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The Pandya relation
A relation between the particle-particle and the 

particle-hole interaction.
For a neutron particle in orbital 𝑗! and a proton 

hole in orbital 𝑗" :
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A historical example
The 38Cl spectrum is 

derived from 40K.
Pandya relation with
𝑗! = 𝑓#/% and 𝑗" = 𝑑&/%.

S. Goldstein & I. Talmi, Phys. Rev. 102 (1956) 589
S.P. Pandya, Phys. Rev. 103 (1956) 956
I. Talmi, Simple Models of Complex Nuclei
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The seniority (quantum) number
Seniority 𝜐 is the number of particles not in pairs 

coupled to 𝐽 = 0 (Racah).
Conditions for the conservation of seniority by a 

given (two-body) interaction (𝑉 can be derived 
from the analysis of a 3-particle system.
Any interaction between identical fermions with spin 𝑗

conserves seniority if 𝑗£7/2.
Any interaction between identical bosons with spin 𝑗

conserves seniority if 𝑗£2.

G. Racah, Phys. Rev. 63 (1943) 367
A. de Shalit & I. Talmi, Nuclear Shell Theory
I. Talmi, Simple Models of Complex Nuclei



A state with good seniority
Consider 𝑛𝜈 neutrons in orbital 𝑗𝜈 with seniority 𝜐𝜈

and angular momentum 𝐽𝜈, 𝑛𝜋 protons in orbital 
𝑗𝜋 with seniority 𝜐𝜋 and angular momentum 𝐽𝜋, 
coupled to total angular momentum 𝐽:

What is the expectation value of the neutron-
proton interaction energy in this state?

.|𝑗%
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Neutron-proton interaction energy
Here it is:

with

M. Rejmund et al., Phys. Lett. B 753 (2016) 86 
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Neutron-proton interaction energy
The 𝑊 functions are sums over 12𝑗 symbols:

The 𝐶 coefficients are CFPs:
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One neutron and one proton
For one neutron and one proton we have

Therefore
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1 neutron particle and 1 proton hole
For 1 neutron particle and 1 proton hole we have

Therefore
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Particle-hole transformation
Interaction energy between particles:

Particle-hole transformation 𝑛' → 2𝑗' + 1 − 𝑛' and 
𝑞' → −𝑞'.

Interaction energy between particles and holes:
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Generalised Pandya relation
The particle-hole transformation is obtained by 

replacing the 12𝑗 symbol of the first kind by 
the negative of the 12𝑗 symbol of the second 
kind (or vice versa).



Generalised Pandya relation
The particle-hole transformation is obtained by 

replacing the 12𝑗 symbol of the first kind by 
the negative of the 12𝑗 symbol of the second 
kind (or vice versa).

Further generalisation: The particle-hole 
transformation is obtained by replacing 3𝑛𝑗
symbols of the first kind by the negative of 3𝑛𝑗
symbols of the second kind (or vice versa).



Two neutron & two proton orbitals
Consider a state with neutrons in orbitals 𝑗1𝜈 and 
𝑗2𝜈 and protons in orbitals 𝑗1𝜋 and 𝑗2𝜋:

What is the expectation value of the neutron-
proton interaction energy in this state?
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Neutron-proton interaction energy
Here it is:

with
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Neutron-proton interaction energy
The 𝑊 functions are sums over 18𝑗 symbols:

The 𝐶 coefficients are CFPs:
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An application: 152Tm
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Tm152
8369

neutrons protons

0h9/2

1f7/2

1f5/2

2p3/2
2p1/2

0i13/2

0g7/2

1d5/2

1d3/2
2s1/2

0h11/2

82

126

50

64

82

t

B.S. Nara Singh et al., Phys. Rev. C 98 (2018) 024319



Simple shell-model calculation

π0h11/2 π0h11/2(a)

CWG

0 2 4 6 8 10

-2500

-2000

-1500

-1000

-500

0

500

angular momentum J

V π
πJ
(k
eV

)

ν1f7/2 π0h11/2(b)

CWG

2 3 4 5 6 7 8 9

-700
-600
-500
-400
-300
-200
-100

0

angular momentum J

V ν
πJ
(k
eV

)

One neutron in 1𝑓#/%.
Five protons 0ℎ((/%.
Two-body matrix 

elements from the 
CWG interaction.



Simple shell-model calculation
Why are the 9) and 8) nearly degenerate?
Assume 1 neutron in 1𝑓#/% (𝜐! = 1) and five protons 

in 0ℎ((/% with 𝜐" = 1 and apply the formula:

Anti-aligned and aligned matrix elements cancel!

𝐸 8+0 − 𝐸 9+0 =
1
++
𝑉%&) +

)+
2+3

𝑉%&1 −
4+
2+3

𝑉%&5 −
3+
533

𝑉%&3 −
42
+35#

𝑉%&6 −
++6+
64#64

𝑉%&2 +
++731
)##)#

𝑉%&4 −
)631
55)#

𝑉%&7



Conclusion
Generic expressions for the neutron-proton 

interaction in a state with good seniority for 
neutrons and protons.

The particle-hole transformation is obtained by 
replacing 3𝑛𝑗 symbols of the first kind by the 
negative of 3𝑛𝑗 symbols of the second kind (or 
vice versa).

Caveat: the neutron-proton interaction breaks 
seniority.



Why do I do this?



Because it’s fun!



3nj symbols of the 1st & 2nd kind
to note that the expansions (17.1) and (17.2) differ only in the phase factor (— 1)"
and in the distribution of the parameters j. and Aj in the last factor under the summa�
tion sign. This leads to different intersection properties of'the lines jl and Aj in the
diagrams representing 3«/�coefficients of the first and second kind (Figures 17.1 and
17.2 respectively).

Figure 17.1

Obviously, there need not be only one pair of intersecting lines. However, by
deforming the diagram one can erase two pairs of intersecting lines without essentially
changing the given sum. An uneven number of intersections therefore leads to
Figure 17.1, and an even number to Figure 17.2. Hence it follows that, apart from
those we have examined, no other forms of single sums exist.

The symmetry properties of 6]�coefficients (16.4) give the following symmetry
properties for 3 «/�coefficients of the first and second kinds respectively
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d* j↵↵ j, ] d*! *!•••*↵ ]
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pa •••}» 7i 1 pi j .↵↵↵j "1

',..�'� '. = /� '�i�'�'i •
lk,.. .kn k, J LA, g „ . . . g 2 J

(17.5)

To obtain the first set of relations one must permute the rows in the á i�coefficients
in (17.1) and (17.2) in the columns which do not contain the summation parameter.

To obtain the second set of relations the first 6] �coefficient must be transferred to the
last position. Finally, to obtain the last of these relations one must write all the
e^�coefficient s in reverse order and permute the rows and columns, without changing
the columns containing the summation parameter.

It follows immediately from the triad structure that the sum of four parameters
taken from two columns in the outer rows is an integer.

If one of the parameters in the Sflj'�coefficient vanishes then we obtain, taking

57



3nj symbols of the 1st & 2nd kind
j1 j2 … jn
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Simple shell-model calculation
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