89G/s09GCu0usJ+BlHK2kokgjN0UtPfuQJltaEKsKdN11KmWjTNJYoexLbpV4JqMAadJmFBKqTARdP/vGtpnqegkEtmbSMMMowGzKDgEoblu9xCxniXtaHhqGIp2GgwfmNI95zSoolLk2iFdKz+3hiw1Np+GrvJlGHHTnoj8T+vkWNyHA2EynIExX8OJbmkqOmoE9oSBjjKviOMG+GyUt5hhnF0zZVdCeHky9Pk+qAaHlZPLg8qtdOijhLZJrtkn4TkiNTIObkgdcLJA3kiL+TVe/SevTfv/Wd0xit2tsgfeB/fnpyZOA==</latexit>

<latexit sha1_base64="oSbuQX/kVry4ZIND8R/JLk6PRXU=">AAAB+3icdZDLSsNAFIYn9VbrLdalm8Ei1E1IYmjrRgpuXFawF2hDmUwn7dDJJMxMxBL6Km5cKOLWF3Hn2zhpK6joDwM/3zmHOecPEkalsu0Po7C2vrG5Vdwu7ezu7R+Yh+WOjFOBSRvHLBa9AEnCKCdtRRUjvUQQFAWMdIPpVV7v3hEhacxv1SwhfoTGnIYUI6XR0CwPSJRMYBXHnBOcs7OhWbGti0bN9WrQtmy77rhObty6d+5BR5NcFbBSa2i+D0YxTiPCFWZIyr5jJ8rPkFAUMzIvDVJJEoSnaEz62nIUEelni93n8FSTEQxjoR9XcEG/T2QoknIWBbozQmoif9dy+Fetn6qw4WeUJ6kiHC8/ClMGVQzzIOCICn0wm2mDsKB6V4gnSCCsdFwlHcLXpfB/03Etp2Z5N16lebmKowiOwQmoAgfUQRNcgxZoAwzuwQN4As/G3Hg0XozXZWvBWM0cgR8y3j4BzJGUTQ==</latexit>

(connection)



An n-multiweb m in G is a function m : E ! Z�0 summing to nv at each vertex
v:

<latexit sha1_base64="fxyhl3Jdxyh0p3r0DtWt8ohubH4="></latexit>

 

We define a trace function Tr : ⌦n ! R

<latexit sha1_base64="NxMAmmVjtf5p+fcHjiBisCvTH2U="></latexit>

(We need
P

w2W nw =
P

b2B nb in order for ⌦n to be nonempty.)

<latexit sha1_base64="/ywBwtXxcX4tvcv0U6s7LEqzeVs="></latexit>

and some inequalities

<latexit sha1_base64="dHLC/n4/cg8EGK2/Fj0EadJf+wc=">AAACCHicdVDLSgMxFM34rPU16tKFwSK4KjPT2lpwIbhxqWAf0A4lk7mtwUwyJhmhFJdu/BU3LhRx6ye482/MaAUVPRA4nHMfuSdKOdPG896cqemZ2bn5wkJxcWl5ZdVdW29pmSkKTSq5VJ2IaOBMQNMww6GTKiBJxKEdXRzlfvsKlGZSnJlRCmFChoINGCXGSn13qyckEzEIg4mIsZYJYDvqMiOcGQa675a8cmO/FuwF2Ct7Xj2o1HIS1KtBBftWyVFCE5z03ddeLGmW2ImUE627vpeacEyUYZTDdbGXaUgJvSBD6FoqSAI6HH8cco13rBLjgVT22R99qN87xiTRepREtjIh5lz/9nLxL6+bmcF+OGYizQwI+rlokHFsJM5TwTFTQA0fWUKospdTTM+JItTY7Io2hK9L8f+kFZT9arlxGpQODyZxFNAm2ka7yEd1dIiO0QlqIopu0B16QI/OrXPvPDnPn6VTzqRnA/2A8/IOXtCaOA==</latexit>

(later)

<latexit sha1_base64="PSAYQxWG5UXRuwueWFB4ZopEeik=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZSZIqjgouDGZQX7gHYomUymDc1khiSjlLGf4saFIm79Enf+jWk7C209EDicc29ycvyEM6Ud59sqrK1vbG4Vt0s7u3v7B3b5sK3iVBLaIjGPZdfHinImaEszzWk3kRRHPqcdf3wz8zsPVCoWi3s9SagX4aFgISNYG2lgl/siZiKgQqMqx5rKs4FdcWrOHGiVuDmpQI7mwP7qBzFJI3MH4Vipnusk2suw1IxwOi31U0UTTMZ4SHuGChxR5WXz6FN0apQAhbE0x2SYq783MhwpNYl8MxlhPVLL3kz8z+ulOrz0MiaSVFNBFg+FKUc6RrMeUMAkJZpPDMFEMpMVkRGWmJgOVMmU4C5/eZW06zX3vHZ1V680rvM6inAMJ1AFFy6gAbfQhBYQeIRneIU368l6sd6tj8Vowcp3juAPrM8frTeTnQ==</latexit>

⌦n is the set of n-multiwebs.

<latexit sha1_base64="xjIch8l/1odZQdODaOVC+JFSf9Q=">AAACHHicbVDLSgNBEJyN7/iKevQymAheDLsqqOBB8OJNBWMCSQizk95kyMzsMtOrhCUf4sVf8eJBES8eBP/GSYzgq6ChqOqmuytMpLDo++9ebmJyanpmdi4/v7C4tFxYWb2ycWo4VHgsY1MLmQUpNFRQoIRaYoCpUEI17J0M/eo1GCtifYn9BJqKdbSIBGfopFZht9Q4U9BhrawRRlQPSlRYil2gFpDGES196dsqlShuILTlVqHol/0R6F8SjEmRjHHeKrw22jFPFWjkkllbD/wEmxkzKLiEQb6RWkgY77EO1B3VTIFtZqPnBnTTKW0axcaVRjpSv09kTFnbV6HrVAy79rc3FP/z6ilGB81M6CRF0PxzUZRKijEdJkXbwgBH2XeEcSPcrZR3mWEcXZ55F0Lw++W/5GqnHOyVDy92isdH4zhmyTrZIFskIPvkmJySc1IhnNySe/JInrw778F79l4+W3PeeGaN/ID39gFSUaBK</latexit>

<latexit sha1_base64="5HbfpnVRUOtwI4mvy9YoZemvl2g=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKewGUU8S8OJFiGAekixhdtJJhszOLjO9SljyFV48KOLVz/Hm3zhJ9qCJBQ1FVTfdXUEshUHX/XZyK6tr6xv5zcLW9s7uXnH/oGGiRHOo80hGuhUwA1IoqKNACa1YAwsDCc1gdD31m4+gjYjUPY5j8EM2UKIvOEMrPdwmEsUTBKZbLLlldwa6TLyMlEiGWrf41elFPAlBIZfMmLbnxuinTKPgEiaFTmIgZnzEBtC2VLEQjJ/ODp7QE6v0aD/SthTSmfp7ImWhMeMwsJ0hw6FZ9Kbif147wf6lnwoVJwiKzxf1E0kxotPvaU9o4CjHljCuhb2V8iHTjKPNqGBD8BZfXiaNStk7L5/dVUrVqyyOPDkix+SUeOSCVMkNqZE64SQkz+SVvDnaeXHenY95a87JZg7JHzifPxDAkJM=</latexit>

Multiwebs

<latexit sha1_base64="Cd76DWHEqIHSv6dgDAIp+wTqXRE="></latexit>

detK(�) = ±
X

m2⌦n

Tr(m).

<latexit sha1_base64="q2AE4IneEfKgXjqtSOYwAKjMOkc="></latexit>

Thm:[Douglas, K, Shi ’23], [K, Ovenhouse ’23] We have

<latexit sha1_base64="2omUhYMAV+HG6FY1YGUDUPv1cKM="></latexit>

Ex: For n ⌘ 1, ⌦1 = {dimer covers}



Six vertex model/ Square ice model

<latexit sha1_base64="RwRkKJ/A33NAdNBxf89r4pEzgEU=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4JgFXeDoIJFwMYyEvOAZAmzs3eTIbMPZ2YlYUlv46/YWChi6w/Y+TdOki008cDA4ZxzuXOPG3MmlWV9G7mV1bX1jfxmYWt7Z3fP3D9oyigRFBo04pFou0QCZyE0FFMc2rEAErgcWu7weuq3HkBIFoV3ahyDE5B+yHxGidJSzyzW2QjrgIIRDiIP+Cmu3ydEAGYU5krPLFllawa8TOyMlFCGWs/86noRTQIIFeVEyo5txcpJiVCMcpgUuomEmNAh6UNH05AEIJ10dssEH2vFw34k9AsVnqm/J1ISSDkOXJ0MiBrIRW8q/ud1EuVfOCkL40RBSOeL/IRjFeFpMdhjAqjiY00IFUz/FdMBEYQqXV9Bl2AvnrxMmpWyfVa+vK2UqldZHXl0hIroBNnoHFXRDaqhBqLoET2jV/RmPBkvxrvxMY/mjGzmEP2B8fkDCVSaaA==</latexit>

20-vertex model

<latexit sha1_base64="mFI3ePqJoxR/sFlRo/L88rb0gMw=">AAAB+HicbVBNSwMxEM36WetHVz16CRbBi2W3CCp4KHjxWMF+QLuUbDrbhiabJcmKdekv8eJBEa/+FG/+G9N2D9r6YODx3gwz88KEM20879tZWV1b39gsbBW3d3b3Su7+QVPLVFFoUMmlaodEA2cxNAwzHNqJAiJCDq1wdDP1Ww+gNJPxvRknEAgyiFnEKDFW6rmlqndmfQOPWMg+8J5b9ireDHiZ+Dkpoxz1nvvV7UuaCogN5UTrju8lJsiIMoxymBS7qYaE0BEZQMfSmAjQQTY7fIJPrNLHkVS2YoNn6u+JjAitxyK0nYKYoV70puJ/Xic10WWQsThJDcR0vihKOTYST1PAfaaAGj62hFDF7K2YDoki1NisijYEf/HlZdKsVvzzytVdtVy7zuMooCN0jE6Rjy5QDd2iOmogilL0jF7Rm/PkvDjvzse8dcXJZw7RHzifP/QLkqM=</latexit>

The “free fermionic” points of these models are determinantal tensor networks.

<latexit sha1_base64="XGNmX+LDTqFkkQ115Kp7I0GbdSM=">AAACRHicbVC7bhNREL2b8AjmZaCkGWGhUFm7USRAoohEQxmkOIlkW87s3dn4yvexujMLsqx8HA0fkC5fkIYChGgR144LSJjq6JwZzTmnbKxhyfOLbGPz1u07d7fude4/ePjocffJ00MObdQ00MGGeFwikzWeBmLE0nETCV1p6aicvV/qR58osgn+QOYNjR2eelMbjZKoSXc48sH4irzAwZTg5KSORFBTdEk2ensbmqQLQ6hBps QELlRkGTASdCqS5aZHL2hByHOI4Ek+hzjj/qTby/v5auAmKNagp9azP+mej6qgW5fcaIvMwyJvZLzAKEZbOuuMWqYG9QxPaZigR0c8XqxKOIOXiamgTgbqkNKs2L8vFuiY565Mmw5lyte1Jfk/bdhK/Wa8ML5pU0B99ahuU9wAy0ahMpG02HkCqKNJXkFPMaJO3XAnlVBcj3wTHO70i93+2487vb136zq21HP1Qr1ShXqt9tQHta8GSqsv6lJ9Vz+yr9m37Gf262p1I1vfPFP/TPb7D6pHseQ=</latexit>

Vertex models

<latexit sha1_base64="3AczzU4QmUpK/JgwdbU4NLb3wug=">AAACAHicbVDLSgMxFM3UV62vqgsXboJFcFVmiqCCi4IblxXsA9qhZDJ32tBMMiQZsQzd+CtuXCji1s9w59+YtrPQ1gOBwzn33tx7goQzbVz32ymsrK6tbxQ3S1vbO7t75f2DlpapotCkkkvVCYgGzgQ0DTMcOokCEgcc2sHoZuq3H0BpJsW9GSfgx2QgWMQoMVbql496QjIRgjC4BcrAI45lCFz3yxW36s6Al4mXkwrK0eiXv3qhpGlsJ1FOtO56bmL8jCjDKIdJqZdqSAgdkQF0LRUkBu1nswMm+NQqIY6kss9uMlN/d2Qk1nocB7YyJmaoF72p+J/XTU106WdMJKkBQecfRSnHRuJpGjhkCqjhY0sIVczuiumQKEKNzaxkQ/AWT14mrVrVO69e3dUq9es8jiI6RifoDHnoAtXRLWqgJqJogp7RK3pznpwX5935mJcWnLznEP2B8/kD2yaWkg==</latexit>

Put nw = 2 and nb = 1

<latexit sha1_base64="Qd+WS/ObJShLORPD0jIIa/yJESM=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBVnBVkiKoYKHgxmUFe4E2lMl00g6dTMLMiVJCN76KGxeKuPUx3Pk2TtoutPWHgY//nMOZ8/ux4Boc59vKrayurW/kNwtb2zu7e/b+QVNHiaKsQSMRqbZPNBNcsgZwEKwdK0ZCX7CWP7rJ6q0HpjSP5D2MY+aFZCB5wCkBY/Xso3oCuCR7j9VKCRPZz9ivuqWeXXTKzlR4Gdw5FNFc9Z791e1HNAmZBCqI1h3XicFLiQJOBZsUuolmMaEjMmAdg5KETHvp9IAJPjVOHweRMk8Cnrq/J1ISaj0OfdMZEhjqxVpm/lfrJBBceimXcQJM0tmiIBEYIpylgftcMQpibIBQxc1fMR0SRSiYzAomBHfx5GVoVsruefnqrlKsXc/jyKNjdILOkIsuUA3dojpqIIom6Bm9ojfryXqx3q2PWWvOms8coj+yPn8AQuuUQQ==</latexit>

nw ⌘ 3

<latexit sha1_base64="UlFRFdQNEVdudSAmMl+jhAZbuVw=">AAAB8nicbVDLSgNBEOyNrxhfMR69DAmCp7CrAfUW0IPHCOYBmyXMTmaTIbOz68xsJCz5DC8eFBE8+Qv+gSdv/o2Tx0ETCxqKqm66u/yYM6Vt+9vKrKyurW9kN3Nb2zu7e/n9QkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/uBy4jeHVCoWiVs9iqkX4p5gASNYG8kVnfs2vUvYEJ128iW7bE+BlokzJ6Vq9vOjcPVWrHXyX+1uRJKQCk04Vsp17Fh7KZaaEU7HuXaiaIzJAPeoa6jAIVVeOj15jI6M0kVBJE0Jjabq74kUh0qNQt90hlj31aI3Ef/z3EQH517KRJxoKshsUZBwpCM0+R91maRE85EhmEhmbkWkjyUm2qSUMyE4iy8vk8ZJ2amUL25MGhWYIQuHUIRjcOAMqnANNagDgQge4AmeLW09Wi/W66w1Y81nDuAPrPcf5cqT7g==</latexit>

nb ⌘ 1

<latexit sha1_base64="DQGQfK7n7Mh9OX1Cn+5mYymORxw=">AAAB8nicbVDLSgNBEJyNrxhfMR69DAmCp7ArAfUW0IPHCOYBmxBmJ73JkNmZdWY2EJZ8hhcPigie/AX/wJM3/8bJ46CJBQ1FVTfdXUHMmTau++1k1tY3Nrey27md3b39g/xhoaFloijUqeRStQKigTMBdcMMh1asgEQBh2YwvJr6zREozaS4M+MYOhHpCxYySoyVfNEN2nCfsBH2uvmSW3ZnwKvEW5BSNfv5Ubh+K9a6+a92T9IkAmEoJ1r7nhubTkqUYZTDJNdONMSEDkkffEsFiUB30tnJE3xilR4OpbIlDJ6pvydSEmk9jgLbGREz0MveVPzP8xMTXnRSJuLEgKDzRWHCsZF4+j/uMQXU8LElhCpmb8V0QBShxqaUsyF4yy+vksZZ2auUL29tGhU0RxYdoyI6RR46R1V0g2qojiiS6AE9oWfHOI/Oi/M6b804i5kj9AfO+w/CRpPX</latexit>



Kasteleyn, Temperley/Fisher (1963) proved

<latexit sha1_base64="pqpzi/Ze1yIWEX4/HvgWDecJ11Q=">AAACEnicbZDLSgMxFIYz9VbrrerSTbAILUidqaIWXBQEEdxU6A3aoWTS0zY0kxmSTGEofQY3voobF4q4deXOtzG9LLT6Q+DjP+dwcn4v5Exp2/6yEkvLK6tryfXUxubW9k56d6+mgkhSqNKAB7LhEQWcCahqpjk0QgnE9zjUvcH1pF4fglQsEBUdh+D6pCdYl1GijdVO5+6I0sAhFse4An4I0vDJDVN9kDjrFM9PcziUwRA67XTGzttT4b/gzCGD5iq305+tTkAjH4SmnCjVdOxQuyMiNaMcxqlWpCAkdEB60DQoiA/KHU1PGuMj43RwN5DmCY2n7s+JEfGVin3PdPpE99VibWL+V2tGunvpjpgIIw2CzhZ1I451gCf54A6TQDWPDRAqmfkrpn0iCdUmxZQJwVk8+S/UCnnnLF+8L2RKV/M4kugAHaIsctAFKqFbVEZVRNEDekIv6NV6tJ6tN+t91pqw5jP76Jesj28rLpyA</latexit>

Let K be the Kasteleyn matrix:

<latexit sha1_base64="ACLS+I4tcIZH8x4utGa881ZELUY=">AAACCXicbVDJSgNBEO2JW4xb1KOXxkTwFGaC4IKHgBchHiKYBZIQejqVpElPz9BdI4aQqxd/xYsHRbz6B978GzvLQRMfFDzeq6Kqnh9JYdB1v53E0vLK6lpyPbWxubW9k97dq5gw1hzKPJShrvnMgBQKyihQQi3SwAJfQtXvX4396j1oI0J1h4MImgHrKtERnKGVWml6A0izxSz1gWIPaJEZBAkDRQOGWjxctNIZN+dOQBeJNyMZMkOplf5qtEMeB6CQS2ZM3XMjbA6ZRsEljFKN2EDEeJ91oW6pYgGY5nDyyYgeWaVNO6G2pZBO1N8TQxYYMwh822nv65l5byz+59Vj7Jw1h0JFMYLi00WdWFIM6TgW2hYaOMqBJYxrYW+lvMc042jDS9kQvPmXF0kln/NOcue3+UzhchZHkhyQQ3JMPHJKCuSalEiZcPJInskreXOenBfn3fmYtiac2cw++QPn8wc9IJjO</latexit>

Kwb =

(
±1 w ⇠ b

0 else.

<latexit sha1_base64="tiOuxpxoenTFEwg63b3821xTGBs="></latexit>

K : CB ! CW

<latexit sha1_base64="yrx8ivkqprz5b2Wtbxc4dkGSPQc=">AAACCHicbVDLSgMxFM34rPU16lLQYBFclRkRfCBY7EZw04J9QGcsmTRtQzOZIckIZeiyG3/FjQtFXeonuPMb9CPMtF3U1gOBk3Pu5d57vJBRqSzry5iZnZtfWEwtpZdXVtfWzY3NsgwigUkJBywQVQ9JwignJUUVI9VQEOR7jFS8Tj7xK3dESBrwG9UNieujFqdNipHSUt3cvT6LHR+ptufBfO/20lHB+L9SNzNW1hoAThN7RDIX79/9ndfiT6FufjqNAEc+4QozJGXNtkLlxkgoihnppZ1IkhDhDmqRmqYc+US68eCQHtzXSgM2A6EfV3CgjnfEyJey63u6MtlRTnqJ+J9Xi1TzxI0pDyNFOB4OakYMqgAmqcAGFQQr1tUEYUH1rhC3kUBY6ezSOgR78uRpUj7M2kfZ06KVyZ2DIVJgG+yBA2CDY5ADV6AASgCDPngAT+DZuDcejRfjbVg6Y4x6tsAfGB+/AKCdyQ==</latexit>

-1

-1

-1

-1

-1

-1

<latexit sha1_base64="jZAFlxwmWQGBydCWFaFEYExn8xQ=">AAACGnicbVBNS8NAEN34bf2qevSyWAVPJRFRERTBi+BFwbZCU8pmM2mX7iZhdyKWmN/hxb/ixYMi3sSL/8Zt7cGvBwOP92Z2Z16QSmHQdT+csfGJyanpmdnS3PzC4lJ5eaVukkxzqPFEJvoqYAakiKGGAiVcpRqYCiQ0gt7JwG9cgzYiiS+xn0JLsU4sIsEZWqld9nI/iOhlVx0UdOPWDwHp2S09pH7Fz32EG8xDoUBTngxeKfxio12uuFV3CPqXeCNSISOct8tvfpjwTEGMXDJjmp6bYitnGgWXUJT8zEDKeI91oGlpzBSYVj48raCbVglplGhbMdKh+n0iZ8qYvgpsp2LYNb+9gfif18ww2m/lIk4zhJh/fRRlkmJCBznRUGjgKPuWMK6F3ZXyLtOMo82hZEPwfp/8l9S3q95udediu3J8NIpjhqyRdbJFPLJHjskpOSc1wskdeSBP5Nm5dx6dF+f1q3XMGc2skh9w3j8Bzj6gIw==</latexit>

Thm: | detK| = #{dimer covers}

Dimers and Kasteleyn theory

<latexit sha1_base64="QNZZEXx86XDzHprjnkwVTBg4Rac=">AAACDnicbVDLSgMxFM3UV62vUZdugqXgqswUQQUXBV0IbirYB7SlZDK3bWgmGZKMMAz9Ajf+ihsXirh17c6/MX0stPVA4HDuuTf3niDmTBvP+3ZyK6tr6xv5zcLW9s7unrt/0NAyURTqVHKpWgHRwJmAumGGQytWQKKAQzMYXU3qzQdQmklxb9IYuhEZCNZnlBgr9dxSR0gmQhAGX7PIGjERIb4l2gCHVGAzBKnSnlv0yt4UeJn4c1JEc9R67lcnlDSJ7FzKidZt34tNNyPKMMphXOgkGmJCR2QAbUsFiUB3s+k5Y1yySoj7Utln95qqvzsyEmmdRoF1RsQM9WJtIv5Xayemf97NmIgTA4LOPuonHBuJJ9ngkCmghqeWEKqY3RXTIVGEGhtMwYbgL568TBqVsn9avrirFKuX8zjy6AgdoxPkozNURTeohuqIokf0jF7Rm/PkvDjvzsfMmnPmPYfoD5zPH0H8nD4=</latexit>

<latexit sha1_base64="0Y11RziQdYF8ic0sDGv+8RRuvWU=">AAACDnicbVC7SgNBFJ31GeMramkzGAULCbtB1EoCFlpYRDAPiCHcndwkg7Ozw8ysEJZ8gY2/YmOhiK21nX/jJNnC14GBwzn3MfeESnBjff/Tm5mdm19YzC3ll1dW19YLG5t1EyeaYY3FItbNEAwKLrFmuRXYVBohCgU2wtuzsd+4Q214LK/tUGE7gr7kPc7AOqlT2LtES3fPd2mIFKgSIEEf0JAr0G4a0r4GNSh1CkW/5E9A/5IgI0WSodopfNx0Y5ZEKC0TYEwr8JVtp+OhTOAof5MYVMBuoY8tRyVEaNrp5JwR3XNKl/Zi7Z60dKJ+70ghMmYYha4yAjswv72x+J/XSmzvpJ1yqRKLkk0X9RJBbUzH2dAu18isGDoCTHP3V8oGoIFZl2DehRD8PvkvqZdLwVHp8KpcrJxmceTINtkh+yQgx6RCLkiV1Agj9+SRPJMX78F78l69t2npjJf1bJEf8N6/AFC1mmo=</latexit>

Let G be a planar, bipartite graph.
<latexit sha1_base64="FVf0sbT67ENtA9E99OzTRi6hqzI="></latexit>

“Adjacency matrix with
Kasteleyn connection”

<latexit sha1_base64="7pNjZ1DOxisBt9TpiS8R1zoihTk="></latexit>

where a face of length l has monodromy (�1)l/2+1.



K(w, b) =

(
±�wb w ⇠ b

0 else.

<latexit sha1_base64="6Jdnf/CeNPtyWF6aBu44vYzdSRE="></latexit>

Ex.

<latexit sha1_base64="PFZtWTmi6eFQtc88QB6+H2/WCo8=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgadktggoeCiJ4rGg/oF1KNs22odnskmTFsvQnePGgiFd/kTf/jWm7B219MPB4b4aZeUEiuDau+40KK6tr6xvFzdLW9s7uXnn/oKnjVFHWoLGIVTsgmgkuWcNwI1g7UYxEgWCtYHQ99VuPTGkeywczTpgfkYHkIafEWOn+5snplSuu486Al4mXkwrkqPfKX91+TNOISUMF0brjuYnxM6IMp4JNSt1Us4TQERmwjqWSREz72ezUCT6xSh+HsbIlDZ6pvycyEmk9jgLbGREz1IveVPzP66QmvPAzLpPUMEnni8JUYBPj6d+4zxWjRowtIVRxeyumQ6IINTadkg3BW3x5mTSrjnfmXN5VK7WrPI4iHMExnIIH51CDW6hDAygM4Ble4Q0J9ILe0ce8tYDymUP4A/T5A+DSjYc=</latexit>

We define a Kasteleyn matrix K(�) on G:

<latexit sha1_base64="2hFti0hjdMJ9ZvrRYEicOqmn+4Q="></latexit>

K(�) =

✓
A �D
B C

◆

<latexit sha1_base64="xmHjWP+JToJ2HOV0C2BRik6hGIY="></latexit>

A

B

C

D

1

2

1

2

1 2

32

K̃(�) =

0

BB@

a1 a2 �d1 �d2
b11 b12 c11 c12
b21 b22 c21 c22
b31 b32 c31 c32

1

CCA

<latexit sha1_base64="mbBi+9kc6HBwR4cvdMe1Ia7KfEE="></latexit>

<latexit sha1_base64="q2AE4IneEfKgXjqtSOYwAKjMOkc="></latexit>

Thm:[Douglas, K, Shi ’23], [K, Ovenhouse ’23] We have

<latexit sha1_base64="dQOS7hfua1F9Nz6SnaGr2iEdWgU=">AAAB9XicbVDLSgMxFM3UV62vqks3wSK4KjNFVFxIQRCXFewD2rFk0jttaCYZkoylDP0PNy4Uceu/uPNvTNtZaOtZHc65l3vuCWLOtHHdbye3srq2vpHfLGxt7+zuFfcPGlomikKdSi5VKyAaOBNQN8xwaMUKSBRwaAbDm6nffAKlmRQPZhyDH5G+YCGjxFjp8VYqHCXcsBEE+qpbLLlldwa8TLyMlFCGWrf41elJmkQgDOVE67bnxsZPiTKMcpgUOomGmNAh6UPbUkEi0H46Sz3BJ1bp4dAmCKUweKb+3khJpPU4CuxkRMxAL3pT8T+vnZjw0k+ZiBMDgs4PhQnHRuJpBbjHFFDDx5YQqpjNiumAKEKNLapgS/AWX14mjUrZOy+f3VdK1eusjjw6QsfoFHnoAlXRHaqhOqJIoWf0it6ckfPivDsf89Gck+0coj9wPn8AVY2SZg==</latexit>

For multiwebs:

<latexit sha1_base64="O/oPf1VxO6IvsKwY8dSH+bc+G+o="></latexit>

det K̃(�) = ±
X

m2⌦n

Tr(m).

<latexit sha1_base64="XB0aOP8MPzaVbT1nk8U1FTNrvMo="></latexit>

“tensor � with the
Kasteleyn connection.”



 

Tr(m) =

*
O

w2W

vw
���
O

e=wb

�wb

���
O

b2B

vb

+

<latexit sha1_base64="FOGppRD6/AIwxGz0joTJnRAE48k="></latexit>

<latexit sha1_base64="LmK6xf848muQD/gt88DSD7DvOyA="></latexit>

invariant under
SLn-base change

Trace of an n-multiweb

<latexit sha1_base64="wx16n0EieiK2VF7ModAF6ocS9qc=">AAACEXicbVDLSgMxFM34rPU16tJNsBW6scwUQQUXBTcuK/QFbSmZ9E4bmkmGJKOUob/gxl9x40IRt+7c+Temj4W2Hggczrn35t4TxJxp43nfzsrq2vrGZmYru72zu7fvHhzWtUwUhRqVXKpmQDRwJqBmmOHQjBWQKODQCIY3E79xD0ozKapmFEMnIn3BQkaJsVLXLbSFZKIHwuCqIhSwDDEROJ+2gxCLcf4sSrhhDxB03ZxX9KbAy8Sfkxyao9J1v9o9SZPIjqacaN3yvdh0UqIMoxzG2XaiISZ0SPrQslSQCHQnnV40xqdW6eFQKvvsalP1d0dKIq1HUWArI2IGetGbiP95rcSEl52UiTgxIOjsozDh2Eg8iQf3mAJq+MgSQhWzu2I6IDYZY0PM2hD8xZOXSb1U9M+LV3elXPl6HkcGHaMTVEA+ukBldIsqqIYoekTP6BW9OU/Oi/PufMxKV5x5zxH6A+fzByWcnJU=</latexit>

the “codeterminant”

<latexit sha1_base64="iOE4bt9bWtZ5xoNSgYTudnbMPbQ=">AAACB3icbVDLSgMxFM34rPU16lKQ0CK4KjNFUMFFwY3LCvYB7dBmMrdtaCYZkoxQSndu/BU3LhRx6y+4829M21lo64HA4Zx7b+49YcKZNp737aysrq1vbOa28ts7u3v77sFhXctUUahRyaVqhkQDZwJqhhkOzUQBiUMOjXB4M/UbD6A0k+LejBIIYtIXrMcoMVbquCdtIZmIQBhsBoC7XSojMKBiJogwhY5b9EreDHiZ+BkpogzVjvvVjiRNYzuQcqJ1y/cSE4yJMoxymOTbqYaE0CHpQ8tSQWLQwXh2xwSfWiXCPansswvN1N8dYxJrPYpDWxkTM9CL3lT8z2ulpncZjJlIUgOCzj/qpRwbiaeh4IgpoIaPLCFUMbsrpgOiCLVJ6LwNwV88eZnUyyX/vHR1Vy5WrrM4cugYFdAZ8tEFqqBbVEU1RNEjekav6M15cl6cd+djXrriZD1H6A+czx8E7Jlm</latexit>

First assume me = 0 or 1 for all edges

<latexit sha1_base64="GfhKWnIS6VKaLPtbI+udC8cSboI=">AAACHHicbVDLSgMxFM3UV62vUZdugq3gqsxUQQWFgiAuK9gHtKVkMnfa0EwyJBmhlH6IG3/FjQtF3LgQ/BvTx0JbzyaHc+7NvfcECWfaeN63k1laXlldy67nNja3tnfc3b2alqmiUKWSS9UIiAbOBFQNMxwaiQISBxzqQf967NcfQGkmxb0ZJNCOSVewiFFirNRxT1pCMhGCMPiGKW0w0TqNARfiDlx5BSwVLvgFHNmXcI4h7ILuuHmv6E2AF4k/I3k0Q6XjfrZCSe23wlBuBzR9LzHtIVGGUQ6jXCvVkBDaJ11oWipIDLo9nBw3wkdWCScLRNJuOVF/dwxJrPUgDmxlTExPz3tj8T+vmZrovD1kIkkNCDodFKUcG4nHSeGQKaCGDywhVDG7K6Y9ogg1Ns+cDcGfP3mR1EpF/7R4cVfKly9ncWTRATpEx8hHZ6iMblEFVRFFj+gZvaI358l5cd6dj2lpxpn17KM/cL5+AJV3n8Y=</latexit>

Then define

<latexit sha1_base64="W2AEFJDrhDub6vrWfg0PFxSF8MU=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzJTBBVcFNy4rNAXtEPJZO60oZlkSDJCqV34K25cKOLW33Dn35i2s9DWA4HDua+TE6acaeN5387K6tr6xmZhq7i9s7u37x4cNrXMFIUGlVyqdkg0cCagYZjh0E4VkCTk0AqHt9N66wGUZlLUzSiFICF9wWJGibFSzz3uCslEBMLg+gAEjiC2m3DPLXllbwa8TPyclFCOWs/96kaSZoldRDnRuuN7qQnGRBlGOUyK3UxDSuiQ9KFjqSAJ6GA88z/BZ1aJcCyVfdbITP09MSaJ1qMktJ0JMQO9WJuK/9U6mYmvgjETaWZA0PmhOOPYSDwNA0dMATV8ZAmhilmvmA6IItTYyIo2BH/xy8ukWSn7F+Xr+0qpepPHUUAn6BSdIx9doiq6QzXUQBQ9omf0it6cJ+fFeXc+5q0rTj5zhP7A+fwBTAeVoA==</latexit>

<latexit sha1_base64="m0hOmCLmtrk4RApIVdm+8X76SIM="></latexit>

Vi
⇠= Rn with basis e1, . . . , en

<latexit sha1_base64="Xf9Z4p0qQZdrgNahOQJ3KcvWgac=">AAACIHicbVDLSsNAFJ3UV62vqEs3g63gqiRFrCsp6MJlBfuAJoTJdNIOncyEmUmhhH6KG3/FjQtFdKdf47TNQlsvXDic+zj3njBhVGnH+bIKa+sbm1vF7dLO7t7+gX141FYilZi0sGBCdkOkCKOctDTVjHQTSVAcMtIJRzezemdMpKKCP+hJQvwYDTiNKEbaUIFd97igvE+4hrckMktgZRyEHuWwHbie0DQmyusLrXJsaF6B4SSwy07VmQdcBW4OyiCPZmB/mjU4jY0SZkipnusk2s+Q1BQzMi15qSIJwiM0ID0DOTJifjZ/cArPDNOHkZAmzaVz9vdEhmKlJnFoOmOkh2q5NiP/q/VSHV35GeVJqgnHC6EoZVALOHML9qkkWLOJAQhLam6FeIgkwtp4WjImuMsvr4J2repeVi/ua+XGdW5HEZyAU3AOXFAHDXAHmqAFMHgEz+AVvFlP1ov1bn0sWgtWPnMM/oT1/QM6zqMA</latexit>

Define vb 2 V1 ⌦ · · ·⌦ Vn by
<latexit sha1_base64="ySiRvm7HOjjpfqq2fFXWEI+YBmo="></latexit>

vb =
X

�2Sn

(�1)�e1�(1) ⌦ · · ·⌦ en�(n)

<latexit sha1_base64="vtF4wShvd37hCsKaqS3tyytadAM="></latexit>

Similarly define vw using (Rnw)⇤.

V1
V2

Vn ~…
<latexit sha1_base64="kpIAIXXwN7OIdxxLSjNc4JY9/DY=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkpSpZeNFty4bMG2QjuUTHqmjc1cSDJCKX0CNy4Uceur+AbufBszrYKK/hD4+P9zyDnHi6XQhpB3J7O0vLK6ll3PbWxube/kd/faOkoUhxaPZKSuPaZBihBaRhgJ17ECFngSOt74Is07t6C0iMIrM4nBDdgwFL7gzFirSfv5AikSQiilOAVaKRMLtVq1RKuYppFV4fz1ZK5GP//WG0Q8CSA0XDKtu5TExp0yZQSXMMv1Eg0x42M2hK7FkAWg3el80Bk+ss4A+5GyLzR47n7vmLJA60ng2cqAmZH+naXmX1k3MX7VnYowTgyEfPGRn0hsIpxujQdCATdyYoFxJeysmI+YYtzY2+TsEb42xf9Du1Sk5eJpkxTqZ2ihLDpAh+gYUVRBdXSJGqiFOAJ0hx7Qo3Pj3DtPzvOiNON89uyjH3JePgDAxo8g</latexit>

1

<latexit sha1_base64="kpIAIXXwN7OIdxxLSjNc4JY9/DY=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkpSpZeNFty4bMG2QjuUTHqmjc1cSDJCKX0CNy4Uceur+AbufBszrYKK/hD4+P9zyDnHi6XQhpB3J7O0vLK6ll3PbWxube/kd/faOkoUhxaPZKSuPaZBihBaRhgJ17ECFngSOt74Is07t6C0iMIrM4nBDdgwFL7gzFirSfv5AikSQiilOAVaKRMLtVq1RKuYppFV4fz1ZK5GP//WG0Q8CSA0XDKtu5TExp0yZQSXMMv1Eg0x42M2hK7FkAWg3el80Bk+ss4A+5GyLzR47n7vmLJA60ng2cqAmZH+naXmX1k3MX7VnYowTgyEfPGRn0hsIpxujQdCATdyYoFxJeysmI+YYtzY2+TsEb42xf9Du1Sk5eJpkxTqZ2ihLDpAh+gYUVRBdXSJGqiFOAJ0hx7Qo3Pj3DtPzvOiNON89uyjH3JePgDAxo8g</latexit>

1

<latexit sha1_base64="kpIAIXXwN7OIdxxLSjNc4JY9/DY=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkpSpZeNFty4bMG2QjuUTHqmjc1cSDJCKX0CNy4Uceur+AbufBszrYKK/hD4+P9zyDnHi6XQhpB3J7O0vLK6ll3PbWxube/kd/faOkoUhxaPZKSuPaZBihBaRhgJ17ECFngSOt74Is07t6C0iMIrM4nBDdgwFL7gzFirSfv5AikSQiilOAVaKRMLtVq1RKuYppFV4fz1ZK5GP//WG0Q8CSA0XDKtu5TExp0yZQSXMMv1Eg0x42M2hK7FkAWg3el80Bk+ss4A+5GyLzR47n7vmLJA60ng2cqAmZH+naXmX1k3MX7VnYowTgyEfPGRn0hsIpxujQdCATdyYoFxJeysmI+YYtzY2+TsEb42xf9Du1Sk5eJpkxTqZ2ihLDpAh+gYUVRBdXSJGqiFOAJ0hx7Qo3Pj3DtPzvOiNON89uyjH3JePgDAxo8g</latexit>

1



We need a linear order of the edges out of each vertex: use the circular order,
plus a starting edge, at black vertices, and the anticircular order, plus starting
edge, at white vertices.

<latexit sha1_base64="QXWSoGnjB7sKSXGjFVJUNAhNLlk=">AAACrnicbVHbattAEF0pvaTuzU0f+zLUFAoNRgqFXuhDoC99TKC2Q21hRquRtWS1K3ZHbY3J5+UH8ta/6UpxSxtnYJfDmZkzt7zRynOS/IrivTt3793ffzB4+Ojxk6fDZwdTb1snaSKttu4sR09aGZqwYk1njSOsc02z/Pxz5599J+eVNV953VBW48qoUknkQC2HlwtjlSnIMMwIDFEBCJ0YOrCuoPCXwBUBFSvyYFvuCEJZQZ Bl+vkRWk99hFROtvpP3iE0uvVBzDM6VmbVKxwCMuQa5XmfriT5QJmiF0ATiNtEdiV+VIrpr8R4ORwl46Q32AXpFozE1k6Ww6tFYWVbh7mlRu/nadJwtunKSE0Xg0UYqgld4ormARqsyWebft0X8CowBZTWhRf21rP/Zmyw9n5d5yGyRq78TV9H3uabt1y+zzbKNC2TkdeFylYDW+huB4VyJFmvA0DpVOgVZIUOJYcLD8IS0psj74Lp0Th9O/5wejQ6/rRdx754IV6K1yIV78Sx+CJOxETI6E10Gn2L5nEST+MsXl6HxtE257n4z+LqN+8x0mA=</latexit>

1

2

3

4

5~

The sign of the trace will depend on this choice of linear order.

<latexit sha1_base64="mBiiddmpw0YULcoI1pAzc4jYFHo="></latexit>

cilium

<latexit sha1_base64="ug0P8p2n3GyO5WqY6r7c+xnek+Y=">AAAB+XicbVDLSgMxFL1TX7W+Rl26GSyCqzJTBBVcFNy4rGAf0A4lk0nb0DyGJFMoQ//EjQtF3Pon7vwbM+0stPVA4HDOvcnJiRJGtfH9b6e0sbm1vVPereztHxweuccnbS1ThUkLSyZVN0KaMCpIy1DDSDdRBPGIkU40uc/9zpQoTaV4MrOEhByNBB1SjIyVBq7bF5KKmAjjYcpoygdu1a/5C3jrJChIFQo0B+5XP5Y45fYKzJDWvcBPTJghZShmZF7pp5okCE/QiPQsFYgTHWaL5HPvwiqxN5TKnjxCrv7eyBDXesYjO8mRGetVLxf/83qpGd6EGRVJaojAy4eGKfOM9PIavJgqgg2bWYKwojarh8dIIWxsWRVbQrD65XXSrteCq9rtY73auCvqKMMZnMMlBHANDXiAJrQAwxSe4RXenMx5cd6dj+VoySl2TuEPnM8fqpmTrQ==</latexit>



If edges have multiplicity > 1:

<latexit sha1_base64="W9xN+Q+i8XLHp1mh4hr3hE2yyI4=">AAACE3icbVDLSgMxFM3UV62vqks3wVYQF2WmCD4QKbjRXQX7gLaUTOZOG5rJDEmmMAz9Bzf+ihsXirh1486/MX0stPVA4HDuI+ceN+JMadv+tjJLyyura9n13Mbm1vZOfnevrsJYUqjRkIey6RIFnAmoaaY5NCMJJHA5NNzBzbjeGIJULBQPOomgE5CeYD6jRBupmz9pi5AJD4TGdz4GrwcK98kQcBBzzYwDynSCi9dO8bKbL9glewK8SJwZKaAZqt38V9sLaRyY5ZQTpVqOHelOSqRmlMMo144VRIQOSA9ahgoSgOqkk5tG+MgoHvZDaZ4xN1F/T6QkUCoJXNMZEN1X87Wx+F+tFWv/vJMyEcUaBJ1+5Mcc6xCPA8Iek0A1TwwhVDLjFdM+kYRqE2POhODMn7xI6uWSc1q6uC8XKlezOLLoAB2iY+SgM1RBt6iKaoiiR/SMXtGb9WS9WO/Wx7Q1Y81m9tEfWJ8/UA6dIw==</latexit>

 



 

Tr(m) = Tr(AB�1)Tr(CB�1)� Tr(AB�1CB�1)

<latexit sha1_base64="Va1E1/7aFENND2F/kZlYJrd4ThE=">AAACHHicbZDLSgMxFIYzXmu9jbrURbAI7aJlRgUVFKrduKzQG7RjyaRpG5rMDElGKEOfoWs3voogLhRx40LwQdybXoTaeiDk4//PITm/GzAqlWV9GXPzC4tLy7GV+Ora+samubVdkn4oMClin/mi4iJJGPVIUVHFSCUQBHGXkbLbyQ388h0RkvpeQXUD4nDU8miTYqS0VDePCiLJU/AC6vvy6jZK272UxtwYYXrC+BXrZsLKWMOCs2CPIZHd69eS30/9fN38qDV8HHLiKcyQlFXbCpQTIaEoZqQXr4WSBAh3UItUNXqIE+lEw+V68EArDdj0hT6egkN1ciJCXMoud3UnR6otp72B+J9XDVXz1ImoF4SKeHj0UDNkUPlwkBRsUEGwYl0NCAuq/wpxGwmElc4zrkOwp1eehdJhxj7OnN3oNM7BqGJgF+yDJLDBCciCa5AHRYDBPXgEL+DVeDCejTfjfdQ6Z4xndsCfMj5/AGXFoPM=</latexit>

= [xyz] det(xA+ yB + zC)

<latexit sha1_base64="dUdknrMvgM4d/evUUzgFhYu736w=">AAAB/XicbVDLSsNAFJ34rPUVHztdBItQKZREBBUUqt24rGAfkIQymUzaoZMHMxNpGoqf0F9w40IRt+79BHd+iHunj4W2HrhwOOde7r3HiSjhQte/lLn5hcWl5cxKdnVtfWNT3dqu8TBmCFdRSEPWcCDHlAS4KoiguBExDH2H4rrTKQ/9+j1mnITBnUgibPuwFRCPICik1FR3L81u0rMtF4t896qQXBd65aOmmtOL+gjaLDEmJFfaH1j5749Bpal+Wm6IYh8HAlHIuWnokbBTyARBFPezVsxxBFEHtrApaQB9zO10dH1fO5SKq3khkxUIbaT+nkihz3niO7LTh6LNp72h+J9nxsI7s1MSRLHAARov8mKqiVAbRqG5hGEkaCIJRIzIWzXUhgwiIQPLyhCM6ZdnSe24aJwUz29lGhdgjAzYAwcgDwxwCkrgBlRAFSDQA4/gGbwoD8qT8qq8jVvnlMnMDvgD5f0H/WmX+w==</latexit>

for general A,B,C

<latexit sha1_base64="/wAzjEidHVdzScfJqUCtkBDWVDo=">AAACBnicbVDLSgMxFM34rPU16lKEYCu4KGWmCCq4qHbjsoJ9QFtKJr3ThmaSIckIpXTlxl9x40IRt36DO//G9LHQ1rM6nHNvcu4JYs608bxvZ2l5ZXVtPbWR3tza3tl19/arWiaKQoVKLlU9IBo4E1AxzHCoxwpIFHCoBf3S2K89gNJMinsziKEVka5gIaPEWKntHjWFZKIDwuBQKtwFAYpwnL3O3eRK2bab8fLeBHiR+DOSQTOU2+5XsyNpEtn3KCdaN3wvNq0hUYZRDqN0M9EQE9onXWhYKkgEujWcnDHCJ1bpTGKE0uaZqL83hiTSehAFdjIipqfnvbH4n9dITHjRGjIRJwYEnX4UJhwbiced4A5TQA0fWEKoYjYrpj2iCDW2ubQtwZ8/eZFUC3n/LH95V8gUr2Z1pNAhOkanyEfnqIhuURlVEEWP6Bm9ojfnyXlx3p2P6eiSM9s5QH/gfP4A74SXdw==</latexit>

if A,B,C 2 SL3

<latexit sha1_base64="hXOECQqAk2LPhdilxS/N9I/x/es=">AAACBXicbVDLSgMxFM3UV62vUZe6CLaCi1JmqqCCi2o3LlxUtA/oDCWTZtrQTDIkGaGUbtz4K25cKOLWf3Dn35g+Ftp6IHA4596be08QM6q043xbqYXFpeWV9GpmbX1jc8ve3qkpkUhMqlgwIRsBUoRRTqqaakYasSQoChipB73yyK8/EKmo4Pe6HxM/Qh1OQ4qRNlLL3ve4oLxNuIY0hLnL/FW+7FEO725ax7mWnXUKzhhwnrhTkgVTVFr2l9cWOInMOMyQUk3XibU/QFJTzMgw4yWKxAj3UIc0DeUoIsofjK8YwkOjtGEopHlmnbH6u2OAIqX6UWAqI6S7atYbif95zUSHZ/6A8jjRhOPJR2HCoBZwFAlsU0mwZn1DEJbU7ApxF0mEtQkuY0JwZ0+eJ7ViwT0pnN8Ws6WLaRxpsAcOwBFwwSkogWtQAVWAwSN4Bq/gzXqyXqx362NSmrKmPbvgD6zPH0UMlns=</latexit>

Trace example

<latexit sha1_base64="BqfKjWSbFB67VDc7/c1OVjdjrog=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARXJWZIqjgouDGZYW+oB1KJnOnDc0kQ5IRS+nGX3HjQhG3foY7/8a0nYW2Hggczrn35t4Tppxp43nfzsrq2vrGZmGruL2zu7fvHhw2tcwUhQaVXKp2SDRwJqBhmOHQThWQJOTQCoe3U7/1AEozKepmlEKQkL5gMaPEWKnnHneFZCICYXBdEQoYHkmScui5Ja/szYCXiZ+TEspR67lf3UjSLLGTKCdad3wvNcGYKMMoh0mxm2lICR2SPnQsFSQBHYxnB0zwmVUiHEtln91kpv7uGJNE61ES2sqEmIFe9Kbif14nM/FVMGYizQwIOv8ozjg2Ek/TwBFTQA0fWUKoYnZXTAfEBmFsZkUbgr948jJpVsr+Rfn6vlKq3uRxFNAJOkXnyEeXqIruUA01EEUT9Ixe0Zvz5Lw4787HvHTFyXuO0B84nz+epJZr</latexit>

1

<latexit sha1_base64="35giLRPplzqgsILx+TNe0weceHk=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXJVNK7awsuHFZwT5gOpRMJtOGZpIhyQil9DNc2IUibv0Bf8Odf2OmVVDRAxcO59zDfYQpZ9og9O6srK6tb2wWtorbO7t7+6WDw46WmSK0TSSXqhdiTTkTtG2Y4bSXKoqTkNNuOL7M/e4tVZpJcWMmKQ0SPBQsZgQbK/l9IZmIqDDQHZTKqIIs6nWYE7eBXEs8r1GtetBdWAiVL17vc8xbg9JbP5IkS2yacKy176LUBFOsDCOczor9TNMUkzEeUt9SgROqg+li5Rk8tUoEY6ls2ekL9XtiihOtJ0loOxNsRvq3l4t/eX5m4kYwZSLNDBVkOSjOODQS5vfDiClKDJ9YgolidldIRlhhYuyXivYJX5fC/0mnWnFrFe8alZs1sEQBHIMTcAZccA6a4Aq0QBsQIMEdeACPjnHmzpPzvGxdcT4zR+AHnJcPUgiVug==</latexit>

1

<latexit sha1_base64="35giLRPplzqgsILx+TNe0weceHk=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXJVNK7awsuHFZwT5gOpRMJtOGZpIhyQil9DNc2IUibv0Bf8Odf2OmVVDRAxcO59zDfYQpZ9og9O6srK6tb2wWtorbO7t7+6WDw46WmSK0TSSXqhdiTTkTtG2Y4bSXKoqTkNNuOL7M/e4tVZpJcWMmKQ0SPBQsZgQbK/l9IZmIqDDQHZTKqIIs6nWYE7eBXEs8r1GtetBdWAiVL17vc8xbg9JbP5IkS2yacKy176LUBFOsDCOczor9TNMUkzEeUt9SgROqg+li5Rk8tUoEY6ls2ekL9XtiihOtJ0loOxNsRvq3l4t/eX5m4kYwZSLNDBVkOSjOODQS5vfDiClKDJ9YgolidldIRlhhYuyXivYJX5fC/0mnWnFrFe8alZs1sEQBHIMTcAZccA6a4Aq0QBsQIMEdeACPjnHmzpPzvGxdcT4zR+AHnJcPUgiVug==</latexit>

1

<latexit sha1_base64="35giLRPplzqgsILx+TNe0weceHk=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXJVNK7awsuHFZwT5gOpRMJtOGZpIhyQil9DNc2IUibv0Bf8Odf2OmVVDRAxcO59zDfYQpZ9og9O6srK6tb2wWtorbO7t7+6WDw46WmSK0TSSXqhdiTTkTtG2Y4bSXKoqTkNNuOL7M/e4tVZpJcWMmKQ0SPBQsZgQbK/l9IZmIqDDQHZTKqIIs6nWYE7eBXEs8r1GtetBdWAiVL17vc8xbg9JbP5IkS2yacKy176LUBFOsDCOczor9TNMUkzEeUt9SgROqg+li5Rk8tUoEY6ls2ekL9XtiihOtJ0loOxNsRvq3l4t/eX5m4kYwZSLNDBVkOSjOODQS5vfDiClKDJ9YgolidldIRlhhYuyXivYJX5fC/0mnWnFrFe8alZs1sEQBHIMTcAZccA6a4Aq0QBsQIMEdeACPjnHmzpPzvGxdcT4zR+AHnJcPUgiVug==</latexit>

3

<latexit sha1_base64="4i9xzo+LiNntlcm3+n6xP8fnQoQ=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclRktqCsLblxWsA9oh5LJZNrQTDIkGaEM/QwXdqGIW3/A33Dn35hpu9DWAxcO59zDfQQJZ9q47rezsrq2vrFZ2Cpu7+zu7ZcODptaporQBpFcqnaANeVM0IZhhtN2oiiOA05bwfA291uPVGkmxYMZJdSPcV+wiBFsrNTpCslESIVBF71S2a24U6Bl4s1J+ebzOcek3it9dUNJ0timCcdadzw3MX6GlWGE03Gxm2qaYDLEfdqxVOCYaj+brjxGp1YJUSSVLTt9qv5OZDjWehQHtjPGZqAXvVz8z+ukJrryMyaS1FBBZoOilCMjUX4/CpmixPCRJZgoZndFZIAVJsZ+qWif4C2evEya5xWvWrm+d8u1KsxQgGM4gTPw4BJqcAd1aAABCU/wAq+OcSbOm/M+a11x5pkj+APn4wf9vJV/</latexit>

3

<latexit sha1_base64="4i9xzo+LiNntlcm3+n6xP8fnQoQ=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclRktqCsLblxWsA9oh5LJZNrQTDIkGaEM/QwXdqGIW3/A33Dn35hpu9DWAxcO59zDfQQJZ9q47rezsrq2vrFZ2Cpu7+zu7ZcODptaporQBpFcqnaANeVM0IZhhtN2oiiOA05bwfA291uPVGkmxYMZJdSPcV+wiBFsrNTpCslESIVBF71S2a24U6Bl4s1J+ebzOcek3it9dUNJ0timCcdadzw3MX6GlWGE03Gxm2qaYDLEfdqxVOCYaj+brjxGp1YJUSSVLTt9qv5OZDjWehQHtjPGZqAXvVz8z+ukJrryMyaS1FBBZoOilCMjUX4/CpmixPCRJZgoZndFZIAVJsZ+qWif4C2evEya5xWvWrm+d8u1KsxQgGM4gTPw4BJqcAd1aAABCU/wAq+OcSbOm/M+a11x5pkj+APn4wf9vJV/</latexit>

<latexit sha1_base64="HAedWE+01+VMX1/Wz5ZmWq+QrJE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoZ8NyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6adeq3lW1fl+rNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A5mcjV4=</latexit> {
<latexit sha1_base64="y1CvmsNM5nqlWyn4YR5B2km5xHQ=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuQpKGtO4KblxWsA9oQ5lMJ+3QmUmcmQgl9CfcuFDErb/jzr9x0lZQ0QMXDufcy733RCmjSjvOh7W2vrG5tV3aKe/u7R8cVo6OOyrJJCZtnLBE9iKkCKOCtDXVjPRSSRCPGOlG06vC794TqWgibvUsJSFHY0FjipE2Uq8WQE0kV8NK1bEvG4HnB9CxHafuem5BvLpf86FrlAJVsEJrWHkfjBKccSI0ZkipvuukOsyR1BQzMi8PMkVShKdoTPqGCsSJCvPFvXN4bpQRjBNpSmi4UL9P5IgrNeOR6eRIT9RvrxD/8vqZjhthTkWaaSLwclGcMagTWDwPR1QSrNnMEIQlNbdCPEESYROCKpsQvj6F/5OOZ7uB7d941aa/iqMETsEZuAAuqIMmuAYt0AYYMPAAnsCzdWc9Wi/W67J1zVrNnIAfsN4+AbGaj7k=</latexit>

36 terms

<latexit sha1_base64="Icw7/869aciLZcT3a2RtZSFS+pw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgYbwYWUpIq6koIblxXsA9oQJtObduhkEmYmQind+CtuXCji1s9w5984bbPQ6oELh3PuvTP3hClnSrvul1VYWl5ZXSuulzY2t7Z37N29pkoySaFBE57IdkgUcCagoZnm0E4lkDjk0AqHN1O/9QBSsUTc61EKfkz6gkWMEm2kwD5wmg42C5jCDgTeKQRVU2dOYJfdijsD/ku8nJRRjnpgf3Z7Cc1iEJpyolTHc1Ptj4nUjHKYlLqZgpTQIelDx1BBYlD+eHbABB8bpYejRJoSGs/UnxNjEis1ikPTGRM9UIveVPzP62Q6uvLHTKSZBkHnD0UZxzrB0zRwj0mgmo8MIVQy81dMB0QSqk1mJROCt3jyX9KsVryLyvldtVy7zuMookN0hE6Qhy5RDd2iOmogiiboCb2gV+vRerberPd5a8HKZ/bRL1gf3+SalAY=</latexit>

V basis e1, e2, e3

<latexit sha1_base64="qmQYEgVNw7o23G/CqLwkw32Ue7Q="></latexit>

vb = e1 ⌦ e2 ⌦ e3 � e1 ⌦ e3 ⌦ e2 + · · ·� e3 ⌦ e2 ⌦ e1

<latexit sha1_base64="oRybi0Ct7eL7/oL0d49NcOSQoTI="></latexit>

vw = f1 ⌦ f2 ⌦ f3 � f1 ⌦ f3 ⌦ f2 + · · · � f3 ⌦ f2 ⌦ f1

<latexit sha1_base64="dHFwkMQ05+vUTH2ETWl/d/ohIy0=">AAAB+3icdVDLSgMxFM3UV62vsS7dhBbBVZm0pY9dtS5cVrAPaMuQSdM2NPMgyYhlmF9xI6iIW5f+gSt3/o2ZVkFFD1w4nHMv997jBJxJZVnvRmpldW19I72Z2dre2d0z97Md6YeC0DbxuS96DpaUM4+2FVOc9gJBsetw2nVmzcTvXlEhme9dqnlAhy6eeGzMCFZass3siR0hFJ/aUbEYN+2oVIptM28VLMtCCMGEoGrF0qRerxVRDaLE0sg30q8v2bO7XMs23wYjn4Qu9RThWMo+sgI1jLBQjHAaZwahpAEmMzyhfU097FI5jBa3x/BIKyM49oUuT8GF+n0iwq6Uc9fRnS5WU/nbS8S/vH6oxrVhxLwgVNQjy0XjkEPlwyQIOGKCEsXnmmAimL4VkikWmCgdV0aH8PUp/J90igVUKZQvdBplsEQaHIIcOAYIVEEDnIMWaAMCrsENuAcPRmzcGo/G07I1ZXzOHIAfMJ4/AJcFlnI=</latexit>

A11B22C33
<latexit sha1_base64="9hbA/mSQZXQHWsVoQUN5fGoPMcM=">AAAB/HicdVDLSgMxFM3UV62v2i7dhBbBjWXSlj521bpwWcE+oC1DJk3b0MyDJCOUYfwVNyKKuHXnH7hy59+YaRVU9MCFwzn3cu89ts+ZVKb5biRWVtfWN5Kbqa3tnd299H6mI71AENomHvdEz8aScubStmKK054vKHZsTrv2rBn73SsqJPPcSzX36dDBE5eNGcFKS1Y6e3xihQhFp1ZYLEVNKywVIyudNwumaSKEYExQtWJqUq/XiqgGUWxp5BvJ15fM2V2uZaXfBiOPBA51FeFYyj4yfTUMsVCMcBqlBoGkPiYzPKF9TV3sUDkMF8dH8FArIzj2hC5XwYX6fSLEjpRzx9adDlZT+duLxb+8fqDGtWHIXD9Q1CXLReOAQ+XBOAk4YoISxeeaYCKYvhWSKRaYKJ1XSofw9Sn8n3SKBVQplC90GmWwRBIcgBw4AghUQQOcgxZoAwLm4Abcgwfj2rg1Ho2nZWvC+JzJgh8wnj8AA52WqQ==</latexit>

�A11B23C32

<latexit sha1_base64="ts2mcnp77VPbFXC9RRdCydr3UcI=">AAACHHicbVDLSgMxFM34rPU16lKQYBEqhTLTirpRWrtxWaEvaMuQSdM2NPMgyQhlmA+pC3/FjQtF3LgQ/Bsz0yLaeiBwcs69N7nH9hkV0jC+tKXlldW19dRGenNre2dX39tvCC/gmNSxxzzespEgjLqkLqlkpOVzghybkaY9qsR+855wQT23Jsc+6Tpo4NI+xUgqydKLNZ51TuEVLFuhaUY3VlgoRBUrLBajXKfnSZErJ5cfQxVZesbIGwngIjFnJFM6msR4qFr6hxqFA4e4EjMkRNs0fNkNEZcUMxKlO4EgPsIjNCBtRV3kENENk+UieKKUHux7XB1XwkT93REiR4ixY6tKB8mhmPdi8T+vHcj+ZTekrh9I4uLpQ/2AQenBOCnYo5xgycaKIMyp+ivEQ8QRlirPtArBnF95kTQKefM8f3an0rgGU6TAITgGWWCCC1ACt6AK6gCDCXgCL+BVe9SetTftfVq6pM16DsAfaJ/fkpWi+g==</latexit>

Tr(m) = A11B22C33 + · · ·+A33B22C11

<latexit sha1_base64="2pgGKurBmTi2vdijGPT4MkO74+g=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozWtSVFty4rGAv0A4lk2ba0CQzJBmhDH0FNy4UceuT+AbufBsz0y609YfAx/+fQ845QcyZNq777RRWVtfWN4qbpa3tnd298v5BS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJvl7UeqNIvkg5nE1Bd4KFnICDaZ1dNM9MsVt+rmQsvgzaFy83meq9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXYsSC6r9NJ91ik6sM0BhpOyTBuXu744UC60nIrCVApuRXswy87+sm5jwyk+ZjBNDJZl9FCYcmQhli6MBU5QYPrGAiWJ2VkRGWGFi7HlK9gje4srL0DqrehfV2r1bqV/DTEU4gmM4BQ8uoQ530IAmEBjBE7zAqyOcZ+fNeZ+VFpx5zyH8kfPxAxjikHw=</latexit>⇠<latexit sha1_base64="2pgGKurBmTi2vdijGPT4MkO74+g=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuCozWtSVFty4rGAv0A4lk2ba0CQzJBmhDH0FNy4UceuT+AbufBsz0y609YfAx/+fQ845QcyZNq777RRWVtfWN4qbpa3tnd298v5BS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJvl7UeqNIvkg5nE1Bd4KFnICDaZ1dNM9MsVt+rmQsvgzaFy83meq9Evf/UGEUkElYZwrHXXc2Pjp1gZRjidlnqJpjEmYzykXYsSC6r9NJ91ik6sM0BhpOyTBuXu744UC60nIrCVApuRXswy87+sm5jwyk+ZjBNDJZl9FCYcmQhli6MBU5QYPrGAiWJ2VkRGWGFi7HlK9gje4srL0DqrehfV2r1bqV/DTEU4gmM4BQ8uoQ530IAmEBjBE7zAqyOcZ+fNeZ+VFpx5zyH8kfPxAxjikHw=</latexit>⇠
<latexit sha1_base64="uv+/k5ICeSi+GN2vMihzdav3KiU=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2BHEJEyU0VdScGNywr2AW0dMmmmDc08SDJCGYobf8WNC0Xc+hXu/BvTdhbaeuDC4Zx7b3KPF3MmlW1/G7mFxaXllfxqYW19Y3PL3N6pyygRhNZIxCPR9LCknIW0ppjitBkLigOP04Y3uB77jQcqJIvCOzWMaSfAvZD5jGClJdfcs+r3xxbSK5hElu86J75b1nVquWbRLtkToHniZKQIGaqu+dXuRiQJaKgIx1K2HDtWnRQLxQino0I7kTTGZIB7tKVpiAMqO+nkhBE61EoX+ZHQFSo0UX9PpDiQchh4ujPAqi9nvbH4n9dKlH/ZSVkYJ4qGZPqQn3CkIjTOA3WZoETxoSaYCKb/ikgfC0yUTq2gQ3BmT54n9XLJOS+d3ZaLlassjjzswwEcgQMXUIEbqEINCDzCM7zCm/FkvBjvxse0NWdkM7vwB8bnDw5TlKU=</latexit>

V ⇤ basis f1, f2, f3

<latexit sha1_base64="hhaC111MQTrtwXi6IIK5tQnw7bY=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMirrSghuXFexF2qFk0jNtaJIZk0yhDH0KNy4Ucetr+AbufBvTaRfa+kPg4//PIeecIOZMG9f9dnJLyyura/n1wsbm1vZOcXevrqNEUajRiEeqGRANnEmoGWY4NGMFRAQcGsHgZpI3hqA0i+S9GcXgC9KTLGSUGGs9yDY8JmyITzvFklt2M+FF8GZQuv48zVTtFL/a3YgmAqShnGjd8tzY+ClRhlEO40I70RATOiA9aFmURID202zgMT6yTheHkbJPGpy5vztSIrQeicBWCmL6ej6bmP9lrcSEl37KZJwYkHT6UZhwbCI82R53mQJq+MgCoYrZWTHtE0WosTcq2CN48ysvQv2k7J2Xz+7cUuUKTZVHB+gQHSMPXaAKukVVVEMUCfSEXtCro5xn5815n5bmnFnPPvoj5+MHV3ySUA==</latexit>

n ⌘ 3



<latexit sha1_base64="eUoDkEsbq1Er+9xmMxfLJEZ66fQ=">AAACDXicbVDLSsNAFJ1UrbW+anXnJrQKrkoioq604MaFiwr2AU0Ik8ltO3QyCTMTsYT+gBt/xY0LRVzq3p1/4/SBaOuBGQ7n3Mu99/gxo1JZ1peRWVhcyi7nVvKra+sbm4WtYkNGiSBQJxGLRMvHEhjlUFdUMWjFAnDoM2j6/YuR37wFIWnEb9QgBjfEXU47lGClJa+w5/jQpTyNQ6wEvRsSz3acQH/Agx/RK5StijWGOU/sKSlXS1fv5zvFbM0rfDpBRJIQuCIMS9m2rVi5KRaKEgbDvJNIiDHp4y60NeU4BOmm42uG5r5WArMTCf24Msfq744Uh1IOQl9X6v16ctYbif957UR1Tt2U8jhRwMlkUCdhporMUTRmQAUQxQaaYCKo3tUkPSwwUTrAvA7Bnj15njQOK/Zx5ehap3GGJsihXVRCB8hGJ6iKLlEN1RFB9+gRPaMX48F4Ml6Nt0lpxpj2bKM/MD6+AU0UnoA=</latexit>✓
c1
d1

◆

<latexit sha1_base64="0duzkbnXhS6EcsnR9WXxcpWP8l4=">AAACDXicbVDLSsNAFJ3UV62vWt25Ca2Cq5IUUVdacOPCRQX7gCaEyeS2HTqZhJmJWEJ/wI2/4saFIi51786/cfpAtPXADIdz7uXee/yYUaks68vILCwuLa9kV3Nr6xubW/ntQkNGiSBQJxGLRMvHEhjlUFdUMWjFAnDoM2j6/YuR37wFIWnEb9QgBjfEXU47lGClJS+/7/jQpTyNQ6wEvRsSr+I4gf6ABz+ily9ZZWsMc57YU1KqFq/ez3cLyzUv/+kEEUlC4IowLGXbtmLlplgoShgMc04iIcakj7vQ1pTjEKSbjq8ZmgdaCcxOJPTjyhyrvztSHEo5CH1dqffryVlvJP7ntRPVOXVTyuNEASeTQZ2EmSoyR9GYARVAFBtogomgeleT9LDAROkAczoEe/bkedKolO3j8tG1TuMMTZBFe6iIDpGNTlAVXaIaqiOC7tEjekYvxoPxZLwab5PSjDHt2UF/YHx8A1A7noI=</latexit>✓
c2
d2

◆

<latexit sha1_base64="gR8zX0H+SGaFv4lOzeUfMTuy0lA=">AAACDXicbVDLSsNAFJ3UV62vWt25Ca2Cq5KoqCstuHHhooJ9QFPCZHLTDp1MwsxELKE/4MZfceNCEZe6d+ffOH0g2npghsM593LvPV7MqFSW9WVk5uYXFpeyy7mV1bX1jfxmoS6jRBCokYhFoulhCYxyqCmqGDRjATj0GDS83sXQb9yCkDTiN6ofQzvEHU4DSrDSkpvfdTzoUJ7GIVaC3g2Ie+g4vv6A+z+imy9ZZWsEc5bYE1KqFK/ez7cLi1U3/+n4EUlC4IowLGXLtmLVTrFQlDAY5JxEQoxJD3egpSnHIch2OrpmYO5pxTeDSOjHlTlSf3ekOJSyH3q6Uu/XldPeUPzPayUqOG2nlMeJAk7Gg4KEmSoyh9GYPhVAFOtrgomgeleTdLHAROkAczoEe/rkWVI/KNvH5aNrncYZGiOLdlAR7SMbnaAKukRVVEME3aNH9IxejAfjyXg13salGWPSs4X+wPj4BlNinoQ=</latexit>✓
c3
d3

◆

<latexit sha1_base64="6/iksWpuPC6Kl87Gd1clVH90v+Q=">AAACDXicbVDLSsNAFJ3UV62vWt25Ca2Cq5JIUVdacOPCRQX7gCaEyeS2HTqZhJmJWEJ/wI2/4saFIi51786/cfpAtPXADIdz7uXee/yYUaks68vILCwuLa9kV3Nr6xubW/ntQkNGiSBQJxGLRMvHEhjlUFdUMWjFAnDoM2j6/YuR37wFIWnEb9QgBjfEXU47lGClJS+/7/jQpTyNQ6wEvRsSr+I4gf6ABz+ily9ZZWsMc57YU1KqFq/ez3cLyzUv/+kEEUlC4IowLGXbtmLlplgoShgMc04iIcakj7vQ1pTjEKSbjq8ZmgdaCcxOJPTjyhyrvztSHEo5CH1dqffryVlvJP7ntRPVOXVTyuNEASeTQZ2EmSoyR9GYARVAFBtogomgeleT9LDAROkAczoEe/bkedI4KtvH5cq1TuMMTZBFe6iIDpGNTlAVXaIaqiOC7tEjekYvxoPxZLwab5PSjDHt2UF/YHx8A1aJnoY=</latexit>✓
c4
d4

◆

<latexit sha1_base64="lRX7UKikdkmgcK/SfDRbm1wBUGg=">AAAB7HicbZDNSgMxFIXv1L9a/6ou3QSL4KrMqKgrLbhxWcFpC+1QMmmmDU0yQ5IRytBncONCEbe+iG/gzrcxM+1CqwcCH+fcS+69YcKZNq775ZSWlldW18rrlY3Nre2d6u5eS8epItQnMY9VJ8Saciapb5jhtJMoikXIaTsc3+R5+4EqzWJ5byYJDQQeShYxgo21/J5motKv1ty6Wwj9BW8OteuP00LNfvWzN4hJKqg0hGOtu56bmCDDyjDC6bTSSzVNMBnjIe1alFhQHWTFsFN0ZJ0BimJlnzSocH92ZFhoPRGhrRTYjPRilpv/Zd3URJdBxmSSGirJ7KMo5cjEKN8cDZiixPCJBUwUs7MiMsIKE2Pvkx/BW1z5L7RO6t55/ezOrTWuYKYyHMAhHIMHF9CAW2iCDwQYPMIzvDjSeXJenbdZacmZ9+zDLznv306ZkJA=</latexit>⇠<latexit sha1_base64="4VIenzebakJYKNe66bzjysMUJBA=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkpSpZeNFty4bMG2QjuUTHqmjc1cSDJCKX0CNy4Uceur+AbufBszrYKK/hD4+P9zyDnHi6XQhpB3J7O0vLK6ll3PbWxube/kd/faOkoUhxaPZKSuPaZBihBaRhgJ17ECFngSOt74Is07t6C0iMIrM4nBDdgwFL7gzFirWernC6RICKGU4hRopUws1GrVEq1imkZWhfPXk7ka/fxbbxDxJIDQcMm07lISG3fKlBFcwizXSzTEjI/ZELoWQxaAdqfzQWf4yDoD7EfKvtDgufu9Y8oCrSeBZysDZkb6d5aaf2XdxPhVdyrCODEQ8sVHfiKxiXC6NR4IBdzIiQXGlbCzYj5iinFjb5OzR/jaFP8P7VKRlounTVKon6GFsugAHaJjRFEF1dElaqAW4gjQHXpAj86Nc+88Oc+L0ozz2bOPfsh5+QDCSo8h</latexit>

2

<latexit sha1_base64="kpIAIXXwN7OIdxxLSjNc4JY9/DY=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkpSpZeNFty4bMG2QjuUTHqmjc1cSDJCKX0CNy4Uceur+AbufBszrYKK/hD4+P9zyDnHi6XQhpB3J7O0vLK6ll3PbWxube/kd/faOkoUhxaPZKSuPaZBihBaRhgJ17ECFngSOt74Is07t6C0iMIrM4nBDdgwFL7gzFirSfv5AikSQiilOAVaKRMLtVq1RKuYppFV4fz1ZK5GP//WG0Q8CSA0XDKtu5TExp0yZQSXMMv1Eg0x42M2hK7FkAWg3el80Bk+ss4A+5GyLzR47n7vmLJA60ng2cqAmZH+naXmX1k3MX7VnYowTgyEfPGRn0hsIpxujQdCATdyYoFxJeysmI+YYtzY2+TsEb42xf9Du1Sk5eJpkxTqZ2ihLDpAh+gYUVRBdXSJGqiFOAJ0hx7Qo3Pj3DtPzvOiNON89uyjH3JePgDAxo8g</latexit>

1

<latexit sha1_base64="kpIAIXXwN7OIdxxLSjNc4JY9/DY=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkpSpZeNFty4bMG2QjuUTHqmjc1cSDJCKX0CNy4Uceur+AbufBszrYKK/hD4+P9zyDnHi6XQhpB3J7O0vLK6ll3PbWxube/kd/faOkoUhxaPZKSuPaZBihBaRhgJ17ECFngSOt74Is07t6C0iMIrM4nBDdgwFL7gzFirSfv5AikSQiilOAVaKRMLtVq1RKuYppFV4fz1ZK5GP//WG0Q8CSA0XDKtu5TExp0yZQSXMMv1Eg0x42M2hK7FkAWg3el80Bk+ss4A+5GyLzR47n7vmLJA60ng2cqAmZH+naXmX1k3MX7VnYowTgyEfPGRn0hsIpxujQdCATdyYoFxJeysmI+YYtzY2+TsEb42xf9Du1Sk5eJpkxTqZ2ihLDpAh+gYUVRBdXSJGqiFOAJ0hx7Qo3Pj3DtPzvOiNON89uyjH3JePgDAxo8g</latexit>

1

<latexit sha1_base64="kpIAIXXwN7OIdxxLSjNc4JY9/DY=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkpSpZeNFty4bMG2QjuUTHqmjc1cSDJCKX0CNy4Uceur+AbufBszrYKK/hD4+P9zyDnHi6XQhpB3J7O0vLK6ll3PbWxube/kd/faOkoUhxaPZKSuPaZBihBaRhgJ17ECFngSOt74Is07t6C0iMIrM4nBDdgwFL7gzFirSfv5AikSQiilOAVaKRMLtVq1RKuYppFV4fz1ZK5GP//WG0Q8CSA0XDKtu5TExp0yZQSXMMv1Eg0x42M2hK7FkAWg3el80Bk+ss4A+5GyLzR47n7vmLJA60ng2cqAmZH+naXmX1k3MX7VnYowTgyEfPGRn0hsIpxujQdCATdyYoFxJeysmI+YYtzY2+TsEb42xf9Du1Sk5eJpkxTqZ2ihLDpAh+gYUVRBdXSJGqiFOAJ0hx7Qo3Pj3DtPzvOiNON89uyjH3JePgDAxo8g</latexit>

1

<latexit sha1_base64="kpIAIXXwN7OIdxxLSjNc4JY9/DY=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIrkpSpZeNFty4bMG2QjuUTHqmjc1cSDJCKX0CNy4Uceur+AbufBszrYKK/hD4+P9zyDnHi6XQhpB3J7O0vLK6ll3PbWxube/kd/faOkoUhxaPZKSuPaZBihBaRhgJ17ECFngSOt74Is07t6C0iMIrM4nBDdgwFL7gzFirSfv5AikSQiilOAVaKRMLtVq1RKuYppFV4fz1ZK5GP//WG0Q8CSA0XDKtu5TExp0yZQSXMMv1Eg0x42M2hK7FkAWg3el80Bk+ss4A+5GyLzR47n7vmLJA60ng2cqAmZH+naXmX1k3MX7VnYowTgyEfPGRn0hsIpxujQdCATdyYoFxJeysmI+YYtzY2+TsEb42xf9Du1Sk5eJpkxTqZ2ihLDpAh+gYUVRBdXSJGqiFOAJ0hx7Qo3Pj3DtPzvOiNON89uyjH3JePgDAxo8g</latexit>

1

<latexit sha1_base64="L8iZrsoWBqiWy5Ag9IAMeh08r58="></latexit>

Tr = det

✓
c1 c2
d1 d2

◆
= c1d2 � c2d1

<latexit sha1_base64="dLPNUNV6399uj4FDwiNdRmyH46o=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8BSSIupJCiJ4rGA/oIay2UzapbtJ3N2IpfbgX/HiQRGv/g1v/hu3bQ7a+mDg8d4MM/OClDOlXffbKiwsLi2vFFdLa+sbm1v29k5DJZmkUKcJT2QrIAo4i6GumebQSiUQEXBoBv2Lsd+8B6lYEt/oQQq+IN2YRYwSbaSOvXf5gCsOVncZkYAZBSySEHjHLruOOwGeJ15OyihHrWN/3YYJzQTEmnKiVNtzU+0PidSMchiVbjMFKaF90oW2oTERoPzh5P4RPjRKiKNEmoo1nqi/J4ZEKDUQgekURPfUrDcW//PamY7O/CGL00xDTKeLooxjneBxGDhkEqjmA0MIlczcimmPSEK1iaxkQvBmX54njYrjnTjH15Vy9TyPo4j20QE6Qh46RVV0hWqojih6RM/oFb1ZT9aL9W59TFsLVj6zi/7A+vwBQX6U+g==</latexit>

Ex 2. square ice model

<latexit sha1_base64="s5aZN851ZsCxfbhIbv+zRE/ICnM="></latexit>

Note: all traces > 0 i↵

✓
c1 c2 c3 c4
d1 d2 d3 d4

◆
2 Gr+2,4.



<latexit sha1_base64="dGxogIuv6ZK5h31T4nJ5/bsWIxE="></latexit>0

@
a11
a12
a13

1

A

<latexit sha1_base64="sJhv7rm7iAwmGe+sbkLbRv19HWk="></latexit>0

@
a61
a62
a63

1

A

<latexit sha1_base64="KqR9obCQFczlgYZH/CJUWBt0z9g=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgaphRUVdacOOygn1AO5RMJtOGZpIxyRRK6Xe4caGIW3/CP3Dn35hOu9DqgcDhnHu4NydMOdPG876cwtLyyupacb20sbm1vVPe3WtomSlC60RyqVoh1pQzQeuGGU5bqaI4CTlthoObqd8cUqWZFPdmlNIgwT3BYkawsVLQEZKJiAqDXNftliue6+VAf4k/J5Xrj9MctW75sxNJkiU2TzjWuu17qQnGWBlGOJ2UOpmmKSYD3KNtSwVOqA7G+dETdGSVCMVS2Wf35+rPxBgnWo+S0E4m2PT1ojcV//PamYkvgzETaWaoILNFccaRkWjaAIqYosTwkSWYKGZvRaSPFSbG9lSyJfiLX/5LGieuf+6e3XmV6hXMUIQDOIRj8OECqnALNagDgQd4hGd4cYbOk/PqvM1GC848sw+/4Lx/A6zHk5Y=</latexit>...

<latexit sha1_base64="VIACrtv4YIaqVneDjAvtFEzQ2mk="></latexit>

Tr = det

0

@
a11 a21 a41
a12 a22 a42
a13 a23 a43

1

A = I124

<latexit sha1_base64="s6pQ/zGgr8HWJdhEowU/Ei/MVQI="></latexit>

all traces positive if

0

@
a11 a61
a12 . . . a62
a13 a63

1

A 2 Gr+3,6.

<latexit sha1_base64="6POBTikwr51+0+3YDVX+VVpeW1U=">AAAB/XicbVDLSgMxFL1TX7W+xsfOzWAruCozRdSVFNy4rGAf0BlKJpO2oZlkSDJCHYq/4saFIm79D3f+jWk7C209EDicc29ycsKEUaVd99sqrKyurW8UN0tb2zu7e/b+QUuJVGLSxIIJ2QmRIoxy0tRUM9JJJEFxyEg7HN1M/fYDkYoKfq/HCQliNOC0TzHSRurZRz4XlEeEa6fia8oikk0qPbvsVt0ZnGXi5aQMORo9+8uPBE5jcw1mSKmu5yY6yJDUFDMyKfmpIgnCIzQgXUM5iokKsln6iXNqlMjpC2mOiTFTf29kKFZqHIdmMkZ6qBa9qfif1011/yrIKE9STTieP9RPmaOFM63CiagkWLOxIQhLarI6eIgkwtoUVjIleItfXiatWtW7qJ7f1cr167yOIhzDCZyBB5dQh1toQBMwPMIzvMKb9WS9WO/Wx3y0YOU7h/AH1ucPHYyU/w==</latexit>˜

<latexit sha1_base64="04Puw+Z4llWP+dT9JOZh7tIFDb8=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgapipoq6kIILLCn1BO5RMJtOGZpIhyYhl6M6Nv+LGhSJu/QV3/o1pOwttPRA4nHPvzb0nSBhV2nW/rcLS8srqWnG9tLG5tb1j7+41lUglJg0smJDtACnCKCcNTTUj7UQSFAeMtILh9cRv3ROpqOB1PUqIH6M+pxHFSBupZx92uaA8JFzDmwd46sC6pIj3U4YkpJj07LLruFPAReLlpAxy1Hr2VzcUOI3NQMyQUh3PTbSfIakpZmRc6qaKJAgPUZ90DOUoJsrPpneM4bFRQhgJaZ5ZaKr+7shQrNQoDkxljPRAzXsT8T+vk+ro0s8oT1JNOJ59FKUMagEnocCQSoI1GxmCsKRmV4gHSCKsTXQlE4I3f/IiaVYc79w5u6uUq1d5HEVwAI7ACfDABaiCW1ADDYDBI3gGr+DNerJerHfrY1ZasPKeffAH1ucPlwmYfQ==</latexit>

Ex 3. Triangular ice



<latexit sha1_base64="7940SyPvCIh6xV9PGbVPlVCje80=">AAAB6HicbZDLSgMxFIbPeK31VnXpJlgEV2VGRV1pwY3LFuwF2qFk0jNtbCYzJBmhlD6BGxeKuPVVfAN3vo3ptAtt/SHw8f/nkHNOkAiujet+O0vLK6tr67mN/ObW9s5uYW+/ruNUMayxWMSqGVCNgkusGW4ENhOFNAoENoLB7SRvPKLSPJb3ZpigH9Ge5CFn1Fir6nUKRbfkZiKL4M2gePN5lqnSKXy1uzFLI5SGCap1y3MT44+oMpwJHOfbqcaEsgHtYcuipBFqf5QNOibH1umSMFb2SUMy93fHiEZaD6PAVkbU9PV8NjH/y1qpCa/8EZdJalCy6UdhKoiJyWRr0uUKmRFDC5QpbmclrE8VZcbeJm+P4M2vvAj105J3UTqvusXyNUyVg0M4ghPw4BLKcAcVqAEDhCd4gVfnwXl23pz3aemSM+s5gD9yPn4Ac9CO6g==</latexit>

1
<latexit sha1_base64="+EgnyqVdZXE4pt8HRib/69nM4TM=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguAozUdSVBty4TMA8IBlCT6cmadPzoLtHCEO+wI0LRdz6K/6BO//GziQLTbzQcLi3iq4qLxZcadv+tnIrq2vrG/nNwtb2zu5ecf+gqaJEMmywSESy7VGFgofY0FwLbMcSaeAJbHmj22neekSpeBTe63GMbkAHIfc5o9pY9UqvWLLLdiayDM4cSjefZ5lqveJXtx+xJMBQM0GV6jh2rN2USs2ZwEmhmyiMKRvRAXYMhjRA5abZoBNyYpw+8SNpXqhJ5v7uSGmg1DjwTGVA9VAtZlPzv6yTaP/KTXkYJxpDNvvITwTREZluTfpcItNibIAyyc2shA2ppEyb2xTMEZzFlZehWSk7F+Xzul2qXsNMeTiCYzgFBy6hCndQgwYwQHiCF3i1Hqxn6816n5XmrHnPIfyR9fEDdVSO6w==</latexit>

2
<latexit sha1_base64="RrU7sG5NX9iRYmogacvcO3Mo8m8=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguAozRtSVBty4TMA8IBlCT6cmadPzoLtHCEO+wI0LRdz6K/6BO//GziQLTbzQcLi3iq4qLxZcadv+tnIrq2vrG/nNwtb2zu5ecf+gqaJEMmywSESy7VGFgofY0FwLbMcSaeAJbHmj22neekSpeBTe63GMbkAHIfc5o9pY9UqvWLLLdiayDM4cSjeflUy1XvGr249YEmComaBKdRw71m5KpeZM4KTQTRTGlI3oADsGQxqgctNs0Ak5MU6f+JE0L9Qkc393pDRQahx4pjKgeqgWs6n5X9ZJtH/lpjyME40hm33kJ4LoiEy3Jn0ukWkxNkCZ5GZWwoZUUqbNbQrmCM7iysvQPCs7F+Xzul2qXsNMeTiCYzgFBy6hCndQgwYwQHiCF3i1Hqxn6816n5XmrHnPIfyR9fEDdtiO7A==</latexit>

3

<latexit sha1_base64="IwM45qiLiwhUVg5i9sKefnWBHmQ=">AAACFXicbVDLSgMxFM34rPU16tJNsAgupMwUUVdScOOygn1AZyiZ9E4bmmSGJKOU0p9w46+4caGIW8Gdf2PazkJbDwQO5z5y7olSzrTxvG9naXlldW29sFHc3Nre2XX39hs6yRSFOk14oloR0cCZhLphhkMrVUBExKEZDa4n9eY9KM0SeWeGKYSC9CSLGSXGSh33NJAJk12QBuuhEGAUozhWAEGAY1DCNlnhAVivb3THLXllbw q8SPyclFCOWsf9CroJzYRdTznRuu17qQlHRBlGOYyLQaYhJXRAetC2VBIBOhxNrxrjY6t0cZwo+6y9qfp7YkSEtp4j2ymI6ev52kT8r9bOTHwZjphMMwOSzj6KM45NgicR4S5TQA0fWkKoYtYrpn2iCDU2yKINwZ8/eZE0KmX/vHx2WylVr/I4CugQHaET5KMLVEU3qIbqiKJH9Ixe0Zvz5Lw4787HrHXJyWcO0B84nz9cKp+P</latexit>

symmetric free
fermionic weights



<latexit sha1_base64="d/A+J5DwIZYuV1X0sKaVJ+qtXW0="></latexit>

Thm [K’, Wu(24+)] Let G be a (not-necessarily bipartite) planar graph. Let
n ⌘ 2n and let � be an Sp(2n) local system.

<latexit sha1_base64="Ap7fx0N7uQI53Vkm5IOWlRXsJkA=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgxjJTRF1JwY0rqWAf0A4lk8m0oZkkJBmhlO7c+CtuXCji1l9w59+YaWehrQcCh3PvPbn3hJJRbTzv2yksLa+srhXXSxubW9s77u5eU4tUYdLAggnVDpEmjHLSMNQw0paKoCRkpBUOr7N664EoTQW/NyNJggT1OY0pRsZKPfewywXlEeEG3gp+GlKJlLUhsK+QHOieW/Yq3hRwkfg5KYMc9Z771Y0EThNriBnSuuN70gTjzBQzMil1U00kwkPUJx1LOUqIDsbTOybw2CoRjIWyzy40VX9PjFGi9SgJbWeCzEDP1zLxv1onNfFlMKZcpoZwPPsoThk0AmahwIgqgg0bWYKwonZXiAdIIWxsdCUbgj9/8iJpViv+eeXsrlquXeVxFMEBOAInwAcXoAZuQB00AAaP4Bm8gjfnyXlx3p2PWWvByWf2wR84nz8dJJl2</latexit>

Non-bipartite graphs

<latexit sha1_base64="PPtYjFpn8/z+2a+YKL50sV3vhSc="></latexit>

Sp(2n) is the group of 2n⇥ 2n matrices M such that M tJM = J where

J =

✓
0n In
�In 0n

◆
.

<latexit sha1_base64="4pZh28QuI6LCDPpR+c7TAOsdWAE="></latexit>

Huv = J�uv = J�
�1
vu = �

t
vuJ = �(J�vu)

t = �(Hvu)
t
.

<latexit sha1_base64="1gDC6G+4on9ItwLT8f9J5FgJjMY=">AAACDnicbVDLTgIxFO3gC/GFunTTCCSuyAwx6kZD4oa4wkQeCTMhnXKBhk5n0nZIyIQvcOOvuHGhMW5du/NvLDALBU/S5PSce9t7jx9xprRtf1uZtfWNza3sdm5nd2//IH941FRhLCk0aMhD2faJAs4ENDTTHNqRBBL4HFr+6Hbmt8YgFQvFg55E4AVkIFifUaKN1M2XXBEy0QOhcQ0k4GKtm8TjKb7Gd240ZPNLsdzNF+yyPQdeJU5KCihFvZv/cnshjQPzLuVEqY5jR9pLiNSMcpjm3FhBROiIDKBjqCABKC+ZrzPFJaP0cD+U5pi55urvjoQESk0C31QGRA/VsjcT//M6se5feQkTUaxB0MVH/ZhjHeJZNrjHJFDNJ4YQKpmZFdMhkYRqk2DOhOAsr7xKmpWyc1E+v68UqjdpHFl0gk7RGXLQJaqiGqqjBqLoET2jV/RmPVkv1rv1sSjNWGnPMfoD6/MHv3ObRQ==</latexit>

Here Huv = J�uv.

<latexit sha1_base64="xD+DdUIO0yFi8FqjNxgU1F8nT6E=">AAAB9XicbVDLSgMxFM3UV62vqks3wSK4KjNF1JUU3LiSCvYB7VgymTttaCYZkoxShv6HGxeKuPVf3Pk3pu0stPVA4HDOvcnJCRLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmikKTSi5VJyAaOBPQNMxw6CQKSBxwaAej66nffgSlmRT3ZpyAH5OBYBGjxFjpoSckEyEIg2+lgX654lbdGfAy8XJSQTka/fJXL5Q0je0FlBOtu56bGD8jyjDKYVLqpRoSQkdkAF1LBYlB+9ks9QSfWCXEkVT22AAz9fdGRmKtx3FgJ2NihnrRm4r/ed3URJd+xkSSGhB0/lCUcmwknlaAQ6aAGj62hFDFbFZMh0QRamxRJVuCt/jlZdKqVb3z6tldrVK/yusooiN0jE6Rhy5QHd2gBmoiihR6Rq/ozXlyXpx352M+WnDynUP0B87nD3WFkno=</latexit>

Note

<latexit sha1_base64="k5upI0A5fvgnnhRpN9BuRQK3x0o="></latexit>

PfH̃ = ±
X

m2⌦2n

Tr(m).

<latexit sha1_base64="bKlgDn8MH5yrCZhM7BU92CBpPJo="></latexit>

We can tensor with the Sp(2n)-Kasteleyn-connection to count webs “positively”.

<latexit sha1_base64="lZxCD/kUygxwekSmgNbCPfKqp7g="></latexit>

(monodromy J l�2 around faces of degree l)



<latexit sha1_base64="m03KxtuWA/f1i7WsI2gWx0AizrQ="></latexit>

Pr(m) :=
TrI(m)

Z
=

2# loops

Z

<latexit sha1_base64="Ha2AT+m0RKwSKnr2Rq/eknAqLas=">AAACBnicbVDLSgMxFM3UV62vUZciBFvBVZkpoq6k4EZ3FewDOqVk0jttaCYzJplKKV258VfcuFDErd/gzr8xbWehrQcuHM65N7n3+DFnSjvOt5VZWl5ZXcuu5zY2t7Z37N29mooSSaFKIx7Jhk8UcCagqpnm0IglkNDnUPf7VxO/PgCpWCTu9DCGVki6ggWMEm2ktn1Y74HABa/SYx7cJ2yAbwr4AXAHAvNi2847RWcKvEjclORRikrb/vI6EU1CEJpyolTTdWLdGhGpGeUwznmJgpjQPulC01BBQlCt0fSMMT42SgcHkTQlNJ6qvydGJFRqGPqmMyS6p+a9ifif10x0cNEaMREnGgSdfRQkHOsITzLBHSaBaj40hFDJzK6Y9ogkVJvkciYEd/7kRVIrFd2z4ultKV++TOPIogN0hE6Qi85RGV2jCqoiih7RM3pFb9aT9WK9Wx+z1oyVzuyjP7A+fwBMbZe9</latexit>

When � ⌘ I we define

Tr(m) =
Y

loops � of m

Tr(��)

<latexit sha1_base64="V4PVWH8FvEpQ1ZidHE5qgdkv27g="></latexit>

For a 2-multiweb m 2 ⌦2, we have

<latexit sha1_base64="E8kZKUogkUWl3dYyr1Q+7yrK9NA="></latexit>

<latexit sha1_base64="WLqeYhEoesL82f0TkFnZOuASyVU="></latexit>

monodromy of the
connection around �

<latexit sha1_base64="J01PqnYEgGjMqrFUvN0YfOsLNvI=">AAACH3icbVC7TsMwFHXKq5RXgZHFokFioUoiVJhQEQsDQxH0IbVR5bhOa9VxItuhqqL+CQu/wsIAQoitf4PbZICWK1k695x7dX2OFzEqlWVNjdzK6tr6Rn6zsLW9s7tX3D9oyDAWmNRxyELR8pAkjHJSV1Qx0ooEQYHHSNMb3sz05hMRkob8UY0j4gaoz6lPMVKa6hYr15E+k3bQTDqeD52JeRbETNER8SQcUTWA5sNd1zEhDjknOF0sWWVrXnAZ2Bkogaxq3eJ3pxfiOCBcYYakbNtWpNwECUUxI5NCJ5YkQniI+qStIUcBkW4y9zeBJ5rpQT8U+nEF5+zvjQQFUo4DT08GSA3kojYj/9PasfIv3YTyKFaE4/SQHzOoQjgLC/ao0H7ZWAOEBdV/hXiABMJKR1rQIdiLlpdBwynblfL5vVOqXmVx5MEROAanwAYXoApuQQ3UAQbP4BW8gw/jxXgzPo2vdDRnZDuH4E8Z0x9ItqHh</latexit>

Application 2-multiwebs with SL2 connection



<latexit sha1_base64="1MeUBcDARX2w7C+YziGRZnkFa7k="></latexit>

Q. What is the probability that a 2-multiweb has a given isotopy class?

<latexit sha1_base64="ejs45KXxkfT7c34PkcEeRYTNW00=">AAACAXicbVA9SwNBEN3zM8avUxvBZjEIVuEuiIqFBGysJIL5gOQIe5u5ZMne7rG7p4QQG/+KjYUitv4LO/+Nm+QKTXww8Hhvhpl5YcKZNp737SwsLi2vrObW8usbm1vb7s5uTctUUahSyaVqhEQDZwKqhhkOjUQBiUMO9bB/Nfbr96A0k+LODBIIYtIVLGKUGCu13f0b+YCTVFCTKsBaxoAjQkFftN2CV/QmwPPEz0gBZai03a9WR9I0BmEoJ1o3fS8xwZAowyiHUb6VakgI7ZMuNC0VJAYdDCcfjPCRVTo4ksqWMHii/p4YkljrQRzazpiYnp71xuJ/XjM10XkwZCJJDQg6XRSlHBuJx3HgDlNADR9YQqhi9lZMe0QRamxoeRuCP/vyPKmViv5p8eS2VChfZnHk0AE6RMfIR2eojK5RBVURRY/oGb2iN+fJeXHenY9p64KTzeyhP3A+fwAB0paY</latexit>

Now puncture some faces:



Tr(m) =
Y

loops � of m

Tr(��)

<latexit sha1_base64="V4PVWH8FvEpQ1ZidHE5qgdkv27g="></latexit>

The trace “detects” the homotopy type of the loops

<latexit sha1_base64="Qoc3+8O4gjjqoR9jCvix4QHij2Q=">AAACHHicbVC7SgNBFJ2NrxhfUUubIUGwCrtRUMEiYGMZIS9IQjI7uZsMmd1ZZu4KIeRDbPwVGwtFbCwE/8bJo9DEAwOHc+7hzj1+LIVB1/12UmvrG5tb6e3Mzu7e/kH28KhmVKI5VLmSSjd8ZkCKCKooUEIj1sBCX0LdH95O/foDaCNUVMFRDO2Q9SMRCM7QSp3seWUAFDXjQLvdHiBwNDmKVhyoUKGKR3QaoyqYiVKp2HSyebfgzkBXibcgebJAuZP9bPUUT0KIkEtmTNNzY2yPmUbBJUwyrcRAzPiQ9aFpacRCMO3x7LgJPbVKjwZK2xchnam/E2MWGjMKfTsZMhyYZW8q/uc1Ewyu2mMRxQlCxOeLgkRSVPOTe0LbNuTIEsa1sH+lfMBsVWj7zNgSvOWTV0mtWPAuCtf3xXzpZlFHmpyQHDkjHrkkJXJHyqRKOHkkz+SVvDlPzovz7nzMR1POInNM/sD5+gEscaFw</latexit>

For a 2-multiweb m 2 ⌦2, we have

<latexit sha1_base64="E8kZKUogkUWl3dYyr1Q+7yrK9NA="></latexit>

<latexit sha1_base64="ZkjzoL1GjNmkDCiaj3SySiQtljE="></latexit>

Let � = {�e} be a flat SL2-connection on G.

<latexit sha1_base64="YeJX49KO3VlVw2m7bLIiRuonwx0="></latexit>

trivial monodromy around contractible cycles

<latexit sha1_base64="wN0UaYAMqmvp87hL05MDURmqaQo="></latexit>

= 2# loops
Y

noncontractible

1

2
Tr(��).

<latexit sha1_base64="HOig5PD8b9NdVghGybm7prjXdfU=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYCJ4CrtB1JMEvHiMYB6QrGF2MpsMmccyM6uEkP/w4kERr/6LN//GSbIHTSxoKKq66e6KEs6M9f1vb2V1bX1jM7eV397Z3dsvHBw2jEo1oXWiuNKtCBvKmaR1yyynrURTLCJOm9HwZuo3H6k2TMl7O0poKHBfspgRbJ30wJVKDCp1+lgIXOoWin7ZnwEtkyAjRchQ6xa+Oj1FUkGlJRwb0w78xIZjrC0jnE7yndTQBJMh7tO2oxILasLx7OoJOnVKD8VKu5IWzdTfE2MsjBmJyHUKbAdm0ZuK/3nt1MZX4ZjJJLVUkvmiOOXIKjSNAPWYpsTykSOYaOZuRWSANSbWBZV3IQSLLy+TRqUcXJTP7yrF6nUWRw6O4QTOIIBLqMIt1KAOBDQ8wyu8eU/ei/fufcxbV7xs5gj+wPv8AbYHkf0=</latexit>

loops �



<latexit sha1_base64="Hd8JICIvwKH55qBQ/0KBQoSgSgY=">AAACG3icbVDLSgMxFM3UV62vqks3wVaom2GmiIoLKXQjuKlgH9ApQyZzpw3NPEgyQhn6H278FTcuFHEluPBvTB8LbT0QOJxzT5J7vIQzqSzr28itrK6tb+Q3C1vbO7t7xf2DloxTQaFJYx6LjkckcBZBUzHFoZMIIKHHoe0N6xO//QBCsji6V6MEeiHpRyxglCgtucVq5ngBrsfiaozLddfhOuqTMmYS+6BAhPpeH3sjXL6tOI 0BOy2bbrFkmdYUeJnYc1JCczTc4qfjxzQNIVKUEym7tpWoXkaEYpTDuOCkEhJCh6QPXU0jEoLsZdPdxvhEKz4OYqFPpPBU/Z3ISCjlKPT0ZEjUQC56E/E/r5uq4LKXsShJFUR09lCQcqxiPCkK+0wAVXykCaGC6b9iOiCCUN2KLOgS7MWVl0mratrn5tldtVS7nteRR0foGFWQjS5QDd2gBmoiih7RM3pFb8aT8WK8Gx+z0ZwxzxyiPzC+fgATsZ7q</latexit>

Cor: C� is determined by K(�).

<latexit sha1_base64="k4WGpWuyM1R78gTsmm9SbnZYL2U=">AAACGXicbVDLTgIxFO34RHyhLt00gokrMkOMGhdKwoadmMgjAUI65Q40dDpj21HJhN9w46+4caExLnXl39gBFgqepMnJOfe2PccNOVPatr+thcWl5ZXV1Fp6fWNzazuzs1tTQSQpVGnAA9lwiQLOBFQ10xwaoQTiuxzq7qCU+PU7kIoF4kYPQ2j7pCeYxyjRRupk7LjlevgqBIFvI1CJeD7C5eAe6wDDg5aEapwrdVrc3Nkluc tOJmvn7THwPHGmJIumqHQyn61uQCMfhKacKNV07FC3YyI1oxxG6VakICR0QHrQNFQQH1Q7Hicb4UOjdLEXSHOExmP190ZMfKWGvmsmfaL7atZLxP+8ZqS9s3bMRBhpEHTykBfxJHVSE+4yCVTzoSGESmb+immfJG2YMtOmBGc28jypFfLOSf74upAtXkzrSKF9dICOkINOURGVUQVVEUWP6Bm9ojfryXqx3q2PyeiCNd3ZQ39gff0A+GefoA==</latexit>

Open question: How to extract C�?

C�

Z
= Pr(m has isotopy class �).

<latexit sha1_base64="VaDaYF31ss+bOdlCFmgWFUj23/Q="></latexit>

<latexit sha1_base64="4LeAC0sUYr5iplDzi4K4PRy5KyQ=">AAAB+HicdVDLSgNBEJz1GeMj8XHzMhiEeFl245LoLeBF8aJgVEhCmJ3t1SGzD2Z6hbj4JV48KOLVT/Hm3zibKKhoQUNR1U13l59KodFx3q2p6ZnZufnSQnlxaXmlUl1dO9dJpjh0eCITdekzDVLE0EGBEi5TBSzyJVz4w4PCv7gBpUUSn+EohX7ErmIRCs7QSINqpRcA9lDIAOhx/WhnUK059v5es+E1qWM7TsttuAVptLxdj7pGKVBrb4RjnAyqb70g4VkEMXLJtO66Tor9nCkUXMJduZdpSBkfsivoGhqzCHQ/Hx9+R7eNEtAwUaZipGP1+0TOIq1HkW86I4bX+rdXiH953QzDvX4u4jRDiPlkUZhJigktUqCBUMBRjgxhXAlzK+XXTDGOJquyCeHrU/o/OW/YbtP2Tk0aHpmgRDbJFqkTl7RImxySE9IhnGTknjySJ+vWerCerZdJ65T1ObNOfsB6/QCBFpU+</latexit>

det K̃(I)

± det K̃(�) =
X

m2⌦2

Tr(m) =
X

�2⇤

C�Tr(�)

<latexit sha1_base64="5bhkvk9tN3f7r2zVErELKGEcmzM="></latexit>

2

<latexit sha1_base64="gY2g3+s6ZZxzJOvYHGK4Soofb08=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiRFqIKLghuXFewD0lAmk0k7dDITZiZCCf0MNy4UcevXuPNvnLZZaOuBC4dz7uE+wpQzbVz32yltbG5t75R3K3v7B4dH1eOTrpaZIrRDJJeqH2JNORO0Y5jhtJ8qipOQ0144uZv7vSeqNJPi0UxTGiR4JFjMCDZW8gdCMhFRYVBjWK25dXcBtE68gtSgQHtY/RpEkmSJTROOtfY9NzVBjpVhhNNZZZBpmmIywSPqWypwQnWQL1aeoQurRCiWypadvlB/J3KcaD1NQtuZYDPWq95c/M/zMxNfBzkTaWaoIMtBccaRkWh+P4qYosTwqSWYKGZ3RWSMFSbGfqlin+CtnrxOuo26d1W/eWjUWrfFO8pwBudwCR40oQX30IYOEJDwDK/w5hjnxXl3PpatJafInMIfOJ8/3WWQ+Q==</latexit>

<latexit sha1_base64="71reUOitC3FGG2TIW5XmxwQYmD8="></latexit>

where � runs over isotopy classes of simple closed curve systems.

<latexit sha1_base64="/KBjLMwYoGAVa/8RM6mxHyqTO2I="></latexit>

Thm:[Fock-Goncharov ’13]: Traces of simple closed curve systems � 2 ⇤2 form
a basis for regular functions on the SL2-character variety.



Example: annulus

<latexit sha1_base64="83rrS79grz8RThCVDqjzmqjU/D8=">AAACA3icbVDLSgMxFM34rPU16k43wSK4KjNF8IGLggguK9gHtEPJZDJtaB5DkhHLUHDjr7hxoYhbf8Kdf2PazkJbDwQO59x7c+8JE0a18bxvZ2FxaXlltbBWXN/Y3Np2d3YbWqYKkzqWTKpWiDRhVJC6oYaRVqII4iEjzXBwNfab90RpKsWdGSYk4KgnaEwxMlbquvsdIamIiDDw+gHxhJELiIRIWaq7bskrexPAeeLnpARy1LruVyeSOOV2GGZI67bvJSbIkDIUMzIqdlJNEoQHqEfalgrEiQ6yyQ0jeGSVCMZS2WeXmai/OzLEtR7y0FZyZPp61huL/3nt1MRnQUZFkhoi8PSjOGXQSDgOBEZUEWzY0BKEFbW7QtxHCmFjYyvaEPzZk+dJo1L2T8rnt5VS9TKPowAOwCE4Bj44BVVwA2qgDjB4BM/gFbw5T86L8+58TEsXnLxnD/yB8/kD9/OXug==</latexit>

q = e�⇡⌧

<latexit sha1_base64="5q+aukIJyAsXqeGgb9j3ZIYfk9E=">AAACA3icbVDLSgMxFM3UV62vUcGFboJFcGOZEUEFhYIblxXsAzpjyWTSNjSTjElGGYaCG7/DnRsXirj1J9z5Af6H6WOh1QOBwzn33tx7gphRpR3n08pNTc/MzuXnCwuLS8sr9upaTYlEYlLFggnZCJAijHJS1VQz0oglQVHASD3onQ38+g2Rigp+qdOY+BHqcNqmGGkjtexNjwvKQ8I1vD4lV9meF1PoaZT0YcsuOiVnCPiXuGNSLG/UbuP066HSsj+8UOAkMsMwQ0o1XSfWfoakppiRfsFLFIkR7qEOaRrKUUSUnw1v6MMdo4SwLaR5Zpmh+rMjQ5FSaRSYygjprpr0BuJ/XjPR7SM/ozxONOF49FE7YVALOAgEhlQSrFlqCMKSml0h7iKJsDaxFUwI7uTJf0ltv+QelI4vTBonYIQ82ALbYBe44BCUwTmogCrA4A48gmfwYt1bT9ar9TYqzVnjnnXwC9b7NwNIms0=</latexit>

⌧ = conformal modulus

<latexit sha1_base64="HX512k2LoraaunA7yaAuo9xv4RI=">AAACDHicbVDJSgNBFOyJW4xb1KOXxkTwFGaCoIJCwIvHCGaBzBB6ejpJk16GXoQQ8gFe/BUvHhTx6gd482/sJHPQxIKGot7S9SpOGdXG97+93Mrq2vpGfrOwtb2zu1fcP2hqaRUmDSyZVO0YacKoIA1DDSPtVBHEY0Za8fBmWm89EKWpFPdmlJKIo76gPYqRcVK3WAqFpCIhwsByaJC9LkMsRU8qjhjkMrHMatflV/wZ4DIJMlICGerd4leYSGy524oZ0roT+KmJxkgZihmZFEKrSYrwEPVJx1GBONHReHbMBJ44JYHOgXvO1Uz9PTFGXOsRj10nR2agF2tT8b9ax5reRTSmIrWGCDz/qGcZNBJOk4EJVQQbNnIEYUWdV4gHSCFsXH4FF0KwePIyaVYrwVnl8q5aql1lceTBETgGpyAA56AGbkEdNAAGj+AZvII378l78d69j3lrzstmDsEfeJ8/PeCbHQ==</latexit>

<latexit sha1_base64="J/g4ySTzAfcxnP3FoEZhOOJTrtg="></latexit> 1X

j=0

Pr(j curves)uj =
1Y

k=0

(1 + 2uq2k+1 + q4k+2)2

(1 + q2k+1)4

<latexit sha1_base64="WVsc7PgEXnN3wz8BRC9cjlBa9+k="></latexit>

with appropriate boundary conditions,
in limit of mesh ! 0,
the distribution only depends
on the conformal modulus.



<latexit sha1_base64="SzgEKW/JkzJEIhiDbM0G58QttAo=">AAAB/HicbVDLSgNBEJyNrxhf0Ry9DAbBU9gNop404MVjBPOAJITZSW8yZHZ2mekVwhJ/xYsHRbz6Id78GyfJHjSxoKGo6qa7y4+lMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2UaA4NHslIt31mQAoFDRQooR1rYKEvoeWPb2d+6xG0EZF6wEkMvZANlQgEZ2ilfrEkFIJWTFKDOuGYaLjpF8tuxZ2DrhIvI2WSod4vfnUHEU9CUMglM6bjuTH2UqZRcAnTQjcxEDM+ZkPoWKpYCKaXzo+f0lOrDGgQaVsK6Vz9PZGy0JhJ6NvOkOHILHsz8T+vk2Bw1UuFihMExReLgkRSjOgsCToQGjjKiSWMa2FvpXzENOM2EFOwIXjLL6+SZrXiXVTO76vl2nUWR54ckxNyRjxySWrkjtRJg3AyIc/klbw5T86L8+58LFpzTjZTIn/gfP4AK/6VGQ==</latexit>

internal structure?

SL3 application: n ⌘ 3

<latexit sha1_base64="ZUF/RM/plkLvbmkdlI4O1pVAPcM=">AAACGHicbVDLSsNAFJ34rPUVdelmsBVc1aQVfOCi4MaFi4r2AU0ok8mkHTqZxJlJoYR+hht/xY0LRdx25984bbPQ1gsXDufcy7n3eDGjUlnWt7G0vLK6tp7byG9ube/smnv7DRklApM6jlgkWh6ShFFO6ooqRlqxICj0GGl6/ZuJ3hwQIWnEH9UwJm6IupwGFCOlqY556vCIcp9wBYsPd51KEaJY+87kK1hMHS+AfOSQp4QOYKXYMQtWyZoWXAR2Bgogq1rHHDt+hJNQO2CGpGzbVqzcFAlFMSOjvJNIEiPcR13S1pCjkEg3nT42gsea8WEQCd36win7eyNFoZTD0NOTIVI9Oa9NyP+0dqKCCzelPE4U4XhmFCQMqghOUoI+FQQrNtQAYUH1rRD3kEBY6SzzOgR7/uVF0CiX7LPS5X25UL3O4siBQ3AEToANzkEV3IIaqAMMnsEreAcfxovxZnwaX7PRJSPbOQB/yhj/AFcTnrI=</latexit>



<latexit sha1_base64="2Qhoo8dwZLgq0tgoqGtYrfdAXto="></latexit>

Idea: a colored 3-multiweb has a spine: a reduced web “inside” it.

<latexit sha1_base64="q9nPmas71LNc0sQF5g58Hh94J3U="></latexit>

The spine is not canonical, but its topological type is canonical.



<latexit sha1_base64="KMaWrdUggwN1d48S1BWmjx8F/dY=">AAACenicbVHLbtNAFB2bVwmvUJYI6aop0ArVstsKWKFKbFiwKGrSVEqsaDy+TkaZhzWPIsvKR/Br7PgSNiyYuBGClrs6c+7r3DNFLbh1afojim/dvnP33tb93oOHjx4/6T/dPrfaG4YjpoU2FwW1KLjCkeNO4EVtkMpC4LhYflznx5doLNdq6Joac0nnilecUReoWf/bVGmuSlSunRYVDBdycsaX2tCDMVpXeNPkKxgaytCCrs Bg6RmWsMcTTEBphULw2nG2D1+xsFBpI4FCUMS7R2iYe0ENVF6x9cYwRYFbIOyefZ4d7R6wBQ3DHRq4pIaja5JZf5AmaRdwE2QbMCCbOJ31v09LzbwMNzBBrZ1kae3ylpogS+CqN/UWa8qWdI6TABWVaPO2s24FLwNTdkorrRx07N8dLZXWNrIIlZK6hb2eW5P/y028q97nLVe1d6jY1aLKC3Aa1v8AJTfInGgCoMzwoBX+eGF7wYTs+sk3wflhkr1Njr8cDk4+bOzYIs/JDtkjGXlHTsgnckpGhJGf0YvoVfQ6+hXvxPvxm6vSONr0PCP/RHz8G5Nvv+4=</latexit>

Thm[Sikora-Westbury] Traces of reduced (i.e. nonelliptic) webs form a basis
for regular functions on the SL3-character variety.

SL3 application: n ⌘ 3

<latexit sha1_base64="ZUF/RM/plkLvbmkdlI4O1pVAPcM=">AAACGHicbVDLSsNAFJ34rPUVdelmsBVc1aQVfOCi4MaFi4r2AU0ok8mkHTqZxJlJoYR+hht/xY0LRdx25984bbPQ1gsXDufcy7n3eDGjUlnWt7G0vLK6tp7byG9ube/smnv7DRklApM6jlgkWh6ShFFO6ooqRlqxICj0GGl6/ZuJ3hwQIWnEH9UwJm6IupwGFCOlqY556vCIcp9wBYsPd51KEaJY+87kK1hMHS+AfOSQp4QOYKXYMQtWyZoWXAR2Bgogq1rHHDt+hJNQO2CGpGzbVqzcFAlFMSOjvJNIEiPcR13S1pCjkEg3nT42gsea8WEQCd36win7eyNFoZTD0NOTIVI9Oa9NyP+0dqKCCzelPE4U4XhmFCQMqghOUoI+FQQrNtQAYUH1rRD3kEBY6SzzOgR7/uVF0CiX7LPS5X25UL3O4siBQ3AEToANzkEV3IIaqAMMnsEreAcfxovxZnwaX7PRJSPbOQB/yhj/AFcTnrI=</latexit>

<latexit sha1_base64="Nmk2pwA0+wYX3h9QemShasOLIuY=">AAACB3icbVDLSgMxFM3UV62vUZeCBFvBjWWmirqSghuXFewD2qFk0kwbmmSGJKOUoTs3/oobF4q49Rfc+TdmprPQ6oHA4Zx7uTnHjxhV2nG+rMLC4tLySnG1tLa+sbllb++0VBhLTJo4ZKHs+EgRRgVpaqoZ6USSIO4z0vbHV6nfviNS0VDc6klEPI6GggYUI22kvr0fyJDDyknlmMdM03viK6jDTEh53y47VScD/EvcnJRBjkbf/uwNQhxzIjRmSKmu60TaS5DUFDMyLfViRSKEx2hIuoYKxInykizHFB4aZQCDUJonNMzUnxsJ4kpNuG8mOdIjNe+l4n9eN9bBhZdQEcWaCDw7FMQsTZqWAgdUEqzZxBCEJTV/hXiEJMLaVFcyJbjzkf+SVq3qnlVPb2rl+mVeRxHsgQNwBFxwDurgGjRAE2DwAJ7AC3i1Hq1n6816n40WrHxnF/yC9fENUgKXrg==</latexit>

from 3-multiwebs to 3-webs

2

2

22

2
2

2

<latexit sha1_base64="fBFcWq25sKAv6XZvX7jza8YTGYY=">AAAB73icbVBNS8NAEN34WetX1aOXYBE8laSIepKCF48V7Ae0oWy2k3bp7ibuTpQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MBHcoOd9Oyura+sbm4Wt4vbO7t5+6eCwaeJUM2iwWMS6HVIDgitoIEcB7UQDlaGAVji6mfqtR9CGx+oexwkEkg4UjzijaKW2TAXyJwh7pbJX8WZwl4mfkzLJUe+Vvrr9mKUSFDJBjen4XoJBRjVyJmBS7KYGEspGdAAdSxWVYIJsdu/EPbVK341ibUuhO1N/T2RUGjOWoe2UFIdm0ZuK/3mdFKOrIOMqSREUmy+KUuFi7E6fd/tcA0MxtoQyze2tLhtSTRnaiIo2BH/x5WXSrFb8i8r5XbVcu87jKJBjckLOiE8uSY3ckjppEEYEeSav5M15cF6cd+dj3rri5DNH5A+czx9ripA2</latexit>

multiweb
<latexit sha1_base64="uTjeQ8vJQKgQUFgy9BPPvTi66fc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9SQFLx4r2g9oQ9lsJ+3SzSbsbpQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekSleSwfzDhBP6IDyUPOqLHS/RMGvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeOVnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindROb+rlmvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QNepo3Z</latexit>

web

<latexit sha1_base64="04+i6rpszl1tocL0NaQOwcbUSmE=">AAACXXicbVFNT9tAEF0bKOBSSOmhh15GJJXooZENFe2hqqh66REkAkhJFK3X42TFfli741aRlT/ZW3vhr7AOOVDgSat9ejOjffM2r5T0lKZ/o3htfePF5tZ28nLn1e5e5/X+pbe1EzgQVll3nXOPShockCSF15VDrnOFV/nNj7Z+9Qudl9Zc0LzCseZTI0spOAVp0qGRsdIUaAi+Q++491HXiuRvzME6aC/pYYS6mjUOi1pgsY DDxFiDSsmKpPgAsgSaoUPg4RgLwhpyXJAMFqDkAj3YEgqcOkTofT3p9WHS6ab9dAl4SrIV6bIVziadP6PCiloHm0Jx74dZWtG44S44ULhIRrXHiosbPsVhoIZr9ONmmc4C3gelgDLsUwZrsFQfTjRcez/XeejUnGb+ca0Vn6sNayq/jBtpqprQiPuHyloBWWijhkI6FKTmgXDhZPAKYsbbbMKHJCGE7PHKT8nlUT876X86P+qeflvFscXesQN2yDL2mZ2yn+yMDZhg/yIWbUdJdBtvxDvx7n1rHK1m3rD/EL+9A5WJslw=</latexit>

A 3-multiweb or web is reduced ( nonelliptic) if there are no contractible faces
of degree < 6.

<latexit sha1_base64="l5826UBEVb7Iz9NZZuHVrK8G9+8=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxYUVdacOOygn3AdCiZTKYNzSRDkhFK6We4caGIW//CP3Dn35hOu9DWAxcO59zDfYQpZ9q47rdTWFldW98obpa2tnd298r7By0tM0Vok0guVSfEmnImaNMww2knVRQnIaftcHg79duPVGkmxYMZpTRIcF+wmBFsrOR3hWQiosKgWq9ccatuDrRMvDmp3HzWcjR65a9uJEmW2DThWGvfc1MTjLEyjHA6KXUzTVNMhrhPfUsFTqgOxvnKE3RilQjFUtmy03P1d2KME61HSWg7E2wGetGbiv95fmbiq2DMRJoZKshsUJxxZCSa3o8ipigxfGQJJorZXREZYIWJsV8q2Sd4iycvk9ZZ1buont+7lfo1zFCEIziGU/DgEupwBw1oAgEJT/ACr45xnp03533WWnDmmUP4A+fjB9aqkys=</latexit>

3
<latexit sha1_base64="l5826UBEVb7Iz9NZZuHVrK8G9+8=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxYUVdacOOygn3AdCiZTKYNzSRDkhFK6We4caGIW//CP3Dn35hOu9DWAxcO59zDfYQpZ9q47rdTWFldW98obpa2tnd298r7By0tM0Vok0guVSfEmnImaNMww2knVRQnIaftcHg79duPVGkmxYMZpTRIcF+wmBFsrOR3hWQiosKgWq9ccatuDrRMvDmp3HzWcjR65a9uJEmW2DThWGvfc1MTjLEyjHA6KXUzTVNMhrhPfUsFTqgOxvnKE3RilQjFUtmy03P1d2KME61HSWg7E2wGetGbiv95fmbiq2DMRJoZKshsUJxxZCSa3o8ipigxfGQJJorZXREZYIWJsV8q2Sd4iycvk9ZZ1buont+7lfo1zFCEIziGU/DgEupwBw1oAgEJT/ACr45xnp03533WWnDmmUP4A+fjB9aqkys=</latexit>

3



Web reductions (skein relations) n = 3:

<latexit sha1_base64="VuBKKug+tGQaBZGtp3D8ACY+w5c=">AAACEHicbVDLSgMxFM34rPU16tJNsBXrpsxUwQcKBTcuK9gHtKVk0ts2NJMZkoxQhn6CG3/FjQtF3Lp059+YTmehrQcCJ+ecS3KPF3KmtON8WwuLS8srq5m17PrG5ta2vbNbU0EkKVRpwAPZ8IgCzgRUNdMcGqEE4nsc6t7wZuLXH0AqFoh7PQqh7ZO+YD1GiTZSxz6qg4cldCM6uStcUENgwig8CahjnBfXJ/nLjp1zik4CPE/clORQikrH/mp1Axr5IDTlRKmm64S6HROpGeUwzrYiBSGhQ9KHpqGC+KDacbLQGB8apYt7gTRHaJyovydi4is18j2T9IkeqFlvIv7nNSPdO2/HTISRBkGnD/UijnWAJ+3gLpNANR8ZQqhk5q+YDogkVJsOs6YEd3bleVIrFd3T4sVdKVe+SuvIoH10gArIRWeojG5RBVURRY/oGb2iN+vJerHerY9pdMFKZ/bQH1ifP6sHm68=</latexit>

= +

=
2

=  3



For a 3-multiweb m on a graph on a surface with a flat SL3-connection

<latexit sha1_base64="Sx6PLeri3Svh0vnX8ZwXyXpqeWg="></latexit>

Thm:

<latexit sha1_base64="ot0mnaS/dluDI5a2GH50ncW5ouY=">AAAB/HicbVDLSgMxFM34rPU12qWbYBFclZki+MBFwY3LCn1BZyiZNNOG5jEkGWEY6q+4caGIWz/EnX9j2s5CWw9cOJxzb3LviRJGtfG8b2dtfWNza7u0U97d2z84dI+OO1qmCpM2lkyqXoQ0YVSQtqGGkV6iCOIRI91ocjfzu49EaSpFy2QJCTkaCRpTjIyVBm4lEJKKIREmD6IYtsb8Zjpwq17NmwOuEr8gVVCgOXC/gqHEKbevYIa07vteYsIcKUMxI9NykGqSIDxBI9K3VCBOdJjPl5/CM6sMYSyVLWHgXP09kSOudcYj28mRGetlbyb+5/VTE1+FORVJaojAi4/ilEEj4SwJOKSKYMMySxBW1O4K8RgphI3Nq2xD8JdPXiWdes2/qF0/1KuN2yKOEjgBp+Ac+OASNMA9aII2wCADz+AVvDlPzovz7nwsWtecYqYC/sD5/AGs5JTH</latexit>

Consequently

<latexit sha1_base64="8G3sPOQ5OyT6qAl5dkZxRKx1IZc=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqswUQQUXhW5cVrAPaIeSSTNtaCYZ8xDK4G+4caGIW3/GnX9j2s5CWw8EDufcQ+49UcqZNr7/7RXW1jc2t4rbpZ3dvf2D8uFRW0urCG0RyaXqRlhTzgRtGWY47aaK4iTitBNNGjO/80iVZlLcm2lKwwSPBIsZwcZJ/YYUmj5YKgyfDsoVv+rPgVZJkJMK5GgOyl/9oSQ2cWnCsda9wE 9NmGFlGOH0qdS3mqaYTPCI9hwVOKE6zOY7P6EzpwxRLJV7wqC5+juR4UTraRK5yQSbsV72ZuJ/Xs+a+CrMmEitoYIsPootR0aiWQFoyBQl7lxHMFHM7YrIGCtMjKup5EoIlk9eJe1aNbioXt/VKvWbvI4inMApnEMAl1CHW2hCCwik8Ayv8OZZ78V79z4WowUvzxzDH3ifP4ZFkgA=</latexit>

where the C� are functions of det K̃(�).

<latexit sha1_base64="obOs24Q95qTsLFxEEjrj56303ZU="></latexit>

det(K̃(�)) =
X

�2⇤3

C�Tr(�)

<latexit sha1_base64="7nk41496lL84+X/sM3MAEtwZfeM="></latexit>

<latexit sha1_base64="+ZG4syEn4dZGLPSeiJFh1hn9Lm8=">AAACCHicdVDLSgMxFM3UV62vqksXBovgqsyMQ1t3BTcuK9gH1FIymTttaGYyJBmllC7d+CtuXCji1k9w59+YaSuo6IELh3PuTe49fsKZ0rb9YeWWlldW1/LrhY3Nre2d4u5eS4lUUmhSwYXs+EQBZzE0NdMcOokEEvkc2v7oPPPbNyAVE/GVHifQi8ggZiGjRBupXzxkSmiRjDHlRClQWIRYQpBSCPAt+KpfLNnls1rF9SrYLtt21XGdjLhV79TDjlEylNACjX7x/ToQNI0g1rMnu46d6N6ESM0oh2nhOlWQEDoiA+gaGpMIVG8yO2SKj40S4FBIU7HGM/X7xIRESo0j33RGRA/Vby8T//K6qQ5rvQmLk1RDTOcfhSnHWuAsFRwwCVTzsSGESmZ2xXRIJKHaZFcwIXxdiv8nLbfsVMrepVuqe4s48ugAHaET5KAqqqML1EBNRNEdekBP6Nm6tx6tF+t13pqzFjP76Aest08gHJoD</latexit>

isotopy classes of reduced webs

<latexit sha1_base64="ncXzgdpYjO13F+dZ4W5Gv7BAZkI=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2WmiIoLKbhx4aKCbYXOUDKZTBuax5BkhDIU/BU3LhRx63e4829M21lo64ELh3PuTe49UcqoNp737ZSWlldW18rrlY3Nre0dd3evrWWmMGlhyaR6iJAmjArSMtQw8pAqgnjESCcaXk/8ziNRmkpxb0YpCTnqC5pQjIyVeu5BICQVMREmD6IE3hLO0eW451a9mjcFXCR+QaqgQLPnfg WxxBm372CGtO76XmrCHClDMSPjSpBpkiI8RH3StVQgTnSYT9cfw2OrxDCRypYwcKr+nsgR13rEI9vJkRnoeW8i/ud1M5NchDkVaWaIwLOPkoxBI+EkCxhTRbBhI0sQVtTuCvEAKYSNTaxiQ/DnT14k7XrNP6ud3tWrjasijjI4BEfgBPjgHDTADWiCFsAgB8/gFbw5T86L8+58zFpLTjGzD/7A+fwBLZaVnQ==</latexit>

Lemma:

where the sum is over (isotopy classes of) reduced webs �.

<latexit sha1_base64="191hvRl3WGoaZMGevE11v8N6KRM="></latexit>

<latexit sha1_base64="EbaEmyhRuLQmbeQtoOLuXzp4DSc="></latexit>

Tr(m) =
X

�2⇤3

C�,mTr(�)



Prop:

<latexit sha1_base64="UGNCUaeX9pLYAqYb0/8p/gHwrd8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqswUwQcuCm5cVrAP6JSSSTNtaCYJSUYoQ3/DjQtF3Poz7vwb03YW2nrgwuGce7n3nkhxZqzvf3uFtfWNza3idmlnd2//oHx41DIy1YQ2ieRSdyJsKGeCNi2znHaUpjiJOG1H47uZ336i2jApHu1E0V6Ch4LFjGDrpDALoxg1tFQ3U9QvV/yqPwdaJUFOKpCj0S9/hQNJ0oQKSzg2phv4yvYyrC0jnE5LYWqowmSMh7TrqMAJNb1sfvMUnTllgGKpXQmL5urviQwnxkySyHUm2I7MsjcT//O6qY2vehkTKrVUkMWiOOXISjQLAA2YpsTyiSOYaOZuRWSENSbWxVRyIQTLL6+SVq0aXFSvH2qV+m0eRxFO4BTOIYBLqMM9NKAJBBQ8wyu8ean34r17H4vWgpfPHMMfeJ8/RFORLQ==</latexit>

X

i,j�0

Ci,ju
ivj = C 0

1Y

j=1

(1 + uqj + vq2j + q3j)(1 + vqj + uq2j + q3j)

<latexit sha1_base64="i7KTGjhxofXfvgeKXS6u17OFK0I="></latexit>

u = Tr(A), v = Tr(A�1)

<latexit sha1_base64="FyqYhUd0TzKbZ5DclURcoNUmccc=">AAAB/nicbZDLSgMxFIYz9VbrbVRc6SJYhBa0zIiggkLFjcsKvQjtWDJppg3NZIYkUyhDwTfoM7hxoYhb1z6COx/Evem0C239IfDxn3M4J78bMiqVZX0Zqbn5hcWl9HJmZXVtfcPc3KrKIBKYVHDAAnHnIkkY5aSiqGLkLhQE+S4jNbd7ParXekRIGvCy6ofE8VGbU49ipLTVNHeiy7LIXeUPYS+B+/jIHuSbZtYqWIngLNgTyBb3ho3c98ew1DQ/G60ARz7hCjMkZd22QuXESCiKGRlkGpEkIcJd1CZ1jRz5RDpxcv4AHminBb1A6McVTNzfEzHypez7ru70kerI6drI/K9Wj5R35sSUh5EiHI8XeRGDKoCjLGCLCoIV62tAWFB9K8QdJBBWOrGMDsGe/vIsVI8L9knh/FancQHGSoNdsA9ywAanoAhuQAlUAAYxeATP4MV4MJ6MV+Nt3JoyJjPb4I+M9x/8xZdJ</latexit>

In the scaling limit on the annulus,

<latexit sha1_base64="AkD4/eKV46CNxpoUb1kgfAFCkhQ=">AAACF3icbVDLSgMxFM34rPU16tJNsAguZJgpggouCm50V8E+oB1KJpNpQzPJkIdQhv6FG3/FjQtF3OrOvzFtZ6GtBwKHc+7NvfdEGaNK+/63s7S8srq2Xtoob25t7+y6e/tNJYzEpIEFE7IdIUUY5aShqWaknUmC0oiRVjS8nvitByIVFfxejzISpqjPaUIx0lbquV6XC8pjwjW85VAPCFQY2c/6kNGUaihmIuLcMKNOe27F9/wp4CIJClIBBeo996sbC2xSOwAzpFQn8DMd5khqihkZl7tGkQzhIeqTjqUcpUSF+fSuMTy2SgwTIe2zC07V3x05SpUapZGtTJEeqHlvIv7ndYxOLsKc8sxowvFsUGIY1AJOQoIxlQRrNrIEYUntrhAPkERY2yjLNoRg/uRF0qx6wZl3eVet1K6KOErgEByBExCAc1ADN6AOGgCDR/AMXsGb8+S8OO/Ox6x0ySl6DsAfOJ8/SMCfXg==</latexit>

q = e�⇡⌧

<latexit sha1_base64="dtinGnHgfhpWAo5AtSTL5vjXS4w=">AAACA3icbVDLSgMxFM3UV62vUXe6CbaCG8tMEVRQKLhxWcE+oDOWTCZtQzPJmGSEMhTc+CtuXCji1p9w59+YtrPQ1gOBwzn33tx7gphRpR3n28otLC4tr+RXC2vrG5tb9vZOQ4lEYlLHggnZCpAijHJS11Qz0oolQVHASDMYXI395gORigp+q4cx8SPU47RLMdJG6th7HheUh4RrWLq/JHfpsRdTT6NkVOrYRafsTADniZuRIshQ69hfXihwEplhmCGl2q4Taz9FUlPMyKjgJYrECA9Qj7QN5Sgiyk8nN4zgoVFC2BXSPLPMRP3dkaJIqWEUmMoI6b6a9cbif1470d0zP6U8TjThePpRN2FQCzgOBIZUEqzZ0BCEJTW7QtxHEmFtYiuYENzZk+dJo1J2T8rnN5Vi9SKLIw/2wQE4Ai44BVVwDWqgDjB4BM/gFbxZT9aL9W59TEtzVtazC/7A+vwBRgaXRw==</latexit>

<latexit sha1_base64="A44Jn6DrcPIZr8up43K77iJcYe4="></latexit>

det K̃(A) =
X

�2⇤3

C�Tr(�) =
X

i,j�0

Ci,j(TrA)
i(TrA�1)j .

<latexit sha1_base64="mnIil3rOaP1J5zyQKSn+zuehFQQ="></latexit>

Example. On an annnulus, every reduced 3-multiweb is a union of noncon-

tractible “oriented” loops.

<latexit sha1_base64="2dRQZexdiad66Jo3EUyDaSsjbRk=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyoqCutuHFZwT5gOpRMJtOGZpIhyQhl6Ge4caGIW//CP3Dn35g+Ftp64MLhnHu4jzDlTBvX/XYKS8srq2vF9dLG5tb2Tnl3r6llpghtEMmlaodYU84EbRhmOG2niuIk5LQVDm7HfuuRKs2keDDDlAYJ7gkWM4KNlfyOkExEVBh00y1X3Ko7AVok3oxUrj9PJ6h3y1+dSJIssWnCsda+56YmyLEyjHA6KnUyTVNMBrhHfUsFTqgO8snKI3RklQjFUtmy0yfq70SOE62HSWg7E2z6et4bi/95fmbiyyBnIs0MFWQ6KM44MhKN70cRU5QYPrQEE8Xsroj0scLE2C+V7BO8+ZMXSfOk6p1Xz+7dSu0KpijCARzCMXhwATW4gzo0gICEJ3iBV8c4z86b8z5tLTizzD78gfPxA+vikzk=</latexit>

A



z1 z2 z3 z4 z5 z6

Pr =
2(z2 � z1)(z3 � z2)(z4 � z3)(z5 � z4)(z6 � z5)(z6 � z1)

(z3 � z1)(z4 � z2)(z5 � z3)(z6 � z4)(z5 � z1)(z6 � z2)

<latexit sha1_base64="+D0Rl49U7sVwucorHq563fxKoB0="></latexit>

<latexit sha1_base64="24pTi9QL6WP3lB61VtkMyZJ1uQA="></latexit>

On a planar graph with boundary, one can compute probabilities of various

reduced webs:

<latexit sha1_base64="F9YWOaSqTroBbcgiiF5YANkZb5U=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBQsJuELWSgI12EcwDkiXMzs4mQ+axzMwKYUlj46/YWChi6z/Y+TdOki008cDA4Zx779x7woRRbTzv2yksLa+srhXXSxubW9s77u5eU8tUYdLAkknVDpEmjArSMNQw0k4UQTxkpBUOryd+64EoTaW4N6OEBBz1BY0pRsZKPfewKyQVEREG3gqoMbKD+pBRTs0p7Lllr+JNAReJn5MyyFHvuV/dSOKU23GYIa07vpeYIEPKUMzIuNRNNUkQHqI+6VgqECc6yKZXjOGxVSIYS2WfXWeq/u7IENd6xENbyZEZ6HlvIv7ndVITXwYZFUlqiMCzj+KUQSPhJBIYUUWwYSNLEFbU7grxACmEjQ2uZEPw509eJM1qxT+vnN1Vy7WrPI4iOABH4AT44ALUwA2ogwbA4BE8g1fw5jw5L8678zErLTh5zz74A+fzB3axl+Q=</latexit>

In scaling limit,



Happy birthday Philippe!



Thank you  

<latexit sha1_base64="Q0FaEPzCxlWQt6yP6cq9HHI7bz4="></latexit>

uniform random reduced 3-web with 1200 bdy vertices, and Tutte embedding



4-color theorem (SL3)

<latexit sha1_base64="IFhJGjdTwMX0/b1cmrfCZvsd3+A=">AAACDXicbVC7SgNBFJ2NrxhfUUubwawQC8OuCipYBGwsLBTNA5IlzE7uJoOzM8vMrBCCP2Djr9hYKGJrb+ffOFlTaOKtDufcx7knTDjTxvO+nNzM7Nz8Qn6xsLS8srpWXN+oa5kqCjUquVTNkGjgTEDNMMOhmSggccihEd6ejfTGHSjNpLgxgwSCmPQEixglxlKdotsWkokuCIPdQ3cvW4hNH6SCGJfd64vOgbvbKZa8ipcVngb+GJTQuC47xc92V9I0tmspJ1q3fC8xwZAowyiH+0I71ZAQekt60LJQkBh0MMyO3+Mdy3RxZH1E0trK2N8TQxJrPYhD2xkT09eT2oj8T2ulJjoOhkwkqQFBfw5FKcdG4lE0uMsUUMMHFhCqmPWKaZ8oQo0NsGBD8Cdfngb1/Yp/WDm52i9VT8dx5NEW2kZl5KMjVEXn6BLVEEUP6Am9oFfn0Xl23pz3n9acM57ZRH/K+fgGOHiZuA==</latexit>

Is every planar triangulation 4-colorable?

<latexit sha1_base64="HKG4kIvlWdeUz/B1wJpAU36wjRU=">AAACH3icbVDLSgMxFM3UV62vUZdugq3gxjJTig8QLLjRXQX7gHYod9K0Dc1khiQjDKV/4sZfceNCEXHXvzGddqGtFwKHc8+95+b4EWdKO87Eyqysrq1vZDdzW9s7u3v2/kFdhbEktEZCHsqmD4pyJmhNM81pM5IUAp/Thj+8nfYbT1QqFopHnUTUC6AvWI8R0Ibq2OdtETLRpULje4WpkSY44iBAYi0ZiH7MUyUulAtnqR2Y1TcdO+8UnbTwMnDnII/mVe3Y3+1uSOLAGBEOSrVcJ9LeCKRmhNNxrh0rGgEZQp+2DBQQUOWNUsMxPjFMF/dCaZ45NGV/T4wgUCoJfKMMQA/UYm9K/tdrxbp36Y2YiGJNBZkZ9WKOdYinYeEuk5RonhgARDJzKyYDkEC0iTRnQnAXv7wM6qWiWy5ePZTylet5HFl0hI7RKXLRBaqgO1RFNUTQM3pF7+jDerHerE/raybNWPOZQ/SnrMkPkHqipw==</latexit>

<latexit sha1_base64="+kyUI9PeS6uiWrQuQA/DFrcfsS8="></latexit>

(Number of 4-colorings) = (�1)F/23E E[
Y

F

det(u1, u2, u3)].

<latexit sha1_base64="K55BaoQGcZh54+su0cpC2vwAFAo="></latexit>

Choose for each edge a random unit vector u in R3.

<latexit sha1_base64="g9+JdFLAQ8XD7NeDiSzM5SDiWpc=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYhA8hd0gKh4k4sVjBPPAZAmzk04yZHZ2mOkV4pK/8OJBEa/+jTf/xkmyB00saCiquunuCpXgBj3v21laXlldW89t5De3tnd2C3v7dRMnmkGNxSLWzZAaEFxCDTkKaCoNNAoFNMLhzcRvPII2PJb3OFIQRLQveY8zilZ6uFYKkD+BvuwUil7Jm8JdJH5GiiRDtVP4andjlkQgkQlqTMv3FAYp1ciZgHG+nRhQlA1pH1qWShqBCdLpxWP32CpdtxdrWxLdqfp7IqWRMaMotJ0RxYGZ9ybif14rwd5FkHKpEgTJZot6iXAxdifvu12ugaEYWUKZ5vZWlw2opgxtSHkbgj//8iKpl0v+Wen0rlysXGVx5MghOSInxCfnpEJuSZXUCCOSPJNX8uYY58V5dz5mrUtONnNA/sD5/AGEqZDP</latexit>

Appetizer:

<latexit sha1_base64="PyLWauM5kqdqnv1xVgz4ytI6B+o=">AAAB6nicbVDJSgNBEK2JW0xcYjx6aYxCTmFGRD1JwIvHiGaBZAg9nZ6kSU/P0IsQhvgFevGgBK9+kTf/xs5y0MQHBY/3qqiqFyScKe26305mbX1jcyu7ncvv7O7tFw6KDRUbSWidxDyWrQArypmgdc00p61EUhwFnDaD4c3Ubz5SqVgsHvQooX6E+4KFjGBtpXvT9bqFkltxZ0CrxFuQUrU4eX4qn+Rr3cJXpxcTE1GhCcdKtT030X6KpWaE03GuYxRNMBniPm1bKnBElZ/OTh2jU6v0UBhLW0Kjmfp7IsWRUqMosJ0R1gO17E3F/7y20eGVnzKRGE0FmS8KDUc6RtO/UY9JSjQfWYKJZPZWRAZYYqJtOjkbgrf88ippnFW8i8r5nU3jGubIwhEcQxk8uIQq3EIN6kCgDy/wBu8Od16difMxb804i5lD+APn8wcgSI/q</latexit>u1

<latexit sha1_base64="6ofPjfO5MAU6/j0ok0mvqrsnaSE=">AAAB6nicbVDJSgNBEK1xjYlLjEcvjVHIKcwEUU8S8OIxolkgGUJPpydp0tMz9CKEIX6BXjwowatf5M2/sbMcNPFBweO9KqrqBQlnSrvut7O2vrG5tZ3ZyeZ29/YP8oeFhoqNJLROYh7LVoAV5UzQumaa01YiKY4CTpvB8GbqNx+pVCwWD3qUUD/CfcFCRrC20r3pVrr5olt2Z0CrxFuQYrUweX4qneZq3fxXpxcTE1GhCcdKtT030X6KpWaE03G2YxRNMBniPm1bKnBElZ/OTh2jM6v0UBhLW0Kjmfp7IsWRUqMosJ0R1gO17E3F/7y20eGVnzKRGE0FmS8KDUc6RtO/UY9JSjQfWYKJZPZWRAZYYqJtOlkbgrf88ippVMreRfn8zqZxDXNk4BhOoAQeXEIVbqEGdSDQhxd4g3eHO6/OxPmYt645i5kj+APn8wchzI/r</latexit>u2
<latexit sha1_base64="KOQpnjb0859S281I9Fto6CIL1cI=">AAAB6nicbVDLSgNBEOz1GRMfMR69DEYhp7Crop4k4MVjRPOAZAmzk9lkyMzsMjMrhCV+gV48KMGrX+TNv3HyOGhiQUNR1U13VxBzpo3rfjsrq2vrG5uZrWxue2d3L79fqOsoUYTWSMQj1QywppxJWjPMcNqMFcUi4LQRDG4mfuORKs0i+WCGMfUF7kkWMoKNle6TzlknX3TL7hRomXhzUqwUxs9PpeNctZP/ancjkggqDeFY65bnxsZPsTKMcDrKthNNY0wGuEdblkosqPbT6akjdGKVLgojZUsaNFV/T6RYaD0Uge0U2PT1ojcR//NaiQmv/JTJODFUktmiMOHIRGjyN+oyRYnhQ0swUczeikgfK0yMTSdrQ/AWX14m9dOyd1E+v7NpXMMMGTiEIyiBB5dQgVuoQg0I9OAF3uDd4c6rM3Y+Zq0rznzmAP7A+fwBI1CP7A==</latexit>u3

<latexit sha1_base64="EQP+j5zBtk46g6qD+6+LSy/L/U0=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktouJBCl48VugXtEvJptk2NMmuSVYoS/+EFw+KePXvePPfmG73oK0PBh7vzTAzL4g508Z1v53C2vrG5lZxu7Szu7d/UD48ausoUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTO7mfueJKs0i2TTTmPoCjyQLGcHGSt1+EKLmWNwMyhW36mZAq8TLSQVyNAblr/4wIomg0hCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nEgmo/ze6doTOrDFEYKVvSoEz9PZFiofVUBLZTYDPWy95c/M/rJSa89lMm48RQSRaLwoQjE6H582jIFCWGTy3BRDF7KyJjrDAxNqKSDcFbfnmVtGtV77J68VCr1G/zOIpwAqdwDh5cQR3uoQEtIMDhGV7hzXl0Xpx352PRWnDymWP4A+fzB0LHj3Q=</latexit>

Thm:


