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Diagonalization versus Variational Methods
Shell Model Exact Diagonalization Variational Approximation
◦ Exponential growth of basis dimensions :

D ∼

 dπ

p

 ·

 dν

n



In pf shell :
48Cr 1,963,461
56Ni 1,087,455,228

In pf -sdg space :
78Ni 210,046,691,518

ANTOINE CODE (1989)
◦ Actual limits in giant diagonalizations :

∼1012, ∼1015 ̸= 0 matrix elements

◦ Some of the largest diagonalizations ever are
performed in Strasbourg with relatively modest
computationnal ressources :
E. Caurier et al., Rev. Mod. Phys. 77 (2005) 427

• m-scheme ANTOINE code
BIGSTICK
KSHELL

• coupled scheme NATHAN code

Heff|ΨJM
α

⟩ = E (J)
α

|ΨJM
α

⟩ → δ
⟨ΨJM

α
|Heff|ΨJM

α
⟩

⟨ΨJM
α

|ΨJM
α

⟩
= 0

• Mixing of shapes :

• Restoration of the rotational

symmetry

• Degree of freedom

• MCSM Tokyo group

• DNO-SM Strasbourg group

• PGCM Madrid group

• Different implementations
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Discrete Non-Orthogonal Shell Model (DNO-SM)
⋄ Generator coordinate method :

Deformed Hartree-Fock Slater determinants

Contribution of q = (β, γ) in the correlated state Jα

Rotational symmetry restoration

P(J)
α (q) =

∑
K

∣∣M(J)
α (q, K )

∣∣2
(D.D. Dao and F. Nowacki, PRC 105, 054314 (2022))

⋄ K -mixing contents of the wave functions in the instrinsic frame
K : Projection of total angular momentum J onto the intrinsic axis

Contribution of K -components in the correlated state Jα

P(J)
α (K ) =

∑
q

∣∣M(J)
α (q,K )

∣∣2
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Discrete Non-Orthogonal Shell Model (DNO-SM)
⋄ Generator Coordinate Method :

• Deformed Hartree-Fock Slater determinants

• Contribution of q = (β, γ)

• Rotational symmetry restoration
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⋄ K -mixing contents of the wave
functions in the instrinsic frame

• K : Intrinsic quantum number

• Contribution of K -mixing

P(J)
α (K ) =

∑
q

∣∣M(J)
α (q, K )

∣∣2

⋄ Problems :
Underbinding energies

Compressed spectra, large BE2

Missing correlations

LNPS effective interaction
62Cr DNO-SM(β, γ) SM

E(0+
1 ) (MeV) −212.426 −214.138

B(E2,2+
1 → 0+

1 ) 458 362
(e2fm4)
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Variation After Projection = Incorporation of NpNh
excitations
⋄ Trial symmetry-projected Slater determinants :

Heff|ΨJM
α ⟩ = E (J)

α |ΨJM
α ⟩ =⇒ δ

⟨ΨJM
α |Heff|ΨJM

α ⟩
⟨ΨJM

α |ΨJM
α ⟩ = 0, |ΨJM

α ⟩ =
∑
q,K

f (J)α (q,K ) PJ
MK |Φ(q)⟩

Double variation AFTER Angular Momentum Projection : Mixing coefficient Slater state

⋄ DNO-SM(VAP)
q = 1, 2, 3, ...

Jα = 01, . . .

Best energy-favoring Slater states

|i0⟩
△

|i⟩
⋆

Hilb
er

t S
pa

ce

⋄ DNO-SM(PAV) : (β, γ) + NpNh

arXiv :2507.09073
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Coexistence in 78Ni
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PFSDG-U effective interaction
Ground State Energy in MeV

(β, γ) VAP SM (10p-10h)

81 19 ∼ 2 × 1012
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N=40 at N=Z
p
s
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Z/N=40
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1d5/2

2s1/2

π

1p3/2

0f5/2

1p1/2

0g9/2

1d5/2

2s1/2

ν

80
40Zr40

p shell : 16O
spherical/doubly
magic
PRL 21 (1968) 39

sd shell : 40Ca
spherical/doubly magic
PLB 522 (2001) 240

pf shell : 80Zr deformed
nucleus
...

ZBM1

ZBM2

ZBM3

Low-lying states in H.O. N=Z=8 : CS , 4p4h, 8p8h
Low-lying states in H.O. N=Z=20 : CS , 4p4h,8p8h
Low-lying states in H.O. N=Z=40 : 4p4h? 8p8h? 12p12h?
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Island of Inversion at the N=Z line
⋄ Strongly deformed states at N = Z :

Configuration mixing in 72Kr

Most deformed cases for 76Sr, 80Zr

New spectroscopy for 84Mo and 86Mo
NSCL/GRETINA Experiment
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R.D.O. Llewellyn et al., PRL 124, 152501 (2020)

ZBM3 valence space :
extension of JUN45
to pseudo-SU3 + Quasi-SU3

New effective interactions :
- Realistic TBME + Monopole “3N” constraints”
- ab-initio N3LO (2N) interaction
- ongoing ab-initio N3LO (2N) + 3N (lnl)

interaction

SM + DNO-SM for most deformed cases
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Island of Inversion at the N=Z line

⋄ Strongly deformed states at N = Z
Configuration mixing in 72Kr

Most deformed cases for 76Sr, 80Zr

New spectroscopy for 84Mo and 86Mo
NSCL/GRETINA Experiment

p
s
e
u
d
o
-S

U
3

q
u
a
s
i-
S
U
3

56

28
Ni28

Z/N=40

1p3/2

0f5/2

1p1/2

0g9/2

1d5/2

2s1/2

π

1p3/2

0f5/2

1p1/2

0g9/2

1d5/2

2s1/2

ν

s. p. energy levels s. p. quadrupole moments

q
u
a
si
-S

U
3

0g9/2

1d5/2

2s1/2

K = 1/2

K = 3/2

K = 5/2

+6.83

+1.61

+4.11

+1.42

s. p. energy levels s. p. quadrupole moments

p
se
u
d
o
-S

U
3

1p3/2

0f5/2

1p1/2

K = 1/2

K = 3/2

K = 5/2

+5.06

+1.41

-2.37

+1.08

-2.57 -2.61

B(E2)(e2 .fm4)

nucleus Np-Nh∗ ZRP PHF Exp. DNO-SM∗ SM

84Mo
4p-4h 1104 1193 1740+580

−430 1512 -
8p-8h 1891 1732

86Mo

0p-0h 542 196

707(71) 893 731
2p-2h 1030 871
4p-4h 1416 1179
6p-6h 1858 1655

12/38



Island of Inversion at the N=Z line

⋄ Strongly deformed states at N = Z
Configuration mixing in 72Kr

Most deformed cases for 76Sr, 80Zr

New spectroscopy for 84Mo and 86Mo
NSCL/GRETINA Experiment

p
s
e
u
d
o
-S

U
3

q
u
a
s
i-
S
U
3

56

28
Ni28

Z/N=40

1p3/2

0f5/2

1p1/2

0g9/2

1d5/2

2s1/2

π

1p3/2

0f5/2

1p1/2

0g9/2

1d5/2

2s1/2

ν

s. p. energy levels s. p. quadrupole moments

q
u
a
si
-S

U
3

0g9/2

1d5/2

2s1/2

K = 1/2

K = 3/2

K = 5/2

+6.83

+1.61

+4.11

+1.42

s. p. energy levels s. p. quadrupole moments

p
se
u
d
o
-S

U
3

1p3/2

0f5/2

1p1/2

K = 1/2

K = 3/2

K = 5/2

+5.06

+1.41

-2.37

+1.08

-2.57 -2.61

B(E2)(e2 .fm4)

nucleus Np-Nh∗ ZRP PHF Exp. DNO-SM∗ SM

84Mo
4p-4h 1104 1193 1740+580

−430 1512 -
8p-8h 1891 1732

86Mo

0p-0h 542 196

707(71) 893 731
2p-2h 1030 871
4p-4h 1416 1179
6p-6h 1858 1655

12/38



Island of Inversion at the N=Z line

⋄ Strongly deformed states at N = Z
Configuration mixing in 72Kr

Most deformed cases for 76Sr, 80Zr

New spectroscopy for 84Mo and 86Mo
NSCL/GRETINA Experiment

p
s
e
u
d
o
-S

U
3

q
u
a
s
i-
S
U
3

56

28
Ni28

Z/N=40

1p3/2

0f5/2

1p1/2

0g9/2

1d5/2

2s1/2

π

1p3/2

0f5/2

1p1/2

0g9/2

1d5/2

2s1/2

ν

s. p. energy levels s. p. quadrupole moments

q
u
a
si
-S

U
3

0g9/2

1d5/2

2s1/2

K = 1/2

K = 3/2

K = 5/2

+6.83

+1.61

+4.11

+1.42

s. p. energy levels s. p. quadrupole moments

p
se
u
d
o
-S

U
3

1p3/2

0f5/2

1p1/2

K = 1/2

K = 3/2

K = 5/2

+5.06

+1.41

-2.37

+1.08

-2.57 -2.61

B(E2)(e2 .fm4)

nucleus Np-Nh∗ ZRP PHF Exp. DNO-SM∗ SM

84Mo
4p-4h 1104 1193 1740+580

−430 1512 -
8p-8h 1891 1732

86Mo

0p-0h 542 196

707(71) 893 731
2p-2h 1030 871
4p-4h 1416 1179
6p-6h 1858 1655

12/38



Island of Inversion at the N=Z line

⋄ Strongly deformed states at N = Z
Configuration mixing in 72Kr

Most deformed cases for 76Sr, 80Zr
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3N forces in light nuclei
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N3LO NN calculations

✵
✷
✹
✻
✽
✶✵
✶✷
✶✹
✶✻

✸�✁ ✂✺✄✸
☎

✆☎

✝☎

✞☎

✟☎
✠☎

✡☎

✵ ✵☛✵☞ ✵☛✶ ✵☛✶☞ ✵☛✷
✌

✌✍✌✎

✌✍✏

✌✍✏✎

✌✍✑

❣ ✭❞✒✓✮

❜

✔✕
❩✖

▼✗✘

✵
✷
✹
✻
✽
✶✵
✶✷
✶✹
✶✻

✸�✁ ✂✺✄✸ ☎

✆☎

✝☎

✞☎

✟☎
✠☎

✡☎

✵ ✵☛✶ ✵☛✷ ✵☛☞ ✵☛✹ ✵☛✌
✍

✍✎✏

✍✎✑

✍✎✒

✍✎✓

✍✎✔

❣ ✭❞✕✖✮

❜

✗✘
▼✙

✚✛✜

B(E2)(e2 .fm4)

nucleus NpNh∗ ZRP PHF Exp. DNO-SM N3LO

80Zr
4p-4h 587 637

1910(180) 2325 0.038p-8h 1713 1509
12p-12h 2663 2396

84Mo
4p-4h 1104 1193 1740+580

−430 1740 174
8p-8h 1891 1732

2N

HO

νπ

2p3/2

2p1/2

1f5/2

3s1/2

2d5/2

1g9/2

2p3/2

2p1/2

1f5/2

3s1/2

2d5/2

1g9/2

2N + 3N

so

HO

νπ

2p3/2

1f5/2

2p1/2

1g9/2

2d5/2

3s1/2

2p3/2

1f5/2

2p1/2

1g9/2

2d5/2

3s1/2

Three body forces and persistence of spin-orbit shell gaps in medium-mass nuclei : Towards the doubly magic 78Ni,

K. Sieja, F. Nowacki

Phys. Rev. C85, 051301(R) (2012)
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Isospin Symmetric Island of Inversion
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Landscape of superheavy nuclei

(From Seweryniak (SSNET 2024)
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Applications to superheavy nuclei

Kuo-Herling interaction :
• 208

82 Pb126 core, realistic TBMEs

• 82 ≤ Z ≤ 126 shells for proton and
126 ≤ N ≤ 184 for neutrons

• monopole corrections (3N force)
E. Caurier and F. Nowacki,

PRL 87 (2001),072511

Calculations : NATHAN & CARINA codes

⋄ Diagonalization within the seniority scheme
along the chains of N = 126 and N = 184

⋄ Variation After Projection calculations :
253,254,255Es, 249,251,253Cf, 253,254No, 256Fm

⋄ Comparison of spectra and electromagnetic

moments
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Yrast systematics : odd-even 251
98 Cf153

⋄ Systematic comparison
of Yrast bands

251Cf 253No 254Es

256Fm

DNO-SM(VAP)

1/2+1 Kπ = 1/2+
3/2+1

5/2+1

7/2+1
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9/2−1
Kπ = 9/2−
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arXiv :2409.08210
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Yrast systematics : odd-even 253
102No151

⋄ Systematic comparison
of Yrast bands

251Cf 253No 254Es
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Yrast systematics : odd-odd 254
99 Es155

⋄ Systematic comparison
of Yrast bands
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Yrast systematics : even-even 256
100Fm156

⋄ Systematic comparison
of Yrast bands
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Applications to superheavy nuclei :
Electromagnetic moments

⋄ Comparison of magnetic and quadrupole moments

Effective charges : ep = 1.72, en = 0.75
Jπ

gs E (MeV) µ(µN) Qs (eb)

PHF VAP PHF VAP EXP PHF VAP EXP
253No 9/2− −241.818 −242.816 +0.591 −0.493 −0.527(33)(75) −3.5 +7.2 +5.9(1.4)(0.9)
253Cf 7/2+ −253.402 −253.818 −0.677 −0.556 −0.731(35) +5.77 +5.78 +5.53(51)
251Cf 1/2+ −241.321 −241.724 −0.727 −0.610 −0.571(24) - - -
249Cf 9/2− −229.021 −229.381 −0.480 −0.461 −0.395(17) +6.62 +6.63 +6.27(33)
255Es 7/2+ −263.512 −264.695 −1.10 +3.94 +4.14(10) +6.0 +5.8 +5.1(1.7)
254Es 7+ −257.492 −258.441 +0.778 +3.36 +3.42(7) +1.8 +8.4 +9.6(1.2)
253Es 7/2+ −251.837 −252.280 +3.63 +3.93 +4.10(7) +5.87 +5.9 +6.7(8)
256Fm 0+ −268.999 −269.717 +0.87 +0.89 - −3.57 −3.60 -
254No 0+ −249.568 −250.187 +0.87 +0.91 - −3.78 −3.75 -

arXiv :2409.08210

24/38



Applications to superheavy nuclei : 254
102No152

⋄ Known spectrospcopy :
Axially well-deformed nucleus

Ground-state rotational band

Several isomeric states (8−, 3+, 10+)

⋄ Calculations :
Deformed Axial Minimum at β = 0.25

Mixing of triaxial configurations (β, γ)

(PAV(15))

VAP calculations for band-head structures
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Reproduction of spectra : Yrast rotational band

254
No

DNO-SM(VAP) (32 Slater states)
0+1 Kπ = 0+
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−
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3
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+
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0
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−
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(14−)
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+
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(12+)

(13+)

(14+)

(15+)
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Isomeric 8−(K = 8) band

254
No

DNO-SM(VAP) (32 Slater states)
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+
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2620

2799

8−
2 Calc. EXP.

E∗ (keV) 1305 1295a

(a M. Forge et al., Physical Review, under review)

Single-particle configurations :

∼ Two-neutron excitations

νj15/2 ⊗ νg9/2
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Isomeric 3+(K = 3) band
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DNO-SM(VAP) (32 Slater states)
0+1 Kπ = 0+

2+1

4+1

6+1

8+1

10+1

12+1

14+1

16+1

18+1

44

146

306

522

794

1119

1497

1925

2403

z

Jz

x

y

z

z

Jz

x

y

z

z

Jz

x

y

z

8
−

2

K
π = 8−

9−

10−

11−

12−

13−

14−

15−

1305

1415

1542

1677

1827

1986

2160

2342

3
+

1 K
π = 3+

944
4+3 1007
5+1 1051

6+2 1137

7+2 12064
+

4

K
π = 4+

1250

5+2 1315

0
+

2

859
2+2 900

4+2 995

10
+

6

K
π = 10+

11+

12+

13+

14+

15+

2127

2259

2401

2552

2711

2879

EXP
0+
2+
4+

6+

8+

10+

12+

14+

16+

18+

44

146

305

519

786

1104

1470

1882

2327

8
−

9−

(10−)

(11−)

(12−)

(13−)

(14−)

(15−)

1295

1406

1529

1662

1807

1964

2132

2311

3
+ 987
4+ 1033
5+ 1091
6+ 1161
7+ 1243

4
+

1203
(5+) 1259

(0+) 888

(10+)

(11+)

(12+)

(13+)

(14+)

(15+)

2015

2148

2293

2450

2620

2799

28/38



Isomeric 3+(K = 3) band : Gallagher-Moszkowski
partner 4+(K = 4)

254
No

DNO-SM(VAP) (32 Slater states)
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3
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4
+
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(14+)

(15+)

2015
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2620

2799

254No Calc. EXP.

E∗(3+) (keV) 944 987a

E∗(4+) (keV) 1250 1203a

∆EGM = E↑↓ − E↑↑ 306 216a

(a M. Forge et al., Physical Review, under review)

K = |Ωn ± Ωp|
K = 3 (spin-aligned)
lies lower than
K = 4 (spin-anti-aligned)
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Single-particle Occupations : 3+(K = 3), 4+(K = 4)

3+
1 , 4+

4 : similar structure

involving a πh9/2

recoupled with others orbitals

Ground- and excited-states occupations

Proton orbits 0h9/2 0i13/2 1f7/2 1f5/2 2p3/2 2p1/2

0+
1 6.03 7.75 3.43 1.49 0.77 0.52

0+
2 7.08 7.91 3.23 0.89 0.69 0.21

3+
1 (K = 3) 6.47 7.98 3.34 1.15 0.72 0.34

4+
4 (K = 4) 6.50 7.83 3.41 1.18 0.72 0.36

8−
2 (K = 8) 6.48 7.90 3.36 1.19 0.70 0.37

10+
6 (K = 10) 6.55 7.03 3.48 1.56 0.79 0.58

Neutron orbits 0i11/2 0j15/2 1g9/2 1g7/2 2d5/2 2d3/2 3s1/2

0+
1 7.30 9.91 5.43 1.00 1.09 0.84 0.43

0+
2 7.36 9.95 5.45 0.96 1.05 0.80 0.42

3+
1 (K = 3) 7.32 9.94 5.46 0.97 1.07 0.81 0.42

4+
4 (K = 4) 7.34 9.79 5.48 1.03 1.11 0.81 0.44

8−
2 (K = 8) 7.42 9.00 6.30 0.98 1.06 0.81 0.43

10+
6 (K = 10) 7.23 8.89 5.72 1.40 1.34 0.97 0.45
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Branching Ratio : 3+(K = 3) band

254
No

DNO-SM(VAP) (32 Slater states)
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+

4

K
π = 4+

1250

5+2 1315

0
+

2

859
2+2 900

4+2 995

10
+

6

K
π = 10+

11+

12+

13+

14+

15+

2127

2259

2401

2552

2711

2879

EXP
0+
2+
4+

6+

8+

10+

12+

14+

16+

18+

44

146

305

519

786

1104

1470

1882

2327

8
−

9−

(10−)

(11−)

(12−)
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+
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∆EGM = E↑↓ − E↑↑ Calc. EXP.

∆EGM (keV) 306 216a

(a M. Forge et al., Physical Review, under review)

K = |Ωn ± Ωp|

K = 3 (spin-aligned)
lies lower
K = 4 (spin-anti-aligned)

254No B(E2, 7+
2 → 5+

1 ) B(M1, 7+
2 → 6+

2 )

23971 e2fm4 0.228 µ2
N

Branching Ratio Calc. EXP.a

0.94 1.1(4)
(a S. K. Tandel et al., Phys. Rev. Lett. 97, 082502 (2006))
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Low-lying excited 0+
2 state
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(a M. Forge et al., Physical Review, under review)

Structure :

Involving essentially proton excitations
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Isomeric 10+(K = 10) band
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a S. G. Wahid et al.,

Phys. Rev. C 111, 034320 (2025)
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Dipole excitations in 242
94 Pu148

⋄ Known spectrospcopy :
Axially well-deformed nucleus

Ground-state rotational band

Several side bands :

1−(K = 0), 3−(K = 3), 7−

⋄ Calculations :
Deformed Axial Minimum at β = 0.24

VAP calculations for band-head structures
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Dipole excitations in 242
94 Pu148

⋄ Strength function description of M1, E1 :
Scissors mode in deformed nuclei

DNO-SM(VAP) : capture correlations

D. Budker et al., Ann. Phys. 2022, 534, 2100284.

⋄ Open problems :
Generate easily structure function
for many final states

E1 transitions forbidden
in the natural valence space

−→ add QSU3 higher orbitals

K. Heyde et al., Rev. Mod. Phys. 104, 045801 (2021).

1
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 2  3  4  5  6

242
Pu Orbital + Spin

B
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1
) 

(µ
N

2
)
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Dipole excitations in 242
94 Pu148

⋄ Strength function description of M1, E1 :
Scissors mode in deformed nuclei

DNO-SM(VAP) : capture correlations

D. Budker et al., Ann. Phys. 2022, 534, 2100284.

⋄ Open questions :
Generate easily structure function
for many final states

E1 transitions forbidden
in the natural valence space

−→ add QSU3 higher orbitals

K. Heyde et al., Rev. Mod. Phys. 104, 045801 (2021).
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Summary

Non-Orthogonal Multi-Slater Determinants give an exact representation of shell-model
wave functions

Pairing correlations are fully captured by the variation after projection where the
rotational symmetry is consistently restored

Isospin symmetric Island of Inversion around A∼ 80

First shell-model description of superheavy nuclei : 253,254,255Es, 249,251,253Cf,
253,254No, 256Fm

Complete reproduction of known spectroscopy of 254No : yrast and excited isomeric
structures

Ongoing study of dipole excitations in 242Pu
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Summary

Special thanks to :

G. Martinez-Pinedo, A. Poves, S. Lenzi

A. Gade, O. Sorlin, A. Obertelli

38/38



Discrete Non-Orthogonal Shell Model (DNO-SM)

Broeckhove-Deumens Theorem : Z. Phys. A292, 243

(1979)

Given a separable Hilbert space H spanned by a conti-

nuous family of states Γ = {ψ(α)|α ∈ R}, there exists a

countable subset Γ0 = {ϕ(αi )|i ∈ N} ⊂ Γ with the property

H = spanΓ0, i.e. Γ0 is a skew or non-orthogonal basis in

H .

ψ = c1ϕ1 + c2ϕ2 + · · ·+ ciϕi + . . .
IMPLICATIONS :

Non-Orthogonal Slater Determinants spans the full shell-model space

The number of Slater Determinants is FINITE

“Labels” for eigenstates : |α, JπM,TTz⟩
• symmetries : (J, π, ...)
• intrinsic label : α related to the dynamics of the Hamiltonian

VARIATIONAL PROJECTED SLATER DETERMINANT

SOLVES THE SHELL-MODEL DIAGONALIZATION PROBLEM
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Variation After Projection : DNO-SM(VAP)
⋄ Trial symmetry-projected Slater determinants :

Heff|ΨJM
α ⟩ = E (J)

α |ΨJM
α ⟩ =⇒ δ

⟨ΨJM
α |Heff|ΨJM

α ⟩
⟨ΨJM

α |ΨJM
α ⟩ = 0, |ΨJM

α ⟩ =
∑
q,K

f (J)α (q,K ) PJ
MK |Φ(q)⟩

Double variation AFTER Angular Momentum Projection : Mixing coefficient Slater state

⋄ DNO-SM(VAP)
q = 1, 2, 3, ...

Jα = 01, . . .

Best energy-favoring Slater states

|i0⟩
△

|i⟩
⋆

Hilb
er

t S
pa

ce

⋄ Energy Minimization :
|Φ⟩ = e

∑
ij Zij c

†
i cj |Φ0⟩

∂E (J)
α

∂Z , |Φ⟩ = |Φ0⟩+ η ∂E (J)
α

∂Z

(H(J) − E (J)
α N (J))f (J)α = 0, {E (J)

α , |ΨJM
α ⟩}
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Monopole-corrected effective interactions

△ V-low k derived from NN interactions

(S.K. Bogner et al., Prog. Part. Nucl. Phys. 65, 1 (2010) 94-147)

△ Valence-space MBPT renormalization

(H.-W. Hammer et al. RMP 85, 197 (2013)) (M. Hjorth-Jensen et al. Phys. Rep. 261 (1995) 125-270)

△ Multipole decomposition

(M. Dufour, A. P. Zuker, Phys. Rev. C 54, 1641 (1996))
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3N forces in light nuclei
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3N forces in light nuclei
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3N forces in light nuclei
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Shell closures and 2N forces only

no Spin-orbite shell closures in 12C, 22O, 48Ca, 56Ni
too strong H. O. shell closures 16O, 40Ca, ... and 80Zr !!!
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Yrast systematics : odd-even 251
98 Cf153

⋄ Systematic comparison
of Yrast bands

251Cf 253No 254Es

256Fm

DNO-SM(VAP)

1/2+1 Kπ = 1/2+
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arXiv :2409.08210
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Yrast systematics : odd-even 253
102No151

⋄ Systematic comparison
of Yrast bands

251Cf 253No 254Es

256Fm

DNO-SM(VAP)
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Yrast systematics : odd-odd 254
99 Es155

⋄ Systematic comparison
of Yrast bands

251Cf 253No 254Es
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Yrast systematics : even-even 256
100Fm156

⋄ Systematic comparison
of Yrast bands
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Applications to superheavy nuclei :
Electromagnetic moments

⋄ Comparison of magnetic and quadrupole moments

Effective charges : ep = 1.72, en = 0.75
Jπ

gs E (MeV) µ(µN) Qs (eb)

PHF VAP PHF VAP EXP PHF VAP EXP
253No 9/2− −241.818 −242.816 +0.591 −0.493 −0.527(33)(75) −3.5 +7.2 +5.9(1.4)(0.9)
253Cf 7/2+ −253.402 −253.818 −0.677 −0.556 −0.731(35) +5.77 +5.78 +5.53(51)
251Cf 1/2+ −241.321 −241.724 −0.727 −0.610 −0.571(24) - - -
249Cf 9/2− −229.021 −229.381 −0.480 −0.461 −0.395(17) +6.62 +6.63 +6.27(33)
255Es 7/2+ −263.512 −264.695 −1.10 +3.94 +4.14(10) +6.0 +5.8 +5.1(1.7)
254Es 7+ −257.492 −258.441 +0.778 +3.36 +3.42(7) +1.8 +8.4 +9.6(1.2)
253Es 7/2+ −251.837 −252.280 +3.63 +3.93 +4.10(7) +5.87 +5.9 +6.7(8)
256Fm 0+ −268.999 −269.717 +0.87 +0.89 - −3.57 −3.60 -
254No 0+ −249.568 −250.187 +0.87 +0.91 - −3.78 −3.75 -

arXiv :2409.08210
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Applications to superheavy nuclei :
Electromagnetic moments

⋄ Comparison of magnetic and quadrupole moments

Effective charges : ep = 1.72, en = 0.75
Jπ

gs E (MeV) µ(µN) Qs (eb)

PHF VAP PHF VAP EXP PHF VAP EXP
253No 9/2− −241.818 −242.816 +0.591 −0.493 −0.527(33)(75) −3.5 +7.2 +5.9(1.4)(0.9)
253Cf 7/2+ −253.402 −253.818 −0.677 −0.556 −0.731(35) +5.77 +5.78 +5.53(51)
251Cf 1/2+ −241.321 −241.724 −0.727 −0.610 −0.571(24) - - -
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arXiv :2409.08210

253No PHF VAP EXP

Jπ = 9/2− +0.591 −0.493 −0.527(33)(75)

K = 9/2 100.0% 99.6%

K = 7/2 0.0 % 0.4 %

K-mixing is necessary to reproduce the magnetic
moment.
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Single-particle Occupations : 8−(K = 8)

Isomeric structures :
8−

2 : two-neutron coupling

ν j15/2 ⊗ νg9/2

Ground- and excited-states occupations

Proton orbits 0h9/2 0i13/2 1f7/2 1f5/2 2p3/2 2p1/2

0+
1 6.03 7.75 3.43 1.49 0.77 0.52

0+
2 7.08 7.91 3.23 0.89 0.69 0.21

3+
1 (K = 3) 6.47 7.98 3.34 1.15 0.72 0.34

4+
4 (K = 4) 6.50 7.83 3.41 1.18 0.72 0.36

8−
2 (K = 8) 6.48 7.90 3.36 1.19 0.70 0.37

10+
6 (K = 10) 6.55 7.03 3.48 1.56 0.79 0.58

Neutron orbits 0i11/2 0j15/2 1g9/2 1g7/2 2d5/2 2d3/2 3s1/2

0+
1 7.30 9.91 5.43 1.00 1.09 0.84 0.43

0+
2 7.36 9.95 5.45 0.96 1.05 0.80 0.42

3+
1 (K = 3) 7.32 9.94 5.46 0.97 1.07 0.81 0.42

4+
4 (K = 4) 7.34 9.79 5.48 1.03 1.11 0.81 0.44

8−
2 (K = 8) 7.42 9.00 6.30 0.98 1.06 0.81 0.43

10+
6 (K = 10) 7.23 8.89 5.72 1.40 1.34 0.97 0.45
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Discrete Non-Orthogonal Shell Model (DNO-SM)

Broeckhove-Deumens Theorem : Z. Phys. A292, 243

(1979)

Given a separable Hilbert space H spanned by a conti-

nuous family of states Γ = {ψ(α)|α ∈ R}, there exists a

countable subset Γ0 = {ϕ(αi )|i ∈ N} ⊂ Γ with the property

H = spanΓ0, i.e. Γ0 is a skew or non-orthogonal basis in

H .

ψ = c1ϕ1 + c2ϕ2 + · · ·+ ciϕi + . . .
IMPLICATIONS :

Non-Orthogonal Slater Determinants spans the full shell-model space

The number of Slater Determinants is FINITE

Heuristic technique to select triaxial (β, γ) configurations
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Isomeric single-particle configurations

Isomeric structures :
8−

2 : two-neutron coupling

ν j15/2 ⊗ νg9/2

3+
1 , 4

+
4 : involving a πh9/2

Ground- and excited-states occupations

Proton orbits 0h9/2 0i13/2 1f7/2 1f5/2 2p3/2 2p1/2

0+
1 6.03 7.75 3.43 1.49 0.77 0.52

0+
2 7.08 7.91 3.23 0.89 0.69 0.21

3+
1 (K = 3) 6.47 7.98 3.34 1.15 0.72 0.34

4+
4 (K = 4) 6.50 7.83 3.41 1.18 0.72 0.36

8−
2 (K = 8) 6.48 7.90 3.36 1.19 0.70 0.37

10+
6 (K = 10) 6.55 7.03 3.48 1.56 0.79 0.58

Neutron orbits 0i11/2 0j15/2 1g9/2 1g7/2 2d5/2 2d3/2 3s1/2

0+
1 7.30 9.91 5.43 1.00 1.09 0.84 0.43

0+
2 7.36 9.95 5.45 0.96 1.05 0.80 0.42

3+
1 (K = 3) 7.32 9.94 5.46 0.97 1.07 0.81 0.42

4+
4 (K = 4) 7.34 9.79 5.48 1.03 1.11 0.81 0.44

8−
2 (K = 8) 7.42 9.00 6.30 0.98 1.06 0.81 0.43

10+
6 (K = 10) 7.23 8.89 5.72 1.40 1.34 0.97 0.45
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Monopole-corrected effective interactions
△ V-low k derived from NN interactions

(S.K. Bogner, R.J. Furnstahl, A. Schwenk, Prog. Part. Nucl. Phys. 65, 1 (2010) 94-147)

△ Valence-space MBPT renormalization

(H.-W. Hammer et al. Rev. Mod. Phys. 85, 197 (2013)) (M. Hjorth-Jensen et al. Phys. Rep. 261 (1995) 125-270)

△ Multipole decomposition

Pairing Components Quadrupole

F. Nowacki et al., Prog. Part. Nucl. Phys. 120, 103866 (2021)

Multipole Universality :

56/38



E
(M

e
V
)

Number of HF states

-87

-86

-85

 1000  2000  3000

DNO-SM(β, γ)
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Jπ
i → Jπ

f B(E2) (e2.fm4) B(M1) (µ2
N )

2+
1 → 0+

1 28666 -

4+
1 → 2+

1 41021 -

0+
2 → 2+

1 98.236 -

2+
2 → 0+

2 25327 -

4+
1 60.738 -

2+
1 25.227 3.980×10−6

3+
1 → 2+

2 2.5959×10−2 8.020×10−6

4+
1 2.7359×10−4 2.957×10−7

2+
1 9.6147×10−4 6.050×10−6

4+
2 → 2+

2 36147 -

3+
1 5.4204×10−1 4.200×10−7

4+
1 23.783 8.360×10−6

2+
1 18.569 -

4+
3 → 3+

1 45803 1.3852×10−1

6+
1 6.3712×10−4 -

4+
1 6.5482×10−3 3.634×10−5

2+
1 8.2100×10−6 -

4+
4 → 3+

1 1.1354×103 1.977×10−3

4+
3 9.6847×102 1.737×10−2

2+
2 4.438×10−4 -

2+
1 1.398×10−4 -
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Pairing correlations in 254No
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  DNO­SM(VAP)

Eγ (keV)

J

254No

48Cr DNO-SM(β, γ) DNO-SM(VAP) Exact SM

dimension 22 50 1 963 461

E(0+
gs) (MeV) −31.873 −32.953 −32.953

⋄ Approaches :
AMP Projected Hartree-Fock :

∼ Pure Rotor J(J + 1) law

“Well-deformed” heavy/superheavy
nuclei :

Impact of pairing is PERTURBATIVE

Variation After Projection :

∼ Fully capturing pairing

(Slater Determinants

preserving Particle Numbers)
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