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Cabibbo Unitarity: 	
Status in the Standard Model and Beyond
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Cabibbo Unitarity - 3 anomalies!

Kaon decays and the Cabibbo Angle Anomaly – M. Moulson – CKM 2023 – Santiago de Compostela, 20 September 2023

Status of first-row unitarity

29

= −0.00176(56) −3.1σ

= −0.00098(58) −1.7σ

= −0.0174(73) −2.4σ

3 observables: |Vus|Kℓ3, |Vus/Vud|Kμ2, Vud
2 quantities to determine: Vus, Vud

3 ways to test unitarity

Kμ2 result shows better agreement with unitarity than Kℓ3 result 
when  |Vud| obtained from beta decays:

= −0.0164(63) −2.6σ

Δ(3)CKM uses no information from β decays:
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Review the “ ” : Experiment + SM correctionsσ

In SM overconstrained: 	
3 measurements for 2 unknowns — 3 anomalies 
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 from superallowed  nuclear decaysVud 0+ − 0+

7

1. Transitions within JP=0+ isotriplets (T=1)	
2. Elementary process: p—>ne+ 	
3. Only conserved vector current	
4. SU(2) good —> corrections ~small	
5. 15 measured to better than 0.2%	
6. Maximally overconstrained: 15/1

ν

7

“Superallowed” beta decays of I=1, Jp=0+ nuclei

Provides the best measurement 
of V

ud
 :

➢ 23 measured transitions
➢ 15 with ft-precision better 

than 0.23% 

Hardy and Towner, 2020 PRC
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ft values: same within ~2% but not exactly!	
Reason: SU(2) slightly broken	
a. RC (e.m. interaction does not conserve isospin)	
b. Nuclear WF are not SU(2) symmetric 	
      (proton and neutron distribution not the same)

Exp.: f - phase space (Q value) 	
    t - partial half-life (t1/2, branching ratio)
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Vud extraction: Universal RC and Universal Ft

8

To obtain Vud —> absorb all decay-specific corrections into universal Ft

ft(1 + RC + ISB) = ℱt(1 + ΔV
R) = ft(1 + δ′￼R)(1 − δC + δNS)(1 + ΔV

R)

QED Isospin-breaking Nuclear structure Universal RC~ Measured

|Vud |2 =
2984.43s

ℱt(1 + ΔV
R)
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Average of 15 decays
Hardy, Towner 1972 - 2020

|V0+−0+

ud | = 0.9737 (1)exp (3)NS (1)RC[3]total

Pre-2018: ℱt = 3072.1 ± 0.7 s

PDG 2024: ℱt = 3072 ± 2 s



BSM searches with superallowed beta decays
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J. C. HARDY AND I. S. TOWNER PHYSICAL REVIEW C 91, 025501 (2015)

standard deviations. Is there any way the |Vud | value in Eq. (10)
could possibly be shifted to this value? It can be seen in
Eq. (8) that |Vud |2 is inversely proportional to both F t and
(1 + !V

R). For F t to account for such a shift, it would have to
decrease by six standard deviations. That is unlikely enough
but, because all 14 measured transitions agree with one another
and with CVC, all 14 would have to undergo the same shift, a
virtual impossibility. The only other possibility is a shift in the
nucleus-independent radiative correction, !V

R, which would
have to be reduced from 2.36(4)% to 2.24%. This is a change
equal to three times the stated uncertainty which, while not
impossible, is rather unlikely.

(4) f+(0), fK/fπ correct, Kℓ3, Kℓ2 correct, unitarity
not satisfied. With |Vus | determined from Kℓ3 decays and
|Vus |/|Vud | from Kℓ2 decays, each with the Nf = 2 + 1 + 1
lattice coupling constants, a value of |Vud | can be obtained from
their ratio. The result, |Vud | = 0.9670(44), has a somewhat
larger error bar than other determinations from kaon physics
because no constraint to satisfy unitarity has been imposed.
Nevertheless, the result is two of its standard deviations away
from the nuclear β-decay value for |Vud | and the unitarity
sum is likewise not satisfied, with |Vu|2 = 0.985(9) and a
deficit, !CKM = −0.015(9), of 1.8 standard deviations. For
the β-decay value of |Vud | to be shifted into agreement with
this kaon-derived value would require the nucleus-independent
radiative correction !V

R to be increased from 2.36(4)% to
3.88%, 40 times its stated uncertainty. Surely this can be ruled
out.

One must conclude that there is no definitive answer for
|Vus | as of now since the two approaches to its measurement
from kaon decay are not completely consistent with one
another. On balance, though, the result for |Vus |/|Vud | obtained
from Kℓ2 and pion decays seems the most reliable because it
shows the greatest consistency as the lattice calculations have
improved, which reinforces the idea that systematic errors are
reduced when a ratio is used. If we then accept the Nf =
2 + 1 + 1 result on line 4 of Table XIII and combine it with
our result for |Vud | from Eq. (10), we get |Vus | = 0.2248(6)
and a unitary sum of |Vu|2 = 0.999 56(49).

D. Scalar currents

1. Fundamental scalar current

The standard model prescribes the weak interaction to be
an equal mix of vector (V ) and axial-vector (A) interactions
that maximizes parity violation. Searches for physics beyond
the standard model therefore seek evidence that parity is
not maximally violated (owing to the presence of right-hand
currents) or that the interaction is not pure V − A (owing to the
presence of scalar or tensor currents). The data in this survey
allow us to contribute to the search for a scalar interaction
because, if present, it would have a measurable effect on
superallowed 0+ → 0+ β transitions.

A scalar interaction would generate an additional term [5]
to the shape-correction function, which forms part of the
integrand of the statistical rate function, f , an integral over
the β-decay phase space. The additional term takes the form
(1 + bF γ1/W ), where W is the total electron energy in electron

Z of daughter
2010 30 400

3070

3080

3090

3060

FIG. 7. Corrected F t values from Table IX plotted as a function
of the charge on the daughter nucleus, Z. The curved lines represent
the approximate loci the F t values would follow if a scalar current
existed with bF = ±0.004.

rest-mass units, and γ1 =
√

[1 − (αZ)2]. The strength of the
scalar interaction is contained in the unknown constant, bF ,
which is called the Fierz interference term [218]. Thus, the
impact of a scalar interaction on the F t values would be to
introduce a dependence on ⟨1/W ⟩, the average inverse decay
energy of each β+ transition. No longer would the F t values
be constant over the whole range of nuclei but they would
instead exhibit a smooth dependence on ⟨1/W ⟩. Since ⟨1/W ⟩
is largest for the lightest nuclei, and decreases monotonically
with increasing Z and A, the largest deviation of F t from
constancy would occur for the cases of 10C and 14O.

We have reevaluated the statistical rate function, f , for
each transition using a shape-correction function that includes
the presence of the scalar interaction via a Fierz interference
term, bF , which we treat as an adjustable parameter. We then
obtained a value of bF that minimized the χ2 in a least-squares
fit to the expression F t = constant. The result we obtained is

bF = −0.0028 ± 0.0026, (17)

a marginally larger result than the value from our last survey [6]
but with the same uncertainty. Note that the uncertainty quoted
here is one standard deviation (68% CL), as obtained from the
fit. In Fig. 7 we illustrate the sensitivity of this analysis by
plotting the measured F t values together with the loci of F t
values that would be expected if bF = ±0.004. There is no
statistically compelling evidence for bF to be nonzero.1

The result in Eq. (17) can also be expressed in terms of
the coupling constants that Jackson, Treiman, and Wyld [218]
introduced to write a general form for the weak-interaction
Hamiltonian. Since we are dealing only with Fermi superal-
lowed transitions, we can restrict ourselves to scalar and vector
couplings, for which the Hamiltonian becomes

HS+V = (ψpψn)
(
CSφeφνe

+ C ′
Sφeγ5φνe

)

+ (ψpγµψn)
[
CV φeγµ(1 + γ5)φνe

]
, (18)

in the notation and metric of Ref. [218]. We have taken the
vector current to be maximally parity violating, as indicated

1It is interesting to note that if we were to derive an averageF t value
from the data while allowing bF to vary freely, the corresponding
value for |Vud | would become 0.9745(4), a result quite consistent
with the one we quote in Eq. (10), but with an uncertainty nearly
twice as large.
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Superallowed decays are quite restrictive to BSM, too!	
Only scalar CC (Fierz interference bF) possible
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Figure 14: (Left) 90% CL constraints on ✏S,T at µ = 2 GeV from �-decay data, cf. Eq. (87), with ��2 = 4.61, (black ellipse), from the
analysis of pp ! e + MET + X at the 8-TeV LHC (20 fb�1) [12] (blue ellipse), and from radiative pion decay, cf. Eq. (118) [23] (orange
band). The green band shows the 90% CL bound (��2 = 2.71) using only superallowed Fermi decays. (Right) Same figure but using projected
�-decay data, cf. Eq. (100) (black) and projected LHC bounds from pp ! e+MET+X searches with 14 TeV and 300 fb�1 [23] (blue).

Requiring that the leading logarithmic part of the 2-loop correction is not larger than current bounds on the neutrino
mass, the following bounds were found [13]

|✏̃L| . 10�2
, (129)

|✏̃S ± ✏̃P | . 2⇥ 10�3
, (130)

|✏̃T | . 0.5⇥ 10�3
, (131)

where µ = 1 TeV was used as the initial running scale. The bounds on scalar and tensor interactions are about 3 times
stronger than those derived from LHC data in Eqs. (121)-(122) and orders of magnitude stronger than those from � decay,
cf. Section 4.5. The bound on the pseudoscalar coupling is also 3 times stronger than the LHC one, but still weaker than
that from pion decay, cf. Eq. (114). Finally, the neutrino-mass considerations above o↵er a valuable alternative probe for
the ✏̃L coupling, which can also be accessed through CKM unitarity, but with slightly less accuracy, cf. Eq. (79).

5.5. Electric dipole moments

It can be shown that in the SMEFT framework, the same dimension-6 e↵ective operators generating CP-violating
e↵ects in � decay would also generate at tree- or one-loop-level a non-zero nuclear and neutron Electric Dipole Moment
(EDM) [473]. As a result one can translate the stringent EDM bounds [474] in indirect limits on the �-decay CP-
violating coe�cients, such as D or R, which are two orders of magnitudes stronger than their direct limits from �-decay
measurements [13]. This takes into account the calculation of Ref. [475] that relaxed the EDM bound by an order of
magnitude with respect to Ref. [473].

In principle, these indirect bounds can be avoided through a fine-tuned cancellation with additional dimension-6
operators contributing to the EDMs, or using dimension-8 operators. The precise realization in specific models is however
nontrivial, as shown for instance for leptoquark models, where the connection with EDMs is still present, although the
indirect bounds can be relaxed in this case [473]. Finally, the EDM bounds can be avoided abandoning altogether the
SMEFT framework, introducing for example light new particles. Thus, current measurements of CP-violating coe�cients
in � decay can be considered as probes of the SMEFT framework itself, or at least its simpler realizations where large
fine-tunings are not considered. A recent and detailed review of the connection between EDMs and �-decay measurements
is presented in Ref. [13].

6. Conclusions

We have reviewed the role of precision measurements in nuclear and neutron � decay, as useful tools to improve our
understanding of fundamental interactions. Transitions with small nuclear-structure uncertainties (or none in neutron
decay) are used to learn about QCD, to extract the values of fundamental SM parameters such as Vud, and to search for
new physics.

First, we have introduced the theoretical formalism that describes � decay at the elementary level with special attention
to the latest developments, such as the precise calculations of the hadronic charges in the lattice, or the SMEFT framework

55

Beta decay vs. LHC on Scalar/Tensor CC	
Complementarity now and in the future! 

Gonzalez-Alonso et al 1803.08732

bF = − 0.0028(26)
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IR: Fermi function (Dirac-Coulomb problem) 	
      + Sirlin function (soft Bremsstrahlung)
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Inner RC: 	
energy- and model-independent
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UV: large EW logs + pQCD corrections

-box: sensitive to all scalesγW
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The only piece that depends on physics at hadronic scale is the V*A term in the Wγ−box 
diagram:

Its contribution to Rec (“m.d”: model-dependent) is:

where the forward Compton amplitude is defined as:

q q

Radiative Corrections: Modern Treatment

UV-sensitive -box on free neutron : Sirlin, Marciano, Czarnecki 1967 - 2006 	γW ΔV
R

ΔV
R =

α
2π {3 ln

MZ

Mp
+ ln

MZ

MW
+ ãg} + δHO

QED + 2 □γW

All non-enhanced terms  — only need to ~10% — quite doable!∼ α/2π ∼ 10−3
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Status of ΔV
R
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Compare to the previous evaluation: ΔV
R = 0.02361(38)

Dispersion Theory + neutrino data: ΔV
R = 0.02467(22)

Shift upwards by 3  + reduction of uncertainty by factor 2 — origin of Cabibbo anomalyσ

Confirmed by lattice QCD:	
LQCD on pion + pheno:	
LQCD on neutron:

Seng, MG, Feng, Jin, 2003.11264ΔV
R = 0.02477(24)LQCDπ+pheno

Yoo et all, 2305.03198
ΔV

R = 0.02439(19)LQCDn Ma, Feng, MG et al 2308.16755

Seng, MG, Ramsey-Musolf, 1807.10197; 1812.03352

2018: reevaluation of non-enhanced terms ( -box) with new methodsγW

Marciano, Sirlin hep-ph/0510099
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 : the low-energy part of 𝛾W-boxδNS

ΔV
R + δNS ∝ 2 □VA, nucl

γW

e−ν̄e

Ai → A* → Af

e−ν̄e

n → N* → p

Differences due to:	

Richer excitation spectrum in nuclei	

Different quantum numbers

δNS = 2[ □VA, nucl
γW − □VA, free n

γW ]

ΔV
R ∝ 2 □VA, free n

γW

Convention: extract free-nucleon  boxγW ℱt(1 + ΔV
R) = ft(1 + δ′￼R)(1 − δC + δNS)(1 + ΔV

R)

Separation nucleus — free nucleon controlled in dispersion theory	

Evaluate the LE part with appropriate methods: ab initio nuclear theory



 in ab-initio nuclear theoryδNS
First case study:  in No-Core Shell Model (NCSM)	
Many-body problem in HO basis with separation  and up to 

10C → 10B
Ω N = Nmax + NPauli

27

Evaluate T
3
 using No Core Shell Model (NCSM)

➢ Utilizes discrete harmonic oscillator (HO) basis up to 
N=N

max
+N

Pauli

➢ HO basis allows separation of CM and internal DOFs
➢ Test of convergence is possible with increasing N

max

➢ W-independence as another consistency check
➢ Nuclear interactions from Chiral EFT:

 NN-N4LO+3N
lnl

 NN-N4LO+3N*
lnl

Entem, Machleidt and Nosyk, 2017 PRC;
Gysbers et al., 2019 Nature;
Kravvaris, Navrátil, Quaglioni, Hebborn and Hupin, 2023 PLB

28

Matrix element of the nuclear Green’s function evaluated 
with the Lanczos continued fraction method 

Step 1: Choose a initial vector

Step 2: Construct an n-vector basis through the following
             recursion

“Lanczos coefficients”:

Initial values:

Difficulty:
Inverting a 
large matrix!

Evaluate the m.e. of nuclear Green’s function

Lanczos continuous fraction method

14

Gennari, Drissi, MG, Navratil, Seng 2405.19281
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Numerical results

From “res,T
3
” From “res,T

3
”

➢ “res,T
3
” contribution is numerically the largest

➢ Different nuclear forces cause substantial re-distribution
between different contributions, but small change to the sum

Ab-initio  for  transition in NCSMδNS
10C → 10B

15

33

Fast convergence with increasing N
max

→ Intruder states are not an issue 

Check Ω-independence and convergence w.r.t. N
max 

:

Natural in EFT language; see Wouter Dekens’ talk

%

δNS = − 0.406(39) %No-Core Shell Model (NCSM)

δNS = − 0.347(35) % δNS = − 0.400(50) %

Compare to Hardy-Towner (old-fashion SM)

(2014) (2020)
Dispersion formalism: correct account for 
quasielastic knockout and energy dependence

Seng, MG, Ramsey-Musolf, 1812.03352;  MG 1812.04229

Gennari, Drissi, MG, Navratil, Seng 2405.19281



Ab-initio  for  and  transitions in QMCδNS
10C → 10B 14O → 14N

PT- EFT matchingχ χ
PT 

  
χ

100 MeV
EFT 

  
χ

pn

e
νe

N N

e
νe

pn

NN

γ

e
νe

pn

NN

• Long-range diagrams proportional to 
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• NLO vertices:  corrections  

•  lead to contact interactions 

• Needed to absorb divergences induced by 
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Recently: NS correction formulated in EFT language

Unknown Low-Energy Constants parametrize 	
integrated-out physics at higher scales	
Only natural-size estimate for LEC viable

Nuclear Matrix Elements 
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• Total: 

• For  gNN
V1,V2 = 1/(4mNF2

π)

• Magnetic/spin-orbit correspond to  
`traditional’   

• Similar result:  

δNS,B

δNS,B = − 1.96(50) ⋅ 10−3

δ(0)
NS = − (1.76+0.11±0.88) ⋅ 10−3

Towner ’94; Hardy, Towner ‘20
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δNS = − 0.429(73) % King et al 2509.07310Independent ab initio calculation for 10C → 10B

Ab initio theory used to compute m.e. in EFT: Quantum Monte Carlo (QMC) methods (VMC and GFMC) 

Cirigliano et al, 2405.18469First ab initio calculation for 14O → 14N δNS = − 0.187(88) %
Compare to Hardy-Towner 2020: δNS = − 0.196(50) %
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Recheck NS correction for remaining 13 transitions with different methods —> every contribution valuable!



Finite nuclear size effects in  and  spectrumδC β



QED + FNS corrections to -spectrumβ

Shape factor C: spatial distribution of decay 
Fermi function F: e+ in Coulomb field
Depend on finite nuclear size

f = m−5
e ∫

E0

me

dEe | ⃗pe |Ee(E0 − Ee)2F(Ee)C(Ee)Q(Ee)R(Ee)r(Ee)

Unperturbed beta spectrum

18

Pure QED

f-value: integrated  spectrum	
Q-value small 	
not measured but computed

β
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ch
(r)

r
cw
(r)

Traditionally: assumed decay probability equally distributed across the nucleus, ρcw ≈ ρch

Photon probes the entire nuclear charge	
Only outer protons can decay: all neutron states in the core occupied	
Transition density has much larger radius

But: Isospin symmetry + known charge distributions of T=1 members implies
Seng, 2212.02681

MG, Seng 2311.16755

ρcw = Z0ρTz=0
ch − Z1ρ

Tz=1
ch =

1
2 [Z−1ρ

Tz=−1
ch − Z1ρ

Tz=1
ch ]

0+, T = 1, Tz = − 1

0+, T = 1, Tz = 0

0+, T = 1, Tz = 1



19

One radius makes a difference in BSM search!

the ISB corrections δC when a nuclear shell-model
approach with Woods-Saxon radial wave functions is
employed [27,28]. Currently, these δC calculations are
the only ones considered to be sufficiently reliable to
evaluate F t values and thus Vud [10]. In the shell-model
approach, the ISB corrections are separated into two
components, δC ¼ δC1 þ δC2. The former is associated
with the configuration mixing within the restricted shell
model space while the latter, known as the radial overlap
correction, is derived from a phenomenological Woods-
Saxon potential and it depends on the nuclear charge
radius Rc.
Since Rcð26mAlÞ was previously unknown, the calcula-

tion of δC2 used Rc ¼ 3.040ð20Þ fm [27], an extrapolation
based on other, known nuclear charge radii. Our exper-
imental result, Rcð26mAlÞ ¼ 3.130ð15Þ fm, deviates from
this extrapolation by 4.5 standard deviations. This signifi-
cantly impacts the radial overlap correction which is
updated to δC2 ¼ 0.310ð14Þ% [55] compared to the pre-
vious 0.280(15) % [10]. The impacts of this sizable change
in δC2 are summarized in Fig. 2(a) and in Table II.
Despite 26mAl being the most accurately studied super-

allowed β emitter, the corrected F t value is shifted by
almost 1 full standard deviation to 3071.4(1.0) s. Its high
precision is maintained but, in terms of Rc in the calculation
of δC, the value now stands on a solid experimental basis.
The updated F t value of 26mAl also affects the F t value,
i.e., the weighted average over all 15 precisely studied
superallowed β emitters, which is shifted by one-half of its
statistical uncertainty, see inset in Fig. 2(a). To our knowl-
edge, this represents the largest shift in the F t value since
2009, see Fig. 2(b). This is a remarkable influence of a
single experimental result on a quantity which is based on
more than 200 individual measurements and which is
dominated in its uncertainty by theoretical corrections.
Accounting for 0.57 s, this statistical uncertainty con-

tains all experimental as well as those theoretical errors
which scatter “randomly” from one superallowed transition
to another. Previously, a single systematic theoretical
uncertainty of 0.36 s due to δ0R had to be added affecting
all superallowed β emitters alike [56]. In these circum-
stances, the shift in the F t value caused by the new charge

radius of 26mAl would have corresponded to ≈40% of its
total uncertainty. In the latest survey of superallowed β
decays [10], however, a systematic theoretical uncertainty
of 1.73 s in δNS was newly introduced, reflecting uncer-
tainties due to previously unaccounted contributions to the
nuclear-structure dependent radiative corrections. This
represents an almost threefold increase of the theoretical
error associated with δNS which now dominates the
uncertainty in the F t value. Considering our new charge
radius of 26mAl, one thus obtains an F t value of
3071.96(1.85) s.
The present work further implies a ΔCKM in the unitarity

test of the first row of the CKM matrix which is brought by
≈1=10σ closer towards unitarity. Although the magnitude
of this change is too small to resolve the tension to CKM
unitarity, it illustrates the importance of a comprehensive
examination of all relevant ingredients to Vud, especially
theoretical corrections which involve nuclear-structure
dependencies such as radiative and ISB corrections. In
terms of δC2, there remain seven superallowed β emitters in
which the nuclear charge radius is experimentally unde-
termined [62,63]. Among those, 10C and 14O are of specific
interest given their sensitivity to the Fierz interference term
which relates to scalar contributions in β decays. Moreover,
it has recently been proposed to constrain models of ISB
corrections by new, more precise measurements of charge
radii in triplets of the isobaric analog states, e.g.,
38Ca-38mK-38Ar [20].

TABLE II. Summary of the rms charge radius Rc, the radial
overlap correction δC2 and the F t value of 26mAl, the weighted
average of the 15 superallowed β emitters F t and the result of the
CKM unitarity test.

Quantity Previous value This Letter

Rc 3.040(20) fm [27] 3.130(15) fm
δC2 0.280(15)% [10] 0.310(14)%
F tð26mAlÞ 3072.4(1.1) s [10] 3071.4(1.0) s
F t 3072.24(1.85) s [10] 3071.96(1.85) s
ΔCKM 152ð70Þ × 10−5 [7] 144ð70Þ × 10−5

(a) (b)

FIG. 2. (a) F t values of the 15 superallowed β emitters used to
determine Vud. The values in black, taken from [10], include
experimental as well as “statistical” theoretical errors. The
previously determined F t value for 26mAl [10] (blue) is compared
to the one (orange) when considering the experimental nuclear
charge radius of the present work. The weighted averages for the
15 superallowed β emitters are shown as horizontal bars in the
inset (without considering additional, systematic theoretical
uncertainties). (b) Evolution of the F t value with statistical
uncertainties in previous reviews [10,56–61] (black) compared to
this Letter (orange). The vertical line to guide the eye corresponds
to the value from 2020 [10].

PHYSICAL REVIEW LETTERS 131, 222502 (2023)

222502-5

Previously guessed (HT)   Rc(26mAl) = 3.040(20) fm

Plattner et al, 2310.15291Recent measurement at ISOLDE: isotope Shift in Al 27-26m atoms
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One radius makes a difference in BSM search!

the ISB corrections δC when a nuclear shell-model
approach with Woods-Saxon radial wave functions is
employed [27,28]. Currently, these δC calculations are
the only ones considered to be sufficiently reliable to
evaluate F t values and thus Vud [10]. In the shell-model
approach, the ISB corrections are separated into two
components, δC ¼ δC1 þ δC2. The former is associated
with the configuration mixing within the restricted shell
model space while the latter, known as the radial overlap
correction, is derived from a phenomenological Woods-
Saxon potential and it depends on the nuclear charge
radius Rc.
Since Rcð26mAlÞ was previously unknown, the calcula-

tion of δC2 used Rc ¼ 3.040ð20Þ fm [27], an extrapolation
based on other, known nuclear charge radii. Our exper-
imental result, Rcð26mAlÞ ¼ 3.130ð15Þ fm, deviates from
this extrapolation by 4.5 standard deviations. This signifi-
cantly impacts the radial overlap correction which is
updated to δC2 ¼ 0.310ð14Þ% [55] compared to the pre-
vious 0.280(15) % [10]. The impacts of this sizable change
in δC2 are summarized in Fig. 2(a) and in Table II.
Despite 26mAl being the most accurately studied super-

allowed β emitter, the corrected F t value is shifted by
almost 1 full standard deviation to 3071.4(1.0) s. Its high
precision is maintained but, in terms of Rc in the calculation
of δC, the value now stands on a solid experimental basis.
The updated F t value of 26mAl also affects the F t value,
i.e., the weighted average over all 15 precisely studied
superallowed β emitters, which is shifted by one-half of its
statistical uncertainty, see inset in Fig. 2(a). To our knowl-
edge, this represents the largest shift in the F t value since
2009, see Fig. 2(b). This is a remarkable influence of a
single experimental result on a quantity which is based on
more than 200 individual measurements and which is
dominated in its uncertainty by theoretical corrections.
Accounting for 0.57 s, this statistical uncertainty con-

tains all experimental as well as those theoretical errors
which scatter “randomly” from one superallowed transition
to another. Previously, a single systematic theoretical
uncertainty of 0.36 s due to δ0R had to be added affecting
all superallowed β emitters alike [56]. In these circum-
stances, the shift in the F t value caused by the new charge

radius of 26mAl would have corresponded to ≈40% of its
total uncertainty. In the latest survey of superallowed β
decays [10], however, a systematic theoretical uncertainty
of 1.73 s in δNS was newly introduced, reflecting uncer-
tainties due to previously unaccounted contributions to the
nuclear-structure dependent radiative corrections. This
represents an almost threefold increase of the theoretical
error associated with δNS which now dominates the
uncertainty in the F t value. Considering our new charge
radius of 26mAl, one thus obtains an F t value of
3071.96(1.85) s.
The present work further implies a ΔCKM in the unitarity

test of the first row of the CKM matrix which is brought by
≈1=10σ closer towards unitarity. Although the magnitude
of this change is too small to resolve the tension to CKM
unitarity, it illustrates the importance of a comprehensive
examination of all relevant ingredients to Vud, especially
theoretical corrections which involve nuclear-structure
dependencies such as radiative and ISB corrections. In
terms of δC2, there remain seven superallowed β emitters in
which the nuclear charge radius is experimentally unde-
termined [62,63]. Among those, 10C and 14O are of specific
interest given their sensitivity to the Fierz interference term
which relates to scalar contributions in β decays. Moreover,
it has recently been proposed to constrain models of ISB
corrections by new, more precise measurements of charge
radii in triplets of the isobaric analog states, e.g.,
38Ca-38mK-38Ar [20].

TABLE II. Summary of the rms charge radius Rc, the radial
overlap correction δC2 and the F t value of 26mAl, the weighted
average of the 15 superallowed β emitters F t and the result of the
CKM unitarity test.

Quantity Previous value This Letter

Rc 3.040(20) fm [27] 3.130(15) fm
δC2 0.280(15)% [10] 0.310(14)%
F tð26mAlÞ 3072.4(1.1) s [10] 3071.4(1.0) s
F t 3072.24(1.85) s [10] 3071.96(1.85) s
ΔCKM 152ð70Þ × 10−5 [7] 144ð70Þ × 10−5

(a) (b)

FIG. 2. (a) F t values of the 15 superallowed β emitters used to
determine Vud. The values in black, taken from [10], include
experimental as well as “statistical” theoretical errors. The
previously determined F t value for 26mAl [10] (blue) is compared
to the one (orange) when considering the experimental nuclear
charge radius of the present work. The weighted averages for the
15 superallowed β emitters are shown as horizontal bars in the
inset (without considering additional, systematic theoretical
uncertainties). (b) Evolution of the F t value with statistical
uncertainties in previous reviews [10,56–61] (black) compared to
this Letter (orange). The vertical line to guide the eye corresponds
to the value from 2020 [10].
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to the significance of the δ′
R uncertainty for each transition.

In each case, we take the height of that bar to correspond to
one-third the size of the Z2α3 term in the expression for δ′

R

(see Sec. III A 1).
From Fig. 3, it can be seen that for seven of the nine

transitions plotted there—all but those from 10C and 14O—the
contributions from their three experimental uncertainties are
substantially smaller than the corresponding contributions
from the theoretical uncertainty due to the combined nuclear-
structure-dependent corrections, (δC − δNS). The same can be
said for the transitions from 62Ga and 74Rb, which appear
among the TZ = 0 cases illustrated in Fig. 4, although for these
two cases the theoretical uncertainties are 3–10 times larger
than they are for the lighter nuclei because of nuclear-model
ambiguities.

There is good reason for these nine cases to have particu-
larly small experimental uncertainties. They are all transitions
from TZ = 0 parent nuclei, which populate even-even daugh-
ters in which there are no, or very few, 1+ states at low enough
energy to be available for competing Gamow-Teller decays.
Thus, the branching ratios for the superallowed transitions
are all >99% and have very small associated uncertainties,
the largest being for the decays of 54Co and 74Rb, which
both have a 3 × 10−4 fractional uncertainty. In both cases,
this is because they are predicted to have Gamow-Teller
branches that are too weak to have been observed but numerous
enough that their total strength is not negligible. To account
for such competition, one must first make a sensitive search
for weak branches and then resort to an estimate of the
strength of the branches that could have been missed at the
level of experimental sensitivity achieved. Such estimates are
currently based on shell-model calculations, as first suggested
in Ref. [93], and obviously they introduce some additional
uncertainty.

The presence of numerous weak Gamow-Teller branches
becomes an increasingly significant issue for the heavier-mass
nuclei, which have increasingly large QEC values. For cases
with A ! 62, they present a major experimental challenge
if they are to be fully characterized. To date this has been
accomplished for the decays of 62Ga [36,66] and 74Rb [55] but
at considerable effort. It remains to be seen if the same level of
precision will ultimately be achievable for 66As and 70Br, the
two other cases in the bottom panel of Fig. 4, or for the even
heavier TZ = 0 parents that extend beyond 74Rb up to 98In.

The decays of 10C, 14O, and all the transitions depicted
in the top panel of Fig. 4 originate from TZ = −1 parent
nuclei and populate odd-odd daughters in which there are low-
lying 1+ states strongly fed by Gamow-Teller decay. These
branches are of comparable intensity to the superallowed
one so they—or the superallowed branch itself—must be
measured directly with high relative precision, a very difficult
proposition. The outcome is branching-ratio uncertainties that
exceed all the other contributions to theF t-value uncertainties,
experimental or theoretical, for these cases. (Measurements of
weak competing branches in the TZ = 0 cases discussed in
the previous paragraph require high sensitivity but not high
relative precision because the total Gamow-Teller branching
is more than a factor of 100 weaker than the superallowed
branch for all of them.) Advances in experimental techniques

for measuring branching ratios have improved the situation in
recent years [94,141] and will improve it even more within the
next few years. Nevertheless, it is unlikely that these cases will
ever equal the overall level of precision already achieved for
the TZ = 0 parent decays. Their value lies instead in testing the
calculated corrections for isospin-symmetry breaking [141], as
described in Sec. IV C.

IV. ISOSPIN-SYMMETRY BREAKING

Our own isospin-symmetry-breaking calculations, which
take a semiphenomenological approach based on the shell-
model together with Woods-Saxon radial functions (denoted
SM-WS), have been discussed in Sec. III A 2. The results
obtained there for δC are listed in the last column of Table X
and are repeated for comparison purposes in the second column
of Table XI. Those are not the only calculations of δC . There
are a number of others that have appeared in the literature, of
which we outline some more recent entries here.

A. Other δC calculations

SM-HF. Ormand and Brown [199] were the first to suggest
that the calculation of the radial overlap—i.e., the δC2 com-
ponent of δC—might be better served if a mean-field Hartree-
Fock potential were used rather than the phenomenological
Woods-Saxon potential. The most recent calculation of this
type is by Hardy and Towner [6] and their results are listed

TABLE XI. Recent δC calculations (in percent units) based
on models labeled SM-WS (shell-model, Woods-Saxon), SM-HF
(shell-model, Hartree-Fock), RPA (random phase approximation),
IVMR (isovector monopole resonance), and DFT (density functional
theory). Also given is the χ 2/ν, χ 2 per degree of freedom, from the
confidence test discussed in the text.

RPA

SM-WS SM-HF PKO1 DD-ME2 PC-F1 IVMRa DFT

Tz = −1
10C 0.175 0.225 0.082 0.150 0.109 0.147 0.650
14O 0.330 0.310 0.114 0.197 0.150 0.303
22Mg 0.380 0.260 0.301
34Ar 0.695 0.540 0.268 0.376 0.379
38Ca 0.765 0.620 0.313 0.441 0.347
Tz = 0
26mAl 0.310 0.440 0.139 0.198 0.159 0.370
34Cl 0.650 0.695 0.234 0.307 0.316
38mK 0.670 0.745 0.278 0.371 0.294 0.434
42Sc 0.665 0.640 0.333 0.448 0.345 0.770
46V 0.620 0.600 0.580
50Mn 0.645 0.610 0.550
54Co 0.770 0.685 0.319 0.393 0.339 0.638
62Ga 1.475 1.205 0.882
74Rb 1.615 1.405 1.088 1.258 0.668 1.770
χ 2/ν 1.4 6.4 4.9 3.7 6.1 4.3b

aRodin [205] also computes δC = 0.992% for both 66As and 70Br.
bThe result for 62Ga has not been included in the least-squares fit from
which this value for χ 2/ν has been obtained.
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FIG. 1. Isospin-symmetry breaking correction δC obtained from
different models: shell model with WS radial wave functions (SM-
WS) [2,4,5], shell model with HF wave functions (SM-HF) [6,7],
J (T )-projected HF theory with two different Skyrme functionals (SV-
DFT and SHZ2-DFT) [9], relativistic RPA (RHF-RPA and RH-RPA)
[10], isovector monopole resonance theory (IVMR) [11], and the
Damgaard model [12].

added to a relativistic Hartree or Hartree-Fock (HF) calculation
was used by Liang et al. [10]. In addition, Auerbach [11] uses a
model where the main isospin-symmetry-breaking effects are
attributed to the isovector monopole resonance. The last two
results are again systematically lower than the shell-model or
J (T )-projected HF values. For completeness, we show also an
earlier estimation of the correction using perturbation theory
on the basis of individual harmonic-oscillator wave functions
by Damgaard [12]. It is clear that all these calculations have a
significant spread in the obtained values of δC , thus raising the
question of credibility of the results.

The values for δC tabulated by Towner and Hardy in Ref. [1]
excellently support both the CVC hypothesis over the full range
of Z values and the top-row unitarity of the CKM matrix.
However, this agreement is not sufficient to reject the other
calculations, since these aspects of the standard model have
to be confirmed experimentally. The validity of CVC does not
constrain the absolute F t value. The disagreement between
model predictions and the importance of the issue motivated
us to reexamine this correction in a consistent approach based
on the nuclear shell model.

Within the shell model, the eigenproblem is solved by con-
struction and diagonalization of the Hamiltonian matrix using
a Slater determinant spherical harmonic-oscillator basis. The
eigenstates are thus given in terms of linear combinations of
many-body basis states. In order to describe isospin-symmetry
breaking effects, the many-body Hamiltonian should contain
Coulomb and charge-dependent terms of nuclear origin. If
the eigenproblem is solved in a sufficiently large A-body
basis of many harmonic-oscillator shells, the eigenvectors
can be used to compute a realistic Fermi matrix elements,
as, for example, has been done for 10C in the no-core shell
model with 3N forces included [13]. However, for heavier
nuclei, calculations are feasible only in restricted model spaces,
containing one or two harmonic-oscillator shells beyond a
closed-shell core. Effective isospin-nonconserving interaction
introduces the isospin-symmetry breaking in the mixing of

various harmonic-oscillator configurations within the model
space. In addition, calculation of transition matrix elements
involves radial integrals which should be computed using real-
istic spherically symmetric proton and neutron wave functions,
obtained from a finite-range potential with a Coulomb term.
The protons in a parent nucleus are less bound than the neutrons
in a daughter nucleus because of the Coulomb repulsion. Since
the model space is restricted to a single oscillator shell, in
practice the only way to deal with the problem is to replace the
harmonic-oscillator radial wave functions by single-particle
wave functions obtained from a realistic spherically symmetric
mean-field potential. This accounts for the isospin-symmetry
breaking effects beyond the valence space. Thus, there are
two sources of the deviation of the Fermi matrix element
from its model-independent value: one is from the effective
charge-dependent Hamiltonian and the other is from the radial
mismatch of proton and neutron single-particle wave functions.
It will be shown below that, within the first-order perturbation
theory, the correction δC can be expressed as a sum of two
terms corresponding to the two sources of isospin-symmetry
breaking mentioned above.

The present study focuses on the radial mismatch between
proton and neutron single-particle wave functions, which
represents the main contribution to the nuclear structure
correction to the Fermi matrix element. Currently, two types
of a mean-field potential are considered in this respect. The
first one is the phenomenological WS potential including a
central, a spin-orbit, and an electrostatic repulsion term. A
series of calculations using this potential has been carried
out by Towner and Hardy [2,4]. These authors adjusted case-
by-case the depth of the volume term or added an additional
surface-peak term to reproduce experimental proton and neu-
tron separation energies. In addition, they adjusted the length
parameter of the central term to fix the charge radii of the
parent nuclei. The second type of a mean-field potential is
that obtained from self-consistent HF calculations using a
zero-range Skyrme force, as was first proposed by Ormand
and Brown in 1985 [14] and refined in the subsequent papers
[6,7].

The results obtained from both types of mean-field potential
are equivalently in good agreement with the CVC hypothesis;
however, the δC values from Skyrme-HF calculations are con-
sistently smaller than those obtained from the WS calculations.
This discrepancy was thought to be due to the insufficiency of
the Slater approximation for treating the Coulomb exchange
term. Towner and Hardy highlighted that the asymptotic
limit of the Coulomb potential in the Slater approximation is
overestimated by one unit of Z. To retain this property, they
proposed a modified HF protocol [5], namely they performed
a single calculation for the nucleus with (A − 1) nucleons
and (Z − 1) protons and then used the proton and the neutron
eigenfunctions from the same calculation to compute the radial
overlap integrals. Their result leads to a significant increase of
the corresponding correction to the Fermi matrix element and
provides a better agreement with the values obtained with WS
radial wave functions. However, we warn that such a method
is rooted in Koopman’s theorem, which is not fully respected
by the HF calculations, in particular with a density-dependent
effective interaction.

024324-2

Xayavong, Smirnova, 1708.00616

20

Nuclear community embarked on ab-initio  calculations 	
Complement with independent test: data-driven approach to benchmark model calculations

δC

  crucial for alignment of Ft values but model dependenceδC



Data-Driven  from nuclear radiiδC

21

ISB-sensitive combinations of nuclear radii across isotriplet

C.-Y. Seng and M. Gorchtein Physics Letters B 838 (2023) 137654

In this Letter we explore the connection between δC and a set 
of experimentally accessible quantities that are sensitive to the 
same ISB nuclear matrix elements. These observables encompass 
recoil effects in the superallowed decay process, nuclear charge 
radii across the isotriplet, and the neutron skin of the stable 
daughter nucleus. The relevant combinations are constructed such 
that non-ISB contributions cancel out, and a clean probe of the 
isospin mixing effects is obtained.

2. Basic notation

We adopt the “nuclear physics convention” for the isospin pro-
jection, (T z)p = −1/2. We consider β+ transitions i → f across
the isotriplet with T z,i = 0 and T z, f = +1 (which we will explain 
later). The Fermi matrix element is defined as M F = ⟨ f |τ̂+|i⟩, with 
τ̂+ the isospin-raising operator, and the states |i⟩, | f ⟩ normalized 
to 1.

The nuclear states are eigenstates of the full Hamiltonian H
which we split as H = H0 + V , with H0 the part that conserves 
isospin and V the ISB perturbation term. We label the eigenstates 
of H0 as |a; T , T z⟩ where a denotes all quantum numbers un-
related to isospin (we use a = g for the ground state isotriplet 
that undergoes superallowed beta decay). The corresponding en-
ergy eigenvalues are labeled as Ea,T , which may depend on a and 
T but not T z . In the absence of V , the bare Fermi matrix element 
reads M0

F = ⟨g; 1, T z, f |τ̂+|g; 1, T z,i⟩ =
√

2.
A key ingredient in our analysis is the isovector monopole op-

erator,

M⃗(1) =
A∑

i=1

r2
i
⃗̂T (i) (3)

where ⃗̂T (i) is the isospin operator of the nucleon i, and r⃗i its po-
sition. The irreducible tensors of rank 1 in the isospin space with 
its components are: M(1)

0 = M(1)
z , M(1)

±1 = ∓(M(1)
x ± iM(1)

y )/
√

2.

3. Key experimental observables

The charged weak form factors in superallowed decays of spin-
less nuclei are:

⟨ f (p f )| Jλ†
W (0)|i(pi)⟩ = f+(t)(pi + p f )

λ + f−(t)(pi − p f )
λ, (4)

where Jλ†
W (x) = d̄(x)γ λ(1 − γ5)u(x) is the charged weak current, 

and t = (pi − p f )
2. The contribution of f−(t) to the differential 

decay rate is suppressed simultaneously by kinematics and by ISB, 
so we can only probe f+(t). In the Breit frame (p0

i = p0
f ), f+(0) =

M F and we define f+(t) = M F f̄+(t) with f̄+(0) = 1. For small t
we have,

f̄+(t) = 1 + t
6

R2
CW + O(t2), (5)

where

R2
CW ≡ −

√
2⟨ f |M(1)

+1|i⟩
M F

(6)

defines a “charged weak radius” associated to the charged weak 
form factor, and one may safely set M F →

√
2 above given our 

precision goal. This radius may in principle be measured through 
recoil effects in beta decays or neutrino-nucleus scattering. We dis-
cuss the feasibility of such measurements in later paragraphs.

Further, we define the root mean square (RMS) radii of the 
proton and neutron distribution in a nucleus φ (with the proton 
number Zφ and the neutron number Nφ ) as

R p/n,φ =

√√√√ 1
X

⟨φ|
A∑

i=1

r2
i

(
1
2

∓ T̂ z(i)
)

|φ⟩, (7)

with − for the proton and + for the neutron and X = Zφ or Nφ , 
respectively. These radii naturally connect to the z-component of 
the isovector monopole operator,

⟨φ|M(1)
0 |φ⟩ = Nφ

2
R2

n,φ − Zφ

2
R2

p,φ . (8)

In absence of ISB, the Wigner-Eckart theorem requires the equality 
⟨g; 1, 1|M(1)

+1|g; 1, 0⟩ = −⟨g; 1, 1|M(1)
0 |g; 1, 1⟩. Hence, the following 

combined experimental observable

'M(1)
A ≡ ⟨ f |M(1)

+1|i⟩ + ⟨ f |M(1)
0 | f ⟩ (9)

offers a very clean probe of ISB effect. Furthermore, we define an-
other experimentally accessible quantity,

'M(1)
B ≡ 1

2

(
Z1 R2

p,1 + Z−1 R2
p,−1

)
− Z0 R2

p,0 (10)

which combines the R p across the isotriplet (−1, 0, 1 denote T z of 
the nucleus). Again, 'M(1)

B vanishes in the isospin limit, providing 
another clean probe of isospin mixing effects. 'M(1)

A,B are the two 
key experimental observables that we focus on in this Letter.

While the RMS radii R p,n are generally not observable, they 
are directly related to nuclear charge and neutral weak radii 
RCh,φ, RNW,φ . The former are measurable for both stable and un-
stable nuclear isotopes, mainly from the atomic spectroscopy [28]. 
The nuclear RMS charge radii are largely given by R p , as the cor-
rections due to the charge radii of the proton and the neutron 
can easily be included, along with the spin-orbit interaction ef-
fects [29–32]. New results for charge radii of unstable isotopes are 
anticipated, e.g., from the BECOLA facility at FRIB [33].

Nuclear weak radii are accessible with parity-violating electron 
scattering (PVES) on nuclear targets. The object of interest is the 
neutron skin Rn − R p ∝ RNW − RCh which is the subject of a vibrant 
experimental program at electron scattering facilities [34–38] with 
the scope of obtaining insights into the properties of the neutron-
rich matter with relevance for astrophysics [39]. Since fixed-target 
PVES is only viable with a stable target nucleus, we concentrate 
on (observationally) stable superallowed daughter nuclei, most of 
which are T z, f = +1 members of the isotriplet, which motivates 
the definition of Eq. (9). In addition, RMS charge radii of stable 
nuclei are known to 0.1 − 0.01% precision [28], which opens the 
possibility to extract the respective weak RMS radii with a sub-
percent precision [40].

The difference in the proton and neutron distributions within a 
nucleus can generically come from two sources: the neutron excess 
and ISB effects. In asymmetric nuclei with N > Z the skin is mainly 
generated by the symmetry energy [41], although even there the 
ISB effects may be non-negligible [42]. For nearly symmetric nu-
clei with N ≈ Z , such as those participating in the superallowed 
decays, the ISB effects become comparable. Discussions about the 
relation between ISB effects and the neutron skin exist in the liter-
ature [43], but to the best of our knowledge, this is the first time 
the neutron skin of the members of a superallowed isotriplet is 
directly related to δC in that isotriplet.

4. The connection between !M (1)
A,B and δC

To investigate the underlying physics of 'M(1)
A,B , we resort to 

the perturbation theory formalism outlined in Refs. [16,17] The 
only simplifying assumption is that the ISB operator V predomi-
nantly transforms as an isovector (T = 1, T z = 0) [44]. The neglect 
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Fig. 6: Testing for isospin symmetry breaking by comparing measured (exp) and semi-empirical (SE) radii. See Eq. 10 and Table 7.

Recently, the role of nuclear charge radii in calculating f has been put to the spotlight [36], pointing that their role,

and the e↵ect in their uncertainty is much larger than previously considered. Moreover, it has been recognized that radii

may constrain the isospin symmetry breaking correction �C as well [37]. Work on a fully data-driven analysis of the

ft-values of superallwoed decays has pointed the need to complete the determinations of charge radii of all members of

each isotriplet [36].

Here, the empirical mirror relation, already gives rise to reliable radii estimation of all nuclei with Tz = �1 which

are involved in the determination of Vud (see table 5). However, some Tz = 0 nuclei play a key role as well [35], with

only a handful of their radii measured. To estimate the radii of these nuclei, we first denote the radii of triplet nuclei by

rTz with Tz = �1, 0,+1. The mirror then fit directly gives

r2�1 � r2+1 = �I(2r+1 +�I) (8)

with �I given in Eq. 6. This form is suitable for combining with equation 16 from [38], to obtain a semiempirical

isotriplet interpolation formula for the radius of Tz = 0 nuclei

r20,SE = r2+1 +
Z�1

2Z0
�I(2r+1 +�I). (9)

Using Eq. 9, can determine the radii of Tz = 0 nuclei directly, they are given in Tab. 7. Their uncertainty spans

0.1� 1.5% and is dominated by that of r+1. The least well-known triplet is that with A = 10, motivating an improved

determination of the radius of 10Be.

If all else is under control, and spin-orbit corrections within a triplet are neglected, then the di↵erence between

experimental and semi-empirical radii can help to search for, or constrain, isospin-symmetry-breaking (ISB) within the

isotriplets. Plugging Eq. 9 to Eq. 10 from Ref. [37] we obtain the compact expression

�M (1)
B = Z0(r

2
0,SE � r20,exp), (10)

which vanishes in the isospin-symmetric limit. The results are given in Table 7, and plotted in Fig. 6. The most

stringent constraint on ISB is with the A = 38 triplet, for which |�M (1)
B (38)|  1.5 fm2, comparing well with theoretical

9
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In this Letter we explore the connection between δC and a set 
of experimentally accessible quantities that are sensitive to the 
same ISB nuclear matrix elements. These observables encompass 
recoil effects in the superallowed decay process, nuclear charge 
radii across the isotriplet, and the neutron skin of the stable 
daughter nucleus. The relevant combinations are constructed such 
that non-ISB contributions cancel out, and a clean probe of the 
isospin mixing effects is obtained.

2. Basic notation

We adopt the “nuclear physics convention” for the isospin pro-
jection, (T z)p = −1/2. We consider β+ transitions i → f across
the isotriplet with T z,i = 0 and T z, f = +1 (which we will explain 
later). The Fermi matrix element is defined as M F = ⟨ f |τ̂+|i⟩, with 
τ̂+ the isospin-raising operator, and the states |i⟩, | f ⟩ normalized 
to 1.

The nuclear states are eigenstates of the full Hamiltonian H
which we split as H = H0 + V , with H0 the part that conserves 
isospin and V the ISB perturbation term. We label the eigenstates 
of H0 as |a; T , T z⟩ where a denotes all quantum numbers un-
related to isospin (we use a = g for the ground state isotriplet 
that undergoes superallowed beta decay). The corresponding en-
ergy eigenvalues are labeled as Ea,T , which may depend on a and 
T but not T z . In the absence of V , the bare Fermi matrix element 
reads M0

F = ⟨g; 1, T z, f |τ̂+|g; 1, T z,i⟩ =
√

2.
A key ingredient in our analysis is the isovector monopole op-

erator,

M⃗(1) =
A∑

i=1

r2
i
⃗̂T (i) (3)

where ⃗̂T (i) is the isospin operator of the nucleon i, and r⃗i its po-
sition. The irreducible tensors of rank 1 in the isospin space with 
its components are: M(1)

0 = M(1)
z , M(1)

±1 = ∓(M(1)
x ± iM(1)

y )/
√

2.

3. Key experimental observables

The charged weak form factors in superallowed decays of spin-
less nuclei are:

⟨ f (p f )| Jλ†
W (0)|i(pi)⟩ = f+(t)(pi + p f )

λ + f−(t)(pi − p f )
λ, (4)

where Jλ†
W (x) = d̄(x)γ λ(1 − γ5)u(x) is the charged weak current, 

and t = (pi − p f )
2. The contribution of f−(t) to the differential 

decay rate is suppressed simultaneously by kinematics and by ISB, 
so we can only probe f+(t). In the Breit frame (p0

i = p0
f ), f+(0) =

M F and we define f+(t) = M F f̄+(t) with f̄+(0) = 1. For small t
we have,

f̄+(t) = 1 + t
6

R2
CW + O(t2), (5)

where

R2
CW ≡ −

√
2⟨ f |M(1)

+1|i⟩
M F

(6)

defines a “charged weak radius” associated to the charged weak 
form factor, and one may safely set M F →

√
2 above given our 

precision goal. This radius may in principle be measured through 
recoil effects in beta decays or neutrino-nucleus scattering. We dis-
cuss the feasibility of such measurements in later paragraphs.

Further, we define the root mean square (RMS) radii of the 
proton and neutron distribution in a nucleus φ (with the proton 
number Zφ and the neutron number Nφ ) as

R p/n,φ =

√√√√ 1
X

⟨φ|
A∑

i=1

r2
i

(
1
2

∓ T̂ z(i)
)

|φ⟩, (7)

with − for the proton and + for the neutron and X = Zφ or Nφ , 
respectively. These radii naturally connect to the z-component of 
the isovector monopole operator,

⟨φ|M(1)
0 |φ⟩ = Nφ

2
R2

n,φ − Zφ

2
R2

p,φ . (8)

In absence of ISB, the Wigner-Eckart theorem requires the equality 
⟨g; 1, 1|M(1)

+1|g; 1, 0⟩ = −⟨g; 1, 1|M(1)
0 |g; 1, 1⟩. Hence, the following 

combined experimental observable

'M(1)
A ≡ ⟨ f |M(1)

+1|i⟩ + ⟨ f |M(1)
0 | f ⟩ (9)

offers a very clean probe of ISB effect. Furthermore, we define an-
other experimentally accessible quantity,

'M(1)
B ≡ 1

2

(
Z1 R2

p,1 + Z−1 R2
p,−1

)
− Z0 R2

p,0 (10)

which combines the R p across the isotriplet (−1, 0, 1 denote T z of 
the nucleus). Again, 'M(1)

B vanishes in the isospin limit, providing 
another clean probe of isospin mixing effects. 'M(1)

A,B are the two 
key experimental observables that we focus on in this Letter.

While the RMS radii R p,n are generally not observable, they 
are directly related to nuclear charge and neutral weak radii 
RCh,φ, RNW,φ . The former are measurable for both stable and un-
stable nuclear isotopes, mainly from the atomic spectroscopy [28]. 
The nuclear RMS charge radii are largely given by R p , as the cor-
rections due to the charge radii of the proton and the neutron 
can easily be included, along with the spin-orbit interaction ef-
fects [29–32]. New results for charge radii of unstable isotopes are 
anticipated, e.g., from the BECOLA facility at FRIB [33].

Nuclear weak radii are accessible with parity-violating electron 
scattering (PVES) on nuclear targets. The object of interest is the 
neutron skin Rn − R p ∝ RNW − RCh which is the subject of a vibrant 
experimental program at electron scattering facilities [34–38] with 
the scope of obtaining insights into the properties of the neutron-
rich matter with relevance for astrophysics [39]. Since fixed-target 
PVES is only viable with a stable target nucleus, we concentrate 
on (observationally) stable superallowed daughter nuclei, most of 
which are T z, f = +1 members of the isotriplet, which motivates 
the definition of Eq. (9). In addition, RMS charge radii of stable 
nuclei are known to 0.1 − 0.01% precision [28], which opens the 
possibility to extract the respective weak RMS radii with a sub-
percent precision [40].

The difference in the proton and neutron distributions within a 
nucleus can generically come from two sources: the neutron excess 
and ISB effects. In asymmetric nuclei with N > Z the skin is mainly 
generated by the symmetry energy [41], although even there the 
ISB effects may be non-negligible [42]. For nearly symmetric nu-
clei with N ≈ Z , such as those participating in the superallowed 
decays, the ISB effects become comparable. Discussions about the 
relation between ISB effects and the neutron skin exist in the liter-
ature [43], but to the best of our knowledge, this is the first time 
the neutron skin of the members of a superallowed isotriplet is 
directly related to δC in that isotriplet.

4. The connection between !M (1)
A,B and δC

To investigate the underlying physics of 'M(1)
A,B , we resort to 

the perturbation theory formalism outlined in Refs. [16,17] The 
only simplifying assumption is that the ISB operator V predomi-
nantly transforms as an isovector (T = 1, T z = 0) [44]. The neglect 
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Fig. 6: Testing for isospin symmetry breaking by comparing measured (exp) and semi-empirical (SE) radii. See Eq. 10 and Table 7.

Recently, the role of nuclear charge radii in calculating f has been put to the spotlight [36], pointing that their role,

and the e↵ect in their uncertainty is much larger than previously considered. Moreover, it has been recognized that radii

may constrain the isospin symmetry breaking correction �C as well [37]. Work on a fully data-driven analysis of the

ft-values of superallwoed decays has pointed the need to complete the determinations of charge radii of all members of

each isotriplet [36].

Here, the empirical mirror relation, already gives rise to reliable radii estimation of all nuclei with Tz = �1 which

are involved in the determination of Vud (see table 5). However, some Tz = 0 nuclei play a key role as well [35], with

only a handful of their radii measured. To estimate the radii of these nuclei, we first denote the radii of triplet nuclei by

rTz with Tz = �1, 0,+1. The mirror then fit directly gives

r2�1 � r2+1 = �I(2r+1 +�I) (8)

with �I given in Eq. 6. This form is suitable for combining with equation 16 from [38], to obtain a semiempirical

isotriplet interpolation formula for the radius of Tz = 0 nuclei

r20,SE = r2+1 +
Z�1

2Z0
�I(2r+1 +�I). (9)

Using Eq. 9, can determine the radii of Tz = 0 nuclei directly, they are given in Tab. 7. Their uncertainty spans

0.1� 1.5% and is dominated by that of r+1. The least well-known triplet is that with A = 10, motivating an improved

determination of the radius of 10Be.

If all else is under control, and spin-orbit corrections within a triplet are neglected, then the di↵erence between

experimental and semi-empirical radii can help to search for, or constrain, isospin-symmetry-breaking (ISB) within the

isotriplets. Plugging Eq. 9 to Eq. 10 from Ref. [37] we obtain the compact expression

�M (1)
B = Z0(r

2
0,SE � r20,exp), (10)

which vanishes in the isospin-symmetric limit. The results are given in Table 7, and plotted in Fig. 6. The most

stringent constraint on ISB is with the A = 38 triplet, for which |�M (1)
B (38)|  1.5 fm2, comparing well with theoretical
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48Ca neutron skin, Rn - Rp

0.121 ± 0.026 (exp) ± 0.024 (model) fm
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ISB-sensitive combinations of nuclear radii across isotriplet

C.-Y. Seng and M. Gorchtein Physics Letters B 838 (2023) 137654

In this Letter we explore the connection between δC and a set 
of experimentally accessible quantities that are sensitive to the 
same ISB nuclear matrix elements. These observables encompass 
recoil effects in the superallowed decay process, nuclear charge 
radii across the isotriplet, and the neutron skin of the stable 
daughter nucleus. The relevant combinations are constructed such 
that non-ISB contributions cancel out, and a clean probe of the 
isospin mixing effects is obtained.

2. Basic notation

We adopt the “nuclear physics convention” for the isospin pro-
jection, (T z)p = −1/2. We consider β+ transitions i → f across
the isotriplet with T z,i = 0 and T z, f = +1 (which we will explain 
later). The Fermi matrix element is defined as M F = ⟨ f |τ̂+|i⟩, with 
τ̂+ the isospin-raising operator, and the states |i⟩, | f ⟩ normalized 
to 1.

The nuclear states are eigenstates of the full Hamiltonian H
which we split as H = H0 + V , with H0 the part that conserves 
isospin and V the ISB perturbation term. We label the eigenstates 
of H0 as |a; T , T z⟩ where a denotes all quantum numbers un-
related to isospin (we use a = g for the ground state isotriplet 
that undergoes superallowed beta decay). The corresponding en-
ergy eigenvalues are labeled as Ea,T , which may depend on a and 
T but not T z . In the absence of V , the bare Fermi matrix element 
reads M0

F = ⟨g; 1, T z, f |τ̂+|g; 1, T z,i⟩ =
√

2.
A key ingredient in our analysis is the isovector monopole op-

erator,

M⃗(1) =
A∑

i=1

r2
i
⃗̂T (i) (3)

where ⃗̂T (i) is the isospin operator of the nucleon i, and r⃗i its po-
sition. The irreducible tensors of rank 1 in the isospin space with 
its components are: M(1)

0 = M(1)
z , M(1)

±1 = ∓(M(1)
x ± iM(1)

y )/
√

2.

3. Key experimental observables

The charged weak form factors in superallowed decays of spin-
less nuclei are:

⟨ f (p f )| Jλ†
W (0)|i(pi)⟩ = f+(t)(pi + p f )

λ + f−(t)(pi − p f )
λ, (4)

where Jλ†
W (x) = d̄(x)γ λ(1 − γ5)u(x) is the charged weak current, 

and t = (pi − p f )
2. The contribution of f−(t) to the differential 

decay rate is suppressed simultaneously by kinematics and by ISB, 
so we can only probe f+(t). In the Breit frame (p0

i = p0
f ), f+(0) =

M F and we define f+(t) = M F f̄+(t) with f̄+(0) = 1. For small t
we have,

f̄+(t) = 1 + t
6

R2
CW + O(t2), (5)

where

R2
CW ≡ −

√
2⟨ f |M(1)

+1|i⟩
M F

(6)

defines a “charged weak radius” associated to the charged weak 
form factor, and one may safely set M F →

√
2 above given our 

precision goal. This radius may in principle be measured through 
recoil effects in beta decays or neutrino-nucleus scattering. We dis-
cuss the feasibility of such measurements in later paragraphs.

Further, we define the root mean square (RMS) radii of the 
proton and neutron distribution in a nucleus φ (with the proton 
number Zφ and the neutron number Nφ ) as

R p/n,φ =

√√√√ 1
X

⟨φ|
A∑

i=1

r2
i

(
1
2

∓ T̂ z(i)
)

|φ⟩, (7)

with − for the proton and + for the neutron and X = Zφ or Nφ , 
respectively. These radii naturally connect to the z-component of 
the isovector monopole operator,

⟨φ|M(1)
0 |φ⟩ = Nφ

2
R2

n,φ − Zφ

2
R2

p,φ . (8)

In absence of ISB, the Wigner-Eckart theorem requires the equality 
⟨g; 1, 1|M(1)

+1|g; 1, 0⟩ = −⟨g; 1, 1|M(1)
0 |g; 1, 1⟩. Hence, the following 

combined experimental observable

'M(1)
A ≡ ⟨ f |M(1)

+1|i⟩ + ⟨ f |M(1)
0 | f ⟩ (9)

offers a very clean probe of ISB effect. Furthermore, we define an-
other experimentally accessible quantity,

'M(1)
B ≡ 1

2

(
Z1 R2

p,1 + Z−1 R2
p,−1

)
− Z0 R2

p,0 (10)

which combines the R p across the isotriplet (−1, 0, 1 denote T z of 
the nucleus). Again, 'M(1)

B vanishes in the isospin limit, providing 
another clean probe of isospin mixing effects. 'M(1)

A,B are the two 
key experimental observables that we focus on in this Letter.

While the RMS radii R p,n are generally not observable, they 
are directly related to nuclear charge and neutral weak radii 
RCh,φ, RNW,φ . The former are measurable for both stable and un-
stable nuclear isotopes, mainly from the atomic spectroscopy [28]. 
The nuclear RMS charge radii are largely given by R p , as the cor-
rections due to the charge radii of the proton and the neutron 
can easily be included, along with the spin-orbit interaction ef-
fects [29–32]. New results for charge radii of unstable isotopes are 
anticipated, e.g., from the BECOLA facility at FRIB [33].

Nuclear weak radii are accessible with parity-violating electron 
scattering (PVES) on nuclear targets. The object of interest is the 
neutron skin Rn − R p ∝ RNW − RCh which is the subject of a vibrant 
experimental program at electron scattering facilities [34–38] with 
the scope of obtaining insights into the properties of the neutron-
rich matter with relevance for astrophysics [39]. Since fixed-target 
PVES is only viable with a stable target nucleus, we concentrate 
on (observationally) stable superallowed daughter nuclei, most of 
which are T z, f = +1 members of the isotriplet, which motivates 
the definition of Eq. (9). In addition, RMS charge radii of stable 
nuclei are known to 0.1 − 0.01% precision [28], which opens the 
possibility to extract the respective weak RMS radii with a sub-
percent precision [40].

The difference in the proton and neutron distributions within a 
nucleus can generically come from two sources: the neutron excess 
and ISB effects. In asymmetric nuclei with N > Z the skin is mainly 
generated by the symmetry energy [41], although even there the 
ISB effects may be non-negligible [42]. For nearly symmetric nu-
clei with N ≈ Z , such as those participating in the superallowed 
decays, the ISB effects become comparable. Discussions about the 
relation between ISB effects and the neutron skin exist in the liter-
ature [43], but to the best of our knowledge, this is the first time 
the neutron skin of the members of a superallowed isotriplet is 
directly related to δC in that isotriplet.

4. The connection between !M (1)
A,B and δC

To investigate the underlying physics of 'M(1)
A,B , we resort to 

the perturbation theory formalism outlined in Refs. [16,17] The 
only simplifying assumption is that the ISB operator V predomi-
nantly transforms as an isovector (T = 1, T z = 0) [44]. The neglect 
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Fig. 6: Testing for isospin symmetry breaking by comparing measured (exp) and semi-empirical (SE) radii. See Eq. 10 and Table 7.

Recently, the role of nuclear charge radii in calculating f has been put to the spotlight [36], pointing that their role,

and the e↵ect in their uncertainty is much larger than previously considered. Moreover, it has been recognized that radii

may constrain the isospin symmetry breaking correction �C as well [37]. Work on a fully data-driven analysis of the

ft-values of superallwoed decays has pointed the need to complete the determinations of charge radii of all members of

each isotriplet [36].

Here, the empirical mirror relation, already gives rise to reliable radii estimation of all nuclei with Tz = �1 which

are involved in the determination of Vud (see table 5). However, some Tz = 0 nuclei play a key role as well [35], with

only a handful of their radii measured. To estimate the radii of these nuclei, we first denote the radii of triplet nuclei by

rTz with Tz = �1, 0,+1. The mirror then fit directly gives

r2�1 � r2+1 = �I(2r+1 +�I) (8)

with �I given in Eq. 6. This form is suitable for combining with equation 16 from [38], to obtain a semiempirical

isotriplet interpolation formula for the radius of Tz = 0 nuclei

r20,SE = r2+1 +
Z�1

2Z0
�I(2r+1 +�I). (9)

Using Eq. 9, can determine the radii of Tz = 0 nuclei directly, they are given in Tab. 7. Their uncertainty spans

0.1� 1.5% and is dominated by that of r+1. The least well-known triplet is that with A = 10, motivating an improved

determination of the radius of 10Be.

If all else is under control, and spin-orbit corrections within a triplet are neglected, then the di↵erence between

experimental and semi-empirical radii can help to search for, or constrain, isospin-symmetry-breaking (ISB) within the

isotriplets. Plugging Eq. 9 to Eq. 10 from Ref. [37] we obtain the compact expression

�M (1)
B = Z0(r

2
0,SE � r20,exp), (10)

which vanishes in the isospin-symmetric limit. The results are given in Table 7, and plotted in Fig. 6. The most

stringent constraint on ISB is with the A = 38 triplet, for which |�M (1)
B (38)|  1.5 fm2, comparing well with theoretical
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2
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2
⟨r2
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48Ca neutron skin, Rn - Rp

0.121 ± 0.026 (exp) ± 0.024 (model) fm
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Summary
• In Standard Model measurements are not independent —> overconstrained	

• This being overconstrained is the basis for precision tests, BSM removes degeneracy!	

• Tests of Cabibbo unitarity at 0.01% require hadronic corrections to 10%	

• BSM interpretations: 	
RH currents with non-trivial light flavor structure	
Superallowed decays alone: sensitivity to scalar BSM complementary to colliders 	

• Interplay of experiment, LQCD and EFT theory and data-driven methods	

• Nuclear theory community embarked on re-evaluation of nuclear corrections 	
with modern ab-initio methods	

• New synergies with atomic physics (charge radii) and PV e-scattering (neutron skins) identified

22



Outlook

Exciting times: improved measurements of neutron decay imminent (but: discrepancies!), pion in ~10 years	

Effort of nuclear theory community to keep superallowed decays leadership	

Cooperation across nuclear, particle, atomic physics with new initiatives in HADRON 2030 (Horizon Europe)	

FITTED: global electroweak fit in SM and beyond (collider and low-energy observables)	

RADIANT: new interactive table of nuclear charge radii as a community effort with support by IAEA
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4. RECOMMENDATIONS 
Based on the presentations and subsequent discussions, participants formulated the following list of 
recommendations, which they considered crucial for creating a new table of recommended nuclear charge 
radii that is both functional and easy to maintain: 

• We recommend regular updates and maintenance of the database with all data and enhancing 
dissemination using modern web interfaces and database technologies. 

• We recommend creating a working group that will regularly meet to advise on developments, 
updates, and dissemination of the database. It should contain data producers, evaluators, and user 
representatives. 

• There is a need for a white paper with detailed recommendations describing the visions and future 
directions of the field and the future evaluation. 

• We encourage the reanalysis of existing data using modern theoretical and statistical techniques, 
(for example dispersion correction in electron scattering, nuclear polarization in muonic atoms, 
and others). 

• There is a need for additional support from stakeholders for experimental and theoretical groups in 
acquiring new data as well as developing new and improving existing theoretical frameworks. 

• We recommend training the next generation of experts in nuclear charge radii and evaluation. 
• Since this database is complementary to the nuclear moments and transition’s probability databases, 

we recommend the results of this effort are communicated to the nuclear structure and decay data 
network. 

5. CONCLUSIONS 
The meeting was highly appreciated and deemed extremely useful.  

Participants recognized the IAEA's coordinating role and recommended that it continue providing 
coordination and supporting their efforts in creating and maintaining tables of recommended nuclear charge 
radii.  


