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Ab initio nuclear theory
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Ab initio nuclear theory

Key questions

* How to construct H to keep the connection to
QCD?

* How to obtain precise predictions for nuclear

observables with quantified theoretical error?




The nuclear force from EFT

* Weinberg, Q0’s: . Weinberg, (1979), (1990), (1991

* Use protons, neutrons and pions as
degrees of freedom. ‘
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* Formulate the most general dynamics
consistent with low-energy symmetries
of QCD.
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The nuclear force from EFT

YV EFT description rooted in QCD.

‘/Systematic expansion with quantifiable
N—» ' » N theoretical error.




(LECs)

The nuclear force from EFT

N >—————> N
N N YV EFT description rooted in QCD.
T .
l ‘/Systematic expansion with quantifiable
N—»—' p» N theoretical error.

> Unknown values of low-energy constants (LECs).

2 Importance of interactions: Power Counting (PC).



Weinberg Power Counting

» Construct nucleon-nucleon potentials:
R. Machleidt and D. R. Entem, Phys. Rep. 503 (2011)

0 2
V =Tan(@®) +VZ@?) + ..
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- Organize diagrams: (Q/ Ab)y
QNmﬂ, AbN 1 GeV

H ) = E ) 5



Weinberg Power Counting

» Construct nucleon-nucleon potentials: - yEFT with WPC: Successful descriptions of two-
R. Machleidt and D. R. Entem, Phys. Rep. 503 (2011) and three-nucleon forces and interaction currents.
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Weinberg Power Counting

» Construct nucleon-nucleon potentials: - yEFT with WPC: Successful descriptions of two-
R. Machleidt and D. R. Entem, Phys. Rep. 503 (2011) and three-nucleon forces and interaction currents.
0 2 2 ..
V = V( )( (0 )) + Vl\(n\% (a( >) + ... - Predictions of observables depend on A (= not RG
/v T invariant)
.................................................................................. : R L
At e 100 = |
Lo . .::, :X' « “, : :
® O----- ® ¢ [ ) E‘D : :
.................................................................................. = 50 + —
v =20 v =72 7®) ; :
- Organize diagrams: (Q/Ab)y = ; —
i T T N T |

QNmﬂ.,AleGeV |

N\
N -

6 8 10 12 14 16 18 20
A [fm ]

H |¢> - E |¢> . A. Nogga et al., Phys. Rev. C 72, (2005)



Modified Weinberg PC

(Partly perturbative pions)

* What happens if we impose A-independence and promote
counterterms to lower orders to achieve this?



Modified Weinberg PC

(Partly perturbative pions)

* What happens if we impose A-independence and promote
counterterms to lower orders to achieve this?
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B. Long and U. van Kolck, Ann. Phys. 323, (2008)

B. Long, C. J. Yang, Phys. Rev. C 84, (2011),
Phys. Rev. C 85, (2012), Phys. Rev. C 86, (2012)

A. Nogga et al., Phys. Rev. C 72, (2005)



Modified Weinberg PC

(Partly perturbative pions)

* What happens if we impose A-independence and promote
counterterms to lower orders to achieve this?

Treated perturbatively
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B. Long and U. van Kolck, Ann. Phys. 323, (2008)

B. Long, C. J. Yang, Phys. Rev. C 84, (2011),
Phys. Rev. C 85, (2012), Phys. Rev. C 86, (2012)

A. Nogga et al., Phys. Rev. C 72, (2005)



Neutron-proton scattering

Ayy, 50.0 MeV do /dS2, 10.0 MeV (mb/sr) do /dS2, 47.5 MeV (mb/sr)
LO N3LO — - = I 20 — _
NLO $ exp. i - - !
N?LO - - _ B
i i 15 - N
OT, A. Ekstrom, and C. Forssén, I ~ E E
Phys. Rev. C 109, (2024) - . 10 7 N
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L.O N3LO
NLO f exp.
N2LO

OT, A. Ekstrom, and C. Forsseén,
Phys. Rev. C 109, (2024)

Neutron-proton scattering

Ayy, 50.0 MeV

do /dS2, 10.0 MeV (mb/s

r)

Oc.m. (deg)

do /dS2, 47.5 MeV (mb/sr)

20 - —
15 - -
10 - -
1 T 1 1 1 T T T 1
0 100
Oc.m. (deg)

Predicted effective range parameters

* Also studied low-energy theorems (LETS).

1Sy partial wave a [fm] r [fm)] V2 M V3 @ v4 [fm7]
Empirical (Ref. [27]) —23.735(16)  2.68(3) |—0.48(2)  3.9(1) —19.6(5)

A = 500 MeV, (CIB)

LO x 1.68(0) —1.55(0) 6.63(0) —31.64(8)
NLO * —0.45(0)  3.42(0) —18.95(8)
N2LO % 2.70(0) —0.55(0) 3.77(0)  —18.8(2)
N3LO * 2.68(0) |—0.50(0) 4.02(0) —19.8(2) |
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OT, Few-Body Syst. 65, 69 (2024)



Question:

Can yEF'T with partly perturbative pions describe nuclear
observables in A>2 systems?

 Some studies of LO and NLO for A > 2 observables, we are
developing the machinery to go up to N°LO.

Y.-H. Song, R. Lazauskas, and U. van Kolck, Phys. Rev. C 96, (2017)
C. J. Yang et al., Phys. Rev. C 103, (2021)



Bound-state computations in perturbation theory

H|¢) = E i)

* Requirements:
* Method that is easy to implement in existing codes.
* Small computational overhead.

e |dea:

» Start with *H: can implement both the Rayleigh-Schrodinger
and Hellmann-Feynman method.

9



No-core shell model for °H

O * Basis characterized by (72, N, ..
$ * N,.. —nhumber of basis states
& » 1) — shape of basis states
-0 .
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No-core shell model for °H

» Basis characterized by (22, N_.... )

* N,.. —nhumber of basis states

& » 1) — shape of basis states

Code available:
i V) https://github.com/othim/py-ncsm

5 ] ﬁ‘ py-ncsm  Public s$? Pin  ® Unwatch 3
p— == == ¥ main ~ ¥ 1Branch © 3 Tags Q Go tofile t Add file ~
o | |
— | l Oliver Thim Update README 8b9f15b - 5 months ago <L) 48 Commits
| |
B | n=
A 2 A O —l l— 3 9 aux-data Added interaction file and some example input and outpu... 6 months ago
n
y o I 0 deuteron Added correct include paths and author information in files 5 months ago
(/ - l |
H — I ‘ / €S 3 0 | 7
— I ] | | | | 2 . example-inout-files Added new benchmark file 5 months ago
; :m N E = L L ez - 0 interactions Deleted old interaction file 5 months ago
L] L]
— — | |
Z — 1 Z <] h— 3 3 l | | | | I [0 src Added correct include paths and author information in files 5 months ago
| | | |
= 2 —
q, ' : | | : | n 1 I} .gitignore Udate readme and added fast argument 6 months ago
= | | | -
Wl | | -] — -~ [ LICENSE.txt Added Licence 6 months ago
| | I
l l l D README.txt Update README 5 months ago
1 [ I
] | | | |
| l | | [ environmentyml env update 5 months ago
by Lo L!'1! n=0
| | -
I } l— —— —— ‘— — I_ - | (3 run-py-ncsm.py Added correct include paths and author information in files 5 months ago
I | | |
| | | | | | | | |
0 | . | M [

x¥



Now: perturbation theory!

Treated perturbatively

9 3
V=V (@?) + Vi (@) + Vi (@®) + i (@) + ..

* Rayleigh-Schrodinger (RS):
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Now: perturbation theory!

Treated perturbatively
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* Rayleigh-Schrodinger (RS):

Lo:  HO|u0) = BO [0)
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Now: perturbation theory!

Treated perturbatively

9 3
V=V (@?) + Vi (@) + Vi (@®) + i (@) + ..

* Rayleigh-Schrodinger (RS):
LO: g ‘\pg))> — E(0) ‘\1,(0)>

NLO: EO — <\P(()O)\V(1)\\IJ(O)>
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Now: perturbation theory!

Treated perturbatively

0 1 2 3
V = Vl\(n\%(a(o)) + Vl\(u\?(a(l)) + Vl\(u\?(a@)) + Vl\(n\%(a(?’)) + ...

* Rayleigh-Schrodinger (RS):
LO: g ‘\pg))> — E(0) ‘\1,(0)>

NLO: E1 — <\IJ(()O)\V(1)\\IJ(()O)>

0 1 0
(T VAR [TR)) |2
0 0

EY — Y

21 . 0 2 0 ‘
NLO: B® = (w7 | Vg 195”) + D

n+£0
N-3LO:

[



Now: perturbation theory!

Treated perturbatively

0 1 2 3
V = Vl\(n\%(a(o)) + Vl\(u\?(a(l)) + Vl\(u\?(a@)) + Vl\(n\%(a(?’)) + ...

* Rayleigh-Schrodinger (RS):

0 1) 7. (O _
) — <\If(() )\V( )‘\Ij( )> / be}l;l)ie;;lﬂg%O spectrum

\IJ(O) (1) \117(10) 2
(Y (L‘)/NN‘ 0 )| + Can implement for °H in

N




Convergence with basis size, V..

A = 600 MeV, hQ2 = 35 MeV

Perturbative corrections

i E=pr0 4+ p® p@ .
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Convergence with basis size, V..

A = 600 MeV, hQ2 = 35 MeV

Perturbative corrections

i E=pr0 4+ p® p@ .

* Higher-order perturbative corrections
converge slower.
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Convergence with basis size, V..

A = 600 MeV, hQ2 = 35 MeV

Perturbative corrections

i E=pr0 4+ p® p@ .

* Higher-order perturbative corrections
converge slower.

* Percent-level precision beyond NV, ,.. = 38.

12



Hellmann-Feynman method

V(Z) = Van + 21 - VAy + 22 - Vigad + 23 - Vi

Can solve exactly for 7 € R”
" LO: h
H(D)[v (7)) = BY(2)[97(z))

EO(2) = (v(z)|H(Z)[2)(z))
5 y

13



Hellmann-Feynman method

V(Z) = Vam + 21 - VAN + 22 - Vg + 73 - Vi

Can solve exactly for 7 € R”

H (D)0 (z)) = V()9 (2))

EO(2) = (v(z)|H(Z)[2)(z))

. y

" NLO: B
dE(O) =\ H.F. _dH(Z .
= w0 ) o) )
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Hellmann-Feynman method

V(Z) = Van + 21 - VAy + 22 - Vigad + 23 - Vi

Can solve exactly for 7 € R”

(LO: B
H(D)|w'(z)) = BV (2)[9)(2))
EO(2) = (v (2)|H(2)|w'"(z))

_ y

" NLO: A

dE© (2) " 0y = PH(E) (y0)

= WO@IT WO @)

= (WO VN 19O (#)) k=0 = BV

\_ J

13

* All corrections are derivatives of
EO(F) = (O (2)|H(7)| v (2))

* Can be computed numerically!



Hellmann-Feynman method

V(Z) = Van + 21 - VAy + 22 - Vigad + 23 - Vi

Can solve exactly for 7 € R”

fLO: B
H(D)|w'(z)) = BV (2)[9)(2))
EO(2) = (v (2)|H(2)|w'"(z))

_ J

" NLO: A

dE(Z) " 0y FH(E) |0y

= WO@IT WO @)

= (WO @) VAR 9 (@) k=0 = EV

\_ J

13

* All corrections are derivatives of
EO(F) = (O (2)|H(7)| v (2))

* Can be computed numerically!

How reliably can the third-order
derivatives be computed?



Comparing perturbative calculations: °H

A = 600 MeV, hQ = 35 MeV

—eo— EO) RS
SU7.0- --x-- E® HF(0.001) |
q) - -
=
N’
L 6.5- :

N max



EB H (MeV)
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Cutoff dependence: °H
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EB H (MeV)

o1

10

600

Cutoff dependence: °H

* Can only converge perturbative
computations to A = 1200 MeV.

800 1000 1200
| (MeV)
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EB H (MeV)

15

600

Cutoff dependence: °H

* Can only converge perturbative
computations to A = 1200 MeV.

800 1000 1200
| (MeV)
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E3 H (MeV)

O ANENA

600 '

Cutoff dependence: °H

* Can only converge perturbative
computations to A = 1200 MeV.

* Problematic regions in the vicinity of
exceptional cutb s.

A. M. Gasparyan and E. Epelbaum, Phys. Rev. C 107, (2023)

300 \/ 1000 1200
| (MeV)
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Strategies to avoid the exceptional cutoffs

N
o

=
o

O -
(I) | | | | 1(|)0 | | | | 200 h
Tian (MeV) — Start —
1 2.5 — —
S _: — | :_
% 5.0 - 1= 1 3 =
>3 - -
1 7.5 = —
— 9 _______________________ B
J% | 10.0 = o
I 12.5 __ I | | | | I | | | | I | | | | I | | | | I | __
500 600 700 300 900

| (MeV)

17
R. Peng et al., Phys. Rev. C 110, (2024)



Summary and Outlook

 Chiral symmetry constrains the nucleon-nucleon interaction: yEFT.
» Explored a modified Weinberg power counting up to N°LO for H.

» Converged perturbative computations for triton with A < 1200 MeV —
we find problematic regions at exceptional cutoffs.

Next:
» Study the exceptional cutoffs!

» Quantify uncertainties and study the few-nucleon sector beyond “H.

18



Summary and Outlook

 Chiral symmetry constrains the nucleon-nucleon interaction: yEFT.
» Explored a modified Weinberg power counting up to N°LO for H.

» Converged perturbative computations for triton with A < 1200 MeV —
we find problematic regions at exceptional cutoffs.

Next:
» Study the exceptional cutoffs!

» Quantify uncertainties and study the few-nucleon sector beyond “H.

Thank you!



Extrashlides




B. Long, C. J. Yang, Phys. Rev. C 84, (2011),
Phys. Rev. C 85, (2012), Phys. Rev. C 86, (2012)

Modified Weinberg PC

Non-perturbative one-pion-exchange: All other partial waves:

150,°S1! °D1,°Pg1,° Py ! °F3,' Py
LO U+t W Cig,,Css,,Csp,,Cap, o
_____________________________________________________________________________________________________________________ aell 2@
NLO DlSo UA o----- &

-

5 30 @

=

=

S —

O

> &) 5] )

©

e ® ® O----- ® O ®

£ | NBLO 18| #tiss K Fi, . ¢

R S 1 - | — R >@




Non-perturbative one-pion-exchange:

Modified Weinberg PC

150,381 3D1,3Pg1,2P, ! 3F, 1Py 4 h
e

LO Ua ¢ C1501C3811C3P01C3P2 | )
e @l

)

£ o

S

=

@)

(@)

g 8)(5)

©

= Y

% N3LO ¢« » @ 134 Fis,

= 18]

B. Long, C. J. Yang, Phys. Rev. C 84, (2011),
Phys. Rev. C 85, (2012), Phys. Rev. C 86, (2012)

All other partial waves:

________________________________________________________________ > (4]
gAQ ----- O
2 (6]
)
® O----- ® o o
- ( g
® &----- ® ¢ o




Determining the values of LECs

* Compute NN scattering amplitudes
perturbatively:

T=TO+TD + 7@ + TG 4+

TO Ss7@) S5T7@ 576

* Match to empirical phase shifts
to fix LEC:s.
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Determining the values of LECs

* Compute NN scattering amplitudes
perturbatively:

T=TO+TW + 7@ 4+ 7O 4+

TO Ss7@) S5T7@ 576

* Match to empirical phase shifts
to fix LEC:s.

* Conclusion: The foundation
(LO) is very important! — Start —

21



Perturbation theory for amplitudes

7(1) _ Q’f_v(l)QJm
T2 _ f (V<2> n V<1>G1+V<1>) 0,
TE = of (VO 4 vAeiv® 4 vOety @4

+ V<1>G1+V<1>G1+V<1>)Q+

Qp =1+GT0
Qf =1+ 7007,

22



| (*So) (deg)

00)
o

@))
o

AN
o

N
o

o

LO

Phase shifts in 1S,

NLO

Tlab (|\/| eV)

| (*So) (deg)

(@)
o

N N
o o
N O O O O O O I

o

Tlab (|\/| eV)

Low-energy theorems: 'S,

Predicted effective range parameters (LETS)

1Sy partial wave a [fm] r [fm)] vg [fm3] w3 [fm°] v4 [fm”]
Empirical (Ref. [27]) —23.735(16)  2.68(3) [—0.48(2) 3.9(1) —19.6(5) |
A =500 MeV, (no CIB)

LO % 1.71(0) —1.77(0) 8.54(0)  —47.0(3)
NLO X X —0.64(0)  4.79(0)  —29.9(2)
N2LO 5 2.72(0) —0.71(0)  5.05(0)  —29.3(2)
N3LO % 2.69(0) | —0.66(0) 5.42(0)  —31.0(2) |
A =500 MeV, (CIB)

LO % 1.68(0) —1.55(0) 6.63(0) —31.64(8)
NLO X X —0.45(0)  3.42(0) —18.95(8)
N2LO % 2.70(0) —0.55(0) 3.77(0)  —18.8(2)
N3LO * 2.68(0) | —0.50(0) 4.02(0) —19.8(2) |

* Leading CIB (pion mass splitting) in the one-pion exchange

is significant in 1S,,.

v Both phase shift and LETSs are accurate.

23

OT, Few-Body Syst. 65, 69 (2024)



Low-energy theorems: S,

Phase shifts in 3S,— 3D, Predicted effective range parameters (LETS)
E 35 E O_; ;_ 351 partial wave a [fm]  r [fm] v [fm3] w3 [fm®] w4 [fm7]
] E 5 —10 = . | Empirical (Ref. [27]) | 5.42 1.75 0.045 0.67 —3.94 |
E 2 E A =500 MeV
E R E o T3 : LO x+  1.58(0) —0.10(0) 0.89(0) —5.5(2)
] - —30 3 o NZLO * * 0.14(0) 0.80(0) —4.2(2)
e e e L L e e e e N | N3LO * * —0.06(0) 0.46(0) —3.7(2
0 100 200 0 100 200 A = 2500 MeV
: s Tiap (MeV) LO x 1.66(0) —0.01(0) 0.79(0) —4.7(2)
- | N2LO X * 0.09(0) 0.74(0)  —4.2(7)
- LO N3LO [ N3LO * * 0.04(0) 0.67(2) —4.0(9) |
o - N2LO  ---- Nijm.
,/’, "4
.// T * CIB in one-pion exchange is not significant in 351.
0 100 200
Tlab (MeV)

* Cutoff independence for A = 750 MeV.

v Both phase shift and LETs are accurate, and improved for
high cutoffs.
24 OT, Few-Body Syst. 65, 69 (2024)



No-core shell model NCSM) for °H

~ 1
* Three-particle antisymmetrizer A = Q(l — Py — Py3 — Pi3 + P1oPos + Py3Po3)
G0
* Diagonalize (N a| AW N'a') 1, inbasis: [nNa)y, = [nlsjt, NLT; JT)
_|_
Nuae | N | M | 17 1
0 2 1 2
o 10 | 322 | 108
» Keep only states with eigenvalue one! 20 | 1892 | 632
30 5712 | 1906
40 | 12782 | 4263

25



n!)b3 *NE _1(2) regage (T
Rnf(r;b):\/r(j(—kl)i 3) <5> 8L (b_2>

» Basis characterized by (2, N_.... )

* N,. — number of basis states

* 72 — shape of basis states

* IRscale Leg =~ V2Nb
h

e UVscale A.g~ V2N ’

26



2

n!)b3 T\E () a0 (7 5—
Rnf(r;b)_\/F(j(—kl)—Fg) (5) HD) L (bQ)

* Basis characterized by (A2, N_...)

I
|

Energy (in units of hv0)
N W
| I

* N,. — number of basis states

=
I

* €2 — shape of basis states 0
. ~ ) - mNQ
IRscale  Leg = VZND Only way to converge in both
h ; :
e UVscale A.g~ V2N-— IS to increase V.. !

b

26



ED (MeV) EQ (Mev)

E@ (MeV)

Convergence: °H

—— Nmax :40 Nmax :42 —h— Nmax :44 —— Nmax :46

=500 MeV

0.2850

0.2875

0.2900

w
(o]
L1 1 11

B
o
|

25 50
1 (MeV)

1=840 MeV
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-==-varmin

1=1200 MeV

w
o
NI NN AN

' 2.25

1 2.50

I 2.75

o




