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Bayes’ theorem
p(y [x)p(x)

p(y)
Given a set of experimental data X and the parameters @ of our model M

px,y) = plx|y) =

N .\ Likelihood £ (0) Prior distribution
<) = Hexp (&Xi = Mi(0) \ /’ Assumption on the model before
| 20i2 (X ‘ (9)]9(9) considering experimental evidences
| P
p@|X) =
/ p(X) \
Posterior distribution Evidence

Probability distribution of model
parameters; cannot be' computed
analytically (MC sampling techniques)

Normalization factor for comparing
different models; it does not depend on &



Parameters of the model and prior

Parameters (6)

Sat’ Esav Ksat’ ESym’ L Ngglreae:; g,? :ger
G- G Surface term
0>~ parameters
Spin-orbit parameter
Wo: o and pairing strength
2 1 Effective
my /m, m: /m ceas

O = isoscalar; 1 = isovector

1-to-1 correspondence with usual
Skyrme parameters!

1L.-W. Chen et al. Phys. Rev. C 80, 014322 (2009)



Parameters of the model and prior

Parameters (6) Prior distribution p(6)
Units Lower  Upper
U " limit limit
Nyaps Esar Kars Esym’ Lsym ggrea?; 2’2 :rser ot [fm ] 0.150 0.175
E., [MeV] 16.50  -15.50
G,, G, Stgl‘f:ﬁ]eeiggn Kw  [MeV] 180.00 260.00
P Eym  [MeV] 24.00  40.00
W,, v, Spin-orbit parameter Lym  [MeV] -20.00  120.00
and pairing strength Go  [MeVfm’] 90.00 170.00
m*m, m*/m Effective G MeV fm>]  -90.00 70.00
0 1 masses W [MeV fm3]  60.00  190.00
O = Isoscalar; 1 = isovector mg /m  [-] 0.70 1.10
1-to-1 correspondence with usual an/m E\]/IeV fm3) 0128 0328

0

Skyrme parameters!

1L.-W. Chen et al. Phys. Rev. C 80, 014322 (2009)



Observables (X) and uncertainties (o)
S0 - H ( (X~ le»)




Observables (X) and uncertainties (o)
Z0) = Hexp< Sl 2]‘;(6))2)

l

Ground-state properties Data from open shell nuclei
B.E. [MGV] Rch [fm] AESO [MGV] B.E. [MQV] Rch [fm] An [MGV]
208PL  1636.4 + 2.0 5.50 = 0.05° 2.02 & 0.50% 0Ca 4275 £ 2.0° 3.52 &+ 0.05 _
8Ca  416.0 = 2.0° 3.48 +£0.05° 1.72 &+ 0.50" 4605  398.8 + 2.0 _ _
68Ni  590.4 + 2.0° _ - 440 381.0 + 2.0° _ -
1328y 1102.8 + 2.0 4.71 + 0.05 - 2Ca 361.9 + 2.0 _ _
NV7r  783.9 + 2.0° 4.27 4+ 0.05 - 1206n  1020.5 + 2.0° 4.65 + 0.05° 1.3 +£0.2°

112SIl 953.5 1T 2.0* - B
1248n  1050.0 + 2.0* _ _

B . E. : Binding Energy;
R, : Charge radius “Theoretical error

AEq, : Spin-orbit splitting
A_: Neutron pairing gap 4



Observables (X) and uncertainties (o)

(X~ M(©))?
Z(0) = Hexp < 207 )
Ground-state properties Data from open shell nuclei
B.E. [MGV] Rch [fm] AESO [MGV] B.E. [MQV] Rch [fm] An [MGV]
“03pPhH  1636.4 + 2.0* 5.50 = 0.05° 2.02 £+ 0.50" VCa 4275 + 2.0 3.52 + 0.05° -
BCa  416.0 £2.0° 3.48 +0.05° 1.72 £ 0.50 463 398.8 + 2.0 _ _
8Ni  590.4 + 2.0 - - “Ca  381.0 £ 2.0 - -
1329n  1102.8 + 2.0° 4.71 + 0.05 - 2Ca 361.9 + 2.0 - -
NFZr  783.9 +£ 2.0 4.27 £ 0.05 - 1209 1020.5 + 2.0 4.65 + 0.05° 1.3 £0.2"
112SIl 953.5 + 2.0* - -
1248n  1050.0 & 2.0* : -
Isoscalar resonances
E¢ur [MeV] E%ESQR MeV|
208 P, 13.5 £ 0.5% 109 = 0.5°
NV7r  18.7+0.5" -
B.E. :Binding Energy; EéSMR IsoScalar Giant monopole resonance
R, : Charge radius excitation energy (constrained) *Theoretical error
AEq,, : Spin-orbit splitting E(];SQR IsoScalar Giant quadrupole resonance

A : Neutron pairing gap

excitation energy (centroid)



Observables (X) and uncertainties (o)
L(0) = Hexp< X, 2]\22(6))2>

l

Ground-state properties Data from open shell nuclei
B.E. [MGV] Rch [fm] AESO [MGV] B.E. [MQV] Rch [fm] An [MGV]
208PL,  1636.4 &+ 2.0° 5.50 = 0.05° 2.02 & 0.507 50Ca 4275 £ 2.0° 3.52 &+ 0.05° _
BCa  416.0 £ 2.0° 3.48 £ 0.05 1.72 + 0.50° 6Ca  398.8 &+ 2.0 _ _
68Ni  590.4 + 2.0° - - H“4Ca  381.0 + 2.0° - -
1326y 1102.8 + 2.0 4.71 & 0.05 - 202 361.9 + 2.0° _ -
V7 783.9 + 2.0 4.27 + 0.05 - 12061y 1020.5 + 2.0° 4.65 + 0.05° 1.3 +0.2°

112SI1 953.5 T 2.0* - -
1248n  1050.0 + 2.0* - -

E¢ur MeV]  Eggr [MeV] ap 3] m(1) MeV fm?]  Apy (ppb)
"oPb 135057 10905 205PhL  19.60 & 0.60 061 + 22 528 - 18
Zr  18.7=x0.5 - 48Ca  2.07 + 0.22 _ 2550 + 113

B .E. :Binding Energy; FEIS . | t |
CMR - soScalar Giant monopole resonance a;: Nuclear polarizability

R ., : Charge radius excitation energy (constrained i '
on: Charge radius gy ( ) m(1) : EWSR of IVGDR Theoretical error
AESO . Sp|n'0rb|t Spllttlng EGQR Isoscalar Glant quadrupOIe resonance . . ) 1 X, Roca_Maza’ D H. Jakubassa-Amundsen
Apy: Parity violating asymmetry Phys. Rev. Lett. 134, 192501 (2025) 4

A : Neutron pairing gap excitation energy (centroid)
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Sampling of the posterior

p(X | O)p(0) Metropolis-Hastings algorithm:
p(@|X) = » MCMC, explores parameter space
P(X) focusing on zones with high &Z
2(0) = ﬂ exp (X;=M,(0))° “hfbcs-qrpa’” code to compute
l. 20 observables from parameters (M(6))
Computing all the observables — ~ 2 hours! 2 h. x 10°000°000 points...

| ‘ | MADAI package'
MH algorithm — 10’ model evaluations!

(Emulator for Bayesian inference)

Thttps://madai.phy.duke.edu/ 5



Progressive marginalized posteriors

-16.25 -16 -15.75  -15.5 180

Esat [MGV]

Vs

200

220 240 260 24

110 130 150 170 -90

G() [MeV fm5]

[
A
Ay
0.15 0.16 0.17 0.175-16.5
Ngat [fm_B]
[
-
al
-20 15 50 85 120 90
Lgym [MeV]
&
-
A

0.7 0.8 0.9 1 1.1 0.6
mg/m

0.675 0.75 0.825 0.9 150

m;i/m

Ksat [MGV]
_—
-9(0) -10 30 70
Gl [MGV fm5]
260 250 300 300
() [MEV fmg]

N

28 32 36 40
Egm [MeV]

VA

60

92.95 125 157.5 190
W() [MGV fm5]



Progressive marginalized posteriors

G
-
al /\
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Progressive marginalized posteriors

0.15 0.16 0.17 0.175-16.5 -16.25  -16  -15.75  -15.5 180 200
Ngat [fm_?’] Esat [MGV]
-20 15 50 85 120 90 60 92.5 125 1575 190
Lgym [MeV] Wo [MeV fm”]
—All data
---All data except for **Pb Apy
Apv (ppb)
I | L L L . - ! L 208 -4
0.7 0.8 0.9 1 1.1 06 0675 075 0.825 0.9 150 200 250 300 350 Pb 528 =18

mg/m m;/m vy [MeV fm?] e Lsym ~ 160 MeV 6



Progressive marginalized posteriors

Al All but
208Pb A py/
. 1 0.160 0.160
sat o 0.003 0.003
P T —16.08 —16.05
sat o 0.09 0.09
1 238 236
Ksat s 107 ]&
1 32.3 30.5
o 2.0 2.0
= 7 39.8 24.9
- o 16.6 16.7
e el Go o 12 11
-20 15 50 85 120 . [ 8 2
Lym [MeV] ! o 44 44
L4 134 132
Wo o 17 17 —All data
mtjm P 0.89 0.91 -
0 o 0.08 0.08 ---All data except for ““°Pb Apy
— 0.71 0.71
v w222 223 205Ph 528 + 18
o 28 27

: Lsym ~ 160 MeV ¢



Progressive marginalized posteriors

PDF

120

Fit Observables posterior
(All data)

Ground-state properties
B.E. [MeV] Rch [fm] AESQ [MGV]
08Py 1637+ 1.8 5.4940.03  2.414+0.23
BCa  4164+1.0 3.50+0.02 1.954+0.21
68 Ni 589 + 0.9 - -
1326n 11014+ 1.7 4.714+0.02 -
07y 784+ 1.2  4.274+0.02 -

Isoscalar resonances
E¢ur [MeV]  Egqgp [MeV]
208pp, 14.0 £ 0.3 109+0.4
07y 18.4+0.4 -

Isovector properties

ap [fm?]  m(1) [MeV fm?| Apy [p.p.b/]

205ph  19.9+0.5 058 + 22 579+6

BCa  2.36+0.08 - 2499 + 57

Data from open shell nuclei
B.E. [MeV| Ry [fm)] A, [MeV]
VCa  4284+1.0 3.524+0.02 -
6Ca  4004+0.8 - -
“Ca  38240.9 - -
2Ca  3624+1.2 - _
1206y 1020+1.0 4.634+0.02 1.26+0.18
1128y 9544+ 1.6 - -
1248y 1050+ 0.9 - -

'—All data

—
~_

—All data except for ?"*Pb Apy

Apvy (Ppb)
208Pp1 28 + 18

. Ly,,, ~ 160 MeV

6
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Computation of the NS EOS

Skyrme parametrization

EOS Inner Crust (ETF; Skyrme) o . A|Dproxima:)edelg(g;4 outer crust

lif stable and causal

Identical behaviour forn < n_,

Mapping of Skyrme into MM’ representation O e o

EOS Core (MM) e . Nucleonic (npep) matter in
)—equilibrium

lif stable (until acausal)

different forn > n,

Calculation of NS properties and Bayesian analysis

"Margueron et al., Phys. Rev. C 97, 025805 (2018)



Bayesian setup: prior and constraints

Prior distribution

Esat M@V] *
TN sat :fm_g] *
Ksat \/IeV *
Qsat \/IeV —2000,2000
Zsat |MeV -3000,3000
Esym [MeV 8
Lsym [MeV 8
Qsym [MeV -4000,4000
Zsym |[MeV -5000,5000
mrs |- i
mry |- i
w0  [MeV fm® :
G() Me\/ fm5 *
G1 Me\/ fm5 *




Bayesian setup: prior and constraints

Prior distribution Observational constraints
Esar [MeV] ¥ - Maximum mass of Neutron Star (£ j0348);
Nsat  |[fm "] K - Tidal deformability results (£ vc);
Ksqr |[MeV ¥ - NICER mission mass-radius measurements (ZNICER);
Qsat |[MeV -2000,2000] _ y—EFT computations of PNM at low density ().
Zsar  |(MeV -3000,3000
Esym [MeV ¥
Lsym [MeV ¥
Qsym |[MeV -4000,4000
Lsym |(MeV -5000,5000
mrs |- *
mry |- i
w0 [MeV fm’ *
G() MeV fm5 *
G1 MeV fm5 K




Bayesian setup: prior and constraints

Prior distribution Observational constraints
Esar [MeV] ¥ - Maximum mass of Neutron Star (£ j9348);
Nsat  |[fm "] * - Tidal deformability results (£ vc);
Ksqr |[MeV ¥ - NICER mission mass-radius measurements (ZNICER);
Qsat |MeV -2000,2000] _ y—EFT computations of PNM at low density ().
Zsat |MeV -3000,3000 . — .

: : - 5 - Prior distribution:

Esym \/[eV 5 _ _
Loym [MeV % 10 extractions from nuclear posterior
Qsym [MeV’ -4000,4000 v
Zsym |[MeV -5000,5000 NS EOS computation
mrs |- i v
mév e _ Posterior distribution:
¢ ey Prior distribution weighted with
G() MeV fm g
G:  [MeV fm’ x Zior = Higi
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Tidal deformability
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Tidal deformability
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Tidal deformability
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Conclusions

- Bayesian statistical analysis on nuclear matter parameters with nuclear
experiments :
- Skyrme ansatz
- Fit with experimental observables of different types (ground state, giant
resonances,...);
- Result: a robust posterior distribution of Skyrme parametrizations
compatible with the experimental data;

- Further evidence of tension between 208Pb A, and 48Ca Apy, and ap

- Bayesian statistical analysis on nuclear matter parameters with neutron star
observations:
- Final distribution of parameters informed by both nuclear physics
experiments and neutron star observations!

- Effect on structure of the P between n, , and 2n. . due to nuclear informed
prior



Thank you for your attention!



(Gaussian process (GP) emulator

0.0 02 04 06 08 1.0 The MADAI package:
o - was built for GP applied to
- N\ bayesian inference
) — N\ - given the parameters prior
=° ‘ distributions, it automatically

N

builds the grid

- It does a MCMC to estimate
the posterior distribution

- It extracts parameters sample
following the posteriors

B

0.0 02 04 06 08 1.0
X (arb)

From MADAI user manual

B1
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Why is L, so small’?

Ly,

L., fixed to (28,...,38) MeV

Other parameters fixed at best log(Likelihood) values
Egym = 28 MeV

. only free parameter

Egym = 30 MeV

Eypm = 32 MeV

480&
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* - -
. .

120
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NS EOS computation:
Mapping of Skyrme into M.M.

Skyrme’s parameterst
n,.t..K

sar “—sar’ ~sat

k.. ., L

Sym? “—sym

K K
Gy, G, W, m; /m, m: /m

M.M.’s parameters

Nours Eurs Ksarr Qsars Lsar
E L. K stm, Zsym

sym> “symo> “rsym?

m(;k/m, m{k/m

11-to-1 correspondence with usual Skyrme’s parameters
(L.-W. Chen et al. Phys. Rev. C 80, 014322 (2009))
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Mapping of Skyrme into M.M.

Skyrme’s parameterst
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11-to-1 correspondence with usual Skyrme’s parameters
(L.-W. Chen et al. Phys. Rev. C 80, 014322 (2009))
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Skyrme’s parameterst
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M.M.’s parameters
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J —

sym> —sym? Sym9 strm sym

m(;k/m, m{k/m

11-to-1 correspondence with usual Skyrme’s parameters
(L.-W. Chen et al. Phys. Rev. C 80, 014322 (2009))
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Skyrme’s parameterst
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M.M.’s parameters

%
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Esym’ Lsym’ Sym’ stn’I’ Sym’ Syn’Z’ Zsym

m(;k/m, m{k/m

11-to-1 correspondence with usual Skyrme’s parameters
(L.-W. Chen et al. Phys. Rev. C 80, 014322 (2009))

Mapping of Skyrme into M.M.
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Randomly extracted n > n
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E

sar’ °°

y
y
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Mapping of Skyrme into M.M.

Skyrme’s parameters! ' o o

Nl K, qo * M.M. representation
Esym, Lsym
Go» Gy, Wy, mi</m., m* [m - 60
ﬁ 40 Skyrme (s and Zs PNM
M.M.’s parameters . n < Ny,
Noar Esar Ksap Qsar Lsar Sata ;Zt @
Esyms Lyms Ksyms Qsymo Lsymo> Lsymo Lsym 0+

i m, m* Im e SNM

-20 .
0 0.1 sar 0.2 0.3 0.4

—3
11-to-1 correspondence with usual Skyrme’s parameters np [fm ]
(L.-W. Chen et al. Phys. Rev. C 80, 014322 (2009))




Mapping of Skyrme into M.M.

Skyrme’s parameters! ' o o

Randomly extracted

Nl K, qo  * M.M. representation O*and Z* I
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M.M.’s parameters < Mgy

) 20
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-20
0

11-to-1 correspondence with usual Skyrme’s parameters
(L.-W. Chen et al. Phys. Rev. C 80, 014322 (2009))




Mapping of Skyrme into M.M.

Skyrme’s parameters! ' o o

Randomly extracted

Nl K, qo  * M.M. representation O*and Z* I
Egyms Lgym n>ng, x
Gy, Gy, W, mgk/m, mlm o0 —
ﬁ 40 - Skyrme (s and Zs x PNM
M.M.’s parameters < Mgy

) 20
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%

Esym’ Lsym’ Sym? stm’ Sym? Sym’ Zsym 0

% %
Gy, G, W), m; /m, m: /m
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0

11-to-1 correspondence with usual Skyrme’s parameters
(L.-W. Chen et al. Phys. Rev. C 80, 014322 (2009))




L Ikelihoods
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M — R relation
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Moment of inertia of the crust
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Crust-Core transition properties
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