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Introduction
Background
• Fission-fragment mass distributions (FFMDs) from low-en-

ergy fission of actinides from uranium to einsteinium show a
double humped shape, with the heavy fragment mass around
𝐴𝐻 = 140.

• These FFMDs have been interpreted to result from effects of
nuclear shell structure.

• The measured FFMD from a the highly excited nucleus, is
influenced by the effects of multi-chance fission, i.e. fission
after the evaporation of neutrons [1,2]. Figure 1:  FFMDs of U234-240  compared with experimental data

[1–3].
Multi-chance fission (MCF)
The process by which an excited nucleus emits neutrons and under-
goes fission. Competition between neutron emission and fission.
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Figure 2:  Concept of multichance fission.

Previous study:
The neutron emission from compound nucleus is calculated by the
GEF code [4], then the Langevin calculation starts to obtain FFMDs
[1,3].
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Figure 3:  Previous study of MCF calculation [1,3].
Present study:
We calculate the neutron emission dynamically during fission
process using by Langevin equation and statistical model. Neutrons
can be evaporated at any stage of fission process. Neutron emission
competes with nuclear shape changes.
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Figure 4:  Present study of MCF calculation.

Models
Two-center Shell Model [5]

𝑧 = 𝑧0
𝐵𝑅 , 𝛿 = 3(𝑎−𝑏)

2𝑎+𝑏 , 𝛼 = 𝐴1−𝐴2
𝐴1+𝐴2

, 𝐵 = 3+𝛿
3−2𝛿 , 𝑅 = 𝑟0𝐴1/3, 𝑟0 = 1.2 [fm]

𝑧 : two center distance, 𝛿 : deformation, 𝛼 : mass asymmetry

Two-center parametrization: 𝑞 = {𝑧, 𝛿, 𝛼}
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Figure 5:  Two center Shell Model

Potential energy surface
𝑉 (𝑞, 𝑇 ) = 𝑉LDM(𝑞) + 𝑉SH(𝑞, 𝑇 ),
𝑉LDM(𝑞) = 𝐸S(𝑞) + 𝐸C(𝑞),

𝑉SH(𝑞, 𝑇 ) = 𝐸0
SH(𝑞)Φ(𝑇 ),

𝐸0
SH(𝑞) = Δ𝐸Shell(𝑞) + Δ𝐸Pair(𝑞),

Φ(𝑇 ) = exp(−𝑎𝑛𝑇 2

𝐸𝑑
), 𝐸𝑑 = 20 MeV[6]

𝐸S : generalized surface energy, 𝐸C : Coulomb energy,
Δ𝐸Shell : shell correction energy, Δ𝐸Pair : pairing correction energy,

𝑇 : nuclear temperature, 𝑎𝑛 : level density parameter

Langevin Equation [7]
d𝑞𝑖
d𝑡

= (𝑚−1)
𝑖𝑗

𝑝𝑗

d𝑝𝑖
d𝑡

= −𝜕𝑉
𝜕𝑞𝑖

− 1
2

d
d𝑞𝑖

(𝑚−1)
𝑗𝑘

𝑝𝑗𝑝𝑘

−𝛾𝑖𝑗(𝑚−1)
𝑗𝑘

𝑝𝑘⏟⏟⏟⏟⏟
dissipation

+ 𝑔𝑖𝑗𝑅𝑗(𝑡)⏟
fluctuation

⟨𝑅𝑖(𝑡)⟩ = 0

⟨𝑅𝑖(𝑡1)𝑅𝑗(𝑡2)⟩ = 2𝛿𝑖𝑗𝛿(𝑡1 − 𝑡2)

(white noise)

𝛾𝑖𝑗𝑇 = ∑
𝑘

𝑔𝑖𝑘𝑔𝑗𝑘

(Einstein relation)

𝑞𝑖 : deformation coordinate(𝑧, 𝛿, 𝛼),
𝑝𝑖 : conjugate momentum,

𝑚𝑖𝑗 : inertia mass (Werner-Wheeler approximation)[8],

𝛾𝑖𝑗 : one body friction (wall and window formula)[9],

𝑔𝑖𝑗 : strength of random force

Neutron emission
Langevin equation and statistical model are coupled to describe neutron emission during fission process [10].
Lifetime of neutron emission 𝜏𝑛 and time step of Langevin calculation
Δ𝑡 are competing.

Δ𝑡
𝜏𝑛

≥ 𝜁, 𝜏𝑛 = vℎv
𝛤𝑛

.

𝑇𝑙 : transmission probability, 𝑈∗ : effective excitation energy,

𝜎 : spin dispersion parameter (𝜎2 = 𝐼𝑇/vℎv2), 𝐼 : moment of inertia,
𝑔𝑛 : 2𝑠𝑛 + 1 (𝑠𝑛 : spin of neutron (= 1/2)),
𝐸𝑛 : kinetic energy of evaporated neutron,

𝜁 : uniform random number (0 ≤ 𝜁 ≤ 1)

Neutron decay width 𝛤𝑛 and level density 𝜌 [11]

𝛤𝑛 = 1
2𝜋𝜌(𝑈∗, 𝐽)
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Result and discussion
Fission fragment mass distributions (FFMDs)
✔ FFMDs for 21 nuclides ( U234-240 , Np236-240 , and Pu238-244 )

are shown with initial excitation energy range from 𝐸∗ =
15 to 55 MeV (10 MeV bin).

✔ Calculations that do not take into account neutron emis-
sion agree at low excitation energies, but at high ener-
gies, the distribution becomes a single peak.

✔ When neutron emission is taken into account, the distri-
bution shows two peaks even in the high-energy region,
especially for neutron-rich nuclei.

Figure 6:  Fission fragment mass distributions for U234-240 , Np236-240 , and Pu238-244  with and without neutron emission compared with experimental data [1,2].
Prescission neutron multiplicity
□ The number of neutrons emitted increases with the excitation energy and with the mass number of the initial compound nucleus.
□ At energies above 35 MeV, our Langevin calculations give higher multiplicities than in GEF calculations for all systems.
□ Total number of neutron emission is almost same with GEF calculation up to 𝐸∗ = 35 MeV for uranium and 25 MeV for neptunium and plutonium nuclides.
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Figure 7:  Comparison of the average number of neutrons emitted in fission of (a) U234-240 , (b) Np236-240 , and (c) Pu238-244  calculated by GEF [4] (black) and Langevin (red).
Probability of neutron emission
• The most of neutrons are emitted near the ground-state shape.
• The second minimum at 𝑧 = 0.7 is the another neutron emission point.
• Neutrons are emitted at any shape of nucleus from the saddle point to near the scission point of 𝑧 > 1.
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Figure 8:  The left two figures show the probability of neutron emission in the deformation space of (a) (𝑧, 𝛿) and (b) (𝑧, 𝛼) for U238 . The right two figures show the potential energy surface of U238  in the deformation space of (a’) (𝑧, 𝛿) and
(b’) (𝑧, 𝛼). The gray line indicates the scission line.

Conclusion
- Fission fragment mass distributions are calculated in the Langevin equations for 21 U, Np, and Pu nuclei, and their excitation

energy dependence is obtained from an initial excitation energy 𝐸∗ = 15 to 55 MeV.
- Neutron emission is handled through the evolution of nuclear shape from the ground state to the scission point, in contrast

to the usual statistical model.
- The present calculation treating neutron emission during fission demonstrates that measured FFMDs can adequately predict

the FFMDs for high-energy fissions, thus can be alternative to the traditional approach of treating multichance fission.
- Concerning the origin point of neutrons, they are mostly emitted from the ground-state shape. However, neutrons are emitted

in all the shape of shape evolution down to the scission point, by showing relatively large neutrons around the second
minimum.
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