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Parameters of the model and prior
Table 1. Lower and upper limits of the interval of the uniform prior distribution of each model

parameter.

Units Lower Upper
limit limit

nsat [fm�3] 0.150 0.175
Esat [MeV] -16.50 -15.50
Ksat [MeV] 180.00 260.00
Esym [MeV] 24.00 40.00
Lsym [MeV] -20.00 120.00
G0 [MeV fm5] 90.00 170.00
G1 [MeV fm5] -90.00 70.00
W0 [MeV fm5] 60.00 190.00
m⇤0/m [-] 0.70 1.10
m⇤1/m [-] 0.60 0.90
v0 [MeV fm3] 150 350

extent, the same as in Ref. [14]. It should be noted, though, that we have excluded magic
nuclei with N = Z. We refer to that paper for a thorough discussion, and for the list of
references from which these quantities have been extracted. Here we only remind a few facts.
B.E., Rch and �ESO label binding energies, charge radii and spin-orbit splittings of specific
levels (the neutron 2p splitting in 48Ca and the proton 2f splitting in 208Pb ). The energies
of the second part of the Table refer to the isoscalar monopole and quadrupole resonances.
In the third part, ↵D, m(1) and APV denote, respectively, the dipole polarizability from (p,p’)
scattering, the energy-weighted sum rule (EWSR) for the isovector dipole strength, and the
parity-violating asymmetry. For these latter three quantities, experimental errors are adopted.
For the other quantities the errors are taken as theoretical errors and reflect the capability of
typical EDFs to reproduce these observables and/or their weight in the inference process. A
key point to be kept in mind is that the error that has been assumed should be comparable to
the width of the posterior distributions. Again, the reader is invited to consult Ref. [14] where
all aspects are discussed in detail.

Compared to Ref. [14], the values (and errors) in bold in the Table have been updated.
We have updated the experimental values of the excitation energy of the monopole resonance
in 90Zr because of the new analysis of the raw data that has been published in Ref. [19].
In the case of the parity-violating asymmetry, APV , we have taken into account the fact that
QED corrections need to be added to the theory as argued in [20]; as these corrections are
model-independent, we dealt with them by simply correcting the experimental values. The
most important change with respect to [14] is, however, the inclusion of open-shell nuclei.
As these call for the inclusion of the pairing interaction, the standard neutron pairing gap �n
of 120Sn has been included among the target data.

The posterior distribution of the parameters is sampled through the Metropolis-Hastings
algorithm, which is a Markov chain Monte Carlo method that is frequently employed in con-
texts like the present one. Given a likelihood function L, this implementation of the random
walk explores the parameter space, favouring regions having higher likelihood; in our case,
the likelihood is a product of di↵erent Gaussian distributions, whose means and widths are
the adopted values and errors of the observables. The algorithm requires a large number of
model evaluations (⇡ 106 � 107) to achieve a satisfactory sampling of the posterior distri-
butions of the parameters. To overcome this problem, we resorted to the MADAI package,
an emulator software based on Gaussian Processes, built for Bayesian inferences with slow
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Table 4.5: Observable used for the new set of inferences. The new open shell data is are in the

fourth part of the Table, while the updated data for
90
Zr EIS

GMR and both APV are highlighted

in bold font.

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 2.0 5.50 ± 0.05 2.02 ± 0.50
48Ca 416.0 ± 2.0 3.48 ± 0.05 1.72 ± 0.50
68Ni 590.4 ± 2.0 - -
132Sn 1102.8 ± 2.0 4.71 ± 0.05 -
90Zr 783.9 ± 2.0 4.27 ± 0.05 -

Isoscalar resonances
E

IS

GMR
[MeV] E

IS

GQR
[MeV]

208Pb 13.5 ± 0.5 10.9 ± 0.5
90Zr 18.7 ± 0.5 -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 528 ± 18
48Ca 2.07 ± 0.22 - 2550 ± 113

New Data from open shell nuclei
B.E. [MeV] Rch [fm] �n [MeV]

50Ca 427.5 ± 2.0 3.52 ± 0.05 -
46Ca 398.8 ± 2.0 - -
44Ca 381.0 ± 2.0 - -
42Ca 361.9 ± 2.0 - -
120Sn 1020.5 ± 2.0 4.65 ± 0.05 1.3 ± 0.2
112Sn 953.5 ± 2.0 - -
124Sn 1050.0 ± 2.0 - -

pairing gap �n of 120Sn, and removed all observables linked to N = Z nuclei. In total
we added ten new observables; we checked that adding a few more B.E. or Rch did not
significantly alter the final results. The addition of open shell nuclei forces us to add
the volume pairing term in the Skyrme interaction, Eq. (1.47), and to add one more
parameter in the pairing strength v0, to properly account for the pairing correlations.
The binding energies are taken from the AME2020 mass collection [32, 33], the radius
from [193], while the pairing gap is derived by the three-points mass di↵erence formula.

Beside the inclusion of open shell nuclei, we also updated the experimental values of the
90Zr giant monopole resonance excitation energy and of both APV . For the former, newer
analysis of the raw data found a higher value for the excitation energy, EIS

GMR = 18.7
MeV [227]. The new E

IS
GMR will mainly shift the distribution of Ksat to greater values,

and to lower the one of nsat, leaving mostly untouched the other parameters, to which is
feebly correlated (see Figure 4.6), For the latter, it was pointed out that the theoretical
calculations needed a QED correction to be compared with the experimental results [228].
As these corrections are model-independent, we accounted for them by simply correcting
the experimental value; their e↵ect to decrease the both APV , hence to increase the value
of Lsym [180, 182].
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Table 1: Observables and initial adopted errors (see text for details).
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100Sn 825.2 ± 2.0* - -
132Sn 1102.8 ± 2.0* 4.71 ± 0.05* -
90Zr 783.9 ± 2.0* 4.27 ± 0.05* -

Isoscalar resonances
EIS

GMR
[MeV] EIS

GQR
[MeV]

208Pb 13.5 ± 0.5* 10.9 ± 0.5*
90Zr 17.7 ± 0.5* -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 550 ± 18
48Ca 2.07 ± 0.22 - 2668 ± 113
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Table 4.5: Observable used for the new set of inferences. The new open shell data is are in the

fourth part of the Table, while the updated data for
90
Zr EIS

GMR and both APV are highlighted

in bold font.
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90Zr 783.9 ± 2.0 4.27 ± 0.05 -

Isoscalar resonances
E

IS

GMR
[MeV] E
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Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)
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48Ca 2.07 ± 0.22 - 2550 ± 113

New Data from open shell nuclei
B.E. [MeV] Rch [fm] �n [MeV]

50Ca 427.5 ± 2.0 3.52 ± 0.05 -
46Ca 398.8 ± 2.0 - -
44Ca 381.0 ± 2.0 - -
42Ca 361.9 ± 2.0 - -
120Sn 1020.5 ± 2.0 4.65 ± 0.05 1.3 ±0.2
112Sn 953.5 ± 2.0 - -
124Sn 1050.0 ± 2.0 - -

interval v0 2 (150, 350) MeV fm3. For the rest, the inferences will proceed as in Sec. 4.3,
following the scheme 4.1.

Beside the inclusion of open shell nuclei, we also updated the experimental values of the
90Zr giant monopole resonance excitation energy and of both APV . For the former, newer
analysis of the raw data found a higher value for the excitation energy, EIS

GMR = 18.7
MeV [cit.]; for the latter, it was pointed out that the experimental results needed a
model-independent correction to be compared with theoretical calculations [193]. The
new E

IS
GMR will mainly shift the distribution of Ksat to greater values, and to lower the

one of nsat, leaving mostly untouched the other parameters, to which is feebly correlated
(see Figure 4.6); the correction on APV decreases the experimental value, so we expect
an increase in the Lsym distribution.

We first start by assessing the e↵ects on the posterior distribution of the new ground
state observables. We performed an inference with just the ground state properties (B.E.s,
Rch, �ESO, and�n), and compared it with its counterpart without open shell nuclei (sec-
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Table 4.5: Observable used for the new set of inferences. The new open shell data is are in the

fourth part of the Table, while the updated data for
90
Zr EIS

GMR and both APV are highlighted

in bold font.

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 2.0 5.50 ± 0.05 2.02 ± 0.50
48Ca 416.0 ± 2.0 3.48 ± 0.05 1.72 ± 0.50
68Ni 590.4 ± 2.0 - -
132Sn 1102.8 ± 2.0 4.71 ± 0.05 -
90Zr 783.9 ± 2.0 4.27 ± 0.05 -

Isoscalar resonances
E

IS

GMR
[MeV] E

IS

GQR
[MeV]

208Pb 13.5 ± 0.5 10.9 ± 0.5
90Zr 18.7 ± 0.5 -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 528 ± 18
48Ca 2.07 ± 0.22 - 2550 ± 113

New Data from open shell nuclei
B.E. [MeV] Rch [fm] �n [MeV]

50Ca 427.5 ± 2.0 3.52 ± 0.05 -
46Ca 398.8 ± 2.0 - -
44Ca 381.0 ± 2.0 - -
42Ca 361.9 ± 2.0 - -
120Sn 1020.5 ± 2.0 4.65 ± 0.05 1.3 ± 0.2
112Sn 953.5 ± 2.0 - -
124Sn 1050.0 ± 2.0 - -

pairing gap �n of 120Sn, and removed all observables linked to N = Z nuclei. In total
we added ten new observables; we checked that adding a few more B.E. or Rch did not
significantly alter the final results. The addition of open shell nuclei forces us to add
the volume pairing term in the Skyrme interaction, Eq. (1.47), and to add one more
parameter in the pairing strength v0, to properly account for the pairing correlations.
The binding energies are taken from the AME2020 mass collection [32, 33], the radius
from [193], while the pairing gap is derived by the three-points mass di↵erence formula.

Beside the inclusion of open shell nuclei, we also updated the experimental values of the
90Zr giant monopole resonance excitation energy and of both APV . For the former, newer
analysis of the raw data found a higher value for the excitation energy, EIS

GMR = 18.7
MeV [227]. The new E

IS
GMR will mainly shift the distribution of Ksat to greater values,

and to lower the one of nsat, leaving mostly untouched the other parameters, to which is
feebly correlated (see Figure 4.6), For the latter, it was pointed out that the theoretical
calculations needed a QED correction to be compared with the experimental results [228].
As these corrections are model-independent, we accounted for them by simply correcting
the experimental value; their e↵ect to decrease the both APV , hence to increase the value
of Lsym [180, 182].
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Table 4.5: Observable used for the new set of inferences. The new open shell data is are in the

fourth part of the Table, while the updated data for
90
Zr EIS

GMR and both APV are highlighted

in bold font.
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208Pb 1636.4 ± 2.0 5.50 ± 0.05 2.02 ± 0.50
48Ca 416.0 ± 2.0 3.48 ± 0.05 1.72 ± 0.50
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132Sn 1102.8 ± 2.0 4.71 ± 0.05 -
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Isoscalar resonances
E

IS

GMR
[MeV] E

IS

GQR
[MeV]

208Pb 13.5 ± 0.5 10.9 ± 0.5
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Isovector properties
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New Data from open shell nuclei
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interval v0 2 (150, 350) MeV fm3. For the rest, the inferences will proceed as in Sec. 4.3,
following the scheme 4.1.

Beside the inclusion of open shell nuclei, we also updated the experimental values of the
90Zr giant monopole resonance excitation energy and of both APV . For the former, newer
analysis of the raw data found a higher value for the excitation energy, EIS

GMR = 18.7
MeV [cit.]; for the latter, it was pointed out that the experimental results needed a
model-independent correction to be compared with theoretical calculations [193]. The
new E

IS
GMR will mainly shift the distribution of Ksat to greater values, and to lower the

one of nsat, leaving mostly untouched the other parameters, to which is feebly correlated
(see Figure 4.6); the correction on APV decreases the experimental value, so we expect
an increase in the Lsym distribution.

We first start by assessing the e↵ects on the posterior distribution of the new ground
state observables. We performed an inference with just the ground state properties (B.E.s,
Rch, �ESO, and�n), and compared it with its counterpart without open shell nuclei (sec-
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Table 4.5: Observable used for the new set of inferences. The new open shell data is are in the

fourth part of the Table, while the updated data for
90
Zr EIS

GMR and both APV are highlighted

in bold font.

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 2.0 5.50 ± 0.05 2.02 ± 0.50
48Ca 416.0 ± 2.0 3.48 ± 0.05 1.72 ± 0.50
68Ni 590.4 ± 2.0 - -
132Sn 1102.8 ± 2.0 4.71 ± 0.05 -
90Zr 783.9 ± 2.0 4.27 ± 0.05 -

Isoscalar resonances
E

IS

GMR
[MeV] E

IS

GQR
[MeV]

208Pb 13.5 ± 0.5 10.9 ± 0.5
90Zr 18.7 ± 0.5 -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 528 ± 18
48Ca 2.07 ± 0.22 - 2550 ± 113

New Data from open shell nuclei
B.E. [MeV] Rch [fm] �n [MeV]

50Ca 427.5 ± 2.0 3.52 ± 0.05 -
46Ca 398.8 ± 2.0 - -
44Ca 381.0 ± 2.0 - -
42Ca 361.9 ± 2.0 - -
120Sn 1020.5 ± 2.0 4.65 ± 0.05 1.3 ± 0.2
112Sn 953.5 ± 2.0 - -
124Sn 1050.0 ± 2.0 - -

pairing gap �n of 120Sn, and removed all observables linked to N = Z nuclei. In total
we added ten new observables; we checked that adding a few more B.E. or Rch did not
significantly alter the final results. The addition of open shell nuclei forces us to add
the volume pairing term in the Skyrme interaction, Eq. (1.47), and to add one more
parameter in the pairing strength v0, to properly account for the pairing correlations.
The binding energies are taken from the AME2020 mass collection [32, 33], the radius
from [193], while the pairing gap is derived by the three-points mass di↵erence formula.

Beside the inclusion of open shell nuclei, we also updated the experimental values of the
90Zr giant monopole resonance excitation energy and of both APV . For the former, newer
analysis of the raw data found a higher value for the excitation energy, EIS

GMR = 18.7
MeV [227]. The new E

IS
GMR will mainly shift the distribution of Ksat to greater values,

and to lower the one of nsat, leaving mostly untouched the other parameters, to which is
feebly correlated (see Figure 4.6), For the latter, it was pointed out that the theoretical
calculations needed a QED correction to be compared with the experimental results [228].
As these corrections are model-independent, we accounted for them by simply correcting
the experimental value; their e↵ect to decrease the both APV , hence to increase the value
of Lsym [180, 182].
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Table 4.5: Observable used for the new set of inferences. The new open shell data is are in the

fourth part of the Table, while the updated data for
90
Zr EIS

GMR and both APV are highlighted

in bold font.

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 2.0 5.50 ± 0.05 2.02 ± 0.50
48Ca 416.0 ± 2.0 3.48 ± 0.05 1.72 ± 0.50
40Ca 342.1 ± 2.0 3.48 ± 0.05 -
56Ni 484.0 ± 2.0 - -
68Ni 590.4 ± 2.0 - -
100Sn 825.2 ± 2.0 - -
132Sn 1102.8 ± 2.0 4.71 ± 0.05 -
90Zr 783.9 ± 2.0 4.27 ± 0.05 -

Isoscalar resonances
E

IS

GMR
[MeV] E

IS

GQR
[MeV]

208Pb 13.5 ± 0.5 10.9 ± 0.5
90Zr 18.7 ± 0.5 -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 528 ± 18
48Ca 2.07 ± 0.22 - 2550 ± 113

New Data from open shell nuclei
B.E. [MeV] Rch [fm] �n [MeV]

50Ca 427.5 ± 2.0 3.52 ± 0.05 -
46Ca 398.8 ± 2.0 - -
44Ca 381.0 ± 2.0 - -
42Ca 361.9 ± 2.0 - -
120Sn 1020.5 ± 2.0 4.65 ± 0.05 1.3 ±0.2
112Sn 953.5 ± 2.0 - -
124Sn 1050.0 ± 2.0 - -

interval v0 2 (150, 350) MeV fm3. For the rest, the inferences will proceed as in Sec. 4.3,
following the scheme 4.1.

Beside the inclusion of open shell nuclei, we also updated the experimental values of the
90Zr giant monopole resonance excitation energy and of both APV . For the former, newer
analysis of the raw data found a higher value for the excitation energy, EIS

GMR = 18.7
MeV [cit.]; for the latter, it was pointed out that the experimental results needed a
model-independent correction to be compared with theoretical calculations [193]. The
new E

IS
GMR will mainly shift the distribution of Ksat to greater values, and to lower the

one of nsat, leaving mostly untouched the other parameters, to which is feebly correlated
(see Figure 4.6); the correction on APV decreases the experimental value, so we expect
an increase in the Lsym distribution.

We first start by assessing the e↵ects on the posterior distribution of the new ground
state observables. We performed an inference with just the ground state properties (B.E.s,
Rch, �ESO, and�n), and compared it with its counterpart without open shell nuclei (sec-

4

Table 1: Observables and initial adopted errors (see text for details).

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 2.0* 5.50 ± 0.05* 2.02 ± 0.50*
48Ca 416.0 ± 2.0* 3.48 ± 0.05* 1.72 ± 0.50*
40Ca 342.1 ± 2.0* 3.48 ± 0.05* -
56Ni 484.0 ± 2.0* - -
68Ni 590.4 ± 2.0* - -
100Sn 825.2 ± 2.0* - -
132Sn 1102.8 ± 2.0* 4.71 ± 0.05* -
90Zr 783.9 ± 2.0* 4.27 ± 0.05* -

Isoscalar resonances
EIS

GMR
[MeV] EIS

GQR
[MeV]

208Pb 13.5 ± 0.5* 10.9 ± 0.5*
90Zr 17.7 ± 0.5* -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 550 ± 18
48Ca 2.07 ± 0.22 - 2668 ± 113

Supplemental material

4

Table 1: Observables and initial adopted errors (see text for details).

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 2.0* 5.50 ± 0.05* 2.02 ± 0.50*
48Ca 416.0 ± 2.0* 3.48 ± 0.05* 1.72 ± 0.50*
40Ca 342.1 ± 2.0* 3.48 ± 0.05* -
56Ni 484.0 ± 2.0* - -
68Ni 590.4 ± 2.0* - -
100Sn 825.2 ± 2.0* - -
132Sn 1102.8 ± 2.0* 4.71 ± 0.05* -
90Zr 783.9 ± 2.0* 4.27 ± 0.05* -

Isoscalar resonances
EIS

GMR
[MeV] EIS

GQR
[MeV]

208Pb 13.5 ± 0.5* 10.9 ± 0.5*
90Zr 17.7 ± 0.5* -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 550 ± 18
48Ca 2.07 ± 0.22 - 2668 ± 113

Supplemental material

4

Table 1: Observables and initial adopted errors (see text for details).

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 2.0* 5.50 ± 0.05* 2.02 ± 0.50*
48Ca 416.0 ± 2.0* 3.48 ± 0.05* 1.72 ± 0.50*
40Ca 342.1 ± 2.0* 3.48 ± 0.05* -
56Ni 484.0 ± 2.0* - -
68Ni 590.4 ± 2.0* - -
100Sn 825.2 ± 2.0* - -
132Sn 1102.8 ± 2.0* 4.71 ± 0.05* -
90Zr 783.9 ± 2.0* 4.27 ± 0.05* -

Isoscalar resonances
EIS

GMR
[MeV] EIS

GQR
[MeV]

208Pb 13.5 ± 0.5* 10.9 ± 0.5*
90Zr 17.7 ± 0.5* -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 550 ± 18
48Ca 2.07 ± 0.22 - 2668 ± 113

Supplemental material

4

Table 1: Observables and initial adopted errors (see text for details).

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 2.0* 5.50 ± 0.05* 2.02 ± 0.50*
48Ca 416.0 ± 2.0* 3.48 ± 0.05* 1.72 ± 0.50*
40Ca 342.1 ± 2.0* 3.48 ± 0.05* -
56Ni 484.0 ± 2.0* - -
68Ni 590.4 ± 2.0* - -
100Sn 825.2 ± 2.0* - -
132Sn 1102.8 ± 2.0* 4.71 ± 0.05* -
90Zr 783.9 ± 2.0* 4.27 ± 0.05* -

Isoscalar resonances
EIS

GMR
[MeV] EIS

GQR
[MeV]

208Pb 13.5 ± 0.5* 10.9 ± 0.5*
90Zr 17.7 ± 0.5* -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 550 ± 18
48Ca 2.07 ± 0.22 - 2668 ± 113

Supplemental material

4

Table 1: Observables and initial adopted errors (see text for details).

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 2.0* 5.50 ± 0.05* 2.02 ± 0.50*
48Ca 416.0 ± 2.0* 3.48 ± 0.05* 1.72 ± 0.50*
40Ca 342.1 ± 2.0* 3.48 ± 0.05* -
56Ni 484.0 ± 2.0* - -
68Ni 590.4 ± 2.0* - -
100Sn 825.2 ± 2.0* - -
132Sn 1102.8 ± 2.0* 4.71 ± 0.05* -
90Zr 783.9 ± 2.0* 4.27 ± 0.05* -

Isoscalar resonances
EIS

GMR
[MeV] EIS

GQR
[MeV]

208Pb 13.5 ± 0.5* 10.9 ± 0.5*
90Zr 17.7 ± 0.5* -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 550 ± 18
48Ca 2.07 ± 0.22 - 2668 ± 113

Supplemental material

4

Table 1: Observables and initial adopted errors (see text for details).

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 2.0* 5.50 ± 0.05* 2.02 ± 0.50*
48Ca 416.0 ± 2.0* 3.48 ± 0.05* 1.72 ± 0.50*
40Ca 342.1 ± 2.0* 3.48 ± 0.05* -
56Ni 484.0 ± 2.0* - -
68Ni 590.4 ± 2.0* - -
100Sn 825.2 ± 2.0* - -
132Sn 1102.8 ± 2.0* 4.71 ± 0.05* -
90Zr 783.9 ± 2.0* 4.27 ± 0.05* -

Isoscalar resonances
EIS

GMR
[MeV] EIS

GQR
[MeV]

208Pb 13.5 ± 0.5* 10.9 ± 0.5*
90Zr 17.7 ± 0.5* -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 550 ± 18
48Ca 2.07 ± 0.22 - 2668 ± 113

Supplemental material

4

Table 1: Observables and initial adopted errors (see text for details).

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 2.0* 5.50 ± 0.05* 2.02 ± 0.50*
48Ca 416.0 ± 2.0* 3.48 ± 0.05* 1.72 ± 0.50*
40Ca 342.1 ± 2.0* 3.48 ± 0.05* -
56Ni 484.0 ± 2.0* - -
68Ni 590.4 ± 2.0* - -
100Sn 825.2 ± 2.0* - -
132Sn 1102.8 ± 2.0* 4.71 ± 0.05* -
90Zr 783.9 ± 2.0* 4.27 ± 0.05* -

Isoscalar resonances
EIS

GMR
[MeV] EIS

GQR
[MeV]

208Pb 13.5 ± 0.5* 10.9 ± 0.5*
90Zr 17.7 ± 0.5* -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 550 ± 18
48Ca 2.07 ± 0.22 - 2668 ± 113

Supplemental material

4

Table 1: Observables and initial adopted errors (see text for details).

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 2.0* 5.50 ± 0.05* 2.02 ± 0.50*
48Ca 416.0 ± 2.0* 3.48 ± 0.05* 1.72 ± 0.50*
40Ca 342.1 ± 2.0* 3.48 ± 0.05* -
56Ni 484.0 ± 2.0* - -
68Ni 590.4 ± 2.0* - -
100Sn 825.2 ± 2.0* - -
132Sn 1102.8 ± 2.0* 4.71 ± 0.05* -
90Zr 783.9 ± 2.0* 4.27 ± 0.05* -

Isoscalar resonances
EIS

GMR
[MeV] EIS

GQR
[MeV]

208Pb 13.5 ± 0.5* 10.9 ± 0.5*
90Zr 17.7 ± 0.5* -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 550 ± 18
48Ca 2.07 ± 0.22 - 2668 ± 113

Supplemental material

4

Table 1: Observables and initial adopted errors (see text for details).

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 2.0* 5.50 ± 0.05* 2.02 ± 0.50*
48Ca 416.0 ± 2.0* 3.48 ± 0.05* 1.72 ± 0.50*
40Ca 342.1 ± 2.0* 3.48 ± 0.05* -
56Ni 484.0 ± 2.0* - -
68Ni 590.4 ± 2.0* - -
100Sn 825.2 ± 2.0* - -
132Sn 1102.8 ± 2.0* 4.71 ± 0.05* -
90Zr 783.9 ± 2.0* 4.27 ± 0.05* -

Isoscalar resonances
EIS

GMR
[MeV] EIS

GQR
[MeV]

208Pb 13.5 ± 0.5* 10.9 ± 0.5*
90Zr 17.7 ± 0.5* -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 550 ± 18
48Ca 2.07 ± 0.22 - 2668 ± 113

Supplemental material

4

Table 1: Observables and initial adopted errors (see text for details).

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 2.0* 5.50 ± 0.05* 2.02 ± 0.50*
48Ca 416.0 ± 2.0* 3.48 ± 0.05* 1.72 ± 0.50*
40Ca 342.1 ± 2.0* 3.48 ± 0.05* -
56Ni 484.0 ± 2.0* - -
68Ni 590.4 ± 2.0* - -
100Sn 825.2 ± 2.0* - -
132Sn 1102.8 ± 2.0* 4.71 ± 0.05* -
90Zr 783.9 ± 2.0* 4.27 ± 0.05* -

Isoscalar resonances
EIS

GMR
[MeV] EIS

GQR
[MeV]

208Pb 13.5 ± 0.5* 10.9 ± 0.5*
90Zr 17.7 ± 0.5* -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 550 ± 18
48Ca 2.07 ± 0.22 - 2668 ± 113

Supplemental material

1

Observables  and uncertainties ( )(X) σ
ℒ(θ) =

N

∏
i

exp (−
(Xi−Mi(θ))2

2σi
2 )

Bayesian inference with Skyrme EDF 67

Table 4.5: Observable used for the new set of inferences. The new open shell data is are in the

fourth part of the Table, while the updated data for
90
Zr EIS

GMR and both APV are highlighted

in bold font.

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 2.0 5.50 ± 0.05 2.02 ± 0.50
48Ca 416.0 ± 2.0 3.48 ± 0.05 1.72 ± 0.50
68Ni 590.4 ± 2.0 - -
132Sn 1102.8 ± 2.0 4.71 ± 0.05 -
90Zr 783.9 ± 2.0 4.27 ± 0.05 -

Isoscalar resonances
E

IS

GMR
[MeV] E

IS

GQR
[MeV]

208Pb 13.5 ± 0.5 10.9 ± 0.5
90Zr 18.7 ± 0.5 -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 528 ± 18
48Ca 2.07 ± 0.22 - 2550 ± 113

New Data from open shell nuclei
B.E. [MeV] Rch [fm] �n [MeV]

50Ca 427.5 ± 2.0 3.52 ± 0.05 -
46Ca 398.8 ± 2.0 - -
44Ca 381.0 ± 2.0 - -
42Ca 361.9 ± 2.0 - -
120Sn 1020.5 ± 2.0 4.65 ± 0.05 1.3 ± 0.2
112Sn 953.5 ± 2.0 - -
124Sn 1050.0 ± 2.0 - -

pairing gap �n of 120Sn, and removed all observables linked to N = Z nuclei. In total
we added ten new observables; we checked that adding a few more B.E. or Rch did not
significantly alter the final results. The addition of open shell nuclei forces us to add
the volume pairing term in the Skyrme interaction, Eq. (1.47), and to add one more
parameter in the pairing strength v0, to properly account for the pairing correlations.
The binding energies are taken from the AME2020 mass collection [32, 33], the radius
from [193], while the pairing gap is derived by the three-points mass di↵erence formula.

Beside the inclusion of open shell nuclei, we also updated the experimental values of the
90Zr giant monopole resonance excitation energy and of both APV . For the former, newer
analysis of the raw data found a higher value for the excitation energy, EIS

GMR = 18.7
MeV [227]. The new E

IS
GMR will mainly shift the distribution of Ksat to greater values,

and to lower the one of nsat, leaving mostly untouched the other parameters, to which is
feebly correlated (see Figure 4.6), For the latter, it was pointed out that the theoretical
calculations needed a QED correction to be compared with the experimental results [228].
As these corrections are model-independent, we accounted for them by simply correcting
the experimental value; their e↵ect to decrease the both APV , hence to increase the value
of Lsym [180, 182].
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Table 4.5: Observable used for the new set of inferences. The new open shell data is are in the

fourth part of the Table, while the updated data for
90
Zr EIS

GMR and both APV are highlighted

in bold font.

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 2.0 5.50 ± 0.05 2.02 ± 0.50
48Ca 416.0 ± 2.0 3.48 ± 0.05 1.72 ± 0.50
40Ca 342.1 ± 2.0 3.48 ± 0.05 -
56Ni 484.0 ± 2.0 - -
68Ni 590.4 ± 2.0 - -
100Sn 825.2 ± 2.0 - -
132Sn 1102.8 ± 2.0 4.71 ± 0.05 -
90Zr 783.9 ± 2.0 4.27 ± 0.05 -

Isoscalar resonances
E

IS

GMR
[MeV] E

IS

GQR
[MeV]

208Pb 13.5 ± 0.5 10.9 ± 0.5
90Zr 18.7 ± 0.5 -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 528 ± 18
48Ca 2.07 ± 0.22 - 2550 ± 113

New Data from open shell nuclei
B.E. [MeV] Rch [fm] �n [MeV]

50Ca 427.5 ± 2.0 3.52 ± 0.05 -
46Ca 398.8 ± 2.0 - -
44Ca 381.0 ± 2.0 - -
42Ca 361.9 ± 2.0 - -
120Sn 1020.5 ± 2.0 4.65 ± 0.05 1.3 ±0.2
112Sn 953.5 ± 2.0 - -
124Sn 1050.0 ± 2.0 - -

interval v0 2 (150, 350) MeV fm3. For the rest, the inferences will proceed as in Sec. 4.3,
following the scheme 4.1.

Beside the inclusion of open shell nuclei, we also updated the experimental values of the
90Zr giant monopole resonance excitation energy and of both APV . For the former, newer
analysis of the raw data found a higher value for the excitation energy, EIS

GMR = 18.7
MeV [cit.]; for the latter, it was pointed out that the experimental results needed a
model-independent correction to be compared with theoretical calculations [193]. The
new E

IS
GMR will mainly shift the distribution of Ksat to greater values, and to lower the

one of nsat, leaving mostly untouched the other parameters, to which is feebly correlated
(see Figure 4.6); the correction on APV decreases the experimental value, so we expect
an increase in the Lsym distribution.

We first start by assessing the e↵ects on the posterior distribution of the new ground
state observables. We performed an inference with just the ground state properties (B.E.s,
Rch, �ESO, and�n), and compared it with its counterpart without open shell nuclei (sec-
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(see Figure 4.6); the correction on APV decreases the experimental value, so we expect
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Figure 4.10: Version 2 of Figure 4.9, I do not know which one is better.

Table 4.6: Means µ and standard deviations � of the marginalized posterior distributions for

all the advanced inferences.
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90Zr giant monopole resonance excitation energy and of both APV . For the former, newer
analysis of the raw data found a higher value for the excitation energy, EIS

GMR = 18.7
MeV [cit.]; for the latter, it was pointed out that the experimental results needed a
model-independent correction to be compared with theoretical calculations [193]. The
new E

IS
GMR will mainly shift the distribution of Ksat to greater values, and to lower the

one of nsat, leaving mostly untouched the other parameters, to which is feebly correlated
(see Figure 4.6); the correction on APV decreases the experimental value, so we expect
an increase in the Lsym distribution.
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Rch, �ESO, and�n), and compared it with its counterpart without open shell nuclei (sec-

Bayesian inference with Skyrme EDF 67

Table 4.5: Observable used for the new set of inferences. The new open shell data is are in the

fourth part of the Table, while the updated data for
90
Zr EIS

GMR and both APV are highlighted

in bold font.

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 2.0 5.50 ± 0.05 2.02 ± 0.50
48Ca 416.0 ± 2.0 3.48 ± 0.05 1.72 ± 0.50
40Ca 342.1 ± 2.0 3.48 ± 0.05 -
56Ni 484.0 ± 2.0 - -
68Ni 590.4 ± 2.0 - -
100Sn 825.2 ± 2.0 - -
132Sn 1102.8 ± 2.0 4.71 ± 0.05 -
90Zr 783.9 ± 2.0 4.27 ± 0.05 -

Isoscalar resonances
E

IS

GMR
[MeV] E

IS

GQR
[MeV]

208Pb 13.5 ± 0.5 10.9 ± 0.5
90Zr 18.7 ± 0.5 -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 528 ± 18
48Ca 2.07 ± 0.22 - 2550 ± 113

New Data from open shell nuclei
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50Ca 427.5 ± 2.0 3.52 ± 0.05 -
46Ca 398.8 ± 2.0 - -
44Ca 381.0 ± 2.0 - -
42Ca 361.9 ± 2.0 - -
120Sn 1020.5 ± 2.0 4.65 ± 0.05 1.3 ±0.2
112Sn 953.5 ± 2.0 - -
124Sn 1050.0 ± 2.0 - -

interval v0 2 (150, 350) MeV fm3. For the rest, the inferences will proceed as in Sec. 4.3,
following the scheme 4.1.

Beside the inclusion of open shell nuclei, we also updated the experimental values of the
90Zr giant monopole resonance excitation energy and of both APV . For the former, newer
analysis of the raw data found a higher value for the excitation energy, EIS

GMR = 18.7
MeV [cit.]; for the latter, it was pointed out that the experimental results needed a
model-independent correction to be compared with theoretical calculations [193]. The
new E

IS
GMR will mainly shift the distribution of Ksat to greater values, and to lower the

one of nsat, leaving mostly untouched the other parameters, to which is feebly correlated
(see Figure 4.6); the correction on APV decreases the experimental value, so we expect
an increase in the Lsym distribution.

We first start by assessing the e↵ects on the posterior distribution of the new ground
state observables. We performed an inference with just the ground state properties (B.E.s,
Rch, �ESO, and�n), and compared it with its counterpart without open shell nuclei (sec-

… Lsym ≈ 160 MeV
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Table 1: Means µ and standard deviations � of the marginalized posterior distributions for the

O.S. inferences.

O.S. (36) O.S. (33) O.S. (29)
O.S. (29)

New GMR

⇢0
µ 0.162 0.162 0.162 0.160
� 0.003 0.003 0.004 0.003

E0
µ �16.02 �16.01 �16.05 �16.05
� 0.08 0.08 0.09 0.09

K0
µ 220 220 220 236
� 10 10 10 10

J
µ 30.2 30.2 30.6 30.6
� 1.5 1.6 1.9 1.9

L
µ 18.4 18.6 24.2 25.7
� 14.4 15.1 16.1 16.0

G0
µ 128 128 133 129
� 9 10 11 11

G1
µ 26 25 1 3
� 33 33 44 44

W0
µ 125 125 135 133
� 14 14 17 17

m⇤
0/m

µ 0.93 0.92 0.91 0.91
� 0.07 0.08 0.08 0.08

m⇤
1/m

µ 0.71 0.71 0.71 0.71
� 0.02 0.02 0.02 0.02

Table 2: Mean and standard deviation of the observables posterior distributions.
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B.E. [MeV] Rch [fm] �ESO [MeV]
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Sn 1101± 1.7 4.71± 0.02 -
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Zr 784± 1.2 4.27± 0.02 -
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[MeV] EIS
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Isovector properties

↵D [fm
3
] m(1) [MeV fm

2
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Ca 2.36± 0.08 - 2499± 57
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Table 4.5: Observable used for the new set of inferences. The new open shell data is are in the

fourth part of the Table, while the updated data for
90
Zr EIS

GMR and both APV are highlighted

in bold font.

Ground-state properties
B.E. [MeV] Rch [fm] �ESO [MeV]

208Pb 1636.4 ± 2.0 5.50 ± 0.05 2.02 ± 0.50
48Ca 416.0 ± 2.0 3.48 ± 0.05 1.72 ± 0.50
40Ca 342.1 ± 2.0 3.48 ± 0.05 -
56Ni 484.0 ± 2.0 - -
68Ni 590.4 ± 2.0 - -
100Sn 825.2 ± 2.0 - -
132Sn 1102.8 ± 2.0 4.71 ± 0.05 -
90Zr 783.9 ± 2.0 4.27 ± 0.05 -

Isoscalar resonances
E

IS

GMR
[MeV] E

IS

GQR
[MeV]

208Pb 13.5 ± 0.5 10.9 ± 0.5
90Zr 18.7 ± 0.5 -

Isovector properties
↵D [fm3] m(1) [MeV fm2] APV (ppb)

208Pb 19.60 ± 0.60 961 ± 22 528 ± 18
48Ca 2.07 ± 0.22 - 2550 ± 113

New Data from open shell nuclei
B.E. [MeV] Rch [fm] �n [MeV]

50Ca 427.5 ± 2.0 3.52 ± 0.05 -
46Ca 398.8 ± 2.0 - -
44Ca 381.0 ± 2.0 - -
42Ca 361.9 ± 2.0 - -
120Sn 1020.5 ± 2.0 4.65 ± 0.05 1.3 ±0.2
112Sn 953.5 ± 2.0 - -
124Sn 1050.0 ± 2.0 - -

interval v0 2 (150, 350) MeV fm3. For the rest, the inferences will proceed as in Sec. 4.3,
following the scheme 4.1.

Beside the inclusion of open shell nuclei, we also updated the experimental values of the
90Zr giant monopole resonance excitation energy and of both APV . For the former, newer
analysis of the raw data found a higher value for the excitation energy, EIS

GMR = 18.7
MeV [cit.]; for the latter, it was pointed out that the experimental results needed a
model-independent correction to be compared with theoretical calculations [193]. The
new E

IS
GMR will mainly shift the distribution of Ksat to greater values, and to lower the

one of nsat, leaving mostly untouched the other parameters, to which is feebly correlated
(see Figure 4.6); the correction on APV decreases the experimental value, so we expect
an increase in the Lsym distribution.

We first start by assessing the e↵ects on the posterior distribution of the new ground
state observables. We performed an inference with just the ground state properties (B.E.s,
Rch, �ESO, and�n), and compared it with its counterpart without open shell nuclei (sec-
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Figure 5.1: Schematization of our procedure for computing the NSs EOS.
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As explained above, the ETF approximation [155, 159] consists in writing the kinetic
and spin densities ⌧ and J Eq.s (1.39) as a function of the single particle densities n. The
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and the e↵ective mass term fq = m/m
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q is given by Eq. (1.41). The spin density reads
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where q is the opposite nucleonic species. The relation between the spin currents Jn and
Jp and the gradient of the densities is thus given by the solution of the 2 ⇥ 2 system of
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FIG. 1: Mapping of SkmSmpl1 EoS (line) into three
di↵erent possible realizations of the MM (black crosses)
for symmetric nuclear matter (SNM, in red) and pure
neutron matter (PNM, in blue); see text for details.
The yellow region delimits the 90% interval of the
region predicted by ab-initio calculations employing

chiral interactions, taken from [21].

TABLE I: Prior distribution for the parameters. We
marked with a * those parameters whose prior comes

from the posterior distribution of [1]. For the others, we
give the limits of this interval are shown.

Esat [MeV] *
nsat [fm�3] *
Ksat [MeV] *
Qsat [MeV] [-2000,2000]
Zsat [MeV] [-3000,3000]
Esym [MeV] *
Lsym [MeV] *
Qsym [MeV] [-4000,4000]
Zsym [MeV] [-5000,5000]
m⇤

IS [-] *
m⇤

IV [-] *
w0 [MeV fm5] *
G0 [MeV fm5] *
G1 [MeV fm5] *

(ii) LLVC concerns the Ligo-Virgo collaboration tidal
deformability measurement from the GW170817
event [24];

(iii) LNICER includes the two most constraining joint
inferences of the mass and radius of a NS by the
NICER mission [25, 26];

(iv) L� measures the consistency between the energy
per nucleon of neutron matter of the sampled model
with the �-EFT chiral band presented in [21] from a
compilation of di↵erent ab-initio calculations (this

�-filter is represented as a yellow region in Fig-
ure 1).

The detailed mathematical description of these likeli-
hoods is given in [22], see appendices A and B therein.
The distribution of successful models, weighted with the
total likelihood Ltot, will be our final result, the posterior
distribution.

IV. Extended Thomas-Fermi approach for the

inner crust

The inner crust of an NS is thought to consist of a lat-
tice of nuclei immersed in a gas of neutrons and free elec-
trons [27, 28]. For each given value of the crustal baryonic
density (or pressure), the composition is determined by
the atomic number of the nuclei and the densities of the
surrounding electron and neutron gases.
Since the seminal work of Negele and Vautherin [29],

studies have focused on finding the optimal energy config-
uration of the unit cell - the so-called Wigner-Seitz (WS)
cell. Due to the di�culties in calculating the inhomo-
geneous crust, EoSs employed for astrophysical inference
are often matched [30–33] to a unique given crust, typ-
ically the Liquid Drop Model (LDM) based crust calcu-
lation of [34, 35]. However, a unified EoS employing the
same nuclear functional in the crust and in the (outer)
core is necessary to have statistically meaningful predic-
tions of crustal properties, as well as precise estimations
of NS radii [36, 37].
To our knowledge, all previous Bayesian studies of NS

crustal properties using unified EoS’s [38–41] employed
the simple Compressible Liquid Drop Model (CLDM) de-
scription of the WS cell as pioneered in [34]. As ex-
plained in Section III, our nuclear models are originally
Skyrme models fitted to nuclear data: we can, there-
fore, approach the problem more microscopically. To this
end, we compute the baryonic contribution Enuc

WS
to the

total WS energy employing the full Skyrme energy den-
sity functional approximated in extended Thomas-Fermi
(ETF) [42–46]:

Enuc

WS
= 4⇡

Z
RWS

0
r2 ESky

ETF
(n(r), np(r)) dr , (1)

where ESky

ETF
is the Skyrme energy density functional, and

the subscript ETF indicates that the non-local operators
(kinetic energy and currents) are expanded to second or-
der in ~, thus becoming simple functionals of the local
densities n(r) and np(r). In the above equation, RWS

is the radius of the spherical WS cell, as detailed in Ap-
pendix A. We stress that the surface and spin-orbit pa-
rameters explicitly enter into EETF

Sky
. Their prior distri-

bution comes from the nuclear structure data inference:
all the information obtained in [1] is carried over into the
crust construction.
The two density profiles n(r) and np(r) in (1) are

parametrized using Woods-Saxon functions [46]: mini-

Prior distribution

9
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TABLE I: Prior distribution for the parameters. We
marked with a * those parameters whose prior comes

from the posterior distribution of [1]. For the others, we
give the limits of this interval are shown.

Esat [MeV] *
nsat [fm�3] *
Ksat [MeV] *
Qsat [MeV] [-2000,2000]
Zsat [MeV] [-3000,3000]
Esym [MeV] *
Lsym [MeV] *
Qsym [MeV] [-4000,4000]
Zsym [MeV] [-5000,5000]
m⇤

IS [-] *
m⇤

IV [-] *
w0 [MeV fm5] *
G0 [MeV fm5] *
G1 [MeV fm5] *

(ii) LLVC concerns the Ligo-Virgo collaboration tidal
deformability measurement from the GW170817
event [24];

(iii) LNICER includes the two most constraining joint
inferences of the mass and radius of a NS by the
NICER mission [25, 26];

(iv) L� measures the consistency between the energy
per nucleon of neutron matter of the sampled model
with the �-EFT chiral band presented in [21] from a
compilation of di↵erent ab-initio calculations (this

�-filter is represented as a yellow region in Fig-
ure 1).

The detailed mathematical description of these likeli-
hoods is given in [22], see appendices A and B therein.
The distribution of successful models, weighted with the
total likelihood Ltot, will be our final result, the posterior
distribution.

IV. Extended Thomas-Fermi approach for the

inner crust

The inner crust of an NS is thought to consist of a lat-
tice of nuclei immersed in a gas of neutrons and free elec-
trons [27, 28]. For each given value of the crustal baryonic
density (or pressure), the composition is determined by
the atomic number of the nuclei and the densities of the
surrounding electron and neutron gases.
Since the seminal work of Negele and Vautherin [29],

studies have focused on finding the optimal energy config-
uration of the unit cell - the so-called Wigner-Seitz (WS)
cell. Due to the di�culties in calculating the inhomo-
geneous crust, EoSs employed for astrophysical inference
are often matched [30–33] to a unique given crust, typ-
ically the Liquid Drop Model (LDM) based crust calcu-
lation of [34, 35]. However, a unified EoS employing the
same nuclear functional in the crust and in the (outer)
core is necessary to have statistically meaningful predic-
tions of crustal properties, as well as precise estimations
of NS radii [36, 37].
To our knowledge, all previous Bayesian studies of NS

crustal properties using unified EoS’s [38–41] employed
the simple Compressible Liquid Drop Model (CLDM) de-
scription of the WS cell as pioneered in [34]. As ex-
plained in Section III, our nuclear models are originally
Skyrme models fitted to nuclear data: we can, there-
fore, approach the problem more microscopically. To this
end, we compute the baryonic contribution Enuc

WS
to the

total WS energy employing the full Skyrme energy den-
sity functional approximated in extended Thomas-Fermi
(ETF) [42–46]:

Enuc

WS
= 4⇡

Z
RWS

0
r2 ESky

ETF
(n(r), np(r)) dr , (1)

where ESky

ETF
is the Skyrme energy density functional, and

the subscript ETF indicates that the non-local operators
(kinetic energy and currents) are expanded to second or-
der in ~, thus becoming simple functionals of the local
densities n(r) and np(r). In the above equation, RWS

is the radius of the spherical WS cell, as detailed in Ap-
pendix A. We stress that the surface and spin-orbit pa-
rameters explicitly enter into EETF

Sky
. Their prior distri-

bution comes from the nuclear structure data inference:
all the information obtained in [1] is carried over into the
crust construction.
The two density profiles n(r) and np(r) in (1) are

parametrized using Woods-Saxon functions [46]: mini-

Posterior distribution:

Prior distribution weighted with 

ℒtot = ∏ i ℒi

Prior distribution:

 extractions from nuclear posterior105

Prior distribution

9

- Maximum mass of Neutron Star ;

- Tidal deformability results ;

- NICER mission mass-radius measurements ;


- EFT computations of PNM at low density .

(ℒJ0348)
(ℒLVC)

(ℒNICER)
χ− (ℒχ)

NS EOS computation



Corner plots: prior vs posterior
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Conclusions
- Bayesian statistical analysis on nuclear matter parameters with nuclear 

experiments :  
- Skyrme ansatz  
- Fit with experimental observables of different types (ground state, giant 
resonances,…); 
- Result: a robust posterior distribution of Skyrme parametrizations 
compatible with the experimental data;  
- Further evidence of tension between 208Pb  and 48Ca  and 


- Bayesian statistical analysis on nuclear matter parameters with neutron star 
observations: 
- Final distribution of parameters informed by both nuclear physics 
experiments and neutron star observations! 
- Effect on structure of the  between  and  due to nuclear informed  
prior
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Thank you for your attention!



The MADAI package:

- was built for GP applied to 
bayesian inference


- given the parameters prior 
distributions, it automatically 
builds the grid


- it does a MCMC to estimate 
the posterior distribution


- it extracts parameters sample 
following the posteriors

B1

Gaussian process (GP) emulator

From MADAI user manual

0.0 0.2 0.4 0.6 0.8 1.0

−2
−1

0
1

2

x (arb)

y 
(a

rb
)

x (arb)

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: Left panel: Assortment of
functions that have the covariance of the
form assumed in Eq. (9). The curves
are created by taking a sum of Gaussians
randomly centered about di�erent points.
Right panel: After training on 7 points,
the gray bands show the 95% confidence in-
terval for predicting the values. The four
curves in the r.h.s. represents four func-
tions that are consistent with both the
functional form and with the 7 sampled
values.

be evaluated with a Taylor expansion, one might choose the radii to be some fraction, say half, of
the overall parameter range. The hyper-parameter ◊0 is interesting because it does not a�ect the
interpretation of z(mod) (when ◊1 = 0), but it does a�ect the error estimate.
As an example of an emulated function, Fig. 2 shows several functions in the right-hand panel,
each of which are consistent with a Gaussian correlation structure as described in Eq. (9). These
were generated by taking a sum of Gaussians centered randomly about di�erent points, e�ectively
correlated noise. The left-hand panel shows the value and ranges that come from the emulator.
Our experience is that GP emulation provides a remarkably good tool for emulating and extrapolat-
ing values for z(mod). Furthermore, the extrapolated values are often remarkably insensitive to how
one chooses the hyper-radii as long as the radii are not much di�erent than some scale at which the
function changes, and if the function is smooth (only a few terms of a Taylor expansion are needed
to describe the function) choosing radii of roughly half the overall extent of the parameter space
seems to work well. However, despite being pretty reliable for reproducing the actual functions,
GP emulators can be unreliable in providing an estimate of their own error, unless the assumed
functional form come close to the truth. This is not true for functions with long-range trends,
such as monotonically rising, semi-linear functions. If one anticipates such behavior, it is best to
first perform a linear fit, then emulate the residual. The most reliable method for determining the
accuracy of the emulator is to perform a handful of model runs with points not used to train the
model, then check to see how well the emulator reproduced the model values.
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Corner plots
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Why is  so small?Lsym

B4

-  only free parameter


-  fixed to (28,…,38) MeV

- Other parameters fixed at best log(Likelihood) values

Lsym
Esym



Why is  so small?Lsym

B5

-  only free parameter


-  fixed to (28,…,38) MeV

- Other parameters fixed at best log(Likelihood) values

Lsym
Esym
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 NS EOS computation:

Mapping of Skyrme into M.M.

B7
1 1-to-1 correspondence with usual Skyrme’s parameters 


(L.-W. Chen et al. Phys. Rev. C 80, 014322 (2009)) 

Skyrme’s parameters1

M.M.’s parameters

 nsat, Esat, Ksat

G0, G1, W0, m*0 /m, m*1 /m

 nsat, Esat, Ksat, Qsat, Zsat

 Esym, Lsym

 Esym, Lsym, Ksym, Qsym, Zsym

m*0 /m, m*1 /m
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M.M.’s parameters
 nsat, Esat, Ksat, Qsat, Zsat

 Esym, Lsym
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Mapping of Skyrme into M.M.

Ksym = Ksym(nsat, Esat, Ksat, …) nsat, Esat, Ksat

Skyrme’s parameters1

M.M.’s parameters

 Esym, Lsym

m*0 /m, m*1 /m

 nsat, Esat, Ksat, Qsat, Zsat, Q*sat, Z*sat

 Esym, Lsym, Ksym, Qsym, Zsym, Q*sym, Z*sym

Skyrme’s formula n < nsat
Qsat = Qsat(nsat, Esat, …)

Qsym = Qsym(nsat, Esat, …) Zsym = Zsym(nsat, Esat, …)
Zsat = Zsat(nsat, Esat, …)

Randomly extracted n > nsat
Q*sat,sym, Z*sat,sym

1 1-to-1 correspondence with usual Skyrme’s parameters 
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Likelihoods

         ℒχ :
p(e ∣ n) =

exp (− (e − e−(n))2

2σ2
n ) if e ∈ (−∞, e−(n)]

1  if e ∈ (e−(n), e+(n)]

exp (− (e − e+(n))2

2σ2
n ) if e ∈ (e+(n), ∞)

σn =
e+(n) − e−(n)

9 2π

ℒJ0348 :
1

2π σ ∫
Mmax/M⊙

0
dx exp (−

(x − 2.01)2

2σ2 )

NEW EQUATIONS OF STATE CONSTRAINED BY NUCLEAR … PHYSICAL REVIEW C 103, 025803 (2021)
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FIG. 1. Energy per particle E/N (left panel) and pressure P (right panel) of PNM as a function of density n from various many-body
calculations with chiral EFT interactions [6,12–14,38]; see text for details. In the left panel, we also show the low-density quantum Monte
Carlo results by Gezerlis and Carlson [39] as well as the conjectured lower bound given by the energy per particle of a unitary Fermi gas of
neutrons [40].

have larger uncertainties. Further, nuclear theory constrains
the nuclear incompressibility as K = 215(40) [14,34,41].
Many efforts have been devoted to determining the symmetry
parameter Esym and L, which play a crucial role in neutron
star structure and dynamics. In particular, microscopic calcu-
lations of the EOS of PNM put tight constraints on Esym and
L. We discuss these PNM and symmetry energy constraints in
the two paragraphs below.

The temperature dependence of the EOS is key for CCSN
and NSM applications. A very useful characteristic of the
temperature dependence is given by the so-called thermal
index !th, which is defined as [42]

!th(T, n,β ) = 1 + P(T, n,β ) − P(0, n,β )
ε(T, n,β ) − ε(0, n,β )

, (7)

with the internal energy density ε = E/V . The quantity !th is
a measure of thermal contributions to the equation of state. For
a noninteracting nucleon gas with density-dependent effective
mass m∗(n) it is given by [43]

!th(n) = 5
3

− n
m∗(n)

∂m∗(n)
∂n

. (8)

It has been verified in microscopic nuclear-matter calculations
that the form given by Eq. (8) provides a very precise ap-
proximation of !th(T, n,β ) for β ∈ {0, 1}, n ! 2n0, and T !
30 MeV [26,27]. A crucial novelty in our EOS functionals is
therefore the accurate implementation of the effective masses
of neutrons and protons m∗

n,p(n,β ). We discuss this and the
available constraints on m∗

n,p(n,β ) in Sec. III A. Our results
for the thermal index are then examined in Sec. V B.

2. Neutron matter constraints

The modern approach to the description of the strong in-
teraction at nuclear energy scales is based on chiral effective
field theory (EFT) and renormalization group (RG) methods
[44–46]. From general EFT convergence restrictions as well
as regulator and many-body convergence considerations, the
viability of this approach is restricted to densities n ! 2n0.
The theoretical uncertainties in current implementations of
chiral interactions in a given many-body framework arise from
the interplay of finite-regulator artifacts, many-body and EFT
truncation errors, and parameter-fitting ambiguities.

Because nuclear forces are weaker in PNM, the theoretical
uncertainties are under better control there compared to SNM.
In Fig. 1 we compare the results for the energy per particle and
pressure of PNM obtained from several recent nuclear many-
body calculations with chiral EFT interactions. The results
by Hebeler et al. [6], Tews et al. [12], and Drischler et al.
[14,38] are based on many-body perturbation theory, while the
results by Lynn et al. [13] were obtained from auxiliary-field
diffusion Monte Carlo computations using local chiral inter-
actions. In each case, the results include uncertainty estimates,
shown as bands in Fig. 1. These are based on EFT truncation
errors and different regulators in Refs. [13,14,38], while they
are mainly due to uncertainties in the low-energy couplings
that enter three-nucleon forces in Refs. [6,12]. The uncertainty
band of Drischler et al. PRL (2019) [14] is based on simple
EFT truncation errors. The results of Drischler et al. GP-B
(2020) [38] are constructed from the same calculations (from
Ref. [14]) but based on a Bayesian uncertainty analysis using
Gaussian processes, which leads to a very similar band for the
combined GP-B (450) and (500) results. One sees that while
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Likelihoods

ℒLVC : ∫ dq P(Λ̃(q), q)

ℒNICER : ∫ dM PN19(M, R(M)) ⋅ ∫ dM PN21(M, R(M))
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Moment of inertia of the crust
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Crust-Core transition properties
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