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The post-Newtonian formalism

PN formalism:

Perturbative expansion of the equations of GR

2hµν =
16πG

c4
τµν with τµν = |g|Tµν + c4

16πG
Λµν(h, ∂h, ∂2h)

Weak �eld, small velocities : (v/c)2 ∼ Gm/rc2 ≪ 1

4.5PN order → O(1/c9) beyond leading order

Present work → non-spinning quasi-circular binaries
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Di�erent space zones in the PN-MPM formalism

Near zone, PN expansion

Exterior zone, PM, {IL, JL, . . . }
Bu�er zone

Radiative zone

hµν [IL, JL,WL, XL, YL, ZL] = hµν [ML, SL]
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Brief overview of the steps to compute the phase

ϕ(Ω)

F = −dE

dt

F =
G

c5

[
1

5
U

(1)
ij U

(1)
ij +

1

c2

(
1

189
U

(2)
ijkU

(2)
ijk +

16

45
V

(1)
ij V

(1)
ij

)
+ . . .

]
Uij =M

(2)
ij + (non-linear terms)

Mij = Iij + (gauge interactions)

Iij =

∫
d3x x̂ij

(
Σ̄ + . . .

)
Σ̄ related to the PN metric and the stress-energy tensor
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The regularization problem: UV and IR

↪→ Formalism written using the Hadamard Partie Finie regularization

↪→ Di�erence between UV (self �eld) and IR (in�nity) divergencies

UV: bodies modelled as point particles

IR: need for a regularization at in�nity in the formalism itself

↪→ But dimensional regularization is more suitable at high order

I(d) = I(Had) + DI

↪→ We compute using Hadamard regularization and di�erence with DR

↪→ Every step has to be done with this procedure
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Results
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The source mass quadrupole [MHLMFB20,LHFB21a,LHFB21b]

I
renorm

ij = mν

(
Ax⟨ixj⟩ + B

r2

c2
v⟨ivj⟩ +

G2m2ν

c5r
C x⟨ivj⟩

)
+ O

(
1

c9

)

A = 1 + γ

(
−
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42
−
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14
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)
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2
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461
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−
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+
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16632
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+
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ν
3
)

+ γ
4
(
−

1067041075909
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+

31886

2205
ln

(
r
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)
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[
−

85244498897
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π
2 −
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7
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(
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−
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(
r
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2688
π
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(
r
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ν
2

−
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ν
4
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π
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7
π γ
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′
0)

↪→ IR pole canceled by the ones of tails-of-tails and tails-of-memory contributions
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The source current quadrupole [HFB21]
↪→ In 3d, Jij de�ned with Levi-Civita tensor
↪→ Needed to generalize the de�nition in d dimensions

Ji|L = iℓ . . . i2 i1

i
Sym
i|L

≡ AiiℓTF
iL

STF
L

J
[3]
ij =

1

2
εab(i lim

d→3
Ja|bj)

↪→ Computed with full dimensional regularization to 3PN

Jij = −νm∆

[
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]
+O
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)
A = 1 + γ

(
67

28
−

2
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)
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2
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168
ν
2
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3
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ln
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243853
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+
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π
2 − 22 ln

(
r
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44995

5544
ν
2
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599

16632
ν
3

)

B =
188

35
ν γ

(r0, r
′
0)
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From source to canonical moments [BFL22,TLB22,BFHLT23a]

↪→ In the exterior zone, we link the source to the canonical moments

hµν [IL, JL,WL, XL, YL, ZL] = hµν [ML, SL]

Mij = Iij +
4G

c5

[
W (2)Iij −W (1)I

(1)
ij

]
+

4G

c7

{
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a⟨i I
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(3)
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a I
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21
Y (3)
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22

63
Y (2)
a I

(1)
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5

63
Y (1)
a I

(2)
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+ 2W (3)Wij + 2W (2)W
(1)
ij − 4

3
W⟨iW

(3)
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9
J
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b

]}

+O

(
1

c9

)
↪→ Hadamard treatment yields a 4PN term that is canceled with DR
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Tails-of-Memory [TB23]
↪→ The 3.5PN corrections were already known
↪→ Two types of terms: tail-like and double integral

U
4PN

ij =
G2M

c8

8
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↪→ This is the 3d result, the DR correction yields a pole which cancels
the one of Iij . It is incorporated in Irenormij .

(r0, b0)
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The 4.5PN �ux for circular orbits [MBF16,BFHLT23a]
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+

214745

1728
ν +

193385

3024
ν
2
)
πx

7/2

+
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+
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1369

126
π
2
+
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+
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+
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+
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+
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−
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+
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+
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+
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−
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+ O
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↪→ The three arbitrary constants cancel out from observables

x ≡
(
GmΩ

c3

)2/3
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Comparison with second order self-force

Courtesy to H. Estellés
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New feature: Orbital vs observable frequency [BFHLT23a]

hℓm = Hℓme
−imϕ = Ĥℓme

−imψ

↪→ Absorb the logs (from tails) in Hℓm with a phase redi�nition

ψ = ϕ− 2GMω

c3
ln

(
ω

ω0

)
Orbital frequency: ω ≡ ϕ̇

Apparent orbital frequency (at future null in�nity): Ω ≡ ψ̇

↪→ The observed orbital frequency di�ers by a 4PN correction

Ω = ω

{
1− 192

5
ν

(
Gmω

c3

)8/3

︸ ︷︷ ︸
4PN

[
ln

(
ω

ω0

)
+1

]}
+O

(
1

c10

)

↪→ Propagation of the GW on a Schwarzschild background
↪→ Crucial to remove arbitrary constants from observables

ω0 ∝ 1/b0
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The 4.5PN phase [BFHLT23b]
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The 4.5PN phase [BFHLT23b]
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