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State of the art
Ab-initio self-consistent Gorkov-Green’s function theory (SCGGF) avails of an efficient approx-
imation scheme for the nuclear wavefunctions, the correlation-expansion method, entailing
a polynomial scaling ∝ Mα with α ≥ 4 in the size M of the space of single-particle excitations.
The wavefunctions are constructed by building particle-hole excitations on top of a reference
state by means of a correlator. For open-shell nuclei, reference states with a fixed particle
number A are almost degenerate with respect to the excitation of nucleons to the adjacent
single-particle energy level.

▶ In SCGGF theory for semi-magic nuclei, this degeneracy is lifted by breaking the symmetry
associated to particle-number, that corresponds to the U(1)Z × U(1)N symmetry group
[1], in the reference ground state on top of which perturbation theory is applied. This ap-

proach counts a number of applications, including binding energies, charge radii, one and
two-nucleon separation energy [2, 3], two neutron shell gaps [4] and charge radii [5, 6] and
charge-density distribution [7, 8] of even-even nuclei as well as low-lying excited states [5],
neutron addition and removal spectral distribution of odd nuclei [3, 5, 9].

▶ Self-consistent perturbation theory the one-body Gorkov-Green’s functions includes two
and three-body forces, in the ADC(2) approx. scheme [10]. The formalism for the ADC(3) has
been derived [11], but not yet implemented. For doubly open-shell nuclei, the breaking of
the symmetry associated with total angular momentum, SU(2), which entails the inclusion
of deformation in the reference state, is more congenial [12].

Theoretical framework
Operators representing physical observ-
ables are expressed in terms of second-
quantization operators, carrying a single
particle index, b ≡ (n, ℓ, j,m, q), where n
is the principal quantum number, ℓ is the or-
bital angular momentum, j is the total angu-
lar momentum and m (q) is the z-projection
of the total angular momentum (isospin).

▶ The Hilbert space associated with a single-
nucleon H1 is split into two blocks, char-
acterized by the opposite sign of the total
angular momentum projection along the z
axis. The two partitions of H1 constitute a
2D vector space, the Nambu space [1, 13, 14].

▶ The partitions are labeled by a Nambu in-
dex g = 1, 2 and are mapped one another by
means of time reversal, corresponding to the
involution in single-particle space, b 7→ b̄.
Hence, involuted creation, a†

b̄
≡ ηba†

b̃
, and

annihilation operators, ab̄ ≡ ηbab̃, are in-
troduced, where b̃ ≡ (n, ℓ, j,−m, q) and the
phase factor ηb = (−1)ℓ− j−m is real, such that
ηbηb̃ = −1 and ηbη

∗
b = η

2
b = 1.

▶ The second-quantization operators are re-
arranged into two rank-one tensors,

Aa ≡

(
aa

ā†a

)
, A†a =

(
a†a āa

)
,

and A∗a ≡ (A†a)T , obeying the canonical an-
ticommutation rules [15]. The involution in
Nambu space is also defined, with the rule
ḡ = 1 (2) if g = 2 (1).

▶ The system is described by the grand-
canonical potential,

Ω =

ΩU︷                    ︸︸                    ︷
T + U − µnN − µpZ +

ΩI︷    ︸︸    ︷
VNN − U ,

where T , the kinetic energy operator with
tab ≡ (a|T |b), is expressed as

T =
∑
ab

tab a†aab ,

and V2N is partially antisymmetrized two-
body potential energy operator,

V2N =
∑
ab
cd

1
(2!)2 v̄abcd a†aa†badac ,

with v̄abcd ≡
[
(ab|V2N |cd) − (ab|V2N |dc)

]
,

and U is the one-body potential energy op-
erator,

U =
1
2

∑
ab

[u11
ab a†aab + u22

ab aāa†
b̄

+u12
ab a†aa†

b̄
+ u21

ab aāab] ,

explicitly breaking particle-number sym-
metry, U(1)Z × U(1)N [16].

▶ The expansion scheme exploits a refer-
ence state that builds the correlated state
on top of a Bogoliubov vacuum, account-
ing for static pairing correlations. Nonethe-
less, the exact ground state (g.s.) of Ω does
preserve U(1)Z × U(1)N symmetry. Moving
away from semimagic nuclei, SCGGF theory
becomes less effective. Significant quad-
rupole correlations, i.e. static deformation,
spoil the agreement with the experimental
data, thus SU(2)-breaking reference states
are preferred in that context [12].

▶ Starting from Ω, one introduces the mod-
ified Heisenberg (cf. Ab(t) and A†b(t)) and in-
teraction picture for the time evolution of the
second quantization operators (cf. AI b(t)
and [AI b(t)]†).

The polarization propagator
▶ The polarization propagator is obtained
from the two-time limit of the two-body
response function [17], the latter being a
function of the one-body propagator (4 ele-
ments), Gac(t, t′′), [1], and the two-body

propagator (16 elements), Gabcd(t, t′, t′′, t′′′)
[17]. In terms of the second quantization op-
erators, the polarization propagator in time
representation reads

Π
gg′′g′′′g′

acdb (t, t′) = −i⟨ΨA
0 |T

{
Ag

a(t)Ag′

b (t′)A† g′′′

d (t′+)A† g′′
c (t+)

}
|ΨA

0 ⟩

+i⟨ΨA
0 |T

{
Ag

a(t)A† g′′
c (t+)

}
|ΨA

0 ⟩⟨Ψ
A
0 |T

{
Ag′

b (t′)A† g′′′

d (t′+)
}
|ΨA

0 ⟩ .

▶ If the Schrödinger problem is time-
independent, Lehmann’s representation of
Gorkov’s polarization propagator can be de-
composed into two interrelated parts,

Π
gg′′g′′′g
acdb (ω) ≡ Π+gg′′g′′′g

acdb (ω)+Π−gg′′g′′′g
acdb (ω) ,

where the two contributions are related by
complex conjugation [15], for example

Π+
gg′′g′′′g′

acdb (ω) =
∑
k,0

kχ
gg′′
ac

kχ
∗g′′′g′

db

ω − (Ωk −Ω0)/ℏ + iη
.

▶ The poles permits to access the excita-
tion spectrum of the nucleus, whereas the
residues associated with them are given by
pairs of transition matrix elements [18],

kχ
g1g2
bc ≡ ⟨Ψ0 |A

g1
b A† g2

c |Ψk⟩ ,

kΥ
g1g2
bc ≡ ⟨Ψk |A

g1
b A† g2

c |Ψ0⟩ .

From the latter, one extracts EM multipole
transition probabilities between the g.s. and
excited states of the nucleus.

Diagrammatic expansion
Let us consider the perturbative expansion
of the Nambu components of the polariza-
tion propagator in terms of ΩI . The mas-

ter formula is expressed in terms of the
second quantization operators in the inter-
action picture (cf. Ref. [19] for SCGF theory),

Π
g1 g2 g3 g4
acdb (t, t+ , t′+ , t′ ) = −i

+∞∑
l=0

(
−i
ℏ

)l 1
l!

∫ +∞

−∞

dt1 . . .
∫ +∞

−∞

dtl ⟨Φ0 |T
{
ΩI (t1 ) . . .ΩI (tl )AI

g1
a (t)AI

g2
b (t′ )A†I

g4

d (t′+ )A†I
g3

c (t+ )
}
|Φ0⟩C

+i
∑
m=0

(
−i
ℏ

)m 1
m!

∫ +∞

−∞

∑
n=0

(
−i
ℏ

)n 1
n!

 m∏
i=1

∫ +∞

−∞

dti


 n∏

i= j

∫ +∞

−∞

dt j

 ⟨Φ0 |T
{
ΩI (t1 ) . . .ΩI (tm )AI

g1
a (t)A†I

g3

c (t+ )
}
|Φ0⟩C⟨Φ0 |T

{
ΩI (t1 ) . . .ΩI (tn )AI

g2
b (t′ )A†I

g4

d (t′+ )
}
|Φ0⟩C ,

where |Φ0⟩ is the g.s. of the unperturbed
grand-canonical potential ΩU . Time-
ordered products are evaluated by means
of Wick’s theorem, converting them into
fully-contracted normal-ordered products
of second-quantization operators. Up to
third order, these contributions have been
generated, sorted and evaluated in time and
energy representation by computer codes.

▶ Fully-contracted Wick’s theorem contri-
butions admit a graphical representation as
Feynman diagrams. At order l = m + n, the
latter are graphs with m (n) one (two)-body
vertices linked one another by 2n + m + 2
unperturbed one-body propagators. Un-
perturbed (dressed) one-body propagat-
ors are depicted by single (double) ori-
ented lines, whose direction depends on the
Nambu indices. For the vertices, Abrikosov-
Hügenholtz notation is adopted [20].

▶ The orientation of the propagators spe-
cifies the topology of the diagrams, whereas
subgraphs of order p ≤ l in a Feynman dia-
gram of order l which can be isolated by
cutting two propagation lines are dressings
of order p. Diagrams devoid of arrows in the
propagation lines are called unoriented.

▶ The fully-contracted terms obtained from
the first term on the r.h.s. of the expansion
formula at a given order inΩI , can be classi-
fied into five categories, depending on their
topology as Feynman diagrams. If the latter
(do not) contain unliked subgraphs, they are
called disjoint (conjoint) diagrams. When
the unliked subgraph is not connected to
any external leg, the diagram is disconnec-
ted, thus must be neglected [19].

The remaining disjoint diagrams consist of
direct, exchange and Bogoliubov contribu-
tions. Conjoint diagrams possess at least
a two-body vertex and are divided, in turn,
into skeleton and composite graphs. Com-
posite diagrams contain at least one vertex
that can be reabsorbed as a dressing in one

unperturbed one-body propagators. Other-
wise, the diagram is of skeleton type.

▷ Examples of
dressing for Gab with
Nambu indices 11
up to third order.

▷ Disjoint Feynman dia-
grams of skeleton type,
contributing to the Nambu
component 1111 of Πacdb.
From left to right, disjoint
contributions consist of
direct (i), exchange (ii) and
Bogoliubov (iii) diagrams.

▶ Ispired by the ADG code in Ref. [21], the
automated implementation of Wick’s the-
orem (AIWT) code has been devised in C++,
Mathematica and Jupyter [15]. At order
l = m + n, the first term on the r.h.s. of
the expansion formula delivers 4n+ 2m+ 3!!
contributions, which are generated and sor-
ted by category. Next, identical contribu-
tions are summed, whereas irrelevant fully-
contracted terms are discarded. Then, the
selected fully-contracted terms are evalu-
ated and their corresponding expression in
time representation is produced. Finally, for
each of the n+m+2! Goldstone orderings of
the time indices in the interaction and in the
external points [17], the Fourier transform to
energy representation is performed and the
result of the integration returned.

▶ For the numerical calculation of the trans-
ition matrix elements and the energy eigen-
values of the excited states, it is convenient
to adopt the algebraic diagrammatic con-
struction scheme (ADC) [17, 10] and extend
to Gorkov’s formalism. The latter has been
currently developed at order one (cf. ADC[1]
in Ref. [22]), with one- and two body ver-
tices, whereas the derivation of the ADC[2]
scheme is in progress.

▷ Conjoint diagrams (iv) and disconnected diagrams (v), contributing to the Nambu component 1111 of
the polarization propagator [15]. The insertions are elements the of proper particle-hole vertex [23].
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