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● Chiral expansion
● LEC fitted on data
● Up to A-body forces

● Wave operator on ref state
● Many possible methods
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Ab-initio PGCM numerical settings (systematic study in 46Ti)
● Quantities expanded on harmonic oscillator basis (characterised by ħω, emax , e3max)

● Family of chiral NN + in-medium 3N interactions (NLO, N2LO and N3LO)
○ T. Hüther, K. Vobig, K. Hebeler, R. Machleidt and R. Roth, "Family of chiral two-plus three-nucleon interactions for 

accurate nuclear structure studies", Phys. Lett. B, 808, 2020

○ In-vacuum SRG evolution (α=0.04 fm4, α=0.08 fm4)

○ M. Frosini, T. Duguet, B. Bally, Y. Beaujeault-Taudière, J.-P. Ebran and V. Somà, “In-medium k-body reduction of n-body 
operators”, The European Physical Journal A, 57(4), 2021
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Introduction

PGCM – open-shell  systems

IMSRG – closed-shell  systems
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Integrated properties
Related moments

10Moments of the strength

Must know excited states

Ground state only Identity resolution

• Exact treatment for exc states

• Many-body truncation only GS

Complexity shifted to operator structure

Exact implementation up to m1

Effective two-body Hamiltonian

Spherical tensor operators

“Exact sum rules with approximate ground states”
[Johnson et al. , JPG, 2020]
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Table 1 GCM and PGCM m1 monopole moments computed via the SOES and GSEV approaches for 16O, 24Mg, 28Si (ground-state and prolate
isomer) and 46Ti

16O 24Mg 28Si 28Si iso
46Ti

SOES GSEV SOES GSEV SOES GSEV SOES GSEV SOES GSEV

GCM 7940 8611 16,676 17,850 21,046 22,384 22,104 23,625 43,185 46,776

PGCM 8386 8617 17,178 17,978 21,490 22,526 22,846 24,016 44,392 47,046

All quantities are in fm4MeV

Fig. 2 Integral m1(ω) moment, as defined in Eq. (21), as a function
of the maximum excitation energy and normalised by the GSEV value
of m1 from PGCM monopole calculations of 16O, 24Mg, 28Si (ground-
state and prolate isomer) and 46Ti

lowest eigenstates of axially deformed harmonic oscilla-
tors, the two generator coordinates being the corresponding
axial and perpendicular oscillator frequencies. While realis-
tic (P)GCM calculations rely on more general Bogoliubov
vacua (and include particle-number and angular-momentum
projections), such a proof gives some confidence that the
monopole operator might be well exhausted in present 2D
(P)GCM calculations using r2 and β2 as generator coordi-
nates. It is the goal of the present section to test quantitatively
to which extent this is indeed the case for m1.

4.2 Results

The (P)GCM m1 values obtained from both evaluation
methods are reported in Table 1. Furthermore, their differ-
ence [rescaled according to their expected A5/3 scaling; see
Eq. (25)] is displayed in Fig. 1 along with the difference in
percentage.

Results obtained via the SOES approach are about 6–
7% smaller than their GSEV counterpart across the five
cases under consideration. The underestimation of the SOES
approach is stable from A = 16 to A = 46 once the A5/3

scaling has been removed. The small but systematic improve-
ment of the PGCM over the GCM is attributed to the benefit
of the symmetry restoration, i.e. symmetry contaminants are

removed by the angular momentum projection on J = 0 such
that the operator r2 is better exhausted by the corresponding
subspace SP . For PGCM calculations the SOES m1 moment
as a function of the maximum excitation energy, reading

m1(ω) ≡
∫ ω

0
E S(E)dE, (21)

is displayed in Fig. 2 normalised by the corresponding GSEV
value. The excited states included in the SOES evaluation
reach a maximum energy of 97 MeV for 16O, 74 MeV for
24Mg, 94 and 98 MeV for the ground and isomeric state of
28Si and 102 MeV for 46Ti.

Eventually, the operator r2 is exhausted, within a few per-
cents, by the (P)GCM subspace S(P). This translates into the
fact that the SOES approach to m1 can be safely used within
a few percent uncertainty.10 Differences between the GSEV
and SOES approaches signal the necessity of improving the
determination of an optimal (P)GCM subspace S(P). While
this topic is of current interest, it goes beyond the scope of
the present article.

5 Angular-momentum projection

The effect of angular momentum projection on the monopole
moments mk , k = −1, 0, 1, 2, 3, evaluated via the SOES
approach is presently quantified by comparing results from
GCM and PGCM calculations. As seen in Table 2, the angular
momentum projection systematically enlarges mk in a way
that increases with k. In fact, while the increase with the
moment order is rather marked in 16O, it is limited in 24Mg
and has entirely disappeared in 46Ti. Thus, and even though
the range of nuclei presently tested is too limited to draw
general conclusions, the impact of the angular momentum
projection seems to decrease with A.

10 The resulting uncertainty for a moment mk can be conjectured to
increase with k. Indeed, the energy weight Ek entering mk accentu-
ates the importance of higher-energy states as k increases while the
truncation of the completeness relation in the SOES approach probably
affects more this higher-energy domain. Given that m1 is the highest
moment that can be computed exactly within the GSEV approach, this
conjecture cannot be presently tested.
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MAGNUS EXPANSION AND IN-MEDIUM SIMILARITY . . . PHYSICAL REVIEW C 92, 034331 (2015)

Starting from a general second-quantized Hamiltonian with
two- and three-body interactions,

Ĥ =
∑

qr

Tqra
†
qar + 1

2!2

∑

qrst

V
(2)
qrst a

†
qa

†
r atas

+ 1
3!2

∑

qrstuv

V
(3)
qrstuva

†
qa

†
r a

†
s avauat + · · · , (11)

all operators can be normal-ordered with respect to a finite-
density Fermi vacuum |!⟩ (e.g., the Hartree-Fock ground
state), as opposed to the zero-particle vacuum.2 Wick’s
theorem can then be used to exactly write H as

H = E +
∑

qr

fqr : a†
qar : +1

4

∑

qrst

"qrst : a†
qa

†
r atas :

+ 1
36

∑

qrstuv

Wqrstuv : a†
qa

†
r a

†
s avauat : , (12)

where strings of normal-ordered operators obey the following
relation.

⟨!| : a†
q · · · ar : |!⟩ = 0, (13)

and the terms in Eq. (12) are given by

E =
∑

q

Tqqnq + 1
2

∑

qr

V (2)
qrqrnqnr

+ 1
6

∑

qrs

V (3)
qrsqrsnqnrns , (14)

fqr = Tqr +
∑

s

V (2)
qsrsns + 1

2

∑

st

V
(3)
qstrstnsnt , (15)

"qrst = V
(2)
qrst +

∑

u

V
(3)
qrustunu , (16)

Wqrstuv = V
(3)
qrstuv . (17)

Here, the initial n-body interactions are denoted by V (n),
and nq = θ (ϵF − ϵq) are occupation numbers in the reference
state |!⟩, with Fermi energy ϵF. It is evident that the
normal-ordered 0-, 1-, and 2-body terms include contributions
from the three-body interaction V (3) through sums over the
occupied single-particle states in the reference state |!⟩.
Neglecting the residual three-body interaction leads to the
normal-ordered two-body approximation (NO2B), which has
been shown to be an excellent approximation in many nuclear
systems [9,11,25]. Truncating the in-medium SRG equations
to normal-ordered two-body operators, which we denote by
IM-SRG(2), will approximately evolve induced three- and
higher-body interactions through the nucleus-dependent 0-,
1-, and 2-body terms.

Using Wick’s theorem to evaluate Eq. 3 with H (s) =
E0(s) + f (s) + "(s) and η(s) = η(1)(s) + η(2)(s) truncated to

2In the present work, we restrict our attention to single reference
(i.e., closed-shell) systems for which a single Slater determinant
provides a reasonable starting point. See Refs. [15,17,19] for
extensions of the IM-SRG to open-shell systems.

normal-ordered two-body operators, one obtains the coupled
IM-SRG(2) flow equations

dE

ds
=

∑

qr

ηqrfrq(nq − nr ) + 1
2

∑

qrst

ηqrst"stqrnqnr n̄s n̄t ,

(18)
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ds
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∑
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−
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(20)

where n̄r ≡ 1 − nr and the s dependence has been suppressed
for brevity.

For the calculation of the ground state of a closed-shell
system in the IM-SRG(2) approximation, it is simple to
identify H od = {"abij ,fai, + H.c.}, where a,b denote particle
(unoccupied) and i,j hole (occupied) single-particle states,
as the relevant vertices which connect our chosen reference
state |!⟩ with higher particle-hole excitations; see Fig. 1. By
designing a generator to eliminate these terms, one finds that
the 0-body term approaches the interacting ground state energy
in the limit of large s,

lim
s→∞

E0(s) = ⟨!|H (s)|!⟩ = Egs . (21)
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0p0h 1p1h 2p2h 3p3h 0p0h 1p1h 2p2h 3p3h

0p
0h

1p
1h

2p
2h

3p
3h

0p
0h

1p
1h

2p
2h

3p
3h

FIG. 1. Schematic representation of the initial and final Hamilto-
nians, H (0) and H (∞), in the many-body Hilbert space spanned by
particle-hole excitations of the reference state.
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Here, the initial n-body interactions are denoted by V (n),
and nq = θ (ϵF − ϵq) are occupation numbers in the reference
state |!⟩, with Fermi energy ϵF. It is evident that the
normal-ordered 0-, 1-, and 2-body terms include contributions
from the three-body interaction V (3) through sums over the
occupied single-particle states in the reference state |!⟩.
Neglecting the residual three-body interaction leads to the
normal-ordered two-body approximation (NO2B), which has
been shown to be an excellent approximation in many nuclear
systems [9,11,25]. Truncating the in-medium SRG equations
to normal-ordered two-body operators, which we denote by
IM-SRG(2), will approximately evolve induced three- and
higher-body interactions through the nucleus-dependent 0-,
1-, and 2-body terms.

Using Wick’s theorem to evaluate Eq. 3 with H (s) =
E0(s) + f (s) + "(s) and η(s) = η(1)(s) + η(2)(s) truncated to

2In the present work, we restrict our attention to single reference
(i.e., closed-shell) systems for which a single Slater determinant
provides a reasonable starting point. See Refs. [15,17,19] for
extensions of the IM-SRG to open-shell systems.
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For the calculation of the ground state of a closed-shell
system in the IM-SRG(2) approximation, it is simple to
identify H od = {"abij ,fai, + H.c.}, where a,b denote particle
(unoccupied) and i,j hole (occupied) single-particle states,
as the relevant vertices which connect our chosen reference
state |!⟩ with higher particle-hole excitations; see Fig. 1. By
designing a generator to eliminate these terms, one finds that
the 0-body term approaches the interacting ground state energy
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Here, the initial n-body interactions are denoted by V (n),
and nq = θ (ϵF − ϵq) are occupation numbers in the reference
state |!⟩, with Fermi energy ϵF. It is evident that the
normal-ordered 0-, 1-, and 2-body terms include contributions
from the three-body interaction V (3) through sums over the
occupied single-particle states in the reference state |!⟩.
Neglecting the residual three-body interaction leads to the
normal-ordered two-body approximation (NO2B), which has
been shown to be an excellent approximation in many nuclear
systems [9,11,25]. Truncating the in-medium SRG equations
to normal-ordered two-body operators, which we denote by
IM-SRG(2), will approximately evolve induced three- and
higher-body interactions through the nucleus-dependent 0-,
1-, and 2-body terms.

Using Wick’s theorem to evaluate Eq. 3 with H (s) =
E0(s) + f (s) + "(s) and η(s) = η(1)(s) + η(2)(s) truncated to

2In the present work, we restrict our attention to single reference
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system in the IM-SRG(2) approximation, it is simple to
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(unoccupied) and i,j hole (occupied) single-particle states,
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and nq = θ (ϵF − ϵq) are occupation numbers in the reference
state |!⟩, with Fermi energy ϵF. It is evident that the
normal-ordered 0-, 1-, and 2-body terms include contributions
from the three-body interaction V (3) through sums over the
occupied single-particle states in the reference state |!⟩.
Neglecting the residual three-body interaction leads to the
normal-ordered two-body approximation (NO2B), which has
been shown to be an excellent approximation in many nuclear
systems [9,11,25]. Truncating the in-medium SRG equations
to normal-ordered two-body operators, which we denote by
IM-SRG(2), will approximately evolve induced three- and
higher-body interactions through the nucleus-dependent 0-,
1-, and 2-body terms.

Using Wick’s theorem to evaluate Eq. 3 with H (s) =
E0(s) + f (s) + "(s) and η(s) = η(1)(s) + η(2)(s) truncated to

2In the present work, we restrict our attention to single reference
(i.e., closed-shell) systems for which a single Slater determinant
provides a reasonable starting point. See Refs. [15,17,19] for
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system in the IM-SRG(2) approximation, it is simple to
identify H od = {"abij ,fai, + H.c.}, where a,b denote particle
(unoccupied) and i,j hole (occupied) single-particle states,
as the relevant vertices which connect our chosen reference
state |!⟩ with higher particle-hole excitations; see Fig. 1. By
designing a generator to eliminate these terms, one finds that
the 0-body term approaches the interacting ground state energy
in the limit of large s,
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occupied single-particle states in the reference state |!⟩.
Neglecting the residual three-body interaction leads to the
normal-ordered two-body approximation (NO2B), which has
been shown to be an excellent approximation in many nuclear
systems [9,11,25]. Truncating the in-medium SRG equations
to normal-ordered two-body operators, which we denote by
IM-SRG(2), will approximately evolve induced three- and
higher-body interactions through the nucleus-dependent 0-,
1-, and 2-body terms.

Using Wick’s theorem to evaluate Eq. 3 with H (s) =
E0(s) + f (s) + "(s) and η(s) = η(1)(s) + η(2)(s) truncated to

2In the present work, we restrict our attention to single reference
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system in the IM-SRG(2) approximation, it is simple to
identify H od = {"abij ,fai, + H.c.}, where a,b denote particle
(unoccupied) and i,j hole (occupied) single-particle states,
as the relevant vertices which connect our chosen reference
state |!⟩ with higher particle-hole excitations; see Fig. 1. By
designing a generator to eliminate these terms, one finds that
the 0-body term approaches the interacting ground state energy
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In this notes we try to derive the finite-nucleus com-

pression modulus KA, which reads

KA ⌘ m

~2 h �0
0 |r2lab| 

�0
0 iE2

GMR . (1)

COMPRESSION MODULUS IN FINITE

SYSTEMS

The link between the GMR centroid and the nuclear in-

compressibility is briefly recalled. The derivation mostly

follows Ref. [1].

The total energy of nuclear matter at zero temperature

can be written as [2]

E = V E(⇢) , (2)

where V is the volume of the system, which is assumed

to be very large in order to neglect surface e↵ects, E(⇢) is
the energy density and ⇢ is the density of nucleons. The

pressure of the system is related to the energy density by

P = �@E

@V
= ⇢

dE
d⇢

� E(⇢) = ⇢2
dE/A

d⇢
. (3)

The pressure variation subsequent to infinitesimal

changes in the nucleon density is thus provided by
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The allowed momenta in a system of characteristic length

L are integer multiples of the fundamental quantity

�k =
2⇡

L
, (5)

such that, each state has an average volume, in the k-
space, of

(�k)3 =
(2⇡)3

V
. (6)

Consequently, the total allowed number of states below

the Fermi surface is given by

N = 2⇥ 2⇥ V
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dk3

=
2V

3⇡2
k3F , (7)

where kF is the Fermi momentum and the multiplica-

tive 2 factors in the first line take into account the spin

and isospin degeneracies of symmetric nuclear matter.

Finally, the nucleon density is related to the Fermi mo-

mentum via

⇢ =
2

3⇡2
k3F . (8)

Equation (4) can thus be rewritten as
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The saturation density ⇢0 is then defined by the station-

arity condition
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also implying

P (⇢0) = 0 , (11a)
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It is worth keeping in mind that the compression modulus

is defined at the saturation density. A density-dependent

modulus can be introduced if no assumption is made

starting from Eq. (4) as
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In this notes we try to derive the finite-nucleus com-

pression modulus KA, which reads

KA ⌘ m

~2 h �0
0 |r2lab| 

�0
0 iE2

GMR . (1)

COMPRESSION MODULUS IN FINITE

SYSTEMS

The link between the GMR centroid and the nuclear in-

compressibility is briefly recalled. The derivation mostly

follows Ref. [1].

The total energy of nuclear matter at zero temperature

can be written as [2]

E = V E(⇢) , (2)

where V is the volume of the system, which is assumed

to be very large in order to neglect surface e↵ects, E(⇢) is
the energy density and ⇢ is the density of nucleons. The

pressure of the system is related to the energy density by

P = �@E

@V
= ⇢

dE
d⇢

� E(⇢) = ⇢2
dE/A

d⇢
. (3)

The pressure variation subsequent to infinitesimal

changes in the nucleon density is thus provided by
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d⇢2
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d
2E/a

d⇢2
. (4)

The allowed momenta in a system of characteristic length

L are integer multiples of the fundamental quantity

�k =
2⇡

L
, (5)

such that, each state has an average volume, in the k-
space, of

(�k)3 =
(2⇡)3

V
. (6)

Consequently, the total allowed number of states below

the Fermi surface is given by

N = 2⇥ 2⇥ V

(2⇡)3

Z

|k|<kF

dk3

=
2V

3⇡2
k3F , (7)

where kF is the Fermi momentum and the multiplica-

tive 2 factors in the first line take into account the spin

and isospin degeneracies of symmetric nuclear matter.

Finally, the nucleon density is related to the Fermi mo-

mentum via

⇢ =
2

3⇡2
k3F . (8)

Equation (4) can thus be rewritten as
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The saturation density ⇢0 is then defined by the station-

arity condition

dE/A
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= 0 , (10)

also implying

P (⇢0) = 0 , (11a)
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such that the nuclear matter compression modulus is in-

troduced as

K1 ⌘ k2F0

d
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dk2F
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kF0

, (12a)

= 9⇢20
d
2E/A

d⇢2
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. (12b)

It is worth keeping in mind that the compression modulus

is defined at the saturation density. A density-dependent

modulus can be introduced if no assumption is made

starting from Eq. (4) as

K(⇢) =
18

⇢
P (⇢) + 9⇢2

d
2E/A

d⇢2
. (13)

Let us now introduce an e↵ective compression modulus

in a finite system of A nucleons, with ⌘ a length scale

2

representative of the size of the system. Qualitatively,

the Fermi momentum scales as the inverse of ⌘, i.e.

kF / ⌘�1 . (14)

It is then easy to show, starting from Eq. (12a), that

KA = ⌘2
d
2E/A

d⌘2

����
n0

(15)

In a finite system where a single mode saturates the re-

sponse associated with the operator ⌘2, the pure har-

monic limit is recovered, such that the frequency

~! =

s
~2KA

m⌘2
(16)

is obtained, with m the nucleon mass. Relating ⌘ at ⇢0
to the nuclear rms radius

⌘20 =
hr2i0
A

= r2rms (17)

and associating the vibration frequency to the GMR en-

ergy one obtains the relation

KA =
m

~2 r
2
rmsE

2
GMR . (18)

It has been pointed out [3] that Eq. (12a), and conse-

quently Eq. (1) standing as an e↵ective equivalent in

finite nuclei, are derived under the assumption of the

system being at the saturation density ⇢0, whereas in fi-

nite nuclei most of the nucleons are localised at densities

lower than the saturation one. Phenomenological En-

ergy Density Functionals (EDFs) being constrained on

finite systems, the compressional properties of those are

thus constrained at subsaturation densities, which ex-

plains the di↵erent values of K1 extracted from di↵er-

ent EDFs. Indeed, the density-dependent modulus from

Eq. (13) provides consistent values from di↵erent EDFs

at densities around 0.7⇢0, which is the typical average

density of the systems on which the EDFs are fitted.

However, it is worth stressing that the saturation den-

sity is defined as the equilibrium density of the system

rather than its bulk density. This condition is enforced

by Eq. (10). In infinite systems the two are equiva-

lent, but in finite nuclei the energy is already station-

ary with respect to density variations, given that the

ground-state density is already found to minimise the

total energy of the system (Kohn-Sham theorem), such

that, in a qualitative description of the finite nuclei mod-

ulus KA, ground-state nuclear properties can be safely

employed. Equation (1) shall be considered as just a

convenient parametrisation, or as a reasonable definition
of KA. Moreover, no density constrain is enforced in the

chiral interactions employed in this work.

A more refined definition may be envisioned if the

functional dependency on ⇢(r) were explicitly taken into

account. In that case, the equilibrium condition from

Eq. (10) would be expressed in the form

�E[⇢(r)]

�⇢(r)

����
⇢0(r)

= 0 , (19)

with ⇢0(r) the ground-state density. This goes beyond

the goals of the present analysis.

⇤ aporro@theorie.ikp.physik.tu-darmstadt.de
[1] J. P. Blaizot, Phys. Rept. 64, 171 (1980).
[2] P. Nozieres, Theory of quantum liquids (CRC Press, 2018).
[3] E. Khan, J. Margueron, and I. Vidaña, Phys. Rev. Lett.

109, 092501 (2012).

Compression modulus in infinite systems

(thermodynamic limit)

[Blaizot, Phys. Rep. 64, 1980]

Representative length scale in finite systems 

15Link to nuclear matter



Notes on nuclear incompressibility

Andrea Porro
⇤

Technische Universität Darmstadt, Department of Physics, 64289 Darmstadt, Germany and

ExtreMe Matter Institute EMMI, GSI Helmholtzzentrum für Schwerionenforschung GmbH, 64291 Darmstadt, Germany

(Dated: September 20, 2024)

In this notes we try to derive the finite-nucleus com-

pression modulus KA, which reads

KA ⌘ m

~2 h �0
0 |r2lab| 

�0
0 iE2

GMR . (1)

COMPRESSION MODULUS IN FINITE

SYSTEMS
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can be written as [2]
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to be very large in order to neglect surface e↵ects, E(⇢) is
the energy density and ⇢ is the density of nucleons. The

pressure of the system is related to the energy density by

P = �@E

@V
= ⇢

dE
d⇢

� E(⇢) = ⇢2
dE/A

d⇢
. (3)

The pressure variation subsequent to infinitesimal

changes in the nucleon density is thus provided by

dP

d⇢
= 2⇢

dE/A

d⇢
+ ⇢2

d
2E/a

d⇢2

=
2

⇢
P + ⇢2

d
2E/a

d⇢2
. (4)

The allowed momenta in a system of characteristic length

L are integer multiples of the fundamental quantity

�k =
2⇡

L
, (5)

such that, each state has an average volume, in the k-
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=
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where kF is the Fermi momentum and the multiplica-

tive 2 factors in the first line take into account the spin

and isospin degeneracies of symmetric nuclear matter.

Finally, the nucleon density is related to the Fermi mo-
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The saturation density ⇢0 is then defined by the station-

arity condition
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also implying
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It is worth keeping in mind that the compression modulus

is defined at the saturation density. A density-dependent

modulus can be introduced if no assumption is made

starting from Eq. (4) as

K(⇢) =
18
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P (⇢) + 9⇢2
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Let us now introduce an e↵ective compression modulus

in a finite system of A nucleons, with ⌘ a length scale

2

representative of the size of the system. Qualitatively,

the Fermi momentum scales as the inverse of ⌘, i.e.

kF / ⌘�1 . (14)

It is then easy to show, starting from Eq. (12a), that
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In a finite system where a single mode saturates the re-

sponse associated with the operator ⌘2, the pure har-

monic limit is recovered, such that the frequency

~! =
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m⌘2
(16)

is obtained, with m the nucleon mass. Relating ⌘ at ⇢0
to the nuclear rms radius

⌘20 =
hr2i0
A

= r2rms (17)

and associating the vibration frequency to the GMR en-

ergy one obtains the relation
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It has been pointed out [3] that Eq. (12a), and conse-

quently Eq. (1) standing as an e↵ective equivalent in

finite nuclei, are derived under the assumption of the

system being at the saturation density ⇢0, whereas in fi-

nite nuclei most of the nucleons are localised at densities

lower than the saturation one. Phenomenological En-

ergy Density Functionals (EDFs) being constrained on

finite systems, the compressional properties of those are

thus constrained at subsaturation densities, which ex-

plains the di↵erent values of K1 extracted from di↵er-

ent EDFs. Indeed, the density-dependent modulus from

Eq. (13) provides consistent values from di↵erent EDFs

at densities around 0.7⇢0, which is the typical average

density of the systems on which the EDFs are fitted.

However, it is worth stressing that the saturation den-

sity is defined as the equilibrium density of the system

rather than its bulk density. This condition is enforced

by Eq. (10). In infinite systems the two are equiva-

lent, but in finite nuclei the energy is already station-

ary with respect to density variations, given that the

ground-state density is already found to minimise the

total energy of the system (Kohn-Sham theorem), such

that, in a qualitative description of the finite nuclei mod-

ulus KA, ground-state nuclear properties can be safely

employed. Equation (1) shall be considered as just a

convenient parametrisation, or as a reasonable definition
of KA. Moreover, no density constrain is enforced in the

chiral interactions employed in this work.

A more refined definition may be envisioned if the

functional dependency on ⇢(r) were explicitly taken into

account. In that case, the equilibrium condition from

Eq. (10) would be expressed in the form

�E[⇢(r)]

�⇢(r)
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⇢0(r)

= 0 , (19)

with ⇢0(r) the ground-state density. This goes beyond

the goals of the present analysis.
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In this notes we try to derive the finite-nucleus com-
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COMPRESSION MODULUS IN FINITE

SYSTEMS

The link between the GMR centroid and the nuclear in-

compressibility is briefly recalled. The derivation mostly

follows Ref. [1].

The total energy of nuclear matter at zero temperature

can be written as [2]

E = V E(⇢) , (2)

where V is the volume of the system, which is assumed

to be very large in order to neglect surface e↵ects, E(⇢) is
the energy density and ⇢ is the density of nucleons. The

pressure of the system is related to the energy density by
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such that, each state has an average volume, in the k-
space, of

(�k)3 =
(2⇡)3

V
. (6)

Consequently, the total allowed number of states below

the Fermi surface is given by
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=
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where kF is the Fermi momentum and the multiplica-

tive 2 factors in the first line take into account the spin

and isospin degeneracies of symmetric nuclear matter.

Finally, the nucleon density is related to the Fermi mo-
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arity condition
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also implying
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, (12a)

= 9⇢20
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It is worth keeping in mind that the compression modulus

is defined at the saturation density. A density-dependent

modulus can be introduced if no assumption is made

starting from Eq. (4) as
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Let us now introduce an e↵ective compression modulus
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2

representative of the size of the system. Qualitatively,
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It is then easy to show, starting from Eq. (12a), that
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In a finite system where a single mode saturates the re-

sponse associated with the operator ⌘2, the pure har-

monic limit is recovered, such that the frequency

~! =

s
~2KA

m⌘2
(16)

is obtained, with m the nucleon mass. Relating ⌘ at ⇢0
to the nuclear rms radius

⌘20 =
hr2i0
A

= r2rms (17)

and associating the vibration frequency to the GMR en-

ergy one obtains the relation

KA =
m

~2 r
2
rmsE

2
GMR . (18)

It has been pointed out [3] that Eq. (12a), and conse-

quently Eq. (1) standing as an e↵ective equivalent in

finite nuclei, are derived under the assumption of the

system being at the saturation density ⇢0, whereas in fi-

nite nuclei most of the nucleons are localised at densities

lower than the saturation one. Phenomenological En-

ergy Density Functionals (EDFs) being constrained on

finite systems, the compressional properties of those are

thus constrained at subsaturation densities, which ex-

plains the di↵erent values of K1 extracted from di↵er-

ent EDFs. Indeed, the density-dependent modulus from

Eq. (13) provides consistent values from di↵erent EDFs

at densities around 0.7⇢0, which is the typical average

density of the systems on which the EDFs are fitted.

However, it is worth stressing that the saturation den-
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rather than its bulk density. This condition is enforced

by Eq. (10). In infinite systems the two are equiva-

lent, but in finite nuclei the energy is already station-

ary with respect to density variations, given that the

ground-state density is already found to minimise the

total energy of the system (Kohn-Sham theorem), such

that, in a qualitative description of the finite nuclei mod-

ulus KA, ground-state nuclear properties can be safely

employed. Equation (1) shall be considered as just a

convenient parametrisation, or as a reasonable definition
of KA. Moreover, no density constrain is enforced in the

chiral interactions employed in this work.

A more refined definition may be envisioned if the
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with ⇢0(r) the ground-state density. This goes beyond

the goals of the present analysis.
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nite nuclei most of the nucleons are localised at densities

lower than the saturation one. Phenomenological En-

ergy Density Functionals (EDFs) being constrained on

finite systems, the compressional properties of those are

thus constrained at subsaturation densities, which ex-

plains the di↵erent values of K1 extracted from di↵er-

ent EDFs. Indeed, the density-dependent modulus from

Eq. (13) provides consistent values from di↵erent EDFs

at densities around 0.7⇢0, which is the typical average

density of the systems on which the EDFs are fitted.

However, it is worth stressing that the saturation den-

sity is defined as the equilibrium density of the system

rather than its bulk density. This condition is enforced

by Eq. (10). In infinite systems the two are equiva-

lent, but in finite nuclei the energy is already station-

ary with respect to density variations, given that the

ground-state density is already found to minimise the

total energy of the system (Kohn-Sham theorem), such

that, in a qualitative description of the finite nuclei mod-

ulus KA, ground-state nuclear properties can be safely

employed. Equation (1) shall be considered as just a

convenient parametrisation, or as a reasonable definition
of KA. Moreover, no density constrain is enforced in the

chiral interactions employed in this work.

A more refined definition may be envisioned if the

functional dependency on ⇢(r) were explicitly taken into

account. In that case, the equilibrium condition from

Eq. (10) would be expressed in the form

�E[⇢(r)]

�⇢(r)

����
⇢0(r)

= 0 , (19)

with ⇢0(r) the ground-state density. This goes beyond

the goals of the present analysis.
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Extensive discussion of the pros and cons of the macro-
scopic and microscopic methods has been given in several
papers (see, e.g., [18,22–25]). Although the general tendency
has been to prefer the microscopic approach, a fundamental
problem emerged also there. The nonrelativistic models,
mainly using the Skyrme interaction, systematically predicted
lower values of K0, around 210–250 MeV (see, e.g., [25–28]),
but the relativistic models yielded higher values (see, e.g.,
[29–35]). Reanalysis of experimental data available in 1989
using the leptodermous expansion was presented by Sharma
et al. [30,31] showed that the best fit was achieved for K0 ∼
(300 ± 25) MeV, thus supporting predictions of relativistic
models.

Currently a general consensus has developed to adopt a
lower value of K0, K0 = (240 ± 20) MeV (e.g., [36]) which has
been used as an initial condition/requirement in most models.
Skyrme effective interactions were constructed to reproduce
this ‘canonical’ value and attempts were made to reconcile [37]
and modify effective Lagrangians [38] in relativistic models
to comply with this adopted value.

These efforts however indicate the main weakness of
the microscopic approaches. The effective interactions have
a flexible form and too many variable parameters so that
modifications can be introduced which yield a desired result
but do not advance understanding of the underlying physics.
The most recent illustration of the problem can be found in
Ref. [39], where even the state-of-the-art HFB+QRPA cal-
culation did not succeed to reproduce GMR energies in Sn,
Cd, and Pb nuclei using the same Skyrme parametrization.
The dependence of the calculated value of K0 on the choice
of the microscopic model is obvious from examination of
Table I.

In parallel with K0, investigation of the isospin incompress-
ibility Kτ , which quantifies the contribution from the neutron-
proton difference to the incompressibility of a finite nucleus
KA, has been performed. We introduce here the term “isospin”
incompressibility to avoid confusion with the “symmetry”
incompressibility—the name sometimes used for the curvature
of the symmetry energy at saturation density Ksym. This
coefficient can be obtained in either the microscopic or the
empirical approach [22,23,35,40–42]. Its recent extraction
from empirical analysis of GMR data on Sn isotopes [43,44]
attracted a lot of attention as the value of Kτ was larger than
predicted by most of the microscopic models. Determination
of Kτ from experimental data on GMR is complicated by the
fact that, as with the volume and surface contributions to KA,
it also includes volume and surface terms and the latter cannot
be easily evaluated in microscopic models [22,23,40,41].

In this paper we survey existing data on GMR energies
in nuclei with A ! 56 and use them to set limits on K0 and
the isospin incompressibility coefficient Kτ , using the macro-
scopic approach in the scaling approximation and employing
a new method of analysis. In Sec. II we present the basic
expressions and the data selection for the analysis followed
by Sec. III containing the the main results. A schematic
theoretical model of the ratio of the volume and surface
contributions to KA is presented in Sec. IV. Microscopic
models are commented on in Sec. V. Discussion of results
and conclusions form Sec. VI.

II. THE BASICS

The incompressibility KA of a finite nucleus with mass A
is related to the energy of the GMR resonance EGMR of the
nucleus [18]

KA = (M/!2)
〈
r2〉E2

GMR, (1)

where M is the nucleon mass and r is rms matter radius of
the nucleus. KA can be expanded in terms of A−1/3 and the
asymmetry parameter β = (N − Z)/A as [18]

KA = Kvol + KsurfA
−1/3 + KcurvA

−2/3

+KCoulZ
2A−4/3 + Kτ β

2. (2)

Higher order terms in β can be safely neglected as their
contribution to KA is less then 1% [45]. Kvol, Ksurf , Kcurv, Kτ ,
and KCoul represent the volume, surface, curvature, isospin,
and Coulomb contributions to the incompressibility KA. The
coefficient Kτ consists of two components,

Kτ = Kτ,v + Kτ,sA
−1/3, (3)

where Kτ,v(Kτ,s) determine the volume (surface) isospin
incompressibility.

Assuming the expansion (2) theoretically justified, different
coefficients can be extracted from comparison with experi-
mental data. Care must be taken concerning the interpretation
of KA. The energy EGMR is understood as a mean energy
calculated from moments mk of a strength function [22]

mk =
∫

EkS(E)dE, (4)

where the strength function S(E) =
∑

n |⟨n|Ô|0⟩|2δ(E − En).
|0⟩ is the ground state of the nucleus and En is the energy
of a state n. The monopole excitation operator Ô is taken
as

∑A
i=1 r2

i . Various mean energies Ẽk are calculated from
moment ratios

Ẽk =
√

mk

mk−2
. (5)

If the strength function is distributed in a narrow energy
region, the mean energies Ẽk are close together and can be
interpreted as EGMR. In this case KA is determined in principle
unambiguously using Eq. (2) and Kvol in Eq. (2) is equal to
the incompressibility of infinite symmetric nuclear matter K0
at saturation density ρ0

K0 = 9ρ0
d2(E/A)

dρ2

∣∣∣∣
ρ=ρ0

, (6)

where E/A is the energy per particle. In a more realistic case
when the strength function is somewhat spread out, Eq. (1)
must be written as

KA(k) = (M/!2)
〈
r2〉E2

GMR(k), (7)

and the KA can be determined only within a certain region
of k.

A. Determination of EGMR

Blaizot [18] and Treiner et al. [22] studied two forms
of the expansion (2): the scaling model, based on the
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In this notes we try to derive the finite-nucleus com-

pression modulus KA, which reads

KA ⌘ m

~2 h �0
0 |r2lab| 

�0
0 iE2

GMR . (1)

COMPRESSION MODULUS IN FINITE

SYSTEMS

The link between the GMR centroid and the nuclear in-

compressibility is briefly recalled. The derivation mostly

follows Ref. [1].

The total energy of nuclear matter at zero temperature

can be written as [2]

E = V E(⇢) , (2)

where V is the volume of the system, which is assumed

to be very large in order to neglect surface e↵ects, E(⇢) is
the energy density and ⇢ is the density of nucleons. The

pressure of the system is related to the energy density by

P = �@E

@V
= ⇢

dE
d⇢

� E(⇢) = ⇢2
dE/A

d⇢
. (3)

The pressure variation subsequent to infinitesimal

changes in the nucleon density is thus provided by

dP

d⇢
= 2⇢

dE/A

d⇢
+ ⇢2

d
2E/a

d⇢2

=
2

⇢
P + ⇢2

d
2E/a

d⇢2
. (4)

The allowed momenta in a system of characteristic length

L are integer multiples of the fundamental quantity

�k =
2⇡

L
, (5)

such that, each state has an average volume, in the k-
space, of

(�k)3 =
(2⇡)3

V
. (6)

Consequently, the total allowed number of states below

the Fermi surface is given by

N = 2⇥ 2⇥ V

(2⇡)3

Z

|k|<kF

dk3

=
2V

3⇡2
k3F , (7)

where kF is the Fermi momentum and the multiplica-

tive 2 factors in the first line take into account the spin

and isospin degeneracies of symmetric nuclear matter.

Finally, the nucleon density is related to the Fermi mo-

mentum via

⇢ =
2

3⇡2
k3F . (8)

Equation (4) can thus be rewritten as

dP

d⇢
=

4

9
kF

dE/A

dkF
+

1

9
k2F

d
2E/A

dk2F

=
2⇡2

k3F
P +

1

9
k2F

d
2E/A

dk2F
. (9)

The saturation density ⇢0 is then defined by the station-

arity condition

dE/A

d⇢

����
⇢=⇢0

= 0 , (10)

also implying

P (⇢0) = 0 , (11a)

dP

d⇢

����
⇢0

= ⇢20
d
2E/A

d⇢2

����
⇢0

=
1

9
k2F0

d
2E/A

dk2F

����
kF0

, (11b)

such that the nuclear matter compression modulus is in-

troduced as

K1 ⌘ k2F0

d
2E/A

dk2F

����
kF0

, (12a)

= 9⇢20
d
2E/A

d⇢2

����
⇢0

. (12b)

It is worth keeping in mind that the compression modulus

is defined at the saturation density. A density-dependent

modulus can be introduced if no assumption is made

starting from Eq. (4) as

K(⇢) =
18

⇢
P (⇢) + 9⇢2

d
2E/A

d⇢2
. (13)

Let us now introduce an e↵ective compression modulus

in a finite system of A nucleons, with ⌘ a length scale

2

representative of the size of the system. Qualitatively,

the Fermi momentum scales as the inverse of ⌘, i.e.

kF / ⌘�1 . (14)

It is then easy to show, starting from Eq. (12a), that

KA = ⌘2
d
2E/A

d⌘2

����
n0

(15)

In a finite system where a single mode saturates the re-

sponse associated with the operator ⌘2, the pure har-

monic limit is recovered, such that the frequency

~! =

s
~2KA

m⌘2
(16)

is obtained, with m the nucleon mass. Relating ⌘ at ⇢0
to the nuclear rms radius

⌘20 =
hr2i0
A

= r2rms (17)

and associating the vibration frequency to the GMR en-

ergy one obtains the relation

KA =
m

~2 r
2
rmsE

2
GMR . (18)

It has been pointed out [3] that Eq. (12a), and conse-

quently Eq. (1) standing as an e↵ective equivalent in

finite nuclei, are derived under the assumption of the

system being at the saturation density ⇢0, whereas in fi-

nite nuclei most of the nucleons are localised at densities

lower than the saturation one. Phenomenological En-

ergy Density Functionals (EDFs) being constrained on

finite systems, the compressional properties of those are

thus constrained at subsaturation densities, which ex-

plains the di↵erent values of K1 extracted from di↵er-

ent EDFs. Indeed, the density-dependent modulus from

Eq. (13) provides consistent values from di↵erent EDFs

at densities around 0.7⇢0, which is the typical average

density of the systems on which the EDFs are fitted.

However, it is worth stressing that the saturation den-

sity is defined as the equilibrium density of the system

rather than its bulk density. This condition is enforced

by Eq. (10). In infinite systems the two are equiva-

lent, but in finite nuclei the energy is already station-

ary with respect to density variations, given that the

ground-state density is already found to minimise the

total energy of the system (Kohn-Sham theorem), such

that, in a qualitative description of the finite nuclei mod-

ulus KA, ground-state nuclear properties can be safely

employed. Equation (1) shall be considered as just a

convenient parametrisation, or as a reasonable definition
of KA. Moreover, no density constrain is enforced in the

chiral interactions employed in this work.

A more refined definition may be envisioned if the

functional dependency on ⇢(r) were explicitly taken into

account. In that case, the equilibrium condition from

Eq. (10) would be expressed in the form

�E[⇢(r)]

�⇢(r)

����
⇢0(r)

= 0 , (19)

with ⇢0(r) the ground-state density. This goes beyond

the goals of the present analysis.
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However, it is worth stressing that the saturation den-

sity is defined as the equilibrium density of the system

rather than its bulk density. This condition is enforced

by Eq. (10). In infinite systems the two are equiva-

lent, but in finite nuclei the energy is already station-

ary with respect to density variations, given that the

ground-state density is already found to minimise the

total energy of the system (Kohn-Sham theorem), such

that, in a qualitative description of the finite nuclei mod-

ulus KA, ground-state nuclear properties can be safely

employed. Equation (1) shall be considered as just a

convenient parametrisation, or as a reasonable definition
of KA. Moreover, no density constrain is enforced in the

chiral interactions employed in this work.

A more refined definition may be envisioned if the

functional dependency on ⇢(r) were explicitly taken into

account. In that case, the equilibrium condition from

Eq. (10) would be expressed in the form
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with ⇢0(r) the ground-state density. This goes beyond

the goals of the present analysis.
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lower than the saturation one. Phenomenological En-
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finite systems, the compressional properties of those are

thus constrained at subsaturation densities, which ex-

plains the di↵erent values of K1 extracted from di↵er-

ent EDFs. Indeed, the density-dependent modulus from

Eq. (13) provides consistent values from di↵erent EDFs

at densities around 0.7⇢0, which is the typical average

density of the systems on which the EDFs are fitted.

However, it is worth stressing that the saturation den-

sity is defined as the equilibrium density of the system

rather than its bulk density. This condition is enforced

by Eq. (10). In infinite systems the two are equiva-

lent, but in finite nuclei the energy is already station-

ary with respect to density variations, given that the

ground-state density is already found to minimise the

total energy of the system (Kohn-Sham theorem), such

that, in a qualitative description of the finite nuclei mod-

ulus KA, ground-state nuclear properties can be safely

employed. Equation (1) shall be considered as just a

convenient parametrisation, or as a reasonable definition
of KA. Moreover, no density constrain is enforced in the

chiral interactions employed in this work.

A more refined definition may be envisioned if the

functional dependency on ⇢(r) were explicitly taken into

account. In that case, the equilibrium condition from

Eq. (10) would be expressed in the form
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Extensive discussion of the pros and cons of the macro-
scopic and microscopic methods has been given in several
papers (see, e.g., [18,22–25]). Although the general tendency
has been to prefer the microscopic approach, a fundamental
problem emerged also there. The nonrelativistic models,
mainly using the Skyrme interaction, systematically predicted
lower values of K0, around 210–250 MeV (see, e.g., [25–28]),
but the relativistic models yielded higher values (see, e.g.,
[29–35]). Reanalysis of experimental data available in 1989
using the leptodermous expansion was presented by Sharma
et al. [30,31] showed that the best fit was achieved for K0 ∼
(300 ± 25) MeV, thus supporting predictions of relativistic
models.

Currently a general consensus has developed to adopt a
lower value of K0, K0 = (240 ± 20) MeV (e.g., [36]) which has
been used as an initial condition/requirement in most models.
Skyrme effective interactions were constructed to reproduce
this ‘canonical’ value and attempts were made to reconcile [37]
and modify effective Lagrangians [38] in relativistic models
to comply with this adopted value.

These efforts however indicate the main weakness of
the microscopic approaches. The effective interactions have
a flexible form and too many variable parameters so that
modifications can be introduced which yield a desired result
but do not advance understanding of the underlying physics.
The most recent illustration of the problem can be found in
Ref. [39], where even the state-of-the-art HFB+QRPA cal-
culation did not succeed to reproduce GMR energies in Sn,
Cd, and Pb nuclei using the same Skyrme parametrization.
The dependence of the calculated value of K0 on the choice
of the microscopic model is obvious from examination of
Table I.

In parallel with K0, investigation of the isospin incompress-
ibility Kτ , which quantifies the contribution from the neutron-
proton difference to the incompressibility of a finite nucleus
KA, has been performed. We introduce here the term “isospin”
incompressibility to avoid confusion with the “symmetry”
incompressibility—the name sometimes used for the curvature
of the symmetry energy at saturation density Ksym. This
coefficient can be obtained in either the microscopic or the
empirical approach [22,23,35,40–42]. Its recent extraction
from empirical analysis of GMR data on Sn isotopes [43,44]
attracted a lot of attention as the value of Kτ was larger than
predicted by most of the microscopic models. Determination
of Kτ from experimental data on GMR is complicated by the
fact that, as with the volume and surface contributions to KA,
it also includes volume and surface terms and the latter cannot
be easily evaluated in microscopic models [22,23,40,41].

In this paper we survey existing data on GMR energies
in nuclei with A ! 56 and use them to set limits on K0 and
the isospin incompressibility coefficient Kτ , using the macro-
scopic approach in the scaling approximation and employing
a new method of analysis. In Sec. II we present the basic
expressions and the data selection for the analysis followed
by Sec. III containing the the main results. A schematic
theoretical model of the ratio of the volume and surface
contributions to KA is presented in Sec. IV. Microscopic
models are commented on in Sec. V. Discussion of results
and conclusions form Sec. VI.

II. THE BASICS

The incompressibility KA of a finite nucleus with mass A
is related to the energy of the GMR resonance EGMR of the
nucleus [18]

KA = (M/!2)
〈
r2〉E2

GMR, (1)

where M is the nucleon mass and r is rms matter radius of
the nucleus. KA can be expanded in terms of A−1/3 and the
asymmetry parameter β = (N − Z)/A as [18]

KA = Kvol + KsurfA
−1/3 + KcurvA

−2/3

+KCoulZ
2A−4/3 + Kτ β

2. (2)

Higher order terms in β can be safely neglected as their
contribution to KA is less then 1% [45]. Kvol, Ksurf , Kcurv, Kτ ,
and KCoul represent the volume, surface, curvature, isospin,
and Coulomb contributions to the incompressibility KA. The
coefficient Kτ consists of two components,

Kτ = Kτ,v + Kτ,sA
−1/3, (3)

where Kτ,v(Kτ,s) determine the volume (surface) isospin
incompressibility.

Assuming the expansion (2) theoretically justified, different
coefficients can be extracted from comparison with experi-
mental data. Care must be taken concerning the interpretation
of KA. The energy EGMR is understood as a mean energy
calculated from moments mk of a strength function [22]

mk =
∫

EkS(E)dE, (4)

where the strength function S(E) =
∑

n |⟨n|Ô|0⟩|2δ(E − En).
|0⟩ is the ground state of the nucleus and En is the energy
of a state n. The monopole excitation operator Ô is taken
as

∑A
i=1 r2

i . Various mean energies Ẽk are calculated from
moment ratios

Ẽk =
√

mk

mk−2
. (5)

If the strength function is distributed in a narrow energy
region, the mean energies Ẽk are close together and can be
interpreted as EGMR. In this case KA is determined in principle
unambiguously using Eq. (2) and Kvol in Eq. (2) is equal to
the incompressibility of infinite symmetric nuclear matter K0
at saturation density ρ0

K0 = 9ρ0
d2(E/A)

dρ2

∣∣∣∣
ρ=ρ0

, (6)

where E/A is the energy per particle. In a more realistic case
when the strength function is somewhat spread out, Eq. (1)
must be written as

KA(k) = (M/!2)
〈
r2〉E2

GMR(k), (7)

and the KA can be determined only within a certain region
of k.

A. Determination of EGMR

Blaizot [18] and Treiner et al. [22] studied two forms
of the expansion (2): the scaling model, based on the
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In this notes we try to derive the finite-nucleus com-

pression modulus KA, which reads

KA ⌘ m

~2 h �0
0 |r2lab| 

�0
0 iE2

GMR . (1)

COMPRESSION MODULUS IN FINITE

SYSTEMS

The link between the GMR centroid and the nuclear in-

compressibility is briefly recalled. The derivation mostly

follows Ref. [1].

The total energy of nuclear matter at zero temperature

can be written as [2]

E = V E(⇢) , (2)

where V is the volume of the system, which is assumed

to be very large in order to neglect surface e↵ects, E(⇢) is
the energy density and ⇢ is the density of nucleons. The

pressure of the system is related to the energy density by

P = �@E

@V
= ⇢

dE
d⇢

� E(⇢) = ⇢2
dE/A

d⇢
. (3)

The pressure variation subsequent to infinitesimal

changes in the nucleon density is thus provided by

dP

d⇢
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dE/A

d⇢
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d
2E/a

d⇢2
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2

⇢
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d
2E/a

d⇢2
. (4)

The allowed momenta in a system of characteristic length

L are integer multiples of the fundamental quantity

�k =
2⇡

L
, (5)

such that, each state has an average volume, in the k-
space, of

(�k)3 =
(2⇡)3

V
. (6)

Consequently, the total allowed number of states below

the Fermi surface is given by

N = 2⇥ 2⇥ V

(2⇡)3

Z

|k|<kF

dk3

=
2V

3⇡2
k3F , (7)

where kF is the Fermi momentum and the multiplica-

tive 2 factors in the first line take into account the spin

and isospin degeneracies of symmetric nuclear matter.

Finally, the nucleon density is related to the Fermi mo-

mentum via

⇢ =
2

3⇡2
k3F . (8)

Equation (4) can thus be rewritten as
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dkF
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k2F
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dk2F
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The saturation density ⇢0 is then defined by the station-

arity condition

dE/A

d⇢

����
⇢=⇢0

= 0 , (10)

also implying

P (⇢0) = 0 , (11a)
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����
kF0

, (11b)

such that the nuclear matter compression modulus is in-

troduced as

K1 ⌘ k2F0

d
2E/A

dk2F

����
kF0

, (12a)

= 9⇢20
d
2E/A

d⇢2

����
⇢0

. (12b)

It is worth keeping in mind that the compression modulus

is defined at the saturation density. A density-dependent

modulus can be introduced if no assumption is made

starting from Eq. (4) as

K(⇢) =
18

⇢
P (⇢) + 9⇢2

d
2E/A

d⇢2
. (13)

Let us now introduce an e↵ective compression modulus

in a finite system of A nucleons, with ⌘ a length scale

2

representative of the size of the system. Qualitatively,

the Fermi momentum scales as the inverse of ⌘, i.e.

kF / ⌘�1 . (14)

It is then easy to show, starting from Eq. (12a), that

KA = ⌘2
d
2E/A

d⌘2

����
n0

(15)

In a finite system where a single mode saturates the re-

sponse associated with the operator ⌘2, the pure har-

monic limit is recovered, such that the frequency

~! =

s
~2KA

m⌘2
(16)

is obtained, with m the nucleon mass. Relating ⌘ at ⇢0
to the nuclear rms radius

⌘20 =
hr2i0
A

= r2rms (17)

and associating the vibration frequency to the GMR en-

ergy one obtains the relation

KA =
m

~2 r
2
rmsE

2
GMR . (18)

It has been pointed out [3] that Eq. (12a), and conse-

quently Eq. (1) standing as an e↵ective equivalent in

finite nuclei, are derived under the assumption of the

system being at the saturation density ⇢0, whereas in fi-

nite nuclei most of the nucleons are localised at densities

lower than the saturation one. Phenomenological En-

ergy Density Functionals (EDFs) being constrained on

finite systems, the compressional properties of those are

thus constrained at subsaturation densities, which ex-

plains the di↵erent values of K1 extracted from di↵er-

ent EDFs. Indeed, the density-dependent modulus from

Eq. (13) provides consistent values from di↵erent EDFs

at densities around 0.7⇢0, which is the typical average

density of the systems on which the EDFs are fitted.

However, it is worth stressing that the saturation den-

sity is defined as the equilibrium density of the system

rather than its bulk density. This condition is enforced

by Eq. (10). In infinite systems the two are equiva-

lent, but in finite nuclei the energy is already station-

ary with respect to density variations, given that the

ground-state density is already found to minimise the

total energy of the system (Kohn-Sham theorem), such

that, in a qualitative description of the finite nuclei mod-

ulus KA, ground-state nuclear properties can be safely

employed. Equation (1) shall be considered as just a

convenient parametrisation, or as a reasonable definition
of KA. Moreover, no density constrain is enforced in the

chiral interactions employed in this work.

A more refined definition may be envisioned if the

functional dependency on ⇢(r) were explicitly taken into

account. In that case, the equilibrium condition from

Eq. (10) would be expressed in the form

�E[⇢(r)]

�⇢(r)

����
⇢0(r)

= 0 , (19)

with ⇢0(r) the ground-state density. This goes beyond

the goals of the present analysis.
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Extensive discussion of the pros and cons of the macro-
scopic and microscopic methods has been given in several
papers (see, e.g., [18,22–25]). Although the general tendency
has been to prefer the microscopic approach, a fundamental
problem emerged also there. The nonrelativistic models,
mainly using the Skyrme interaction, systematically predicted
lower values of K0, around 210–250 MeV (see, e.g., [25–28]),
but the relativistic models yielded higher values (see, e.g.,
[29–35]). Reanalysis of experimental data available in 1989
using the leptodermous expansion was presented by Sharma
et al. [30,31] showed that the best fit was achieved for K0 ∼
(300 ± 25) MeV, thus supporting predictions of relativistic
models.

Currently a general consensus has developed to adopt a
lower value of K0, K0 = (240 ± 20) MeV (e.g., [36]) which has
been used as an initial condition/requirement in most models.
Skyrme effective interactions were constructed to reproduce
this ‘canonical’ value and attempts were made to reconcile [37]
and modify effective Lagrangians [38] in relativistic models
to comply with this adopted value.

These efforts however indicate the main weakness of
the microscopic approaches. The effective interactions have
a flexible form and too many variable parameters so that
modifications can be introduced which yield a desired result
but do not advance understanding of the underlying physics.
The most recent illustration of the problem can be found in
Ref. [39], where even the state-of-the-art HFB+QRPA cal-
culation did not succeed to reproduce GMR energies in Sn,
Cd, and Pb nuclei using the same Skyrme parametrization.
The dependence of the calculated value of K0 on the choice
of the microscopic model is obvious from examination of
Table I.

In parallel with K0, investigation of the isospin incompress-
ibility Kτ , which quantifies the contribution from the neutron-
proton difference to the incompressibility of a finite nucleus
KA, has been performed. We introduce here the term “isospin”
incompressibility to avoid confusion with the “symmetry”
incompressibility—the name sometimes used for the curvature
of the symmetry energy at saturation density Ksym. This
coefficient can be obtained in either the microscopic or the
empirical approach [22,23,35,40–42]. Its recent extraction
from empirical analysis of GMR data on Sn isotopes [43,44]
attracted a lot of attention as the value of Kτ was larger than
predicted by most of the microscopic models. Determination
of Kτ from experimental data on GMR is complicated by the
fact that, as with the volume and surface contributions to KA,
it also includes volume and surface terms and the latter cannot
be easily evaluated in microscopic models [22,23,40,41].

In this paper we survey existing data on GMR energies
in nuclei with A ! 56 and use them to set limits on K0 and
the isospin incompressibility coefficient Kτ , using the macro-
scopic approach in the scaling approximation and employing
a new method of analysis. In Sec. II we present the basic
expressions and the data selection for the analysis followed
by Sec. III containing the the main results. A schematic
theoretical model of the ratio of the volume and surface
contributions to KA is presented in Sec. IV. Microscopic
models are commented on in Sec. V. Discussion of results
and conclusions form Sec. VI.

II. THE BASICS

The incompressibility KA of a finite nucleus with mass A
is related to the energy of the GMR resonance EGMR of the
nucleus [18]

KA = (M/!2)
〈
r2〉E2

GMR, (1)

where M is the nucleon mass and r is rms matter radius of
the nucleus. KA can be expanded in terms of A−1/3 and the
asymmetry parameter β = (N − Z)/A as [18]

KA = Kvol + KsurfA
−1/3 + KcurvA

−2/3

+KCoulZ
2A−4/3 + Kτ β

2. (2)

Higher order terms in β can be safely neglected as their
contribution to KA is less then 1% [45]. Kvol, Ksurf , Kcurv, Kτ ,
and KCoul represent the volume, surface, curvature, isospin,
and Coulomb contributions to the incompressibility KA. The
coefficient Kτ consists of two components,

Kτ = Kτ,v + Kτ,sA
−1/3, (3)

where Kτ,v(Kτ,s) determine the volume (surface) isospin
incompressibility.

Assuming the expansion (2) theoretically justified, different
coefficients can be extracted from comparison with experi-
mental data. Care must be taken concerning the interpretation
of KA. The energy EGMR is understood as a mean energy
calculated from moments mk of a strength function [22]

mk =
∫

EkS(E)dE, (4)

where the strength function S(E) =
∑

n |⟨n|Ô|0⟩|2δ(E − En).
|0⟩ is the ground state of the nucleus and En is the energy
of a state n. The monopole excitation operator Ô is taken
as

∑A
i=1 r2

i . Various mean energies Ẽk are calculated from
moment ratios

Ẽk =
√

mk

mk−2
. (5)

If the strength function is distributed in a narrow energy
region, the mean energies Ẽk are close together and can be
interpreted as EGMR. In this case KA is determined in principle
unambiguously using Eq. (2) and Kvol in Eq. (2) is equal to
the incompressibility of infinite symmetric nuclear matter K0
at saturation density ρ0

K0 = 9ρ0
d2(E/A)

dρ2

∣∣∣∣
ρ=ρ0

, (6)

where E/A is the energy per particle. In a more realistic case
when the strength function is somewhat spread out, Eq. (1)
must be written as

KA(k) = (M/!2)
〈
r2〉E2

GMR(k), (7)

and the KA can be determined only within a certain region
of k.

A. Determination of EGMR

Blaizot [18] and Treiner et al. [22] studied two forms
of the expansion (2): the scaling model, based on the
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et al. [30,31] showed that the best fit was achieved for K0 ∼
(300 ± 25) MeV, thus supporting predictions of relativistic
models.

Currently a general consensus has developed to adopt a
lower value of K0, K0 = (240 ± 20) MeV (e.g., [36]) which has
been used as an initial condition/requirement in most models.
Skyrme effective interactions were constructed to reproduce
this ‘canonical’ value and attempts were made to reconcile [37]
and modify effective Lagrangians [38] in relativistic models
to comply with this adopted value.

These efforts however indicate the main weakness of
the microscopic approaches. The effective interactions have
a flexible form and too many variable parameters so that
modifications can be introduced which yield a desired result
but do not advance understanding of the underlying physics.
The most recent illustration of the problem can be found in
Ref. [39], where even the state-of-the-art HFB+QRPA cal-
culation did not succeed to reproduce GMR energies in Sn,
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predicted by most of the microscopic models. Determination
of Kτ from experimental data on GMR is complicated by the
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Assuming the expansion (2) theoretically justified, different
coefficients can be extracted from comparison with experi-
mental data. Care must be taken concerning the interpretation
of KA. The energy EGMR is understood as a mean energy
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If the strength function is distributed in a narrow energy
region, the mean energies Ẽk are close together and can be
interpreted as EGMR. In this case KA is determined in principle
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at saturation density ρ0

K0 = 9ρ0
d2(E/A)

dρ2

∣∣∣∣
ρ=ρ0

, (6)

where E/A is the energy per particle. In a more realistic case
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must be written as
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of the expansion (2): the scaling model, based on the
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method [18]. As a matter of fact, the extraction proce-
dure is not unambiguous in itself. Furthermore, while
originally applying it to a couple of doubly closed-shell
nuclei (208Pb and 92Zr) led to consistent values of K1,
the more recent use of open-shell nuclei produced con-
flicting results.

The goal is to extract the value of K1 associated with
�EFT-based interactions via ab initio calculations. In
EDF calculations, it has become customary to extract
K1 by computing directly the symmetric nuclear mat-
ter EOS, while checking that EGMR is well reproduced
in a selected set of finite nuclei on the basis of the same
EDF parameterization. Another approach, presently in
use, consists of extracting K1 from the leptodermous
expansion of the finite-nucleus compressibility modu-
lus computed microscopically [19]. While the former
approach typically carries smaller uncertainties, the lat-
ter bypasses the need to compute the infinite matter
EOS.

The second approach was recently employed to extract
K1 for NNLOsat [20] and NNLOopt [21] �EFT-based
Hamiltonians via symmetry-adapted no core shell model
(SA-NCSM) calculations of 4He, 16O, 20Ne and 40Ca [22].
The extracted result for NNLOsat (K1 = 297) was
shown to be consistent, within the rather large extrapo-
lation uncertainties, with the value (K1 = 253) based
on the computation of the EOS with the same Hamilto-
nian.

Following the same protocol but only relying on a set of
intrinsically-deformed nuclei, i.e. 24Mg, 28Si and 46Ti,
the compressibility modulus K1 associated with the
N3LO Hamiltonian under use [6] is presently estimated
based on PGCM and QRPA calculations.

8.1 Finite-nucleus compression modulus

The first step consists of accessing the finite-system
compression modulus given by [19]

KA ⌘ m

~2 h �0

0 |r2lab| �0

0 iE2
GMR , (32)

which thus requires the ground-state mean-square mat-
ter radius and the GMR energy as inputs. In finite,
especially light and deformed, nuclei the GMR strength
is not concentrated into a single peak. Consequently,
the choice of EGMR to be used in Eq. (32) is neither
unique nor obvious. Specific derivations support the use
of Ẽ1 or Ẽ3 whereas general arguments also motivate
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Fig. 7 Finite-nuclei compression modulus KA as a function of
A for PGCM and QFAM calculations. Di↵erent definitions of
the average GMR energy E GMR entering Eq. (32) are used,
see Eqs. (5) for the notation.

EGMR

QFAM PGCM
Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 18.48 21.19 17.19 17.72 20.23
28Si 18.88 20.91 18.04 18.45 20.60
46Ti 20.15 21.33 19.17 19.60 20.68

Table 10 Average GMR energies in MeV computed from
QFAM and PGCM calculations according to Eqs. (4).

the use of the centroid energy Ē1 [19]. In the following,
all three cases are tested17.

Based on the GMR energies provided in Tab. 10, the
set of KA values are given in Tab. 11 and displayed
in Fig. 7 as a function of A. The higher values of KA

in QRPA than in PGCM reflects the characteristics
of the GMR energies pointed out earlier on whenever
computing PGCM moments via the SOES approach as
presently done. The spread of KA values depending on
the definition of EGMR is the manifestation that Ẽ1

(Ẽ3) is more sensitive to the part of the strength located
at lower (higher) energies than Ē1. Eventually, KA can
typically vary by as much as 30% in 24Mg depending on
that choice. However, this variation quickly decreases
with A to reach 14% in 46Ti. Such a trend is encouraging
in view of extracting K1.

8.2 Extraction of K1

The method to extractK1 is based on the leptodermous
expansion of KA given by [19]

KA = Kvol +KsurfA
�1/3 +KCoulZ

2A�4/3 +Ksym�
2 ,

17Whenever a single mode exhausts the complete monopole
response, the three energies are the same and the choice is
thus straightforward.
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Extensive discussion of the pros and cons of the macro-
scopic and microscopic methods has been given in several
papers (see, e.g., [18,22–25]). Although the general tendency
has been to prefer the microscopic approach, a fundamental
problem emerged also there. The nonrelativistic models,
mainly using the Skyrme interaction, systematically predicted
lower values of K0, around 210–250 MeV (see, e.g., [25–28]),
but the relativistic models yielded higher values (see, e.g.,
[29–35]). Reanalysis of experimental data available in 1989
using the leptodermous expansion was presented by Sharma
et al. [30,31] showed that the best fit was achieved for K0 ∼
(300 ± 25) MeV, thus supporting predictions of relativistic
models.

Currently a general consensus has developed to adopt a
lower value of K0, K0 = (240 ± 20) MeV (e.g., [36]) which has
been used as an initial condition/requirement in most models.
Skyrme effective interactions were constructed to reproduce
this ‘canonical’ value and attempts were made to reconcile [37]
and modify effective Lagrangians [38] in relativistic models
to comply with this adopted value.

These efforts however indicate the main weakness of
the microscopic approaches. The effective interactions have
a flexible form and too many variable parameters so that
modifications can be introduced which yield a desired result
but do not advance understanding of the underlying physics.
The most recent illustration of the problem can be found in
Ref. [39], where even the state-of-the-art HFB+QRPA cal-
culation did not succeed to reproduce GMR energies in Sn,
Cd, and Pb nuclei using the same Skyrme parametrization.
The dependence of the calculated value of K0 on the choice
of the microscopic model is obvious from examination of
Table I.

In parallel with K0, investigation of the isospin incompress-
ibility Kτ , which quantifies the contribution from the neutron-
proton difference to the incompressibility of a finite nucleus
KA, has been performed. We introduce here the term “isospin”
incompressibility to avoid confusion with the “symmetry”
incompressibility—the name sometimes used for the curvature
of the symmetry energy at saturation density Ksym. This
coefficient can be obtained in either the microscopic or the
empirical approach [22,23,35,40–42]. Its recent extraction
from empirical analysis of GMR data on Sn isotopes [43,44]
attracted a lot of attention as the value of Kτ was larger than
predicted by most of the microscopic models. Determination
of Kτ from experimental data on GMR is complicated by the
fact that, as with the volume and surface contributions to KA,
it also includes volume and surface terms and the latter cannot
be easily evaluated in microscopic models [22,23,40,41].

In this paper we survey existing data on GMR energies
in nuclei with A ! 56 and use them to set limits on K0 and
the isospin incompressibility coefficient Kτ , using the macro-
scopic approach in the scaling approximation and employing
a new method of analysis. In Sec. II we present the basic
expressions and the data selection for the analysis followed
by Sec. III containing the the main results. A schematic
theoretical model of the ratio of the volume and surface
contributions to KA is presented in Sec. IV. Microscopic
models are commented on in Sec. V. Discussion of results
and conclusions form Sec. VI.

II. THE BASICS

The incompressibility KA of a finite nucleus with mass A
is related to the energy of the GMR resonance EGMR of the
nucleus [18]

KA = (M/!2)
〈
r2〉E2

GMR, (1)

where M is the nucleon mass and r is rms matter radius of
the nucleus. KA can be expanded in terms of A−1/3 and the
asymmetry parameter β = (N − Z)/A as [18]

KA = Kvol + KsurfA
−1/3 + KcurvA

−2/3

+KCoulZ
2A−4/3 + Kτ β

2. (2)

Higher order terms in β can be safely neglected as their
contribution to KA is less then 1% [45]. Kvol, Ksurf , Kcurv, Kτ ,
and KCoul represent the volume, surface, curvature, isospin,
and Coulomb contributions to the incompressibility KA. The
coefficient Kτ consists of two components,

Kτ = Kτ,v + Kτ,sA
−1/3, (3)

where Kτ,v(Kτ,s) determine the volume (surface) isospin
incompressibility.

Assuming the expansion (2) theoretically justified, different
coefficients can be extracted from comparison with experi-
mental data. Care must be taken concerning the interpretation
of KA. The energy EGMR is understood as a mean energy
calculated from moments mk of a strength function [22]

mk =
∫

EkS(E)dE, (4)

where the strength function S(E) =
∑

n |⟨n|Ô|0⟩|2δ(E − En).
|0⟩ is the ground state of the nucleus and En is the energy
of a state n. The monopole excitation operator Ô is taken
as

∑A
i=1 r2

i . Various mean energies Ẽk are calculated from
moment ratios

Ẽk =
√

mk

mk−2
. (5)

If the strength function is distributed in a narrow energy
region, the mean energies Ẽk are close together and can be
interpreted as EGMR. In this case KA is determined in principle
unambiguously using Eq. (2) and Kvol in Eq. (2) is equal to
the incompressibility of infinite symmetric nuclear matter K0
at saturation density ρ0

K0 = 9ρ0
d2(E/A)

dρ2

∣∣∣∣
ρ=ρ0

, (6)

where E/A is the energy per particle. In a more realistic case
when the strength function is somewhat spread out, Eq. (1)
must be written as

KA(k) = (M/!2)
〈
r2〉E2

GMR(k), (7)

and the KA can be determined only within a certain region
of k.

A. Determination of EGMR

Blaizot [18] and Treiner et al. [22] studied two forms
of the expansion (2): the scaling model, based on the
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method [18]. As a matter of fact, the extraction proce-
dure is not unambiguous in itself. Furthermore, while
originally applying it to a couple of doubly closed-shell
nuclei (208Pb and 92Zr) led to consistent values of K1,
the more recent use of open-shell nuclei produced con-
flicting results.

The goal is to extract the value of K1 associated with
�EFT-based interactions via ab initio calculations. In
EDF calculations, it has become customary to extract
K1 by computing directly the symmetric nuclear mat-
ter EOS, while checking that EGMR is well reproduced
in a selected set of finite nuclei on the basis of the same
EDF parameterization. Another approach, presently in
use, consists of extracting K1 from the leptodermous
expansion of the finite-nucleus compressibility modu-
lus computed microscopically [19]. While the former
approach typically carries smaller uncertainties, the lat-
ter bypasses the need to compute the infinite matter
EOS.

The second approach was recently employed to extract
K1 for NNLOsat [20] and NNLOopt [21] �EFT-based
Hamiltonians via symmetry-adapted no core shell model
(SA-NCSM) calculations of 4He, 16O, 20Ne and 40Ca [22].
The extracted result for NNLOsat (K1 = 297) was
shown to be consistent, within the rather large extrapo-
lation uncertainties, with the value (K1 = 253) based
on the computation of the EOS with the same Hamilto-
nian.

Following the same protocol but only relying on a set of
intrinsically-deformed nuclei, i.e. 24Mg, 28Si and 46Ti,
the compressibility modulus K1 associated with the
N3LO Hamiltonian under use [6] is presently estimated
based on PGCM and QRPA calculations.

8.1 Finite-nucleus compression modulus

The first step consists of accessing the finite-system
compression modulus given by [19]

KA ⌘ m

~2 h �0

0 |r2lab| �0

0 iE2
GMR , (32)

which thus requires the ground-state mean-square mat-
ter radius and the GMR energy as inputs. In finite,
especially light and deformed, nuclei the GMR strength
is not concentrated into a single peak. Consequently,
the choice of EGMR to be used in Eq. (32) is neither
unique nor obvious. Specific derivations support the use
of Ẽ1 or Ẽ3 whereas general arguments also motivate
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Fig. 7 Finite-nuclei compression modulus KA as a function of
A for PGCM and QFAM calculations. Di↵erent definitions of
the average GMR energy E GMR entering Eq. (32) are used,
see Eqs. (5) for the notation.

EGMR

QFAM PGCM
Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 18.48 21.19 17.19 17.72 20.23
28Si 18.88 20.91 18.04 18.45 20.60
46Ti 20.15 21.33 19.17 19.60 20.68

Table 10 Average GMR energies in MeV computed from
QFAM and PGCM calculations according to Eqs. (4).

the use of the centroid energy Ē1 [19]. In the following,
all three cases are tested17.

Based on the GMR energies provided in Tab. 10, the
set of KA values are given in Tab. 11 and displayed
in Fig. 7 as a function of A. The higher values of KA

in QRPA than in PGCM reflects the characteristics
of the GMR energies pointed out earlier on whenever
computing PGCM moments via the SOES approach as
presently done. The spread of KA values depending on
the definition of EGMR is the manifestation that Ẽ1

(Ẽ3) is more sensitive to the part of the strength located
at lower (higher) energies than Ē1. Eventually, KA can
typically vary by as much as 30% in 24Mg depending on
that choice. However, this variation quickly decreases
with A to reach 14% in 46Ti. Such a trend is encouraging
in view of extracting K1.

8.2 Extraction of K1

The method to extractK1 is based on the leptodermous
expansion of KA given by [19]

KA = Kvol +KsurfA
�1/3 +KCoulZ

2A�4/3 +Ksym�
2 ,

17Whenever a single mode exhausts the complete monopole
response, the three energies are the same and the choice is
thus straightforward.
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KA
QFAM PGCM

Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 74.0 97.3 64.6 68.7 89.5
28Si 83.0 101.8 76.2 79.7 99.4
46Ti 118.2 132.4 107.5 112.5 125.1

Table 11 Finite-nucleus compression modulus KA computed
from QFAM and PGCM calculations. Values are categorised
according to the definition of the GMR energy (see Eqs. (4))
employed to compute KA via Eq. (32).

(33)

where Kvol, Ksurf, KCoul and Ksym are the volume, sur-
face, Coulomb and symmetry contributions to the com-
pression modulus, respectively. The parameter � char-
acterizes the isospin asymmetry

� ⌘ N � Z

N + Z
, (34)

where N (Z) denotes the neutron (proton) number.
Equation (33) is fitted based on the values of KA given
in Tab. 11 and Kvol is interpreted as the infinite nuclear
matter incompressibility K1. Given that the Coulomb
and symmetry terms do not significantly impact the
asymptotic behaviour of KA for very large A [22], K1
can be obtained via a simple linear fit in the variable
x ⌘ A�1/3

KA = K1 +Ksurf x . (35)

While the linear fits are displayed in Fig. 8, the corre-
sponding values of K1 and Ksurf are reported in Tab. 12
along with the uncertainties associated with the fit. The
extracted incompressibility is K1 ⇡ 290. While QRPA
central values are a few MeV higher than PGCM ones,
they only di↵er by about 3.3% and 4.2% when using
EGMR ⌘ Ē1 and EGMR ⌘ Ẽ3, respectively. Eventually,
QRPA and PGCM values are consistent within extrap-
olation uncertainties, which are significantly larger for
QRPA than for PGCM results18.

Interestingly, while the hierarchy KA(Ẽ1) < KA(Ē1) <
KA(Ẽ3) is systematically valid for all computed nuclei
with A  46, the trends are such that the extrapolation
to very large A values leads to K1 being the smallest
for EGMR ⌘ Ẽ3. Eventually, the nuclear matter incom-
pressibility varies by 6.6% (7.5%) for QRPA (PGCM)
between the two extreme values obtained for Ẽ3 and
Ē1. This confirms the trend observed above for KA as
a function of A.

In Fig. 8, the shaded gray area accounts for the generally
accepted range 250 < K1 < 315 MeV [24]. All values

18The tiny extrapolation uncertainty of the PGCM results
might be accidental, i.e. it may simply reflect the small number
of points employed in the fit rather than a genuine behavior
following strictly the A

�1/3 law of Eq. (35). The exercise
needs to be repeated in the future with a significantly larger
number of points.
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method [18]. As a matter of fact, the extraction proce-
dure is not unambiguous in itself. Furthermore, while
originally applying it to a couple of doubly closed-shell
nuclei (208Pb and 92Zr) led to consistent values of K1,
the more recent use of open-shell nuclei produced con-
flicting results.

The goal is to extract the value of K1 associated with
�EFT-based interactions via ab initio calculations. In
EDF calculations, it has become customary to extract
K1 by computing directly the symmetric nuclear mat-
ter EOS, while checking that EGMR is well reproduced
in a selected set of finite nuclei on the basis of the same
EDF parameterization. Another approach, presently in
use, consists of extracting K1 from the leptodermous
expansion of the finite-nucleus compressibility modu-
lus computed microscopically [19]. While the former
approach typically carries smaller uncertainties, the lat-
ter bypasses the need to compute the infinite matter
EOS.

The second approach was recently employed to extract
K1 for NNLOsat [20] and NNLOopt [21] �EFT-based
Hamiltonians via symmetry-adapted no core shell model
(SA-NCSM) calculations of 4He, 16O, 20Ne and 40Ca [22].
The extracted result for NNLOsat (K1 = 297) was
shown to be consistent, within the rather large extrapo-
lation uncertainties, with the value (K1 = 253) based
on the computation of the EOS with the same Hamilto-
nian.

Following the same protocol but only relying on a set of
intrinsically-deformed nuclei, i.e. 24Mg, 28Si and 46Ti,
the compressibility modulus K1 associated with the
N3LO Hamiltonian under use [6] is presently estimated
based on PGCM and QRPA calculations.

8.1 Finite-nucleus compression modulus

The first step consists of accessing the finite-system
compression modulus given by [19]

KA ⌘ m

~2 h �0

0 |r2lab| �0

0 iE2
GMR , (32)

which thus requires the ground-state mean-square mat-
ter radius and the GMR energy as inputs. In finite,
especially light and deformed, nuclei the GMR strength
is not concentrated into a single peak. Consequently,
the choice of EGMR to be used in Eq. (32) is neither
unique nor obvious. Specific derivations support the use
of Ẽ1 or Ẽ3 whereas general arguments also motivate
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Fig. 7 Finite-nuclei compression modulus KA as a function of
A for PGCM and QFAM calculations. Di↵erent definitions of
the average GMR energy E GMR entering Eq. (32) are used,
see Eqs. (5) for the notation.

EGMR

QFAM PGCM
Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 18.48 21.19 17.19 17.72 20.23
28Si 18.88 20.91 18.04 18.45 20.60
46Ti 20.15 21.33 19.17 19.60 20.68

Table 10 Average GMR energies in MeV computed from
QFAM and PGCM calculations according to Eqs. (4).

the use of the centroid energy Ē1 [19]. In the following,
all three cases are tested17.

Based on the GMR energies provided in Tab. 10, the
set of KA values are given in Tab. 11 and displayed
in Fig. 7 as a function of A. The higher values of KA

in QRPA than in PGCM reflects the characteristics
of the GMR energies pointed out earlier on whenever
computing PGCM moments via the SOES approach as
presently done. The spread of KA values depending on
the definition of EGMR is the manifestation that Ẽ1

(Ẽ3) is more sensitive to the part of the strength located
at lower (higher) energies than Ē1. Eventually, KA can
typically vary by as much as 30% in 24Mg depending on
that choice. However, this variation quickly decreases
with A to reach 14% in 46Ti. Such a trend is encouraging
in view of extracting K1.

8.2 Extraction of K1

The method to extractK1 is based on the leptodermous
expansion of KA given by [19]

KA = Kvol +KsurfA
�1/3 +KCoulZ

2A�4/3 +Ksym�
2 ,

17Whenever a single mode exhausts the complete monopole
response, the three energies are the same and the choice is
thus straightforward.
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Extensive discussion of the pros and cons of the macro-
scopic and microscopic methods has been given in several
papers (see, e.g., [18,22–25]). Although the general tendency
has been to prefer the microscopic approach, a fundamental
problem emerged also there. The nonrelativistic models,
mainly using the Skyrme interaction, systematically predicted
lower values of K0, around 210–250 MeV (see, e.g., [25–28]),
but the relativistic models yielded higher values (see, e.g.,
[29–35]). Reanalysis of experimental data available in 1989
using the leptodermous expansion was presented by Sharma
et al. [30,31] showed that the best fit was achieved for K0 ∼
(300 ± 25) MeV, thus supporting predictions of relativistic
models.

Currently a general consensus has developed to adopt a
lower value of K0, K0 = (240 ± 20) MeV (e.g., [36]) which has
been used as an initial condition/requirement in most models.
Skyrme effective interactions were constructed to reproduce
this ‘canonical’ value and attempts were made to reconcile [37]
and modify effective Lagrangians [38] in relativistic models
to comply with this adopted value.

These efforts however indicate the main weakness of
the microscopic approaches. The effective interactions have
a flexible form and too many variable parameters so that
modifications can be introduced which yield a desired result
but do not advance understanding of the underlying physics.
The most recent illustration of the problem can be found in
Ref. [39], where even the state-of-the-art HFB+QRPA cal-
culation did not succeed to reproduce GMR energies in Sn,
Cd, and Pb nuclei using the same Skyrme parametrization.
The dependence of the calculated value of K0 on the choice
of the microscopic model is obvious from examination of
Table I.

In parallel with K0, investigation of the isospin incompress-
ibility Kτ , which quantifies the contribution from the neutron-
proton difference to the incompressibility of a finite nucleus
KA, has been performed. We introduce here the term “isospin”
incompressibility to avoid confusion with the “symmetry”
incompressibility—the name sometimes used for the curvature
of the symmetry energy at saturation density Ksym. This
coefficient can be obtained in either the microscopic or the
empirical approach [22,23,35,40–42]. Its recent extraction
from empirical analysis of GMR data on Sn isotopes [43,44]
attracted a lot of attention as the value of Kτ was larger than
predicted by most of the microscopic models. Determination
of Kτ from experimental data on GMR is complicated by the
fact that, as with the volume and surface contributions to KA,
it also includes volume and surface terms and the latter cannot
be easily evaluated in microscopic models [22,23,40,41].

In this paper we survey existing data on GMR energies
in nuclei with A ! 56 and use them to set limits on K0 and
the isospin incompressibility coefficient Kτ , using the macro-
scopic approach in the scaling approximation and employing
a new method of analysis. In Sec. II we present the basic
expressions and the data selection for the analysis followed
by Sec. III containing the the main results. A schematic
theoretical model of the ratio of the volume and surface
contributions to KA is presented in Sec. IV. Microscopic
models are commented on in Sec. V. Discussion of results
and conclusions form Sec. VI.

II. THE BASICS

The incompressibility KA of a finite nucleus with mass A
is related to the energy of the GMR resonance EGMR of the
nucleus [18]

KA = (M/!2)
〈
r2〉E2

GMR, (1)

where M is the nucleon mass and r is rms matter radius of
the nucleus. KA can be expanded in terms of A−1/3 and the
asymmetry parameter β = (N − Z)/A as [18]

KA = Kvol + KsurfA
−1/3 + KcurvA

−2/3

+KCoulZ
2A−4/3 + Kτ β

2. (2)

Higher order terms in β can be safely neglected as their
contribution to KA is less then 1% [45]. Kvol, Ksurf , Kcurv, Kτ ,
and KCoul represent the volume, surface, curvature, isospin,
and Coulomb contributions to the incompressibility KA. The
coefficient Kτ consists of two components,

Kτ = Kτ,v + Kτ,sA
−1/3, (3)

where Kτ,v(Kτ,s) determine the volume (surface) isospin
incompressibility.

Assuming the expansion (2) theoretically justified, different
coefficients can be extracted from comparison with experi-
mental data. Care must be taken concerning the interpretation
of KA. The energy EGMR is understood as a mean energy
calculated from moments mk of a strength function [22]

mk =
∫

EkS(E)dE, (4)

where the strength function S(E) =
∑

n |⟨n|Ô|0⟩|2δ(E − En).
|0⟩ is the ground state of the nucleus and En is the energy
of a state n. The monopole excitation operator Ô is taken
as

∑A
i=1 r2

i . Various mean energies Ẽk are calculated from
moment ratios

Ẽk =
√

mk

mk−2
. (5)

If the strength function is distributed in a narrow energy
region, the mean energies Ẽk are close together and can be
interpreted as EGMR. In this case KA is determined in principle
unambiguously using Eq. (2) and Kvol in Eq. (2) is equal to
the incompressibility of infinite symmetric nuclear matter K0
at saturation density ρ0

K0 = 9ρ0
d2(E/A)

dρ2

∣∣∣∣
ρ=ρ0

, (6)

where E/A is the energy per particle. In a more realistic case
when the strength function is somewhat spread out, Eq. (1)
must be written as

KA(k) = (M/!2)
〈
r2〉E2

GMR(k), (7)

and the KA can be determined only within a certain region
of k.

A. Determination of EGMR

Blaizot [18] and Treiner et al. [22] studied two forms
of the expansion (2): the scaling model, based on the
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method [18]. As a matter of fact, the extraction proce-
dure is not unambiguous in itself. Furthermore, while
originally applying it to a couple of doubly closed-shell
nuclei (208Pb and 92Zr) led to consistent values of K1,
the more recent use of open-shell nuclei produced con-
flicting results.

The goal is to extract the value of K1 associated with
�EFT-based interactions via ab initio calculations. In
EDF calculations, it has become customary to extract
K1 by computing directly the symmetric nuclear mat-
ter EOS, while checking that EGMR is well reproduced
in a selected set of finite nuclei on the basis of the same
EDF parameterization. Another approach, presently in
use, consists of extracting K1 from the leptodermous
expansion of the finite-nucleus compressibility modu-
lus computed microscopically [19]. While the former
approach typically carries smaller uncertainties, the lat-
ter bypasses the need to compute the infinite matter
EOS.

The second approach was recently employed to extract
K1 for NNLOsat [20] and NNLOopt [21] �EFT-based
Hamiltonians via symmetry-adapted no core shell model
(SA-NCSM) calculations of 4He, 16O, 20Ne and 40Ca [22].
The extracted result for NNLOsat (K1 = 297) was
shown to be consistent, within the rather large extrapo-
lation uncertainties, with the value (K1 = 253) based
on the computation of the EOS with the same Hamilto-
nian.

Following the same protocol but only relying on a set of
intrinsically-deformed nuclei, i.e. 24Mg, 28Si and 46Ti,
the compressibility modulus K1 associated with the
N3LO Hamiltonian under use [6] is presently estimated
based on PGCM and QRPA calculations.

8.1 Finite-nucleus compression modulus

The first step consists of accessing the finite-system
compression modulus given by [19]

KA ⌘ m

~2 h �0

0 |r2lab| �0

0 iE2
GMR , (32)

which thus requires the ground-state mean-square mat-
ter radius and the GMR energy as inputs. In finite,
especially light and deformed, nuclei the GMR strength
is not concentrated into a single peak. Consequently,
the choice of EGMR to be used in Eq. (32) is neither
unique nor obvious. Specific derivations support the use
of Ẽ1 or Ẽ3 whereas general arguments also motivate
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A for PGCM and QFAM calculations. Di↵erent definitions of
the average GMR energy E GMR entering Eq. (32) are used,
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EGMR

QFAM PGCM
Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 18.48 21.19 17.19 17.72 20.23
28Si 18.88 20.91 18.04 18.45 20.60
46Ti 20.15 21.33 19.17 19.60 20.68

Table 10 Average GMR energies in MeV computed from
QFAM and PGCM calculations according to Eqs. (4).

the use of the centroid energy Ē1 [19]. In the following,
all three cases are tested17.

Based on the GMR energies provided in Tab. 10, the
set of KA values are given in Tab. 11 and displayed
in Fig. 7 as a function of A. The higher values of KA

in QRPA than in PGCM reflects the characteristics
of the GMR energies pointed out earlier on whenever
computing PGCM moments via the SOES approach as
presently done. The spread of KA values depending on
the definition of EGMR is the manifestation that Ẽ1

(Ẽ3) is more sensitive to the part of the strength located
at lower (higher) energies than Ē1. Eventually, KA can
typically vary by as much as 30% in 24Mg depending on
that choice. However, this variation quickly decreases
with A to reach 14% in 46Ti. Such a trend is encouraging
in view of extracting K1.

8.2 Extraction of K1

The method to extractK1 is based on the leptodermous
expansion of KA given by [19]

KA = Kvol +KsurfA
�1/3 +KCoulZ

2A�4/3 +Ksym�
2 ,

17Whenever a single mode exhausts the complete monopole
response, the three energies are the same and the choice is
thus straightforward.
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QFAM PGCM

Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 74.0 97.3 64.6 68.7 89.5
28Si 83.0 101.8 76.2 79.7 99.4
46Ti 118.2 132.4 107.5 112.5 125.1

Table 11 Finite-nucleus compression modulus KA computed
from QFAM and PGCM calculations. Values are categorised
according to the definition of the GMR energy (see Eqs. (4))
employed to compute KA via Eq. (32).

(33)

where Kvol, Ksurf, KCoul and Ksym are the volume, sur-
face, Coulomb and symmetry contributions to the com-
pression modulus, respectively. The parameter � char-
acterizes the isospin asymmetry

� ⌘ N � Z

N + Z
, (34)

where N (Z) denotes the neutron (proton) number.
Equation (33) is fitted based on the values of KA given
in Tab. 11 and Kvol is interpreted as the infinite nuclear
matter incompressibility K1. Given that the Coulomb
and symmetry terms do not significantly impact the
asymptotic behaviour of KA for very large A [22], K1
can be obtained via a simple linear fit in the variable
x ⌘ A�1/3

KA = K1 +Ksurf x . (35)

While the linear fits are displayed in Fig. 8, the corre-
sponding values of K1 and Ksurf are reported in Tab. 12
along with the uncertainties associated with the fit. The
extracted incompressibility is K1 ⇡ 290. While QRPA
central values are a few MeV higher than PGCM ones,
they only di↵er by about 3.3% and 4.2% when using
EGMR ⌘ Ē1 and EGMR ⌘ Ẽ3, respectively. Eventually,
QRPA and PGCM values are consistent within extrap-
olation uncertainties, which are significantly larger for
QRPA than for PGCM results18.

Interestingly, while the hierarchy KA(Ẽ1) < KA(Ē1) <
KA(Ẽ3) is systematically valid for all computed nuclei
with A  46, the trends are such that the extrapolation
to very large A values leads to K1 being the smallest
for EGMR ⌘ Ẽ3. Eventually, the nuclear matter incom-
pressibility varies by 6.6% (7.5%) for QRPA (PGCM)
between the two extreme values obtained for Ẽ3 and
Ē1. This confirms the trend observed above for KA as
a function of A.

In Fig. 8, the shaded gray area accounts for the generally
accepted range 250 < K1 < 315 MeV [24]. All values

18The tiny extrapolation uncertainty of the PGCM results
might be accidental, i.e. it may simply reflect the small number
of points employed in the fit rather than a genuine behavior
following strictly the A

�1/3 law of Eq. (35). The exercise
needs to be repeated in the future with a significantly larger
number of points.
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pression modulus, respectively. The parameter � char-
acterizes the isospin asymmetry
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where N (Z) denotes the neutron (proton) number.
Equation (33) is fitted based on the values of KA given
in Tab. 11 and Kvol is interpreted as the infinite nuclear
matter incompressibility K1. Given that the Coulomb
and symmetry terms do not significantly impact the
asymptotic behaviour of KA for very large A [22], K1
can be obtained via a simple linear fit in the variable
x ⌘ A�1/3

KA = K1 +Ksurf x . (35)

While the linear fits are displayed in Fig. 8, the corre-
sponding values of K1 and Ksurf are reported in Tab. 12
along with the uncertainties associated with the fit. The
extracted incompressibility is K1 ⇡ 290. While QRPA
central values are a few MeV higher than PGCM ones,
they only di↵er by about 3.3% and 4.2% when using
EGMR ⌘ Ē1 and EGMR ⌘ Ẽ3, respectively. Eventually,
QRPA and PGCM values are consistent within extrap-
olation uncertainties, which are significantly larger for
QRPA than for PGCM results18.

Interestingly, while the hierarchy KA(Ẽ1) < KA(Ē1) <
KA(Ẽ3) is systematically valid for all computed nuclei
with A  46, the trends are such that the extrapolation
to very large A values leads to K1 being the smallest
for EGMR ⌘ Ẽ3. Eventually, the nuclear matter incom-
pressibility varies by 6.6% (7.5%) for QRPA (PGCM)
between the two extreme values obtained for Ẽ3 and
Ē1. This confirms the trend observed above for KA as
a function of A.

In Fig. 8, the shaded gray area accounts for the generally
accepted range 250 < K1 < 315 MeV [24]. All values

18The tiny extrapolation uncertainty of the PGCM results
might be accidental, i.e. it may simply reflect the small number
of points employed in the fit rather than a genuine behavior
following strictly the A

�1/3 law of Eq. (35). The exercise
needs to be repeated in the future with a significantly larger
number of points.
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method [18]. As a matter of fact, the extraction proce-
dure is not unambiguous in itself. Furthermore, while
originally applying it to a couple of doubly closed-shell
nuclei (208Pb and 92Zr) led to consistent values of K1,
the more recent use of open-shell nuclei produced con-
flicting results.

The goal is to extract the value of K1 associated with
�EFT-based interactions via ab initio calculations. In
EDF calculations, it has become customary to extract
K1 by computing directly the symmetric nuclear mat-
ter EOS, while checking that EGMR is well reproduced
in a selected set of finite nuclei on the basis of the same
EDF parameterization. Another approach, presently in
use, consists of extracting K1 from the leptodermous
expansion of the finite-nucleus compressibility modu-
lus computed microscopically [19]. While the former
approach typically carries smaller uncertainties, the lat-
ter bypasses the need to compute the infinite matter
EOS.

The second approach was recently employed to extract
K1 for NNLOsat [20] and NNLOopt [21] �EFT-based
Hamiltonians via symmetry-adapted no core shell model
(SA-NCSM) calculations of 4He, 16O, 20Ne and 40Ca [22].
The extracted result for NNLOsat (K1 = 297) was
shown to be consistent, within the rather large extrapo-
lation uncertainties, with the value (K1 = 253) based
on the computation of the EOS with the same Hamilto-
nian.

Following the same protocol but only relying on a set of
intrinsically-deformed nuclei, i.e. 24Mg, 28Si and 46Ti,
the compressibility modulus K1 associated with the
N3LO Hamiltonian under use [6] is presently estimated
based on PGCM and QRPA calculations.

8.1 Finite-nucleus compression modulus

The first step consists of accessing the finite-system
compression modulus given by [19]

KA ⌘ m

~2 h �0

0 |r2lab| �0

0 iE2
GMR , (32)

which thus requires the ground-state mean-square mat-
ter radius and the GMR energy as inputs. In finite,
especially light and deformed, nuclei the GMR strength
is not concentrated into a single peak. Consequently,
the choice of EGMR to be used in Eq. (32) is neither
unique nor obvious. Specific derivations support the use
of Ẽ1 or Ẽ3 whereas general arguments also motivate
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A for PGCM and QFAM calculations. Di↵erent definitions of
the average GMR energy E GMR entering Eq. (32) are used,
see Eqs. (5) for the notation.

EGMR

QFAM PGCM
Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 18.48 21.19 17.19 17.72 20.23
28Si 18.88 20.91 18.04 18.45 20.60
46Ti 20.15 21.33 19.17 19.60 20.68

Table 10 Average GMR energies in MeV computed from
QFAM and PGCM calculations according to Eqs. (4).

the use of the centroid energy Ē1 [19]. In the following,
all three cases are tested17.

Based on the GMR energies provided in Tab. 10, the
set of KA values are given in Tab. 11 and displayed
in Fig. 7 as a function of A. The higher values of KA

in QRPA than in PGCM reflects the characteristics
of the GMR energies pointed out earlier on whenever
computing PGCM moments via the SOES approach as
presently done. The spread of KA values depending on
the definition of EGMR is the manifestation that Ẽ1

(Ẽ3) is more sensitive to the part of the strength located
at lower (higher) energies than Ē1. Eventually, KA can
typically vary by as much as 30% in 24Mg depending on
that choice. However, this variation quickly decreases
with A to reach 14% in 46Ti. Such a trend is encouraging
in view of extracting K1.

8.2 Extraction of K1

The method to extractK1 is based on the leptodermous
expansion of KA given by [19]

KA = Kvol +KsurfA
�1/3 +KCoulZ

2A�4/3 +Ksym�
2 ,

17Whenever a single mode exhausts the complete monopole
response, the three energies are the same and the choice is
thus straightforward.
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Extensive discussion of the pros and cons of the macro-
scopic and microscopic methods has been given in several
papers (see, e.g., [18,22–25]). Although the general tendency
has been to prefer the microscopic approach, a fundamental
problem emerged also there. The nonrelativistic models,
mainly using the Skyrme interaction, systematically predicted
lower values of K0, around 210–250 MeV (see, e.g., [25–28]),
but the relativistic models yielded higher values (see, e.g.,
[29–35]). Reanalysis of experimental data available in 1989
using the leptodermous expansion was presented by Sharma
et al. [30,31] showed that the best fit was achieved for K0 ∼
(300 ± 25) MeV, thus supporting predictions of relativistic
models.

Currently a general consensus has developed to adopt a
lower value of K0, K0 = (240 ± 20) MeV (e.g., [36]) which has
been used as an initial condition/requirement in most models.
Skyrme effective interactions were constructed to reproduce
this ‘canonical’ value and attempts were made to reconcile [37]
and modify effective Lagrangians [38] in relativistic models
to comply with this adopted value.

These efforts however indicate the main weakness of
the microscopic approaches. The effective interactions have
a flexible form and too many variable parameters so that
modifications can be introduced which yield a desired result
but do not advance understanding of the underlying physics.
The most recent illustration of the problem can be found in
Ref. [39], where even the state-of-the-art HFB+QRPA cal-
culation did not succeed to reproduce GMR energies in Sn,
Cd, and Pb nuclei using the same Skyrme parametrization.
The dependence of the calculated value of K0 on the choice
of the microscopic model is obvious from examination of
Table I.

In parallel with K0, investigation of the isospin incompress-
ibility Kτ , which quantifies the contribution from the neutron-
proton difference to the incompressibility of a finite nucleus
KA, has been performed. We introduce here the term “isospin”
incompressibility to avoid confusion with the “symmetry”
incompressibility—the name sometimes used for the curvature
of the symmetry energy at saturation density Ksym. This
coefficient can be obtained in either the microscopic or the
empirical approach [22,23,35,40–42]. Its recent extraction
from empirical analysis of GMR data on Sn isotopes [43,44]
attracted a lot of attention as the value of Kτ was larger than
predicted by most of the microscopic models. Determination
of Kτ from experimental data on GMR is complicated by the
fact that, as with the volume and surface contributions to KA,
it also includes volume and surface terms and the latter cannot
be easily evaluated in microscopic models [22,23,40,41].

In this paper we survey existing data on GMR energies
in nuclei with A ! 56 and use them to set limits on K0 and
the isospin incompressibility coefficient Kτ , using the macro-
scopic approach in the scaling approximation and employing
a new method of analysis. In Sec. II we present the basic
expressions and the data selection for the analysis followed
by Sec. III containing the the main results. A schematic
theoretical model of the ratio of the volume and surface
contributions to KA is presented in Sec. IV. Microscopic
models are commented on in Sec. V. Discussion of results
and conclusions form Sec. VI.

II. THE BASICS

The incompressibility KA of a finite nucleus with mass A
is related to the energy of the GMR resonance EGMR of the
nucleus [18]

KA = (M/!2)
〈
r2〉E2

GMR, (1)

where M is the nucleon mass and r is rms matter radius of
the nucleus. KA can be expanded in terms of A−1/3 and the
asymmetry parameter β = (N − Z)/A as [18]

KA = Kvol + KsurfA
−1/3 + KcurvA

−2/3

+KCoulZ
2A−4/3 + Kτ β

2. (2)

Higher order terms in β can be safely neglected as their
contribution to KA is less then 1% [45]. Kvol, Ksurf , Kcurv, Kτ ,
and KCoul represent the volume, surface, curvature, isospin,
and Coulomb contributions to the incompressibility KA. The
coefficient Kτ consists of two components,

Kτ = Kτ,v + Kτ,sA
−1/3, (3)

where Kτ,v(Kτ,s) determine the volume (surface) isospin
incompressibility.

Assuming the expansion (2) theoretically justified, different
coefficients can be extracted from comparison with experi-
mental data. Care must be taken concerning the interpretation
of KA. The energy EGMR is understood as a mean energy
calculated from moments mk of a strength function [22]

mk =
∫

EkS(E)dE, (4)

where the strength function S(E) =
∑

n |⟨n|Ô|0⟩|2δ(E − En).
|0⟩ is the ground state of the nucleus and En is the energy
of a state n. The monopole excitation operator Ô is taken
as

∑A
i=1 r2

i . Various mean energies Ẽk are calculated from
moment ratios

Ẽk =
√

mk

mk−2
. (5)

If the strength function is distributed in a narrow energy
region, the mean energies Ẽk are close together and can be
interpreted as EGMR. In this case KA is determined in principle
unambiguously using Eq. (2) and Kvol in Eq. (2) is equal to
the incompressibility of infinite symmetric nuclear matter K0
at saturation density ρ0

K0 = 9ρ0
d2(E/A)

dρ2

∣∣∣∣
ρ=ρ0

, (6)

where E/A is the energy per particle. In a more realistic case
when the strength function is somewhat spread out, Eq. (1)
must be written as

KA(k) = (M/!2)
〈
r2〉E2

GMR(k), (7)

and the KA can be determined only within a certain region
of k.

A. Determination of EGMR

Blaizot [18] and Treiner et al. [22] studied two forms
of the expansion (2): the scaling model, based on the
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method [18]. As a matter of fact, the extraction proce-
dure is not unambiguous in itself. Furthermore, while
originally applying it to a couple of doubly closed-shell
nuclei (208Pb and 92Zr) led to consistent values of K1,
the more recent use of open-shell nuclei produced con-
flicting results.

The goal is to extract the value of K1 associated with
�EFT-based interactions via ab initio calculations. In
EDF calculations, it has become customary to extract
K1 by computing directly the symmetric nuclear mat-
ter EOS, while checking that EGMR is well reproduced
in a selected set of finite nuclei on the basis of the same
EDF parameterization. Another approach, presently in
use, consists of extracting K1 from the leptodermous
expansion of the finite-nucleus compressibility modu-
lus computed microscopically [19]. While the former
approach typically carries smaller uncertainties, the lat-
ter bypasses the need to compute the infinite matter
EOS.

The second approach was recently employed to extract
K1 for NNLOsat [20] and NNLOopt [21] �EFT-based
Hamiltonians via symmetry-adapted no core shell model
(SA-NCSM) calculations of 4He, 16O, 20Ne and 40Ca [22].
The extracted result for NNLOsat (K1 = 297) was
shown to be consistent, within the rather large extrapo-
lation uncertainties, with the value (K1 = 253) based
on the computation of the EOS with the same Hamilto-
nian.

Following the same protocol but only relying on a set of
intrinsically-deformed nuclei, i.e. 24Mg, 28Si and 46Ti,
the compressibility modulus K1 associated with the
N3LO Hamiltonian under use [6] is presently estimated
based on PGCM and QRPA calculations.

8.1 Finite-nucleus compression modulus

The first step consists of accessing the finite-system
compression modulus given by [19]

KA ⌘ m

~2 h �0

0 |r2lab| �0

0 iE2
GMR , (32)

which thus requires the ground-state mean-square mat-
ter radius and the GMR energy as inputs. In finite,
especially light and deformed, nuclei the GMR strength
is not concentrated into a single peak. Consequently,
the choice of EGMR to be used in Eq. (32) is neither
unique nor obvious. Specific derivations support the use
of Ẽ1 or Ẽ3 whereas general arguments also motivate
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Ẽ3 Ẽ1
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A for PGCM and QFAM calculations. Di↵erent definitions of
the average GMR energy E GMR entering Eq. (32) are used,
see Eqs. (5) for the notation.

EGMR

QFAM PGCM
Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 18.48 21.19 17.19 17.72 20.23
28Si 18.88 20.91 18.04 18.45 20.60
46Ti 20.15 21.33 19.17 19.60 20.68

Table 10 Average GMR energies in MeV computed from
QFAM and PGCM calculations according to Eqs. (4).

the use of the centroid energy Ē1 [19]. In the following,
all three cases are tested17.

Based on the GMR energies provided in Tab. 10, the
set of KA values are given in Tab. 11 and displayed
in Fig. 7 as a function of A. The higher values of KA

in QRPA than in PGCM reflects the characteristics
of the GMR energies pointed out earlier on whenever
computing PGCM moments via the SOES approach as
presently done. The spread of KA values depending on
the definition of EGMR is the manifestation that Ẽ1

(Ẽ3) is more sensitive to the part of the strength located
at lower (higher) energies than Ē1. Eventually, KA can
typically vary by as much as 30% in 24Mg depending on
that choice. However, this variation quickly decreases
with A to reach 14% in 46Ti. Such a trend is encouraging
in view of extracting K1.

8.2 Extraction of K1

The method to extractK1 is based on the leptodermous
expansion of KA given by [19]

KA = Kvol +KsurfA
�1/3 +KCoulZ

2A�4/3 +Ksym�
2 ,

17Whenever a single mode exhausts the complete monopole
response, the three energies are the same and the choice is
thus straightforward.
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(see, e.g., Chap. 3 of Ref. [23]). The shaded gray area represents the empirically accepted range 250 < K1 < 315 MeV [24].

KA
QFAM PGCM

Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 74.0 97.3 64.6 68.7 89.5
28Si 83.0 101.8 76.2 79.7 99.4
46Ti 118.2 132.4 107.5 112.5 125.1

Table 11 Finite-nucleus compression modulus KA computed
from QFAM and PGCM calculations. Values are categorised
according to the definition of the GMR energy (see Eqs. (4))
employed to compute KA via Eq. (32).

(33)

where Kvol, Ksurf, KCoul and Ksym are the volume, sur-
face, Coulomb and symmetry contributions to the com-
pression modulus, respectively. The parameter � char-
acterizes the isospin asymmetry

� ⌘ N � Z

N + Z
, (34)

where N (Z) denotes the neutron (proton) number.
Equation (33) is fitted based on the values of KA given
in Tab. 11 and Kvol is interpreted as the infinite nuclear
matter incompressibility K1. Given that the Coulomb
and symmetry terms do not significantly impact the
asymptotic behaviour of KA for very large A [22], K1
can be obtained via a simple linear fit in the variable
x ⌘ A�1/3

KA = K1 +Ksurf x . (35)

While the linear fits are displayed in Fig. 8, the corre-
sponding values of K1 and Ksurf are reported in Tab. 12
along with the uncertainties associated with the fit. The
extracted incompressibility is K1 ⇡ 290. While QRPA
central values are a few MeV higher than PGCM ones,
they only di↵er by about 3.3% and 4.2% when using
EGMR ⌘ Ē1 and EGMR ⌘ Ẽ3, respectively. Eventually,
QRPA and PGCM values are consistent within extrap-
olation uncertainties, which are significantly larger for
QRPA than for PGCM results18.

Interestingly, while the hierarchy KA(Ẽ1) < KA(Ē1) <
KA(Ẽ3) is systematically valid for all computed nuclei
with A  46, the trends are such that the extrapolation
to very large A values leads to K1 being the smallest
for EGMR ⌘ Ẽ3. Eventually, the nuclear matter incom-
pressibility varies by 6.6% (7.5%) for QRPA (PGCM)
between the two extreme values obtained for Ẽ3 and
Ē1. This confirms the trend observed above for KA as
a function of A.

In Fig. 8, the shaded gray area accounts for the generally
accepted range 250 < K1 < 315 MeV [24]. All values

18The tiny extrapolation uncertainty of the PGCM results
might be accidental, i.e. it may simply reflect the small number
of points employed in the fit rather than a genuine behavior
following strictly the A

�1/3 law of Eq. (35). The exercise
needs to be repeated in the future with a significantly larger
number of points.
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face, Coulomb and symmetry contributions to the com-
pression modulus, respectively. The parameter � char-
acterizes the isospin asymmetry
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where N (Z) denotes the neutron (proton) number.
Equation (33) is fitted based on the values of KA given
in Tab. 11 and Kvol is interpreted as the infinite nuclear
matter incompressibility K1. Given that the Coulomb
and symmetry terms do not significantly impact the
asymptotic behaviour of KA for very large A [22], K1
can be obtained via a simple linear fit in the variable
x ⌘ A�1/3

KA = K1 +Ksurf x . (35)

While the linear fits are displayed in Fig. 8, the corre-
sponding values of K1 and Ksurf are reported in Tab. 12
along with the uncertainties associated with the fit. The
extracted incompressibility is K1 ⇡ 290. While QRPA
central values are a few MeV higher than PGCM ones,
they only di↵er by about 3.3% and 4.2% when using
EGMR ⌘ Ē1 and EGMR ⌘ Ẽ3, respectively. Eventually,
QRPA and PGCM values are consistent within extrap-
olation uncertainties, which are significantly larger for
QRPA than for PGCM results18.

Interestingly, while the hierarchy KA(Ẽ1) < KA(Ē1) <
KA(Ẽ3) is systematically valid for all computed nuclei
with A  46, the trends are such that the extrapolation
to very large A values leads to K1 being the smallest
for EGMR ⌘ Ẽ3. Eventually, the nuclear matter incom-
pressibility varies by 6.6% (7.5%) for QRPA (PGCM)
between the two extreme values obtained for Ẽ3 and
Ē1. This confirms the trend observed above for KA as
a function of A.

In Fig. 8, the shaded gray area accounts for the generally
accepted range 250 < K1 < 315 MeV [24]. All values

18The tiny extrapolation uncertainty of the PGCM results
might be accidental, i.e. it may simply reflect the small number
of points employed in the fit rather than a genuine behavior
following strictly the A

�1/3 law of Eq. (35). The exercise
needs to be repeated in the future with a significantly larger
number of points.
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method [18]. As a matter of fact, the extraction proce-
dure is not unambiguous in itself. Furthermore, while
originally applying it to a couple of doubly closed-shell
nuclei (208Pb and 92Zr) led to consistent values of K1,
the more recent use of open-shell nuclei produced con-
flicting results.

The goal is to extract the value of K1 associated with
�EFT-based interactions via ab initio calculations. In
EDF calculations, it has become customary to extract
K1 by computing directly the symmetric nuclear mat-
ter EOS, while checking that EGMR is well reproduced
in a selected set of finite nuclei on the basis of the same
EDF parameterization. Another approach, presently in
use, consists of extracting K1 from the leptodermous
expansion of the finite-nucleus compressibility modu-
lus computed microscopically [19]. While the former
approach typically carries smaller uncertainties, the lat-
ter bypasses the need to compute the infinite matter
EOS.

The second approach was recently employed to extract
K1 for NNLOsat [20] and NNLOopt [21] �EFT-based
Hamiltonians via symmetry-adapted no core shell model
(SA-NCSM) calculations of 4He, 16O, 20Ne and 40Ca [22].
The extracted result for NNLOsat (K1 = 297) was
shown to be consistent, within the rather large extrapo-
lation uncertainties, with the value (K1 = 253) based
on the computation of the EOS with the same Hamilto-
nian.

Following the same protocol but only relying on a set of
intrinsically-deformed nuclei, i.e. 24Mg, 28Si and 46Ti,
the compressibility modulus K1 associated with the
N3LO Hamiltonian under use [6] is presently estimated
based on PGCM and QRPA calculations.

8.1 Finite-nucleus compression modulus

The first step consists of accessing the finite-system
compression modulus given by [19]

KA ⌘ m

~2 h �0

0 |r2lab| �0

0 iE2
GMR , (32)

which thus requires the ground-state mean-square mat-
ter radius and the GMR energy as inputs. In finite,
especially light and deformed, nuclei the GMR strength
is not concentrated into a single peak. Consequently,
the choice of EGMR to be used in Eq. (32) is neither
unique nor obvious. Specific derivations support the use
of Ẽ1 or Ẽ3 whereas general arguments also motivate
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Fig. 7 Finite-nuclei compression modulus KA as a function of
A for PGCM and QFAM calculations. Di↵erent definitions of
the average GMR energy E GMR entering Eq. (32) are used,
see Eqs. (5) for the notation.

EGMR

QFAM PGCM
Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 18.48 21.19 17.19 17.72 20.23
28Si 18.88 20.91 18.04 18.45 20.60
46Ti 20.15 21.33 19.17 19.60 20.68

Table 10 Average GMR energies in MeV computed from
QFAM and PGCM calculations according to Eqs. (4).

the use of the centroid energy Ē1 [19]. In the following,
all three cases are tested17.

Based on the GMR energies provided in Tab. 10, the
set of KA values are given in Tab. 11 and displayed
in Fig. 7 as a function of A. The higher values of KA

in QRPA than in PGCM reflects the characteristics
of the GMR energies pointed out earlier on whenever
computing PGCM moments via the SOES approach as
presently done. The spread of KA values depending on
the definition of EGMR is the manifestation that Ẽ1

(Ẽ3) is more sensitive to the part of the strength located
at lower (higher) energies than Ē1. Eventually, KA can
typically vary by as much as 30% in 24Mg depending on
that choice. However, this variation quickly decreases
with A to reach 14% in 46Ti. Such a trend is encouraging
in view of extracting K1.

8.2 Extraction of K1

The method to extractK1 is based on the leptodermous
expansion of KA given by [19]

KA = Kvol +KsurfA
�1/3 +KCoulZ

2A�4/3 +Ksym�
2 ,

17Whenever a single mode exhausts the complete monopole
response, the three energies are the same and the choice is
thus straightforward.

Doubly-closed-shell N=Z nuclei
16O, 40Ca, 56Ni, 100Sn

Leptodermous expansion

Neglect Coulomb

[Ekström et al, PRC 91(5), 051301, 2015]

[Jiang et al, PRC 102(5), 054301, 2020]
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Extensive discussion of the pros and cons of the macro-
scopic and microscopic methods has been given in several
papers (see, e.g., [18,22–25]). Although the general tendency
has been to prefer the microscopic approach, a fundamental
problem emerged also there. The nonrelativistic models,
mainly using the Skyrme interaction, systematically predicted
lower values of K0, around 210–250 MeV (see, e.g., [25–28]),
but the relativistic models yielded higher values (see, e.g.,
[29–35]). Reanalysis of experimental data available in 1989
using the leptodermous expansion was presented by Sharma
et al. [30,31] showed that the best fit was achieved for K0 ∼
(300 ± 25) MeV, thus supporting predictions of relativistic
models.

Currently a general consensus has developed to adopt a
lower value of K0, K0 = (240 ± 20) MeV (e.g., [36]) which has
been used as an initial condition/requirement in most models.
Skyrme effective interactions were constructed to reproduce
this ‘canonical’ value and attempts were made to reconcile [37]
and modify effective Lagrangians [38] in relativistic models
to comply with this adopted value.

These efforts however indicate the main weakness of
the microscopic approaches. The effective interactions have
a flexible form and too many variable parameters so that
modifications can be introduced which yield a desired result
but do not advance understanding of the underlying physics.
The most recent illustration of the problem can be found in
Ref. [39], where even the state-of-the-art HFB+QRPA cal-
culation did not succeed to reproduce GMR energies in Sn,
Cd, and Pb nuclei using the same Skyrme parametrization.
The dependence of the calculated value of K0 on the choice
of the microscopic model is obvious from examination of
Table I.

In parallel with K0, investigation of the isospin incompress-
ibility Kτ , which quantifies the contribution from the neutron-
proton difference to the incompressibility of a finite nucleus
KA, has been performed. We introduce here the term “isospin”
incompressibility to avoid confusion with the “symmetry”
incompressibility—the name sometimes used for the curvature
of the symmetry energy at saturation density Ksym. This
coefficient can be obtained in either the microscopic or the
empirical approach [22,23,35,40–42]. Its recent extraction
from empirical analysis of GMR data on Sn isotopes [43,44]
attracted a lot of attention as the value of Kτ was larger than
predicted by most of the microscopic models. Determination
of Kτ from experimental data on GMR is complicated by the
fact that, as with the volume and surface contributions to KA,
it also includes volume and surface terms and the latter cannot
be easily evaluated in microscopic models [22,23,40,41].

In this paper we survey existing data on GMR energies
in nuclei with A ! 56 and use them to set limits on K0 and
the isospin incompressibility coefficient Kτ , using the macro-
scopic approach in the scaling approximation and employing
a new method of analysis. In Sec. II we present the basic
expressions and the data selection for the analysis followed
by Sec. III containing the the main results. A schematic
theoretical model of the ratio of the volume and surface
contributions to KA is presented in Sec. IV. Microscopic
models are commented on in Sec. V. Discussion of results
and conclusions form Sec. VI.

II. THE BASICS

The incompressibility KA of a finite nucleus with mass A
is related to the energy of the GMR resonance EGMR of the
nucleus [18]

KA = (M/!2)
〈
r2〉E2

GMR, (1)

where M is the nucleon mass and r is rms matter radius of
the nucleus. KA can be expanded in terms of A−1/3 and the
asymmetry parameter β = (N − Z)/A as [18]

KA = Kvol + KsurfA
−1/3 + KcurvA

−2/3

+KCoulZ
2A−4/3 + Kτ β

2. (2)

Higher order terms in β can be safely neglected as their
contribution to KA is less then 1% [45]. Kvol, Ksurf , Kcurv, Kτ ,
and KCoul represent the volume, surface, curvature, isospin,
and Coulomb contributions to the incompressibility KA. The
coefficient Kτ consists of two components,

Kτ = Kτ,v + Kτ,sA
−1/3, (3)

where Kτ,v(Kτ,s) determine the volume (surface) isospin
incompressibility.

Assuming the expansion (2) theoretically justified, different
coefficients can be extracted from comparison with experi-
mental data. Care must be taken concerning the interpretation
of KA. The energy EGMR is understood as a mean energy
calculated from moments mk of a strength function [22]

mk =
∫

EkS(E)dE, (4)

where the strength function S(E) =
∑

n |⟨n|Ô|0⟩|2δ(E − En).
|0⟩ is the ground state of the nucleus and En is the energy
of a state n. The monopole excitation operator Ô is taken
as

∑A
i=1 r2

i . Various mean energies Ẽk are calculated from
moment ratios

Ẽk =
√

mk

mk−2
. (5)

If the strength function is distributed in a narrow energy
region, the mean energies Ẽk are close together and can be
interpreted as EGMR. In this case KA is determined in principle
unambiguously using Eq. (2) and Kvol in Eq. (2) is equal to
the incompressibility of infinite symmetric nuclear matter K0
at saturation density ρ0

K0 = 9ρ0
d2(E/A)

dρ2

∣∣∣∣
ρ=ρ0

, (6)

where E/A is the energy per particle. In a more realistic case
when the strength function is somewhat spread out, Eq. (1)
must be written as

KA(k) = (M/!2)
〈
r2〉E2

GMR(k), (7)

and the KA can be determined only within a certain region
of k.

A. Determination of EGMR

Blaizot [18] and Treiner et al. [22] studied two forms
of the expansion (2): the scaling model, based on the
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method [18]. As a matter of fact, the extraction proce-
dure is not unambiguous in itself. Furthermore, while
originally applying it to a couple of doubly closed-shell
nuclei (208Pb and 92Zr) led to consistent values of K1,
the more recent use of open-shell nuclei produced con-
flicting results.

The goal is to extract the value of K1 associated with
�EFT-based interactions via ab initio calculations. In
EDF calculations, it has become customary to extract
K1 by computing directly the symmetric nuclear mat-
ter EOS, while checking that EGMR is well reproduced
in a selected set of finite nuclei on the basis of the same
EDF parameterization. Another approach, presently in
use, consists of extracting K1 from the leptodermous
expansion of the finite-nucleus compressibility modu-
lus computed microscopically [19]. While the former
approach typically carries smaller uncertainties, the lat-
ter bypasses the need to compute the infinite matter
EOS.

The second approach was recently employed to extract
K1 for NNLOsat [20] and NNLOopt [21] �EFT-based
Hamiltonians via symmetry-adapted no core shell model
(SA-NCSM) calculations of 4He, 16O, 20Ne and 40Ca [22].
The extracted result for NNLOsat (K1 = 297) was
shown to be consistent, within the rather large extrapo-
lation uncertainties, with the value (K1 = 253) based
on the computation of the EOS with the same Hamilto-
nian.

Following the same protocol but only relying on a set of
intrinsically-deformed nuclei, i.e. 24Mg, 28Si and 46Ti,
the compressibility modulus K1 associated with the
N3LO Hamiltonian under use [6] is presently estimated
based on PGCM and QRPA calculations.

8.1 Finite-nucleus compression modulus

The first step consists of accessing the finite-system
compression modulus given by [19]

KA ⌘ m

~2 h �0

0 |r2lab| �0

0 iE2
GMR , (32)

which thus requires the ground-state mean-square mat-
ter radius and the GMR energy as inputs. In finite,
especially light and deformed, nuclei the GMR strength
is not concentrated into a single peak. Consequently,
the choice of EGMR to be used in Eq. (32) is neither
unique nor obvious. Specific derivations support the use
of Ẽ1 or Ẽ3 whereas general arguments also motivate
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Fig. 7 Finite-nuclei compression modulus KA as a function of
A for PGCM and QFAM calculations. Di↵erent definitions of
the average GMR energy E GMR entering Eq. (32) are used,
see Eqs. (5) for the notation.

EGMR

QFAM PGCM
Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 18.48 21.19 17.19 17.72 20.23
28Si 18.88 20.91 18.04 18.45 20.60
46Ti 20.15 21.33 19.17 19.60 20.68

Table 10 Average GMR energies in MeV computed from
QFAM and PGCM calculations according to Eqs. (4).

the use of the centroid energy Ē1 [19]. In the following,
all three cases are tested17.

Based on the GMR energies provided in Tab. 10, the
set of KA values are given in Tab. 11 and displayed
in Fig. 7 as a function of A. The higher values of KA

in QRPA than in PGCM reflects the characteristics
of the GMR energies pointed out earlier on whenever
computing PGCM moments via the SOES approach as
presently done. The spread of KA values depending on
the definition of EGMR is the manifestation that Ẽ1

(Ẽ3) is more sensitive to the part of the strength located
at lower (higher) energies than Ē1. Eventually, KA can
typically vary by as much as 30% in 24Mg depending on
that choice. However, this variation quickly decreases
with A to reach 14% in 46Ti. Such a trend is encouraging
in view of extracting K1.

8.2 Extraction of K1

The method to extractK1 is based on the leptodermous
expansion of KA given by [19]

KA = Kvol +KsurfA
�1/3 +KCoulZ

2A�4/3 +Ksym�
2 ,

17Whenever a single mode exhausts the complete monopole
response, the three energies are the same and the choice is
thus straightforward.
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(see, e.g., Chap. 3 of Ref. [23]). The shaded gray area represents the empirically accepted range 250 < K1 < 315 MeV [24].

KA
QFAM PGCM

Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 74.0 97.3 64.6 68.7 89.5
28Si 83.0 101.8 76.2 79.7 99.4
46Ti 118.2 132.4 107.5 112.5 125.1

Table 11 Finite-nucleus compression modulus KA computed
from QFAM and PGCM calculations. Values are categorised
according to the definition of the GMR energy (see Eqs. (4))
employed to compute KA via Eq. (32).

(33)

where Kvol, Ksurf, KCoul and Ksym are the volume, sur-
face, Coulomb and symmetry contributions to the com-
pression modulus, respectively. The parameter � char-
acterizes the isospin asymmetry

� ⌘ N � Z

N + Z
, (34)

where N (Z) denotes the neutron (proton) number.
Equation (33) is fitted based on the values of KA given
in Tab. 11 and Kvol is interpreted as the infinite nuclear
matter incompressibility K1. Given that the Coulomb
and symmetry terms do not significantly impact the
asymptotic behaviour of KA for very large A [22], K1
can be obtained via a simple linear fit in the variable
x ⌘ A�1/3

KA = K1 +Ksurf x . (35)

While the linear fits are displayed in Fig. 8, the corre-
sponding values of K1 and Ksurf are reported in Tab. 12
along with the uncertainties associated with the fit. The
extracted incompressibility is K1 ⇡ 290. While QRPA
central values are a few MeV higher than PGCM ones,
they only di↵er by about 3.3% and 4.2% when using
EGMR ⌘ Ē1 and EGMR ⌘ Ẽ3, respectively. Eventually,
QRPA and PGCM values are consistent within extrap-
olation uncertainties, which are significantly larger for
QRPA than for PGCM results18.

Interestingly, while the hierarchy KA(Ẽ1) < KA(Ē1) <
KA(Ẽ3) is systematically valid for all computed nuclei
with A  46, the trends are such that the extrapolation
to very large A values leads to K1 being the smallest
for EGMR ⌘ Ẽ3. Eventually, the nuclear matter incom-
pressibility varies by 6.6% (7.5%) for QRPA (PGCM)
between the two extreme values obtained for Ẽ3 and
Ē1. This confirms the trend observed above for KA as
a function of A.

In Fig. 8, the shaded gray area accounts for the generally
accepted range 250 < K1 < 315 MeV [24]. All values

18The tiny extrapolation uncertainty of the PGCM results
might be accidental, i.e. it may simply reflect the small number
of points employed in the fit rather than a genuine behavior
following strictly the A

�1/3 law of Eq. (35). The exercise
needs to be repeated in the future with a significantly larger
number of points.
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Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 74.0 97.3 64.6 68.7 89.5
28Si 83.0 101.8 76.2 79.7 99.4
46Ti 118.2 132.4 107.5 112.5 125.1

Table 11 Finite-nucleus compression modulus KA computed
from QFAM and PGCM calculations. Values are categorised
according to the definition of the GMR energy (see Eqs. (4))
employed to compute KA via Eq. (32).

(33)

where Kvol, Ksurf, KCoul and Ksym are the volume, sur-
face, Coulomb and symmetry contributions to the com-
pression modulus, respectively. The parameter � char-
acterizes the isospin asymmetry

� ⌘ N � Z

N + Z
, (34)

where N (Z) denotes the neutron (proton) number.
Equation (33) is fitted based on the values of KA given
in Tab. 11 and Kvol is interpreted as the infinite nuclear
matter incompressibility K1. Given that the Coulomb
and symmetry terms do not significantly impact the
asymptotic behaviour of KA for very large A [22], K1
can be obtained via a simple linear fit in the variable
x ⌘ A�1/3

KA = K1 +Ksurf x . (35)

While the linear fits are displayed in Fig. 8, the corre-
sponding values of K1 and Ksurf are reported in Tab. 12
along with the uncertainties associated with the fit. The
extracted incompressibility is K1 ⇡ 290. While QRPA
central values are a few MeV higher than PGCM ones,
they only di↵er by about 3.3% and 4.2% when using
EGMR ⌘ Ē1 and EGMR ⌘ Ẽ3, respectively. Eventually,
QRPA and PGCM values are consistent within extrap-
olation uncertainties, which are significantly larger for
QRPA than for PGCM results18.

Interestingly, while the hierarchy KA(Ẽ1) < KA(Ē1) <
KA(Ẽ3) is systematically valid for all computed nuclei
with A  46, the trends are such that the extrapolation
to very large A values leads to K1 being the smallest
for EGMR ⌘ Ẽ3. Eventually, the nuclear matter incom-
pressibility varies by 6.6% (7.5%) for QRPA (PGCM)
between the two extreme values obtained for Ẽ3 and
Ē1. This confirms the trend observed above for KA as
a function of A.

In Fig. 8, the shaded gray area accounts for the generally
accepted range 250 < K1 < 315 MeV [24]. All values

18The tiny extrapolation uncertainty of the PGCM results
might be accidental, i.e. it may simply reflect the small number
of points employed in the fit rather than a genuine behavior
following strictly the A

�1/3 law of Eq. (35). The exercise
needs to be repeated in the future with a significantly larger
number of points.
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method [18]. As a matter of fact, the extraction proce-
dure is not unambiguous in itself. Furthermore, while
originally applying it to a couple of doubly closed-shell
nuclei (208Pb and 92Zr) led to consistent values of K1,
the more recent use of open-shell nuclei produced con-
flicting results.

The goal is to extract the value of K1 associated with
�EFT-based interactions via ab initio calculations. In
EDF calculations, it has become customary to extract
K1 by computing directly the symmetric nuclear mat-
ter EOS, while checking that EGMR is well reproduced
in a selected set of finite nuclei on the basis of the same
EDF parameterization. Another approach, presently in
use, consists of extracting K1 from the leptodermous
expansion of the finite-nucleus compressibility modu-
lus computed microscopically [19]. While the former
approach typically carries smaller uncertainties, the lat-
ter bypasses the need to compute the infinite matter
EOS.

The second approach was recently employed to extract
K1 for NNLOsat [20] and NNLOopt [21] �EFT-based
Hamiltonians via symmetry-adapted no core shell model
(SA-NCSM) calculations of 4He, 16O, 20Ne and 40Ca [22].
The extracted result for NNLOsat (K1 = 297) was
shown to be consistent, within the rather large extrapo-
lation uncertainties, with the value (K1 = 253) based
on the computation of the EOS with the same Hamilto-
nian.

Following the same protocol but only relying on a set of
intrinsically-deformed nuclei, i.e. 24Mg, 28Si and 46Ti,
the compressibility modulus K1 associated with the
N3LO Hamiltonian under use [6] is presently estimated
based on PGCM and QRPA calculations.

8.1 Finite-nucleus compression modulus

The first step consists of accessing the finite-system
compression modulus given by [19]

KA ⌘ m

~2 h �0

0 |r2lab| �0

0 iE2
GMR , (32)

which thus requires the ground-state mean-square mat-
ter radius and the GMR energy as inputs. In finite,
especially light and deformed, nuclei the GMR strength
is not concentrated into a single peak. Consequently,
the choice of EGMR to be used in Eq. (32) is neither
unique nor obvious. Specific derivations support the use
of Ẽ1 or Ẽ3 whereas general arguments also motivate
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Fig. 7 Finite-nuclei compression modulus KA as a function of
A for PGCM and QFAM calculations. Di↵erent definitions of
the average GMR energy E GMR entering Eq. (32) are used,
see Eqs. (5) for the notation.

EGMR

QFAM PGCM
Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 18.48 21.19 17.19 17.72 20.23
28Si 18.88 20.91 18.04 18.45 20.60
46Ti 20.15 21.33 19.17 19.60 20.68

Table 10 Average GMR energies in MeV computed from
QFAM and PGCM calculations according to Eqs. (4).

the use of the centroid energy Ē1 [19]. In the following,
all three cases are tested17.

Based on the GMR energies provided in Tab. 10, the
set of KA values are given in Tab. 11 and displayed
in Fig. 7 as a function of A. The higher values of KA

in QRPA than in PGCM reflects the characteristics
of the GMR energies pointed out earlier on whenever
computing PGCM moments via the SOES approach as
presently done. The spread of KA values depending on
the definition of EGMR is the manifestation that Ẽ1

(Ẽ3) is more sensitive to the part of the strength located
at lower (higher) energies than Ē1. Eventually, KA can
typically vary by as much as 30% in 24Mg depending on
that choice. However, this variation quickly decreases
with A to reach 14% in 46Ti. Such a trend is encouraging
in view of extracting K1.

8.2 Extraction of K1

The method to extractK1 is based on the leptodermous
expansion of KA given by [19]

KA = Kvol +KsurfA
�1/3 +KCoulZ

2A�4/3 +Ksym�
2 ,

17Whenever a single mode exhausts the complete monopole
response, the three energies are the same and the choice is
thus straightforward.

Doubly-closed-shell N=Z nuclei
16O, 40Ca, 56Ni, 100Sn

Leptodermous expansion

Neglect Coulomb

Model space uncertainty

[Ekström et al, PRC 91(5), 051301, 2015]

[Jiang et al, PRC 102(5), 054301, 2020]



16Extrapolation to infinite matter

INCOMPRESSIBILITY IN FINITE NUCLEI AND . . . PHYSICAL REVIEW C 89, 044316 (2014)

Extensive discussion of the pros and cons of the macro-
scopic and microscopic methods has been given in several
papers (see, e.g., [18,22–25]). Although the general tendency
has been to prefer the microscopic approach, a fundamental
problem emerged also there. The nonrelativistic models,
mainly using the Skyrme interaction, systematically predicted
lower values of K0, around 210–250 MeV (see, e.g., [25–28]),
but the relativistic models yielded higher values (see, e.g.,
[29–35]). Reanalysis of experimental data available in 1989
using the leptodermous expansion was presented by Sharma
et al. [30,31] showed that the best fit was achieved for K0 ∼
(300 ± 25) MeV, thus supporting predictions of relativistic
models.

Currently a general consensus has developed to adopt a
lower value of K0, K0 = (240 ± 20) MeV (e.g., [36]) which has
been used as an initial condition/requirement in most models.
Skyrme effective interactions were constructed to reproduce
this ‘canonical’ value and attempts were made to reconcile [37]
and modify effective Lagrangians [38] in relativistic models
to comply with this adopted value.

These efforts however indicate the main weakness of
the microscopic approaches. The effective interactions have
a flexible form and too many variable parameters so that
modifications can be introduced which yield a desired result
but do not advance understanding of the underlying physics.
The most recent illustration of the problem can be found in
Ref. [39], where even the state-of-the-art HFB+QRPA cal-
culation did not succeed to reproduce GMR energies in Sn,
Cd, and Pb nuclei using the same Skyrme parametrization.
The dependence of the calculated value of K0 on the choice
of the microscopic model is obvious from examination of
Table I.

In parallel with K0, investigation of the isospin incompress-
ibility Kτ , which quantifies the contribution from the neutron-
proton difference to the incompressibility of a finite nucleus
KA, has been performed. We introduce here the term “isospin”
incompressibility to avoid confusion with the “symmetry”
incompressibility—the name sometimes used for the curvature
of the symmetry energy at saturation density Ksym. This
coefficient can be obtained in either the microscopic or the
empirical approach [22,23,35,40–42]. Its recent extraction
from empirical analysis of GMR data on Sn isotopes [43,44]
attracted a lot of attention as the value of Kτ was larger than
predicted by most of the microscopic models. Determination
of Kτ from experimental data on GMR is complicated by the
fact that, as with the volume and surface contributions to KA,
it also includes volume and surface terms and the latter cannot
be easily evaluated in microscopic models [22,23,40,41].

In this paper we survey existing data on GMR energies
in nuclei with A ! 56 and use them to set limits on K0 and
the isospin incompressibility coefficient Kτ , using the macro-
scopic approach in the scaling approximation and employing
a new method of analysis. In Sec. II we present the basic
expressions and the data selection for the analysis followed
by Sec. III containing the the main results. A schematic
theoretical model of the ratio of the volume and surface
contributions to KA is presented in Sec. IV. Microscopic
models are commented on in Sec. V. Discussion of results
and conclusions form Sec. VI.

II. THE BASICS

The incompressibility KA of a finite nucleus with mass A
is related to the energy of the GMR resonance EGMR of the
nucleus [18]

KA = (M/!2)
〈
r2〉E2

GMR, (1)

where M is the nucleon mass and r is rms matter radius of
the nucleus. KA can be expanded in terms of A−1/3 and the
asymmetry parameter β = (N − Z)/A as [18]

KA = Kvol + KsurfA
−1/3 + KcurvA

−2/3

+KCoulZ
2A−4/3 + Kτ β

2. (2)

Higher order terms in β can be safely neglected as their
contribution to KA is less then 1% [45]. Kvol, Ksurf , Kcurv, Kτ ,
and KCoul represent the volume, surface, curvature, isospin,
and Coulomb contributions to the incompressibility KA. The
coefficient Kτ consists of two components,

Kτ = Kτ,v + Kτ,sA
−1/3, (3)

where Kτ,v(Kτ,s) determine the volume (surface) isospin
incompressibility.

Assuming the expansion (2) theoretically justified, different
coefficients can be extracted from comparison with experi-
mental data. Care must be taken concerning the interpretation
of KA. The energy EGMR is understood as a mean energy
calculated from moments mk of a strength function [22]

mk =
∫

EkS(E)dE, (4)

where the strength function S(E) =
∑

n |⟨n|Ô|0⟩|2δ(E − En).
|0⟩ is the ground state of the nucleus and En is the energy
of a state n. The monopole excitation operator Ô is taken
as

∑A
i=1 r2

i . Various mean energies Ẽk are calculated from
moment ratios

Ẽk =
√

mk

mk−2
. (5)

If the strength function is distributed in a narrow energy
region, the mean energies Ẽk are close together and can be
interpreted as EGMR. In this case KA is determined in principle
unambiguously using Eq. (2) and Kvol in Eq. (2) is equal to
the incompressibility of infinite symmetric nuclear matter K0
at saturation density ρ0

K0 = 9ρ0
d2(E/A)

dρ2

∣∣∣∣
ρ=ρ0

, (6)

where E/A is the energy per particle. In a more realistic case
when the strength function is somewhat spread out, Eq. (1)
must be written as

KA(k) = (M/!2)
〈
r2〉E2

GMR(k), (7)

and the KA can be determined only within a certain region
of k.

A. Determination of EGMR

Blaizot [18] and Treiner et al. [22] studied two forms
of the expansion (2): the scaling model, based on the
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method [18]. As a matter of fact, the extraction proce-
dure is not unambiguous in itself. Furthermore, while
originally applying it to a couple of doubly closed-shell
nuclei (208Pb and 92Zr) led to consistent values of K1,
the more recent use of open-shell nuclei produced con-
flicting results.

The goal is to extract the value of K1 associated with
�EFT-based interactions via ab initio calculations. In
EDF calculations, it has become customary to extract
K1 by computing directly the symmetric nuclear mat-
ter EOS, while checking that EGMR is well reproduced
in a selected set of finite nuclei on the basis of the same
EDF parameterization. Another approach, presently in
use, consists of extracting K1 from the leptodermous
expansion of the finite-nucleus compressibility modu-
lus computed microscopically [19]. While the former
approach typically carries smaller uncertainties, the lat-
ter bypasses the need to compute the infinite matter
EOS.

The second approach was recently employed to extract
K1 for NNLOsat [20] and NNLOopt [21] �EFT-based
Hamiltonians via symmetry-adapted no core shell model
(SA-NCSM) calculations of 4He, 16O, 20Ne and 40Ca [22].
The extracted result for NNLOsat (K1 = 297) was
shown to be consistent, within the rather large extrapo-
lation uncertainties, with the value (K1 = 253) based
on the computation of the EOS with the same Hamilto-
nian.

Following the same protocol but only relying on a set of
intrinsically-deformed nuclei, i.e. 24Mg, 28Si and 46Ti,
the compressibility modulus K1 associated with the
N3LO Hamiltonian under use [6] is presently estimated
based on PGCM and QRPA calculations.

8.1 Finite-nucleus compression modulus

The first step consists of accessing the finite-system
compression modulus given by [19]

KA ⌘ m

~2 h �0

0 |r2lab| �0

0 iE2
GMR , (32)

which thus requires the ground-state mean-square mat-
ter radius and the GMR energy as inputs. In finite,
especially light and deformed, nuclei the GMR strength
is not concentrated into a single peak. Consequently,
the choice of EGMR to be used in Eq. (32) is neither
unique nor obvious. Specific derivations support the use
of Ẽ1 or Ẽ3 whereas general arguments also motivate
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Ē1

24 4628

A

QFAM

Ẽ3
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Fig. 7 Finite-nuclei compression modulus KA as a function of
A for PGCM and QFAM calculations. Di↵erent definitions of
the average GMR energy E GMR entering Eq. (32) are used,
see Eqs. (5) for the notation.

EGMR

QFAM PGCM
Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 18.48 21.19 17.19 17.72 20.23
28Si 18.88 20.91 18.04 18.45 20.60
46Ti 20.15 21.33 19.17 19.60 20.68

Table 10 Average GMR energies in MeV computed from
QFAM and PGCM calculations according to Eqs. (4).

the use of the centroid energy Ē1 [19]. In the following,
all three cases are tested17.

Based on the GMR energies provided in Tab. 10, the
set of KA values are given in Tab. 11 and displayed
in Fig. 7 as a function of A. The higher values of KA

in QRPA than in PGCM reflects the characteristics
of the GMR energies pointed out earlier on whenever
computing PGCM moments via the SOES approach as
presently done. The spread of KA values depending on
the definition of EGMR is the manifestation that Ẽ1

(Ẽ3) is more sensitive to the part of the strength located
at lower (higher) energies than Ē1. Eventually, KA can
typically vary by as much as 30% in 24Mg depending on
that choice. However, this variation quickly decreases
with A to reach 14% in 46Ti. Such a trend is encouraging
in view of extracting K1.

8.2 Extraction of K1

The method to extractK1 is based on the leptodermous
expansion of KA given by [19]

KA = Kvol +KsurfA
�1/3 +KCoulZ

2A�4/3 +Ksym�
2 ,

17Whenever a single mode exhausts the complete monopole
response, the three energies are the same and the choice is
thus straightforward.
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(see, e.g., Chap. 3 of Ref. [23]). The shaded gray area represents the empirically accepted range 250 < K1 < 315 MeV [24].

KA
QFAM PGCM

Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 74.0 97.3 64.6 68.7 89.5
28Si 83.0 101.8 76.2 79.7 99.4
46Ti 118.2 132.4 107.5 112.5 125.1

Table 11 Finite-nucleus compression modulus KA computed
from QFAM and PGCM calculations. Values are categorised
according to the definition of the GMR energy (see Eqs. (4))
employed to compute KA via Eq. (32).

(33)

where Kvol, Ksurf, KCoul and Ksym are the volume, sur-
face, Coulomb and symmetry contributions to the com-
pression modulus, respectively. The parameter � char-
acterizes the isospin asymmetry

� ⌘ N � Z

N + Z
, (34)

where N (Z) denotes the neutron (proton) number.
Equation (33) is fitted based on the values of KA given
in Tab. 11 and Kvol is interpreted as the infinite nuclear
matter incompressibility K1. Given that the Coulomb
and symmetry terms do not significantly impact the
asymptotic behaviour of KA for very large A [22], K1
can be obtained via a simple linear fit in the variable
x ⌘ A�1/3

KA = K1 +Ksurf x . (35)

While the linear fits are displayed in Fig. 8, the corre-
sponding values of K1 and Ksurf are reported in Tab. 12
along with the uncertainties associated with the fit. The
extracted incompressibility is K1 ⇡ 290. While QRPA
central values are a few MeV higher than PGCM ones,
they only di↵er by about 3.3% and 4.2% when using
EGMR ⌘ Ē1 and EGMR ⌘ Ẽ3, respectively. Eventually,
QRPA and PGCM values are consistent within extrap-
olation uncertainties, which are significantly larger for
QRPA than for PGCM results18.

Interestingly, while the hierarchy KA(Ẽ1) < KA(Ē1) <
KA(Ẽ3) is systematically valid for all computed nuclei
with A  46, the trends are such that the extrapolation
to very large A values leads to K1 being the smallest
for EGMR ⌘ Ẽ3. Eventually, the nuclear matter incom-
pressibility varies by 6.6% (7.5%) for QRPA (PGCM)
between the two extreme values obtained for Ẽ3 and
Ē1. This confirms the trend observed above for KA as
a function of A.

In Fig. 8, the shaded gray area accounts for the generally
accepted range 250 < K1 < 315 MeV [24]. All values

18The tiny extrapolation uncertainty of the PGCM results
might be accidental, i.e. it may simply reflect the small number
of points employed in the fit rather than a genuine behavior
following strictly the A

�1/3 law of Eq. (35). The exercise
needs to be repeated in the future with a significantly larger
number of points.
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QFAM PGCM

Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 74.0 97.3 64.6 68.7 89.5
28Si 83.0 101.8 76.2 79.7 99.4
46Ti 118.2 132.4 107.5 112.5 125.1

Table 11 Finite-nucleus compression modulus KA computed
from QFAM and PGCM calculations. Values are categorised
according to the definition of the GMR energy (see Eqs. (4))
employed to compute KA via Eq. (32).

(33)

where Kvol, Ksurf, KCoul and Ksym are the volume, sur-
face, Coulomb and symmetry contributions to the com-
pression modulus, respectively. The parameter � char-
acterizes the isospin asymmetry

� ⌘ N � Z

N + Z
, (34)

where N (Z) denotes the neutron (proton) number.
Equation (33) is fitted based on the values of KA given
in Tab. 11 and Kvol is interpreted as the infinite nuclear
matter incompressibility K1. Given that the Coulomb
and symmetry terms do not significantly impact the
asymptotic behaviour of KA for very large A [22], K1
can be obtained via a simple linear fit in the variable
x ⌘ A�1/3

KA = K1 +Ksurf x . (35)

While the linear fits are displayed in Fig. 8, the corre-
sponding values of K1 and Ksurf are reported in Tab. 12
along with the uncertainties associated with the fit. The
extracted incompressibility is K1 ⇡ 290. While QRPA
central values are a few MeV higher than PGCM ones,
they only di↵er by about 3.3% and 4.2% when using
EGMR ⌘ Ē1 and EGMR ⌘ Ẽ3, respectively. Eventually,
QRPA and PGCM values are consistent within extrap-
olation uncertainties, which are significantly larger for
QRPA than for PGCM results18.

Interestingly, while the hierarchy KA(Ẽ1) < KA(Ē1) <
KA(Ẽ3) is systematically valid for all computed nuclei
with A  46, the trends are such that the extrapolation
to very large A values leads to K1 being the smallest
for EGMR ⌘ Ẽ3. Eventually, the nuclear matter incom-
pressibility varies by 6.6% (7.5%) for QRPA (PGCM)
between the two extreme values obtained for Ẽ3 and
Ē1. This confirms the trend observed above for KA as
a function of A.

In Fig. 8, the shaded gray area accounts for the generally
accepted range 250 < K1 < 315 MeV [24]. All values

18The tiny extrapolation uncertainty of the PGCM results
might be accidental, i.e. it may simply reflect the small number
of points employed in the fit rather than a genuine behavior
following strictly the A

�1/3 law of Eq. (35). The exercise
needs to be repeated in the future with a significantly larger
number of points.
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method [18]. As a matter of fact, the extraction proce-
dure is not unambiguous in itself. Furthermore, while
originally applying it to a couple of doubly closed-shell
nuclei (208Pb and 92Zr) led to consistent values of K1,
the more recent use of open-shell nuclei produced con-
flicting results.

The goal is to extract the value of K1 associated with
�EFT-based interactions via ab initio calculations. In
EDF calculations, it has become customary to extract
K1 by computing directly the symmetric nuclear mat-
ter EOS, while checking that EGMR is well reproduced
in a selected set of finite nuclei on the basis of the same
EDF parameterization. Another approach, presently in
use, consists of extracting K1 from the leptodermous
expansion of the finite-nucleus compressibility modu-
lus computed microscopically [19]. While the former
approach typically carries smaller uncertainties, the lat-
ter bypasses the need to compute the infinite matter
EOS.

The second approach was recently employed to extract
K1 for NNLOsat [20] and NNLOopt [21] �EFT-based
Hamiltonians via symmetry-adapted no core shell model
(SA-NCSM) calculations of 4He, 16O, 20Ne and 40Ca [22].
The extracted result for NNLOsat (K1 = 297) was
shown to be consistent, within the rather large extrapo-
lation uncertainties, with the value (K1 = 253) based
on the computation of the EOS with the same Hamilto-
nian.

Following the same protocol but only relying on a set of
intrinsically-deformed nuclei, i.e. 24Mg, 28Si and 46Ti,
the compressibility modulus K1 associated with the
N3LO Hamiltonian under use [6] is presently estimated
based on PGCM and QRPA calculations.

8.1 Finite-nucleus compression modulus

The first step consists of accessing the finite-system
compression modulus given by [19]

KA ⌘ m

~2 h �0

0 |r2lab| �0

0 iE2
GMR , (32)

which thus requires the ground-state mean-square mat-
ter radius and the GMR energy as inputs. In finite,
especially light and deformed, nuclei the GMR strength
is not concentrated into a single peak. Consequently,
the choice of EGMR to be used in Eq. (32) is neither
unique nor obvious. Specific derivations support the use
of Ẽ1 or Ẽ3 whereas general arguments also motivate
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A for PGCM and QFAM calculations. Di↵erent definitions of
the average GMR energy E GMR entering Eq. (32) are used,
see Eqs. (5) for the notation.

EGMR

QFAM PGCM
Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 18.48 21.19 17.19 17.72 20.23
28Si 18.88 20.91 18.04 18.45 20.60
46Ti 20.15 21.33 19.17 19.60 20.68

Table 10 Average GMR energies in MeV computed from
QFAM and PGCM calculations according to Eqs. (4).

the use of the centroid energy Ē1 [19]. In the following,
all three cases are tested17.

Based on the GMR energies provided in Tab. 10, the
set of KA values are given in Tab. 11 and displayed
in Fig. 7 as a function of A. The higher values of KA

in QRPA than in PGCM reflects the characteristics
of the GMR energies pointed out earlier on whenever
computing PGCM moments via the SOES approach as
presently done. The spread of KA values depending on
the definition of EGMR is the manifestation that Ẽ1

(Ẽ3) is more sensitive to the part of the strength located
at lower (higher) energies than Ē1. Eventually, KA can
typically vary by as much as 30% in 24Mg depending on
that choice. However, this variation quickly decreases
with A to reach 14% in 46Ti. Such a trend is encouraging
in view of extracting K1.

8.2 Extraction of K1

The method to extractK1 is based on the leptodermous
expansion of KA given by [19]

KA = Kvol +KsurfA
�1/3 +KCoulZ

2A�4/3 +Ksym�
2 ,

17Whenever a single mode exhausts the complete monopole
response, the three energies are the same and the choice is
thus straightforward.

Doubly-closed-shell N=Z nuclei
16O, 40Ca, 56Ni, 100Sn

Leptodermous expansion

Neglect Coulomb

Model space uncertainty

Correlated values larger than HF

[Ekström et al, PRC 91(5), 051301, 2015]

[Jiang et al, PRC 102(5), 054301, 2020]



17Extrapolation to infinite matter

Model space uncertainty

+

Many-body uncertainty
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KA
QFAM PGCM

Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 74.0 97.3 64.6 68.7 89.5
28Si 83.0 101.8 76.2 79.7 99.4
46Ti 118.2 132.4 107.5 112.5 125.1

Table 11 Finite-nucleus compression modulus KA computed
from QFAM and PGCM calculations. Values are categorised
according to the definition of the GMR energy (see Eqs. (4))
employed to compute KA via Eq. (32).

(33)

where Kvol, Ksurf, KCoul and Ksym are the volume, sur-
face, Coulomb and symmetry contributions to the com-
pression modulus, respectively. The parameter � char-
acterizes the isospin asymmetry

� ⌘ N � Z

N + Z
, (34)

where N (Z) denotes the neutron (proton) number.
Equation (33) is fitted based on the values of KA given
in Tab. 11 and Kvol is interpreted as the infinite nuclear
matter incompressibility K1. Given that the Coulomb
and symmetry terms do not significantly impact the
asymptotic behaviour of KA for very large A [22], K1
can be obtained via a simple linear fit in the variable
x ⌘ A�1/3

KA = K1 +Ksurf x . (35)

While the linear fits are displayed in Fig. 8, the corre-
sponding values of K1 and Ksurf are reported in Tab. 12
along with the uncertainties associated with the fit. The
extracted incompressibility is K1 ⇡ 290. While QRPA
central values are a few MeV higher than PGCM ones,
they only di↵er by about 3.3% and 4.2% when using
EGMR ⌘ Ē1 and EGMR ⌘ Ẽ3, respectively. Eventually,
QRPA and PGCM values are consistent within extrap-
olation uncertainties, which are significantly larger for
QRPA than for PGCM results18.

Interestingly, while the hierarchy KA(Ẽ1) < KA(Ē1) <
KA(Ẽ3) is systematically valid for all computed nuclei
with A  46, the trends are such that the extrapolation
to very large A values leads to K1 being the smallest
for EGMR ⌘ Ẽ3. Eventually, the nuclear matter incom-
pressibility varies by 6.6% (7.5%) for QRPA (PGCM)
between the two extreme values obtained for Ẽ3 and
Ē1. This confirms the trend observed above for KA as
a function of A.

In Fig. 8, the shaded gray area accounts for the generally
accepted range 250 < K1 < 315 MeV [24]. All values

18The tiny extrapolation uncertainty of the PGCM results
might be accidental, i.e. it may simply reflect the small number
of points employed in the fit rather than a genuine behavior
following strictly the A

�1/3 law of Eq. (35). The exercise
needs to be repeated in the future with a significantly larger
number of points.
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Extensive discussion of the pros and cons of the macro-
scopic and microscopic methods has been given in several
papers (see, e.g., [18,22–25]). Although the general tendency
has been to prefer the microscopic approach, a fundamental
problem emerged also there. The nonrelativistic models,
mainly using the Skyrme interaction, systematically predicted
lower values of K0, around 210–250 MeV (see, e.g., [25–28]),
but the relativistic models yielded higher values (see, e.g.,
[29–35]). Reanalysis of experimental data available in 1989
using the leptodermous expansion was presented by Sharma
et al. [30,31] showed that the best fit was achieved for K0 ∼
(300 ± 25) MeV, thus supporting predictions of relativistic
models.

Currently a general consensus has developed to adopt a
lower value of K0, K0 = (240 ± 20) MeV (e.g., [36]) which has
been used as an initial condition/requirement in most models.
Skyrme effective interactions were constructed to reproduce
this ‘canonical’ value and attempts were made to reconcile [37]
and modify effective Lagrangians [38] in relativistic models
to comply with this adopted value.

These efforts however indicate the main weakness of
the microscopic approaches. The effective interactions have
a flexible form and too many variable parameters so that
modifications can be introduced which yield a desired result
but do not advance understanding of the underlying physics.
The most recent illustration of the problem can be found in
Ref. [39], where even the state-of-the-art HFB+QRPA cal-
culation did not succeed to reproduce GMR energies in Sn,
Cd, and Pb nuclei using the same Skyrme parametrization.
The dependence of the calculated value of K0 on the choice
of the microscopic model is obvious from examination of
Table I.

In parallel with K0, investigation of the isospin incompress-
ibility Kτ , which quantifies the contribution from the neutron-
proton difference to the incompressibility of a finite nucleus
KA, has been performed. We introduce here the term “isospin”
incompressibility to avoid confusion with the “symmetry”
incompressibility—the name sometimes used for the curvature
of the symmetry energy at saturation density Ksym. This
coefficient can be obtained in either the microscopic or the
empirical approach [22,23,35,40–42]. Its recent extraction
from empirical analysis of GMR data on Sn isotopes [43,44]
attracted a lot of attention as the value of Kτ was larger than
predicted by most of the microscopic models. Determination
of Kτ from experimental data on GMR is complicated by the
fact that, as with the volume and surface contributions to KA,
it also includes volume and surface terms and the latter cannot
be easily evaluated in microscopic models [22,23,40,41].

In this paper we survey existing data on GMR energies
in nuclei with A ! 56 and use them to set limits on K0 and
the isospin incompressibility coefficient Kτ , using the macro-
scopic approach in the scaling approximation and employing
a new method of analysis. In Sec. II we present the basic
expressions and the data selection for the analysis followed
by Sec. III containing the the main results. A schematic
theoretical model of the ratio of the volume and surface
contributions to KA is presented in Sec. IV. Microscopic
models are commented on in Sec. V. Discussion of results
and conclusions form Sec. VI.

II. THE BASICS

The incompressibility KA of a finite nucleus with mass A
is related to the energy of the GMR resonance EGMR of the
nucleus [18]

KA = (M/!2)
〈
r2〉E2

GMR, (1)

where M is the nucleon mass and r is rms matter radius of
the nucleus. KA can be expanded in terms of A−1/3 and the
asymmetry parameter β = (N − Z)/A as [18]

KA = Kvol + KsurfA
−1/3 + KcurvA

−2/3

+KCoulZ
2A−4/3 + Kτ β

2. (2)

Higher order terms in β can be safely neglected as their
contribution to KA is less then 1% [45]. Kvol, Ksurf , Kcurv, Kτ ,
and KCoul represent the volume, surface, curvature, isospin,
and Coulomb contributions to the incompressibility KA. The
coefficient Kτ consists of two components,

Kτ = Kτ,v + Kτ,sA
−1/3, (3)

where Kτ,v(Kτ,s) determine the volume (surface) isospin
incompressibility.

Assuming the expansion (2) theoretically justified, different
coefficients can be extracted from comparison with experi-
mental data. Care must be taken concerning the interpretation
of KA. The energy EGMR is understood as a mean energy
calculated from moments mk of a strength function [22]

mk =
∫

EkS(E)dE, (4)

where the strength function S(E) =
∑

n |⟨n|Ô|0⟩|2δ(E − En).
|0⟩ is the ground state of the nucleus and En is the energy
of a state n. The monopole excitation operator Ô is taken
as

∑A
i=1 r2

i . Various mean energies Ẽk are calculated from
moment ratios

Ẽk =
√

mk

mk−2
. (5)

If the strength function is distributed in a narrow energy
region, the mean energies Ẽk are close together and can be
interpreted as EGMR. In this case KA is determined in principle
unambiguously using Eq. (2) and Kvol in Eq. (2) is equal to
the incompressibility of infinite symmetric nuclear matter K0
at saturation density ρ0

K0 = 9ρ0
d2(E/A)

dρ2

∣∣∣∣
ρ=ρ0

, (6)

where E/A is the energy per particle. In a more realistic case
when the strength function is somewhat spread out, Eq. (1)
must be written as

KA(k) = (M/!2)
〈
r2〉E2

GMR(k), (7)

and the KA can be determined only within a certain region
of k.

A. Determination of EGMR

Blaizot [18] and Treiner et al. [22] studied two forms
of the expansion (2): the scaling model, based on the

044316-5

[Ekström et al, PRC 91(5), 051301, 2015]

[Jiang et al, PRC 102(5), 054301, 2020]



17Extrapolation to infinite matter

Model space uncertainty

+

Many-body uncertainty

13

0 0.2 0.4 0.6
0

100

200

300

A�1/3

K
A

[M
e
V

]
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0 0.2 0.4 0.6
0

100

200

300

A�1/3

K
A

[M
e
V

]

QFAM Ē1
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Fig. 8 Finite-nucleus compression modulus KA as a function of A�1/3 obtained from PGCM and QRPA calculations (black
circles). The best fit is shown in all cases with the corresponding 1� (darker shade) and 2� (lighter shade) bands of regression
(see, e.g., Chap. 3 of Ref. [23]). The shaded gray area represents the empirically accepted range 250 < K1 < 315 MeV [24].

KA
QFAM PGCM

Ē1 Ẽ3 Ẽ1 Ē1 Ẽ3

24Mg 74.0 97.3 64.6 68.7 89.5
28Si 83.0 101.8 76.2 79.7 99.4
46Ti 118.2 132.4 107.5 112.5 125.1

Table 11 Finite-nucleus compression modulus KA computed
from QFAM and PGCM calculations. Values are categorised
according to the definition of the GMR energy (see Eqs. (4))
employed to compute KA via Eq. (32).

(33)

where Kvol, Ksurf, KCoul and Ksym are the volume, sur-
face, Coulomb and symmetry contributions to the com-
pression modulus, respectively. The parameter � char-
acterizes the isospin asymmetry

� ⌘ N � Z

N + Z
, (34)

where N (Z) denotes the neutron (proton) number.
Equation (33) is fitted based on the values of KA given
in Tab. 11 and Kvol is interpreted as the infinite nuclear
matter incompressibility K1. Given that the Coulomb
and symmetry terms do not significantly impact the
asymptotic behaviour of KA for very large A [22], K1
can be obtained via a simple linear fit in the variable
x ⌘ A�1/3

KA = K1 +Ksurf x . (35)

While the linear fits are displayed in Fig. 8, the corre-
sponding values of K1 and Ksurf are reported in Tab. 12
along with the uncertainties associated with the fit. The
extracted incompressibility is K1 ⇡ 290. While QRPA
central values are a few MeV higher than PGCM ones,
they only di↵er by about 3.3% and 4.2% when using
EGMR ⌘ Ē1 and EGMR ⌘ Ẽ3, respectively. Eventually,
QRPA and PGCM values are consistent within extrap-
olation uncertainties, which are significantly larger for
QRPA than for PGCM results18.

Interestingly, while the hierarchy KA(Ẽ1) < KA(Ē1) <
KA(Ẽ3) is systematically valid for all computed nuclei
with A  46, the trends are such that the extrapolation
to very large A values leads to K1 being the smallest
for EGMR ⌘ Ẽ3. Eventually, the nuclear matter incom-
pressibility varies by 6.6% (7.5%) for QRPA (PGCM)
between the two extreme values obtained for Ẽ3 and
Ē1. This confirms the trend observed above for KA as
a function of A.

In Fig. 8, the shaded gray area accounts for the generally
accepted range 250 < K1 < 315 MeV [24]. All values

18The tiny extrapolation uncertainty of the PGCM results
might be accidental, i.e. it may simply reflect the small number
of points employed in the fit rather than a genuine behavior
following strictly the A

�1/3 law of Eq. (35). The exercise
needs to be repeated in the future with a significantly larger
number of points.

INCOMPRESSIBILITY IN FINITE NUCLEI AND . . . PHYSICAL REVIEW C 89, 044316 (2014)

Extensive discussion of the pros and cons of the macro-
scopic and microscopic methods has been given in several
papers (see, e.g., [18,22–25]). Although the general tendency
has been to prefer the microscopic approach, a fundamental
problem emerged also there. The nonrelativistic models,
mainly using the Skyrme interaction, systematically predicted
lower values of K0, around 210–250 MeV (see, e.g., [25–28]),
but the relativistic models yielded higher values (see, e.g.,
[29–35]). Reanalysis of experimental data available in 1989
using the leptodermous expansion was presented by Sharma
et al. [30,31] showed that the best fit was achieved for K0 ∼
(300 ± 25) MeV, thus supporting predictions of relativistic
models.

Currently a general consensus has developed to adopt a
lower value of K0, K0 = (240 ± 20) MeV (e.g., [36]) which has
been used as an initial condition/requirement in most models.
Skyrme effective interactions were constructed to reproduce
this ‘canonical’ value and attempts were made to reconcile [37]
and modify effective Lagrangians [38] in relativistic models
to comply with this adopted value.

These efforts however indicate the main weakness of
the microscopic approaches. The effective interactions have
a flexible form and too many variable parameters so that
modifications can be introduced which yield a desired result
but do not advance understanding of the underlying physics.
The most recent illustration of the problem can be found in
Ref. [39], where even the state-of-the-art HFB+QRPA cal-
culation did not succeed to reproduce GMR energies in Sn,
Cd, and Pb nuclei using the same Skyrme parametrization.
The dependence of the calculated value of K0 on the choice
of the microscopic model is obvious from examination of
Table I.

In parallel with K0, investigation of the isospin incompress-
ibility Kτ , which quantifies the contribution from the neutron-
proton difference to the incompressibility of a finite nucleus
KA, has been performed. We introduce here the term “isospin”
incompressibility to avoid confusion with the “symmetry”
incompressibility—the name sometimes used for the curvature
of the symmetry energy at saturation density Ksym. This
coefficient can be obtained in either the microscopic or the
empirical approach [22,23,35,40–42]. Its recent extraction
from empirical analysis of GMR data on Sn isotopes [43,44]
attracted a lot of attention as the value of Kτ was larger than
predicted by most of the microscopic models. Determination
of Kτ from experimental data on GMR is complicated by the
fact that, as with the volume and surface contributions to KA,
it also includes volume and surface terms and the latter cannot
be easily evaluated in microscopic models [22,23,40,41].

In this paper we survey existing data on GMR energies
in nuclei with A ! 56 and use them to set limits on K0 and
the isospin incompressibility coefficient Kτ , using the macro-
scopic approach in the scaling approximation and employing
a new method of analysis. In Sec. II we present the basic
expressions and the data selection for the analysis followed
by Sec. III containing the the main results. A schematic
theoretical model of the ratio of the volume and surface
contributions to KA is presented in Sec. IV. Microscopic
models are commented on in Sec. V. Discussion of results
and conclusions form Sec. VI.

II. THE BASICS

The incompressibility KA of a finite nucleus with mass A
is related to the energy of the GMR resonance EGMR of the
nucleus [18]

KA = (M/!2)
〈
r2〉E2

GMR, (1)

where M is the nucleon mass and r is rms matter radius of
the nucleus. KA can be expanded in terms of A−1/3 and the
asymmetry parameter β = (N − Z)/A as [18]

KA = Kvol + KsurfA
−1/3 + KcurvA

−2/3

+KCoulZ
2A−4/3 + Kτ β

2. (2)

Higher order terms in β can be safely neglected as their
contribution to KA is less then 1% [45]. Kvol, Ksurf , Kcurv, Kτ ,
and KCoul represent the volume, surface, curvature, isospin,
and Coulomb contributions to the incompressibility KA. The
coefficient Kτ consists of two components,

Kτ = Kτ,v + Kτ,sA
−1/3, (3)

where Kτ,v(Kτ,s) determine the volume (surface) isospin
incompressibility.

Assuming the expansion (2) theoretically justified, different
coefficients can be extracted from comparison with experi-
mental data. Care must be taken concerning the interpretation
of KA. The energy EGMR is understood as a mean energy
calculated from moments mk of a strength function [22]

mk =
∫

EkS(E)dE, (4)

where the strength function S(E) =
∑

n |⟨n|Ô|0⟩|2δ(E − En).
|0⟩ is the ground state of the nucleus and En is the energy
of a state n. The monopole excitation operator Ô is taken
as

∑A
i=1 r2

i . Various mean energies Ẽk are calculated from
moment ratios

Ẽk =
√

mk

mk−2
. (5)

If the strength function is distributed in a narrow energy
region, the mean energies Ẽk are close together and can be
interpreted as EGMR. In this case KA is determined in principle
unambiguously using Eq. (2) and Kvol in Eq. (2) is equal to
the incompressibility of infinite symmetric nuclear matter K0
at saturation density ρ0

K0 = 9ρ0
d2(E/A)

dρ2

∣∣∣∣
ρ=ρ0

, (6)

where E/A is the energy per particle. In a more realistic case
when the strength function is somewhat spread out, Eq. (1)
must be written as

KA(k) = (M/!2)
〈
r2〉E2

GMR(k), (7)

and the KA can be determined only within a certain region
of k.

A. Determination of EGMR

Blaizot [18] and Treiner et al. [22] studied two forms
of the expansion (2): the scaling model, based on the
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22Model-space convergence

1.8/2.0 (EM)

Dipole  response

• Large correlation impact

• Relative difference ~0.2%

• Similar error for ℏ⍵ variations

• Slower convergence

• Relative difference ~1.3%

• 2% error for ℏ⍵ variations



23Interaction sensitivity

Dipole

Quadrupole

• Reduced spread
• ~5% correlations effect

• Increase up to 40%
• 2% spread (w/o 1.8/2.0(EM))

Monopole

• Reduced spread
• ~5% correlations effect
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[Ahrens et al., NPA, 1975]

[Courtesy of P.-G. Reinhard]

Photoabsorption cross section

TRK sum rule

Comparison to exp only makes sense for integrated quantities
Pion-production threshold

Comparison to EDF calculations
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[Ahrens et al., NPA, 1975]

[Courtesy of P.-G. Reinhard]

Photoabsorption cross section

TRK sum rule

Comparison to exp only makes sense for integrated quantities

Both needed for consistent description
• Ground-state correlations

• Commutator expression generates 2-body currents

Comparison to EDF calculations
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25Comparison to sum rules
Sum rules extensively studied in the past

True if continuity Eq is only 1B

But many-body currents can be there !

E.g. leading order exchange currents (Siegert’s limit)

[Christillin, Physics Reports, 1990]

If V local

If V local



26Comparison to sum rules

Let’s look more closely

Relative difference

Differences from EWSR

• Nonlocalities

• Two-body currents

m1 from moments is better !



27Going open-shell

Comparison to VS calculation for 40Ca with 28Si core

• Large uncertainties for m1 and m0

• Two-step decoupling

• Is the core well described ? (deformation)

Other possibilities within the IMSRG
• Multi-reference formulation

• Symmetry-breaking calculations


