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Scattering amplitudes
Experiment Theory

Gauge theories, Supersymmetric theories, 
Gravity

Feynman integrals

For precision physics, precise theoretical predictions are needed 
 computation of higher-order loop corrections



Analytic structure
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Class of functions?

Multiple Polylogarithms

Elliptic Polylogarithms

K3 surfaces

Higher-dimensional Calabi-Yau manifold 

Can we identify them?

Can we “use” them? 

Rich Mathematical structure

 [Picture Credits- Wikiwand, perso.univ-rennes1.fr, wikipedia.org]

http://perso.univ-rennes1.fr
http://wikipedia.org


Modern techniques for solving Feynman integrals
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Feynman integrals
IBPs

Master integrals (MI)
Set up a system of DE wrt kinematics 

<latexit sha1_base64="fon+flA9uF60Hs96Ui5ESKXlGuk=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCqJiLoRqm50V8FeoA1lMjlth04mYWZSCKG+ihsXirj1Qdz5Nk7bLLT1h4GP/5zDOfP7MWdKO863VVhZXVvfKG6WtrZ3dvfs/YOmihJJoUEjHsm2TxRwJqChmebQjiWQ0OfQ8ke303prDFKxSDzqNAYvJAPB+owSbayeXQ66Y6DZ/eQKX+Mce3bFqToz4WVwc6igXPWe/dUNIpqEIDTlRKmO68Tay4jUjHKYlLqJgpjQERlAx6AgISgvmx0/wcfGCXA/kuYJjWfu74mMhEqloW86Q6KHarE2Nf+rdRLdv/QyJuJEg6DzRf2EYx3haRI4YBKo5qkBQiUzt2I6JJJQbfIqmRDcxS8vQ/O06p5Xzx7OKrWbPI4iOkRH6AS56ALV0B2qowaiKEXP6BW9WU/Wi/VufcxbC1Y+U0Z/ZH3+AOKUlEo=</latexit>

d~I = A~I
Change the basis

Eps-form [Henn ’13]
<latexit sha1_base64="OZFWfcpXiVxfjqKLVe0gbe+Xgns=">AAAB+nicbZDLSsNAFIYn9VbrLdWlm8EiuCqJiLoRim7UVYXeoA1lMj1ph04uzEwqJeZR3LhQxK1P4s63cZpmoa0/DHz85xzOmd+NOJPKsr6Nwsrq2vpGcbO0tb2zu2eW91syjAWFJg15KDoukcBZAE3FFIdOJID4Loe2O76Z1dsTEJKFQUNNI3B8MgyYxyhR2uqb5d4EaHKfXuFGRndp36xYVSsTXgY7hwrKVe+bX71BSGMfAkU5kbJrW5FyEiIUoxzSUi+WEBE6JkPoagyID9JJstNTfKydAfZCoV+gcOb+nkiIL+XUd3WnT9RILtZm5n+1bqy8SydhQRQrCOh8kRdzrEI8ywEPmACq+FQDoYLpWzEdEUGo0mmVdAj24peXoXVatc+rZw9nldp1HkcRHaIjdIJsdIFq6BbVURNR9Iie0St6M56MF+Pd+Ji3Fox85gD9kfH5A+Osk8Y=</latexit>

~J = T ~I
<latexit sha1_base64="86kgdrHwud3anoK5ut8CW82m2xk=">AAACDXicbVA9SwNBEN2LXzF+nVraLEbBKtxJUBshaiNWEcwH5ELY25skS/b2jt29QDjyB2z8KzYWitja2/lv3CRXaOKDgcd7M8zM82POlHacbyu3tLyyupZfL2xsbm3v2Lt7dRUlkkKNRjySTZ8o4ExATTPNoRlLIKHPoeEPbiZ+YwhSsUg86FEM7ZD0BOsySrSROvZR4A2BpnfjS+xBrBiPBPY04wGkV2OceR276JScKfAicTNSRBmqHfvLCyKahCA05USpluvEup0SqRnlMC54iYKY0AHpQctQQUJQ7XT6zRgfGyXA3UiaEhpP1d8TKQmVGoW+6QyJ7qt5byL+57US3b1op0zEiQZBZ4u6Ccc6wpNocMAkUM1HhhAqmbkV0z6RhGoTYMGE4M6/vEjqpyX3rFS+Lxcr11kceXSADtEJctE5qqBbVEU1RNEjekav6M16sl6sd+tj1pqzspl99AfW5w91T5vS</latexit>

d ~J = ✏Ã ~J

<latexit sha1_base64="Uf+H0UQgd+pwYQoxeKViFYGKsCU=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqpiRS1E2h6EZcVbAPaNIwmU7baSeTMDMRSsgXuPFX3LhQxK1rd/6N0zYLbT1w4XDOvdx7jx8xKpVlfRsrq2vrG5u5rfz2zu7evnlw2JRhLDBp4JCFou0jSRjlpKGoYqQdCYICn5GWP76e+q0HIiQN+b2aRMQN0IDTPsVIackzi7feGFahI+PAS0ZVK4UOiSRlIe+OoPa6SWl0mnpmwSpbM8BlYmekADLUPfPL6YU4DghXmCEpO7YVKTdBQlHMSJp3YkkihMdoQDqachQQ6Sazd1JY1EoP9kOhiys4U39PJCiQchL4ujNAaigXvan4n9eJVf/STSiPYkU4ni/qxwyqEE6zgT0qCFZsognCgupbIR4igbDSCeZ1CPbiy8ukeVa2z8uVu0qhdpXFkQPH4ASUgA0uQA3cgDpoAAwewTN4BW/Gk/FivBsf89YVI5s5An9gfP4AaRabGQ==</latexit>

Jk =
X

j=0

✏jJ (j)
k

The choice of basis not unique; no general 
methods fits all

Maximal cuts

[Primo, Tancredi, ’17]
[Adams, E. Chaubey, Weinzierl, ’17, ’18]

[Lee ’14] [Meyer ’18] [Wasser ’20]
[Adams, E. Chaubey, Weinzierl, ’17]

[Frellesvig, Papadopoulos, ’17]
[Baikov, ’96, ’97]

Square roots
Geometry of the Feynman integral often manifested by the square root
[Festi, van Straten, ’18] [Adams, E. Chaubey, Weinzierl ’18]

<latexit sha1_base64="GoCBBcYnzC7zgSw3JSwJbJ+++Mo="></latexit>

MaxcutCI2001111(4� 2✏) /
Z

C

dPq
(P � t)(P � t+ 4m2)(P 2 + 2m2 s+4t

s�4m2P +m2(m2 � 4t) s
s�4m2 � 4m2t2

s�4m2 )

[Dlapa, Henn, Wagner, ’22]



Functional representation

Chen’s definition of iterated integrals:
<latexit sha1_base64="jIbdX6Lpvr/6O4Nj871rbEhRQg0=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9mVol6EohePFewHtGvJptk2NMkuSVYtS/+HFw+KePW/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6387S8srq2npuI7+5tb2zW9jbb+goUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDK8nfvOBKs0ieWdGMfUF7ksWMoKNle6fugxddvpYCFxyT7qFolt2p0CLxMtIETLUuoWvTi8iiaDSEI61bntubPwUK8MIp+N8J9E0xmSI+7RtqcSCaj+dXj1Gx1bpoTBStqRBU/X3RIqF1iMR2E6BzUDPexPxP6+dmPDCT5mME0MlmS0KE45MhCYRoB5TlBg+sgQTxeytiAywwsTYoPI2BG/+5UXSOC17Z+XKbaVYvcriyMEhHEEJPDiHKtxADepAQMEzvMKb8+i8OO/Ox6x1yclmDuAPnM8fAVWRjA==</latexit>

xi = �(0)
<latexit sha1_base64="fi0d6WroBWsqwNcOVPDQ1r0UbnI=">AAACBXicbVC7SgNBFJ2Nrxhfq5ZaDAbBQsKuBBWroI2NEME8IFnC3ckkGTKzs8zMKmFJY+Ov2FgoYus/2Pk3Th6FJh64cDjnXu69J4w508bzvp3MwuLS8kp2Nbe2vrG55W7vVLVMFKEVIrlU9RA05SyiFcMMp/VYURAhp7WwfzXya/dUaSajOzOIaSCgG7EOI2Cs1HL3m10QAvAFbnjHfoCbinV7BpSSD/im5ea9gjcGnif+lOTRFOWW+9VsS5IIGhnCQeuG78UmSEEZRjgd5pqJpjGQPnRpw9IIBNVBOv5iiA+t0sYdqWxFBo/V3xMpCK0HIrSdAkxPz3oj8T+vkZjOeZCyKE4MjchkUSfh2Eg8igS3maLE8IElQBSzt2LSAwXE2OByNgR/9uV5Uj0p+KeF4m0xX7qcxpFFe+gAHSEfnaESukZlVEEEPaJn9IrenCfnxXl3PiatGWc6s4v+wPn8ASsjlxw=</latexit>

� : [0, 1] ! M
<latexit sha1_base64="IR0jIvxYWMkAQkxb704//u2hfis=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS9mVol6EohePFewHtGvJptk2NMkuSVYtS/+HFw+KePW/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6387S8srq2npuI7+5tb2zW9jbb+goUYTWScQj1QqwppxJWjfMcNqKFcUi4LQZDK8nfvOBKs0ieWdGMfUF7ksWMoKNle6fuiG67PSxELjknXQLRbfsToEWiZeRImSodQtfnV5EEkGlIRxr3fbc2PgpVoYRTsf5TqJpjMkQ92nbUokF1X46vXqMjq3SQ2GkbEmDpurviRQLrUcisJ0Cm4Ge9ybif147MeGFnzIZJ4ZKMlsUJhyZCE0iQD2mKDF8ZAkmitlbERlghYmxQeVtCN78y4ukcVr2zsqV20qxepXFkYNDOIISeHAOVbiBGtSBgIJneIU359F5cd6dj1nrkpPNHMAfOJ8//h6Rig==</latexit>

xf = �(1)

<latexit sha1_base64="B3y9tfEwygqu3ZMQHh5rJGQmhIA="></latexit>

I�(!1, ...,!k;�) =

Z �

0
d�1f1(�1)

Z �1

0
d�2f2(�2)...

Z �k�1

0
d�kfk(�k)

=

Z

0
d�1f1(�1)I�(!2, ...,!k;�1),

[Chen ’77]
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Goncharov’s Polylogarithms (MPLs)

Elliptic Polylogarithms (eMPLs)



Numerical evaluation
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[Vollinga, Weinzierl, ’05]

[Moriello, ’19] [Hidding, ’21]

Numerical evaluation of the functions at various phase-space points

Multiple polylogarithms
Elliptic integrals

GINAC

Local series expansion methods

PolyLogTools

Auxiliary mass flow methods

[Duhr, Dulat, ’19]

[Liu, Ma, ’22]

Iterated integrals

Canonical DE

Ofcourse PySecDec, Fiesta, Feyntrop



Some selected examples
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Scattering amplitudes (       )   

• Computation of helicity amplitudes for top-quark pair production involves elliptic 
integral contributions 

• Topbox evaluates to 3 different elliptic curves 

• Faster numerical evaluation of elliptic functions needs  

     optimisation of the basis 

<latexit sha1_base64="fUeM61p/7VIGDzjE433RNTFzEbA=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF71VsB/ShrLZbtqlu0nYnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGSxHxJgqUvJNoTlUgeTsY38z89hPXRsTRA04S7is6jEQoGEUrPSLpBVRnOO2XK27VnYOsEi8nFcjR6Je/eoOYpYpHyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xraUQVN342P3hKzqwyIGGsbUVI5urviYwqYyYqsJ2K4sgsezPxP6+bYnjtZyJKUuQRWywKU0kwJrPvyUBozlBOLKFMC3srYSOqKUObUcmG4C2/vEpaF1Xvslq7r1Xqd3kcRTiBUzgHD66gDrfQgCYwUPAMr/DmaOfFeXc+Fq0FJ585hj9wPn8A0a6QdQ==</latexit>

tt̄

[Adams, E. Chaubey, Weinzierl, ’18]

[Badger, E. Chaubey, Hartanto, Marzucca, ’21]

[E. Chaubey’ 21]
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Needed for precise understanding of top quarks



1-loop amplitude for tt-jet

• Analytic helicity amplitudes for 1-loop QCD corrections,                   
Previously missing ingredient for NNLO, expansion of 
the 1-loop helicity amplitudes up to O(    )

9

<latexit sha1_base64="sLB5qWTz7mGMZThzzR+LMwZyw1s=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl7AhCMpop6jHoRePE9wLtHWkWbqFpWlJUmGUfgsvXvwqXjwo4sWDsG9j1ino5gOBH///8yRP/n7MqFSWNTYKC4tLyyvF1dLa+sbmlrm905JRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2P7yc+O07IiSN+I0axcQLUZ/TgGKktNQ1j1M3v8QRfd9LraqV19EcZC6JJWURv61lXbPyI8N5sL+hUi+7h/fj+qjRNT/cXoSTkHCFGZLSsa1YeSkSimJGspKbSBIjPER94mjkKCTSS/O9MrivlR4MIqEPVzBXf0+kKJRyFPq6M0RqIGe9ifif5yQqOPdSyuNEEY6nDwUJgyqCk6RgjwqCFRtpQFhQvSvEAyQQVjrPkg7Bnv3yPLRqVfu0enKt07gA0yqCPVAGB8AGZ6AOrkADNAEGD+AJvIBX49F4Nt6M92lrwfie2QV/yvj8AmZboNM=</latexit>

✏2

• Canonical form DE for all 130 MIs across 4 
pentagon topologies 

• Numerical solution using generalised 
power series expansion in DiffExp 

• Analytic result of boundary constants

[Badger, Becchetti, E. Chaubey, Marzucca, Sarandrea, ’22]



2-loop 5-point integrals
[Badger, Becchetti, E. Chaubey, Marzucca, ’22]

• One of the topologies that appear in  the NNLO 
corrections for tt-jet production 

• 5 Mandelstam variables and mass dependence through 
top-quarks 

• 88 master integrals 

• Well-thought basis important to reconstruct analytically
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<latexit sha1_base64="dZbt5SewLHxUeDQgCDlS7ZxR5SQ=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEinosevFYwX5AE8pmu2nXbpJld6KUULz4V7x4UMSrv8Kb/8Ztm4O2Phh4vDfDzLxACq7Bcb6twtLyyupacb20sbm1vWPv7jV1kirKGjQRiWoHRDPBY9YADoK1pWIkCgRrBcOrid+6Z0rzJL6FkWR+RPoxDzklYKSufSAl9hTvD4AolTxg8AKiMhjju65ddirOFHiRuDkpoxz1rv3l9RKaRiwGKojWHdeR4GdEAaeCjUteqpkkdEj6rGNoTCKm/Wz6whgfG6WHw0SZigFP1d8TGYm0HkWB6YwIDPS8NxH/8zophBd+xmOZAovpbFGYCgwJnuSBe1wxCmJkCKGKm1sxHRBFKJjUSiYEd/7lRdI8rbhnlepNtVy7zOMookN0hE6Qi85RDV2jOmogih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7A+fwBglpdu</latexit>

pp ! tt̄j

• Evaluation at 1 boundary point with a precision of O(100) using AMFlow 
• Integration of analytic differential equations using generalised power 

series expansion as implemented in DiffExp

<latexit sha1_base64="PiOpIs2YnNbeZIjV9Cweoob6F84=">AAACI3icbZDLSgMxFIYz9VbrrerSTbAIddEyU4qKIBTduKxgL9CpQyZN27SZZEgyQhn6Lm58FTculOLGhe9i2g6orQcCP/93Difn90NGlbbtTyu1srq2vpHezGxt7+zuZfcP6kpEEpMaFkzIpo8UYZSTmqaakWYoCQp8Rhr+8GbKG49EKir4vR6FpB2gHqddipE2lpe9dIPIi+kAjq9gAQ49+hDnCyXoklBRJvjpGLq4I7QhAzhDP8TL5uyiPSu4LJxE5EBSVS87cTsCRwHhGjOkVMuxQ92OkdQUMzLOuJEiIcJD1CMtIzkKiGrHsxvH8MQ4HdgV0jyu4cz9PRGjQKlR4JvOAOm+WmRT8z/WinT3oh1THkaacDxf1I0Y1AJOA4MdKgnWbGQEwpKav0LcRxJhbWLNmBCcxZOXRb1UdM6K5btyrnKdxJEGR+AY5IEDzkEF3IIqqAEMnsALeAPv1rP1ak2sj3lrykpmDsGfsr6+ATXros8=</latexit>

µij = �k(�2✏)
i · k(�2✏)

j



Two-loop QCD & QED corrections for light-by-light scattering

• The LHC can accelerate not just protons but heavy 
ions with charges up to Z=82 for lead (Pb) ions. This 
enables many       collision measurements in ultra-
peripheral pp, pn and nn collisions (UPCs).  

• Light-by-light scattering one of the few photon-fusion 
processes observed for the first time at the LHC.

<latexit sha1_base64="ItAj2ExtUI3leHpuYBwmbGYrPKg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaUCbbTbt0Nwm7G6GE/g0vHhTx6p/x5r9x2+agrQ9meLw3w86+MBVcG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMUdaiiUhUN0TNBI9Zy3AjWDdVDGUoWCcc3838zhNTmifxo5mkLJA4jHnEKRor+f4QpcRF71drbt2dg6wSryA1KNDsV7/8QUIzyWJDBWrd89zUBDkqw6lg04qfaZYiHeOQ9SyNUTId5PObp+TMKgMSJcpWbMhc/b2Ro9R6IkM7KdGM9LI3E//zepmJboKcx2lmWEwXD0WZICYhswDIgCtGjZhYglRxeyuhI1RIjY2pYkPwlr+8StoXde+qfvlwWWvcFnGU4QRO4Rw8uIYG3EMTWkAhhWd4hTcnc16cd+djMVpyip1j+APn8wcT3pG5</latexit>��

Light-by-light scattering at UPCs

Important for studies of anomalous quartic gauge couplings, 
axion-like particles, Born-Infeld extensions of QED or anomalous 
tau electromagnetic moments as well as for important SM and 
BSM studies.

[Shao, d’Enterria,`22]

[Beloborodov, Kharlamova, Telnov,`23]

[ATLAS collaboration `17,`19, `20]
[Klusek-Gawenda, Schaefer, Szczurek,`16]
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<latexit sha1_base64="wplLSeZG7rOgHUVcPa+dCJtP3Xo=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPidmPHg==</latexit>�
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<latexit sha1_base64="wplLSeZG7rOgHUVcPa+dCJtP3Xo=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPidmPHg==</latexit>�

Pb

Pb

Light-by-light scattering
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[Shao, d’Enterria,`22]

• Scale we are probing is 5 GeV (tau, lepton, bottom 
should be massive) 

• Observed recently  

• Gamma_UPC has been integrated into automated 
event generators Madgraph5_aMC@NLO for NLO

Gamma UPC

[ATLAS collaboration `17,`19, `20]
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• 2-loop QCD & QED corrections in the ultra-relativistic limit (                         , massless internal lines)
<latexit sha1_base64="N6wCoXQKerFgwHike0gbyOXnAzw=">AAAB8nicbVBNSwMxEM36WetX1aOXYBE8lLJbinoqRS8eK9gP2K4lm6ZtaLJZklmhLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXhgLbsB1v5219Y3Nre3cTn53b//gsHB03DIq0ZQ1qRJKd0JimOARawIHwTqxZkSGgrXD8e3Mbz8xbbiKHmASs0CSYcQHnBKwkm9KUEpwrSYfK71C0S27c+BV4mWkiDI0eoWvbl/RRLIIqCDG+J4bQ5ASDZwKNs13E8NiQsdkyHxLIyKZCdL5yVN8bpU+HihtKwI8V39PpEQaM5Gh7ZQERmbZm4n/eX4Cg+sg5VGcAIvoYtEgERgUnv2P+1wzCmJiCaGa21sxHRFNKNiU8jYEb/nlVdKqlL3LcvW+WqzfZHHk0Ck6QxfIQ1eoju5QAzURRQo9o1f05oDz4rw7H4vWNSebOUF/4Hz+ALa9kD4=</latexit>

s, t, u >> m2

• Two-loop corrections to light-by-light scattering in supersymmetric QED

<latexit sha1_base64="hfNvcP+W3h5Y5o7qpda93kEjFJs="></latexit>

�(p1,�1) + �(p2,�2) + �(p3,�3) + �(p4,�4) ! 0

Light-by-light scattering
[AH, E. Chaubey, Shao, To appear]

[Bern, De Freitas, Dixon, Ghinculov & Wong, 2001]

[Binoth, Glover, Marquard, & van Der Bij, 2002]



Amplitude computation

<latexit sha1_base64="6ZyKfe94lW6eoxNkZjtIp+vKCxE="></latexit>

M = "1,µ1"2,µ2"3,µ3"4,µ4Mµ1µ2µ3µ4(p1, p2, p3, p4)

<latexit sha1_base64="9Mj0ZVlvX2Ut79cvw8w1suz3eSQ=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQIYRdCeox6sVjBPOAZAmzk9lkyOzsMg8hLPkNLx4U8erPePNvnCR70MSChqKqm+6uIOFMadf9dnJr6xubW/ntws7u3v5B8fCopWIjCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvpv57ScqFYvFo54k1I/wULCQEayt1Lvpe6isKrpizlG/WHKr7hxolXgZKUGGRr/41RvExERUaMKxUl3PTbSfYqkZ4XRa6BlFE0zGeEi7lgocUeWn85un6MwqAxTG0pbQaK7+nkhxpNQkCmxnhPVILXsz8T+va3R47adMJEZTQRaLQsORjtEsADRgkhLNJ5ZgIpm9FZERlphoG1PBhuAtv7xKWhdV77Jae6iV6rdZHHk4gVMogwdXUId7aEATCCTwDK/w5hjnxXl3PhatOSebOYY/cD5/AIh6kBE=</latexit>

A1(s, t, u)
<latexit sha1_base64="DQ9QC+jluihvn44UX+UFZI2oRdk=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQoZSJFHVZ6sZlBfuAdhwyaaYNzWSGJKOUsZ/ixoUibv0Sd/6NaTsLbT1w4XDOvdx7jx9zprTjfFu5tfWNza38dmFnd2//wC4etlWUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57Tjj69nfueBSsUicacnMXVDPBQsYARrI3l2seGlCE3vESyriq4kZ9CzS07VmQOuEpSREsjQ9Oyv/iAiSUiFJhwr1UNOrN0US80Ip9NCP1E0xmSMh7RnqMAhVW46P30KT40ygEEkTQkN5+rviRSHSk1C33SGWI/UsjcT//N6iQ6u3JSJONFUkMWiIOFQR3CWAxwwSYnmE0MwkczcCskIS0y0SatgQkDLL6+S9nkVXVRrt7VSvZHFkQfH4ASUAQKXoA5uQBO0AAGP4Bm8gjfryXqx3q2PRWvOymaOwB9Ynz9twZIt</latexit>

B1
11(s, t, u)

<latexit sha1_base64="YWrNCTZ0S+w/6XH324y31R5uYso=">AAAB+nicbVDLSgMxFM3UV62vqS7dBItQoZRJKeqy2I3LCvYB7TBk0kwbmskMSUYpYz/FjQtF3Pol7vwb03YW2nrgwuGce7n3Hj/mTGnH+bZyG5tb2zv53cLe/sHhkV087qgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXnzTnfveBSsUica+nMXVDPBIsYARrI3l2semlNYTQDJZVRVeSC+jZJafqLADXCcpICWRoefbXYBiRJKRCE46V6iMn1m6KpWaE01lhkCgaYzLBI9o3VOCQKjddnD6D50YZwiCSpoSGC/X3RIpDpaahbzpDrMdq1ZuL/3n9RAfXbspEnGgqyHJRkHCoIzjPAQ6ZpETzqSGYSGZuhWSMJSbapFUwIaDVl9dJp1ZFl9X6Xb3UuMniyINTcAbKAIEr0AC3oAXagIBH8AxewZv1ZL1Y79bHsjVnZTMn4A+szx8qWJIC</latexit>

C2111(s, t, u)

Number of independent functions

<latexit sha1_base64="/Mteja5NY4E5pKn4qnIIU7C9+W8=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2VGiroRim5cVrAP6AxDJpNp02YmIckUSilu/BU3LhRx61e4829M21lo64ELJ+fcS+49oWBUacf5tgorq2vrG8XN0tb2zu6evX/QVDyTmDQwZ1y2Q6QIoylpaKoZaQtJUBIy0goHt1O/NSRSUZ4+6JEgfoK6KY0pRtpIgX3kDZEkQlFmXn0PR1xDEfThtRPYZafizACXiZuTMshRD+wvL+I4S0iqMUNKdVxHaH+MpKaYkUnJyxQRCA9Ql3QMTVFClD+enTCBp0aJYMylqVTDmfp7YowSpUZJaDoTpHtq0ZuK/3mdTMdX/pimItMkxfOP4oxBzeE0DxhRSbBmI0MQltTsCnEPSYS1Sa1kQnAXT14mzfOKe1Gp3lfLtZs8jiI4BifgDLjgEtTAHaiDBsDgETyDV/BmPVkv1rv1MW8tWPnMIfgD6/MHwXaXAg==</latexit>

"j · pj = 0
Bose symmetry
Gauge symmetry

[Binoth, Glover, Marquard, & van Der Bij, 2002]
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<latexit sha1_base64="PcpiaNXSRhDyExla6MX3CEhxG58="></latexit>

Mµ1µ2µ3µ4 =A1g
µ1µ2gµ3µ4 +A2g

µ1µ3gµ2µ4 +A3g
µ1µ4gµ2µ3 +

3X

j1,j2=1

�
B1

j1j2g
µ1µ2pµ3

j1
pµ4
j2

+B2j1j2g
µ1µ3pµ2

j1
pµ4
j2

+B3j1j2g
µ1µ4pµ2

j1
pµ3
j2

+B4j1j2g
µ2µ3pµ2

j1
pµ4
j2

+B5j1j2g
µ2µ4pµ1

j1
pµ3
j2

+B6j1j2g
µ3µ4pµ1

j1
pµ2
j2

�

+
3X

j1,j2,j3,j4=1

Cj1j2j3j4p
µ1
j1
pµ2
j2
pµ3
j3
pµ4
j4
.



Reduction to MIs & Simplification

 18 top-level sectors

Can be mapped into the 2-loop 
diagram shown on the right

7798 integrals before IBP
60 diagrams in total 

1

2

3

4

5

6

7

89

<latexit sha1_base64="IMGyn+BmaVE0CVAZcd2Rrpu2cHA="></latexit>

k21 �m2
t , (k1 + p1)

2 �m2
t , (k1 + p1 + p2)

2 �m2
t , (k1 + p1 + p2 + p3)

2 �m2
t ,

(k2)
2 �m2

t , (k2 + p1)
2 �m2

t , (k2 + p1 + p2)
2 �m2

t , (k2 + p1 + p2 + p3)
2 �m2

t ,

(k2 � k1)
2

<latexit sha1_base64="PdLzm7HKmipWwI7uIHur7QV4bis="></latexit>

Ia1,··· ,a9 =

✓
e✏�E

i⇡
d
2

◆2 Z 2Y

i=1

ddki
Da4

4 Da6
6

Da1
1 Da2

2 Da3
3 Da5

5 Da7
7 Da8

8 Da9
9

,

<latexit sha1_base64="WtVVLkveaRULEg9uOn1W52LVtO4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPS9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gACbo2h</latexit>p1

<latexit sha1_base64="lfjEq2ZVlSJMUvqhpQemAs6Nhh4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+6Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcD8o2i</latexit>p2
<latexit sha1_base64="TnFXd0WF2keaW9dpfuXYmDfv4Fc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0qMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSfdI/75crbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW375L2mdVb2Lau2uVqlf53EU4QiO4RQ8uIQ63EIDmsBgCE/wAq+OdJ6dN+d90Vpw8plD+AXn4xsFdo2j</latexit>p3

<latexit sha1_base64="5qqAjw1YTtZ9L4PvUnzbaUEklQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6Rf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+yWruvVeo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEG+o2k</latexit>p4

LiteRed (FiniteFlow), KIRA 
[Lee, `13] [Peraro, `19]  [Klappert, 
Lange, Maierhöfer, Usovitsch, 
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<latexit sha1_base64="lfjEq2ZVlSJMUvqhpQemAs6Nhh4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+6Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcD8o2i</latexit>p2

<latexit sha1_base64="WtVVLkveaRULEg9uOn1W52LVtO4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPS9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gACbo2h</latexit>p1

<latexit sha1_base64="hQrRdnmHcUm4onQky6I90Ij8VcU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0s4m7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcD9I2i</latexit>q1

<latexit sha1_base64="hQrRdnmHcUm4onQky6I90Ij8VcU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbTbt0s4m7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWjm6nfeuLaiFg94DjhfkQHSoSCUbTS/WPP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+ien53Xqld53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcD9I2i</latexit>q1

<latexit sha1_base64="lfjEq2ZVlSJMUvqhpQemAs6Nhh4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+6Rf65crbtWdg6wSLycVyNHsl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwis/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKuVb2Lav2uXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcD8o2i</latexit>p2
<latexit sha1_base64="WtVVLkveaRULEg9uOn1W52LVtO4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPS9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gACbo2h</latexit>p1



Analytic computation of the MIs
• 29 MIs; use of differential equations;  

• Choice of a canonical basis [Caron-huot, Henn, 14]  

• Square roots:  

• Choice of variables

<latexit sha1_base64="PET12cE8gqbuvKZQjJ1/Ks6+R4A=">AAACEnicbVBNS8NAEN3Ur1q/qh69LBZBLyWRol6EqhePFewHNKFstpN26WYTdjeFEvobvPhXvHhQxKsnb/4bN21BbX0w8Hhvhpl5fsyZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eQ0WJpFCnEY9kyycKOBNQ10xzaMUSSOhzaPqDm8xvDkEqFol7PYrBC0lPsIBRoo3UKZ64MZGaEd5R2B0CTYMxvsQuxIrxSOCrH7lTLNllewK8SJwZKaEZap3ip9uNaBKC0JQTpdqOHWsvzdZRDuOCmyiICR2QHrQNFSQE5aWTl8b4yChdHETSlNB4ov6eSEmo1Cj0TWdIdF/Ne5n4n9dOdHDhpUzEiQZBp4uChGMd4Swf3GUSqOYjQwiVzNyKaZ9IQrVJsWBCcOZfXiSN07JzVq7cVUrV61kceXSADtExctA5qqJbVEN1RNEDekIv6NV6tJ6tN+t92pqzZjP76A+sj2/kfp2f</latexit>

@s ~f = ✏As
~f

<latexit sha1_base64="byovlFh0FYJuCCmu8AcG4BzJC0c=">AAACEnicbVBNS8NAEN3Ur1q/qh69LBZBLyWRol6EqhePFewHNKFstpN26WYTdjeFEvobvPhXvHhQxKsnb/4bN21BbX0w8Hhvhpl5fsyZ0rb9ZeWWlldW1/LrhY3Nre2d4u5eQ0WJpFCnEY9kyycKOBNQ10xzaMUSSOhzaPqDm8xvDkEqFol7PYrBC0lPsIBRoo3UKZ64MZGaEd7R2B0CTYMxvsQuxIrxSOCrH7lTLNllewK8SJwZKaEZap3ip9uNaBKC0JQTpdqOHWsvzdZRDuOCmyiICR2QHrQNFSQE5aWTl8b4yChdHETSlNB4ov6eSEmo1Cj0TWdIdF/Ne5n4n9dOdHDhpUzEiQZBp4uChGMd4Swf3GUSqOYjQwiVzNyKaZ9IQrVJsWBCcOZfXiSN07JzVq7cVUrV61kceXSADtExctA5qqJbVEN1RNEDekIv6NV6tJ6tN+t92pqzZjP76A+sj2/nrZ2h</latexit>

@t ~f = ✏At
~f

<latexit sha1_base64="aO1RrQYPTW8UixX8k2gigr0rbRg=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjcQED5KWEPVI9OIRE/lIoJLtssCG3bbuTjWk8lO8eNAYr/4Sb/4bF+hBwZdM8vLeTGbm+ZHgGhzn28qsrK6tb2Q3c1vbO7t7dn6/ocNYUVanoQhVyyeaCR6wOnAQrBUpRqQvWNMfXU395gNTmofBLYwj5kkyCHifUwJG6tr5jr5XkOiiPq3Iu/LJBHftglNyZsDLxE1JAaWode2vTi+ksWQBUEG0brtOBF5CFHAq2CTXiTWLCB2RAWsbGhDJtJfMTp/gY6P0cD9UpgLAM/X3REKk1mPpm05JYKgXvan4n9eOoX/hJTyIYmABnS/qxwJDiKc54B5XjIIYG0Ko4uZWTIdEEQomrZwJwV18eZk0yiX3rFS5qRSql2kcWXSIjlARuegcVdE1qqE6ougRPaNX9GY9WS/Wu/Uxb81Y6cwB+gPr8wcDB5Mx</latexit>p
s(s� 4m2)

<latexit sha1_base64="yatChxoSJHW6B4StYSM3tG69H5U=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjcQED5KWEPVI9OIRE/lIoJLtssCG3bbuTjWk8lO8eNAYr/4Sb/4bF+hBwZdM8vLeTGbm+ZHgGhzn28qsrK6tb2Q3c1vbO7t7dn6/ocNYUVanoQhVyyeaCR6wOnAQrBUpRqQvWNMfXU395gNTmofBLYwj5kkyCHifUwJG6tr5jr5XkEARTivyrnwywV274JScGfAycVNSQClqXfur0wtpLFkAVBCt264TgZcQBZwKNsl1Ys0iQkdkwNqGBkQy7SWz0yf42Cg93A+VqQDwTP09kRCp9Vj6plMSGOpFbyr+57Vj6F94CQ+iGFhA54v6scAQ4mkOuMcVoyDGhhCquLkV0yFRhIJJK2dCcBdfXiaNcsk9K1VuKoXqZRpHFh2iI1RELjpHVXSNaqiOKHpEz+gVvVlP1ov1bn3MWzNWOnOA/sD6/AEGIZMz</latexit>p
t(t� 4m2)

<latexit sha1_base64="Je7l4n/D3BLBJvevwcl0q52K68Y=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQEsSwG4J6DHrxGME8IFnD7GQ2GTL7cKZXCEvw4q948aCIV7/Cm3/jJNmDJhY0FFXddHe5keAKLOvbyCwtr6yuZddzG5tb2zvm7l5DhbGkrE5DEcqWSxQTPGB14CBYK5KM+K5gTXd4NfGbD0wqHga3MIqY45N+wD1OCWipax501L2EREFBwWnFvyvjgjqBYnGMu2beKllT4EVipySPUtS65lenF9LYZwFQQZRq21YETkIkcCrYONeJFYsIHZI+a2saEJ8pJ5m+MMbHWulhL5S6AsBT9fdEQnylRr6rO30CAzXvTcT/vHYM3oWT8CCKgQV0tsiLBYYQT/LAPS4ZBTHShFDJ9a2YDogkFHRqOR2CPf/yImmUS/ZZqXJTyVcv0ziy6BAdoQKy0TmqomtUQ3VE0SN6Rq/ozXgyXox342PWmjHSmX30B8bnDxHXlew=</latexit>p
st(st� 4m2(s+ t))

<latexit sha1_base64="5Uyrb0hMazKzMg/LTBnRtK3oo3c=">AAACDnicbVDLSgMxFM3UV62vqks3wVJoKZaZoajLohuXFewD+iKTpm1oMjMmd4Qy9Avc+CtuXCji1rU7/8b0sdDWA5d7OOdeknu8UHANtv1tJdbWNza3ktupnd29/YP04VFNB5GirEoDEaiGRzQT3GdV4CBYI1SMSE+wuje6nvr1B6Y0D/w7GIesLcnA531OCRipm8629L2CWOdkp4T1mSs7Lgac0wXT8gWsoePmJ7ibzthFewa8SpwFyaAFKt30V6sX0EgyH6ggWjcdO4R2TBRwKtgk1Yo0CwkdkQFrGuoTyXQ7np0zwVmj9HA/UKZ8wDP190ZMpNZj6ZlJSWCol72p+J/XjKB/2Y65H0bAfDp/qB8JDAGeZoN7XDEKYmwIoYqbv2I6JIpQMAmmTAjO8smrpOYWnfNi6baUKV8t4kiiE3SKcshBF6iMblAFVRFFj+gZvaI368l6sd6tj/lowlrsHKM/sD5/AJKImUE=</latexit>p
s(m4s� 2m2t(s+ 2t) + st2)

<latexit sha1_base64="XGNDE1pP/uspeteMwEshYtKFcrk=">AAACFXicbZDLSsNAFIYnXmu9RV26GSxCC7YkpagboejGZQV7gTYtk+mkHTq5MDOxtCEv4cZXceNCEbeCO9/GaZqFtv4w8PGfczhzfjtgVEjD+NZWVtfWNzYzW9ntnd29ff3gsCH8kGNSxz7zectGgjDqkbqkkpFWwAlybUaa9uhmVm8+EC6o793LSUAsFw086lCMpLJ6+pmAV7DYcTjCUQXmx7AIp4VuOY7ypsJxt1yACU0VxT09Z5SMRHAZzBRyIFWtp391+j4OXeJJzJAQbdMIpBUhLilmJM52QkEChEdoQNoKPeQSYUXJVTE8VU4fOj5Xz5MwcX9PRMgVYuLaqtNFcigWazPzv1o7lM6lFVEvCCXx8HyREzIofTiLCPYpJ1iyiQKEOVV/hXiIVEJSBZlVIZiLJy9Do1wyz0uVu0quep3GkQHH4ATkgQkuQBXcghqoAwwewTN4BW/ak/aivWsf89YVLZ05An+kff4AlqCaEw==</latexit>

s = � 4(w � z)2

(1� w2)(1� z2)

<latexit sha1_base64="IQGUXZlZPs+PG0cU92rwJSEb8MU=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLURUtSiroRim5cVrAPaGOZTCft0MkkzEwsbQi48VfcuFDErT/hzr9x2mahrQcuHM65l3vvcUNGpbKsb2NpeWV1bT2zkd3c2t7ZNff26zKIBCY1HLBANF0kCaOc1BRVjDRDQZDvMtJwB9cTv/FAhKQBv1OjkDg+6nHqUYyUljrmoYKXsND2BMJxfggLcHx6X0riIRwnHTNnFa0p4CKxU5IDKaod86vdDXDkE64wQ1K2bCtUToyEopiRJNuOJAkRHqAeaWnKkU+kE09/SOCJVrrQC4QuruBU/T0RI1/Kke/qTh+pvpz3JuJ/XitS3oUTUx5GinA8W+RFDKoATgKBXSoIVmykCcKC6lsh7iOdh9KxZXUI9vzLi6ReKtpnxfJtOVe5SuPIgCNwDPLABuegAm5AFdQABo/gGbyCN+PJeDHejY9Z65KRzhyAPzA+fwBN1pYO</latexit>

t = � (w � z)2

wz
<latexit sha1_base64="rsFj/B2XxQwr1SGlItcrgB4OPfc="></latexit>p
�2wz + z2 + w4z2 � 2w3z3 + w2(1 + z2 + z4)

<latexit sha1_base64="ZO0ohfzypIIJVLgsglPneUTek7c=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IRS8eK7htoV1LNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdjm9nfvuJKs1i+WAmCQ0EHkoWMYKNlXzxWLv2+uWKW3XnQKvEy0kFcjT75a/eICapoNIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupxILqIJsfO0VnVhmgKFa2pEFz9fdEhoXWExHaToHNSC97M/E/r5ua6CrImExSQyVZLIpSjkyMZp+jAVOUGD6xBBPF7K2IjLDCxNh8SjYEb/nlVdKqVb2Lav2+Xmnc5HEU4QRO4Rw8uIQG3EETfCDA4Ble4c2Rzovz7nwsWgtOPnMMf+B8/gDwnI4g</latexit>

m2 = 1

Non-rationalizable??..
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The alphabet

<latexit sha1_base64="jZYelTqMAbN/1WGy3B2ANnrVgw0="></latexit>

1� w, 1 + w, 1� wz,w � z, w,w + z, 1 + w � z + wz, 1� w + z + wz, 1 + wz, 1� z, 1 + z,

z,
�sq + w � z � wz + w2z � wz2

sq + w � z � wz + w2z � wz2
,
�sq + w2 � 3wz + z2

sq + w2 � 3wz + z2
,
�1� sq + w2z � wz2

�1 + sq + w2z � wz2
,

1� sq + w2z � wz2

1 + sq + w2z � wz2

<latexit sha1_base64="a1/majkAwKVf6nKtPKOCZXnheYs="></latexit>

sq =
p

�2wz + z2 + w4z2 � 2w3z3 + w2(1 + z2 + z4)

6  master integrals containing all 4 square roots in the integrand at weight-4.    
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[Caron-huot, Henn, 14]



Solving the canonical master integrals 
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We keep the analytic result in terms of  iterated integrals with dog one-forms constructed using

 We convert all the integral in terms of 1-dimensional integrations  
[Caron-huot, Henn, 14] [Chicherin, Sotnikov `21][Chicherin, Sotnikov, Zoia `22]

We also express the first two orders in terms of logs and classical polylogs by matching symbols  
[Duhr, Gangl, Rhodes, `11] 

<latexit sha1_base64="T/tENbstSIZd0PC5MJ5Q9JKR4Hc="></latexit>Z

�
I(!1...!4;�) =

Z �

0
d�1f1(�1)

Z �1

0
d�2f2(�2)

Z �2

0
d�3f3(�3)

Z �3

0
d�4f4(�4)

| {z }
<latexit sha1_base64="nelxCCj4wtuOk54+kddcEGsVbho=">AAACD3icbVC7SgNBFJ31GeMramkzGJQIEnZDUMugjYVFBPOAbFxmJ5NkyOyDmbtiXPYPbPwVGwtFbG3t/BsnyQqaeODCmXPuZe49bii4AtP8MubmFxaXljMr2dW19Y3N3NZ2XQWRpKxGAxHIpksUE9xnNeAgWDOUjHiuYA13cD7yG7dMKh741zAMWdsjPZ93OSWgJSd3YMfYBnYH8WXQS25KuHB/ePSj8MQp6Te2EyeXN4vmGHiWWCnJoxRVJ/dpdwIaecwHKohSLcsMoR0TCZwKlmTtSLGQ0AHpsZamPvGYasfjexK8r5UO7gZSlw94rP6eiImn1NBzdadHoK+mvZH4n9eKoHvajrkfRsB8OvmoGwkMAR6FgztcMgpiqAmhkutdMe0TSSjoCLM6BGv65FlSLxWt42L5qpyvnKVxZNAu2kMFZKETVEEXqIpqiKIH9IRe0KvxaDwbb8b7pHXOSGd20B8YH9/hh5tM</latexit>

{Log2(z),Li2(z)}

 [Heller, von Manteuffel, Schabinger, `20]  



Numerical evaluation

<latexit sha1_base64="vG0H1BMSyq8uere4rk5VMwU0dhM=">AAACKXicbVDLSgMxFM3UV62vUZdugkWpmzIjRQWLFN24rGAf0Cklk2ba0MyDJGNpx/kdN/6KGwVF3fojptNZ1NZLDhzOuZebe+yAUSEN40vLLC2vrK5l13Mbm1vbO/ruXl34Icekhn3m86aNBGHUIzVJJSPNgBPk2ow07MHNxG88EC6o793LUUDaLup51KEYSSV19IpRHpZNaF0m7zglBROW4VjBcjjCkRlHw1jpjwpjeDWrnnT0vFE0koKLxExJHqRV7ehvVtfHoUs8iRkSomUagWxHiEuKGYlzVihIgPAA9UhLUQ+5RLSj5NIYHimlCx2fK3gSJursRIRcIUaurTpdJPti3puI/3mtUDoX7Yh6QSiJh6eLnJBB6cNJbLBLOcGSjRRBmFP1V4j7SMUgVbg5FYI5f/IiqZ8WzbNi6a6Ur1yncWTBATgEBWCCc1ABt6AKagCDJ/AC3sGH9qy9ap/a97Q1o6Uz++BPaT+/jeqiGA==</latexit>

0 < w < 1 & (1 < z <
1

w
| z >

1

w
)

<latexit sha1_base64="N3pRrePbJkZkCvxytt2PnxezhCk=">AAACGHicbVA9T8MwEHXKVylfAUYWiwpUlpKgCpDoUMHCWCT6IbVR5bhOa9VxItuhKqU/g4W/wsIAQqzd+Dc4aQZoOfmkd+/e6XzPDRmVyrK+jczS8srqWnY9t7G5tb1j7u7VZRAJTGo4YIFoukgSRjmpKaoYaYaCIN9lpOEObuJ+44EISQN+r0YhcXzU49SjGClNdcxTqzws27B9lbzjFBQsWIaPOoe6etI5jGutO+mYeatoJQEXgZ2CPEij2jGn7W6AI59whRmSsmVboXLGSCiKGZnk2pEkIcID1CMtDTnyiXTGyWETeKSZLvQCoZMrmLC/J8bIl3Lku1rpI9WX872Y/K/XipR36YwpDyNFOJ4t8iIGVQBjl2CXCoIVG2mAsKD6rxD3kUBYaS9z2gR7/uRFUD8r2ufF0l0pX7lO7ciCA3AICsAGF6ACbkEV1AAGz+AVvIMP48V4Mz6Nr5k0Y6Qz++BPGNMfYNmZxg==</latexit>

0 < w < 1 & (0 < z < w | w < z < 1)

<latexit sha1_base64="iK0BV7uvrtjZbWHG8TTedD65a9k=">AAACHHicbZDLTgIxFIY7eEO8jbp000g0uIDMKFETWRDduMRELglMSKcUaOh0Jm1HgiMP4sZXceNCY9y4MPFtLMMsFDzpSb7+55y053cDRqWyrG8jtbC4tLySXs2srW9sbpnbOzXphwKTKvaZLxoukoRRTqqKKkYagSDIcxmpu4OrSb1+R4SkPr9Vo4A4Hupx2qUYKS21zROrNCzZsHURn8MEcnkbluC9zvxQ3x+0pGGqWEdtM2sVrDjgPNgJZEESlbb52er4OPQIV5ghKZu2FSgnQkJRzMg40wolCRAeoB5pauTII9KJ4uXG8EArHdj1hU6uYKz+noiQJ+XIc3Wnh1RfztYm4n+1Zqi6505EeRAqwvH0oW7IoPLhxCnYoYJgxUYaEBZU/xXiPhIIK+1nRptgz648D7Xjgn1aKN4Us+XLxI402AP7IAdscAbK4BpUQBVg8AiewSt4M56MF+Pd+Ji2poxkZhf8CePrBx3tmpU=</latexit>

0 < w < 1 & (�1 < z < �w | � w < z < 0)

Physical phase-space regions of interest

We obtain different analytic representations of the results valid in different regions
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• We obtained a completely analytic representation for the squared matrix element at 2-loop  

• NLO cross section with massive contributions for light-by-light scattering at UPC within reach!Outputs 



Take away

• Computation of higher order perturbative corrections important 

• Analytic solution of multi-loop integrals requires understanding the mathematical 
structure 

• With the inclusion of masses in the loop, the analytic structure starts becoming more 
complicated 

• With the inclusion of more legs, often one needs go beyond current mathematical 
understand; often also desirable to combine analytic as well as numerical techniques 
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