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Introduction: ;. mesons

7). Mmeson
Composition: cc
JPC . O—+

Mass: 2983.9 + 0.4 MeV
Width: 32.0 £ 0.7 MeV
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Introduction: ;. mesons

7). Mmeson
Composition: cc
JPC . O—+

Mass: 2983.9 + 0.4 MeV
Width: 32.0 £ 0.7 MeV

n.~hadron structure
e How does it emerge from the bounding of a pair c¢?

e Comparison with lighter 0~ mesons: Assess effect of the Higgs mechanism on
hadron structure.
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Introduction: Hadron structure

Hadron structure
How do quarks and gluons combine to make hadrons up?
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Introduction: Hadron structure

Hadron structure
How do quarks and gluons combine to make hadrons up?

7" (9) v(q)
Generalized Bjorken limit
Q? — oo with Q% >> ¢t
and ¢ fixed.
~_ Factorization
[Phys.Rev.D59(1999)074009]
h(p) t=@'-p* @)
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Introduction: Hadron structure

Hadron structure
How do quarks and gluons combine to make hadrons up?

q q
(@) 7(@) Generalized Bjorken limit
Q? — oo with Q% >> ¢
and ¢ fixed.
Factorization

\/2 , [Phys.Rev.D59(1999)074009]

h(p) t=( -p) h(p')
DVCS: H (&, ¢t Q E / H? (;U.f,t;u%)

p=q,9

JCP: Perturbative information

Generalized Parton distributions HP: Non perturbative QCD i



Introduction: Generalized parton distributions

(GPD) — Generalized parton distributions:
Non-local, light-like separated quark and gluon operators, evaluated between hadron

states in non-forward kinematics and projected onto the light front.
[Fortsch.Phys.:42(1994)101, Phys.Lett.B:380(1996)417, Phys.Rev.D:55(1997)7114]

Example: Twist-two chiral-even quark GPD of a spinless hadron.

Hon (2,660 = 5 [ 5oe™ (I, (on/2) W o2, —vm /20y (<vnf2) b (9
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Introduction: Generalized parton distributions

(GPD) — Generalized parton distributions:
Non-local, light-like separated quark and gluon operators, evaluated between hadron

states in non-forward kinematics and projected onto the light front.
[Fortsch.Phys.:42(1994)101, Phys.Lett.B:380(1996)417, Phys.Rev.D:55(1997)7114]

Example: Twist-two chiral-even quark GPD of a spinless hadron.

Hon (2,660 = 5 [ 5oe™ (I, (on/2) W o2, —vm /20y (<vnf2) b (9

Properties:
e Universality i.e. hadron-specific objects.
e Contain parton distribution functions (PDFs) and form factors.

e Non-perturbative description of hadron structure: Tomography.
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Introduction: Lattice QCD (1)

(Continuum) Quantum field theory
Extremely hard to assess beyond

(QOQ) /D [Au,@’ qp] (z) O [AW@7 1/)} (2) ¢S [Aub ] () perturbation theory

4/19



Introduction: Lattice QCD (1)

(Continuum) Quantum field theory

(91 019) « / D [An,3,4] (2) O [An B, ] () A F]@)

Extremely hard to assess beyond

perturbation theory

(Lattice) Quantum field theory
e Analytic continuation: t — —ity = e*5 — e~ 5%
e Space time discretization:

e a (lattice spacing): UV cut-off.
e I? x T (finite box): Finite number of degrees of
freedom.
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Introduction: Lattice QCD (1)

(Continuum) Quantum field theory

(WO[8) e /D (A0 8, 0] @) O [A,, 5, 9] (z) eS[AnP4]@

Extremely hard to assess beyond

perturbation theory

(Lattice) Quantum field theory
e Analytic continuation: t — —ity = e*5 — e~ 5%
e Space time discretization:

e a (lattice spacing): UV cut-off.
e I? x T (finite box): Finite number of degrees of
freedom.

Amenable for numerical evaluation of the path integral:
Non-perturbative calculations!
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Introduction: Lattice QCD (II)

In Lattice field theory, the expectation value of an observable (O) is computed through
Monte Carlo sampling of the Euclidean path integral, which is interpreted as a Boltzmann
probability distribution.

0) o /D [U’ ¥, w] o [@7 P, U] o SE[UV.¥]

Computed expectation values are connected to (Euclidean) correlation functions
[Comm.Math.Phys.:42(1975)281, Comm.Math.Phys.:54(1977)283]
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Generalized parton distributions and pseudodistributions (1)

Question: How can we compute GPDs in Lattice field theory? ]
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Generalized parton distributions and pseudodistributions (1)

(ITGPD) — Ioffe time Generalized parton distributions:
Equal light-cone time, non-local quark and gluon operators, evaluated between hadron

states in non-forward kinematics.
[Nucl.Phys.B:311(1989)541, Phys.Rev.D:51(1995)6036,Phys.Rev.D:100(2019)116011]

1
Hyp (v, & 1) =2P+/1d$€m a/h (@, 6,85 1)

Example: Twist-two chiral-even quark ITGPD of a spinless hadron.

Hyn (n,& 5 0) = (b (0| G, (—2/2) 7 W =2/2 2/2%, (2/2) L (D) . _,

ZJ_ZO

Properties:

e Universality i.e. hadron-specific objects.
e Contain Ioffe-time PDFs and form factors.

e Non-perturbative description of hadron structure: Tomography.
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Generalized parton distributions and pseudodistributions (11)

Consider a generic matrix element with z € R*! or even z € R*
[Phys.Rev.D:96(2017)034025, Phys.Rev.D:96(2017)094503, Phys.Rev.D:100(2019)116011]

MY, (P, A 2) = (h ()| By (—2/2) ¥W [=2/2; 2/2) g (2/2) | (b)) = 2P*Mp—AFMa+24 M,

with M; (V, &ty z2)
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Generalized parton distributions and pseudodistributions (11)

Consider a generic matrix element with z € R*! or even z € R*
[Phys.Rev.D:96(2017)034025, Phys.Rev.D:96(2017)094503, Phys.Rev.D:100(2019)116011]

MY, (P, A 2) = (h ()| By (—2/2) ¥W [=2/2; 2/2) g (2/2) | (b)) = 2P*Mp—AFMa+24 M,

If we take y =+ and z = 2~ with M; (u,g, t, z2)

M, (P AzZ) = (W) (=27 /2) W [=27 /2527 /2] 4q (27/2) |k (D))

= 2P+MP (V,f,t,o) - A+MA (V7§7 t70) = ﬁq/h (vaa t7 /’[’)
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Generalized parton distributions and pseudodistributions (11)

Consider a generic matrix element with z € R*! or even z € R*
[Phys.Rev.D:96(2017)034025, Phys.Rev.D:96(2017)094503, Phys.Rev.D:100(2019)116011]

MY, (PA,z) = (b (0)| g (=2/2) YW [=2/2; 2/2) 4 (2/2) |k (p)) = 2P* Mp—AFMa+24 M,
If we take p =+ and z = 2 with M; (V,f, t, z2)
(@)W (=27 /2) W [=27 /227 /2] 9q (27/2) |k ()

M;/h (P,Az) =
— 2P+MP (vaatao) - A+MA (V7§7 t70) - ﬁq/h (vaa tv /’[’)

which thus allows to compute GPDs as:

1 [d 3
Hq/h (xagvt) = 5 /ief'wa: [MP (Vafvtvo) + gMA (V,g,t,())]

Computing Generalized parton distributions is equivalent to computing form factors of
the generic matrix element M* (P, A, z).
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GPDs from lattice QCD: Computational strategy

1 dU —ivx
Hq/h (mvgatvl”') - 5 %e [MP (V7§at70)+£MA (l/,g,t,O)]

Step 1. Evaluate generic matrix element on the Lattice:

(R (D) g (=2/2) W [=2/2; 2/2) 9q (2/2) |B (p)) = 2P*Mp—AFMa+2" M, M; (1,€,t, 2% a,my)

Matrix elements

[Phys.Lett.B 815 (2021) 136158]
[Chin. Phys. C 46 (2022) 1, 018105]

[Phys. Rev. D 105 (2022) 9, 094012]
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GPDs from lattice QCD: Computational strategy

1 dU —ivx
Hq/h (xvgata/”') - 5 %e [MP (V7§at70)+£MA (l/,g,t,O)]

Step 1. Evaluate generic matrix element on the Lattice:
(R (D) g (=2/2) W [=2/2; 2/2) 9q (2/2) |B (p)) = 2P*Mp—AFMa+2" M, M; (1,€,t, 2% a,my)

Step 2. Match it onto the light front:

2. a—0 2y LC 9 __
M; (l/,f,t,z ,a,mﬂ) —_— M; (V,f,t,z ) — M; (V,f,t,z = O)
Phys
Mg —>Miy
Matrix elements LC Matching
[Phys.Lett.B 815 (2021) 136158] + [Phys.Rev.D:08(2018)014019]
[Chin. Phys. C 46 (2022) 1, 013105] [Phys.Rev.D:08(2018)056004]
[Phys. Rev. D 105 (2022) 9, 094012] [Phys.Rev.D:97(2018)074508]
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GPDs from lattice QCD: Computational strategy

1 dU —ivx
Hq/h (mvgatvl”') - 5 %e [MP (V7§at70)+£MA (l/,g,t,O)]

Step 1. Evaluate generic matrix element on the Lattice:

(R (D) g (=2/2) W [=2/2; 2/2) 9q (2/2) |B (p)) = 2P*Mp—AFMa+2" M, M; (1,€,t, 2% a,my)

Step 2. Match it onto the light front:
Mi (l/7§,t722;0,, mﬂ') % M’L (V755t722) LC_> Ml (V7§7t722 = 0)

Phys
Me—my >°

Step 3. Fourier transform to momentum-space.

. .
Matrix elements LC Matching Inverse FT
[Phys.Lett.B 815 (2021) 136158] + [Phys.Rev.D:98(2018)014019] + EEES )L
[Chin. Phys. C 46 (2022) 1, 013105] [Phys.Rev.D (2018)056004]
[Phys. Rev. D 105 (2022) 9, 094012] [Phys.Rev.D:97(2018)074508]
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Lattice calculation




Numerical setup

Goal: (e (Four; 18)| ¥ (2) 1V [2, 0] 9 (0) e (Bins 15))

e N; =2 ensemble (CLS)
’ Name ‘ B alfm] L¥xT Ny m,; [MeV] ‘
| D5 |53 006245 24% x48 wu,d 476 |

Twsited boundary conditions and a symmetric frame.

1 Interpolator and 4 smearings.

ns(z) = ¢S (@) sl (x) , JEO=0""
Yy (x) = (1+ 0.125AAPE)NS Yy (x) , N, €{0,30,50,80}

2pt functions: (n’ (¥, t,) 7 (Z,1))

3pt functions: (1l (&', t) OF (Z,7) 7 (Z,1)), 04 (Z,7) =

|
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n
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Data analysis: Two-point functions
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Data analysis: Effective masses

4.0

(Do) (GeV]
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21
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2 % 2
X~ /dof = 0.80 ~ 1| x*/dof =0.54
5 10 15 20 0 5 10 15 20
ts [a] ts la]

Energy spectrum compatible with expectation within finite volume and cut-off effects.
Systematics: - Fit range: Model averaging (AIC) [phye.rev.D.:108(2021)114502]
- Excited state: GEVP [Nucl.Phys.B:259(1985)58, JHEP:04(2009)094]
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Data analysis: Dispersion relations

10.0

Residuals
(==} —_

|
—
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Fit
# Data
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Consistency check: Expected energy-momentum dispersion relations fulfilled.
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Data analysis: Three-point functions

CLy Bouts Pims s, 7) = D e~ PoutZ 4T (h (37 ) OF (2, 7). (&, 1)) ,

C
_‘,_‘

with

0% (7,7) = Pr (2,7) 1 WIZ, 01¢(0, )

We choose

* Y € {71,727}
e 2z, =1(0,0,23,0),with z3/a € Z N[0,10)

® Dout and Pi, chosen such that plY% = —p;¥ and & = W = Fixed
ou

; i} ) e*Ezutts*FT(Eout*Ej;) B Aij . R 8 e 3 e e
CSpt (pouhpin» ts, 7—) = Z 4E0”tEm <TL (pout)| O# (Z) |m (pzn)> Nn (pout) N#{ (pzn)
n,m m Nq;: (9) = (Qne In (9))
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Data analysis: Three-point functions
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Data analysis: Three-point functions
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Data analysis: Ratios and matrix elements

The extraction of matrix elements is made easier through
ratios of three- and two-point functions:

RB (Ta ts) -

62pt (ﬁouta ts) 62pt (ﬁouh ts - T) 62pt (ﬁirm 7-) 62p75 (ETH ta)

[PoS LAT2055(2006)360]

63pt (ﬁoutvﬁina tSa T) \/Cth (ﬁm, ts - T) 62;()1‘/ (ﬁouh T) 621)1‘/ (ﬁouh ts)

Under the assumption of ground state dominance (0 << 7 << t,) and setting ts = 7'/2

(0 (Fout)| O 10 (Fin)) [ (14 €727E8") (1 + e 2(T/2-T)EE"")
4 EgutE(z)n (1 —+ e_QTEén) (1 + e_Q(T/2_T)E8M)

Rp (,ty = T/2) =

For7—T/4=6—0
(0 (Bout)| Ou (2) 10 (Bin))

Rp (1,ty =T/2) ~ [1+26Cs (Eg™, ES") +26°C5 (E§™, E")]
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Data analysis: Ratios and matrix elements
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x?/dof ~ O (1)

3-points fits favored
by AIC.
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Data analysis: Matrix elements

Rg (1,t, =T/2), Fixed P,
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by AIC.
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Data analysis: Three-point functions

(e (Bout; 15)| Ox (2) I (Bim; 15)) = [Eg™ + Eg'] Mp — [Eg™" — Eg"] Ma
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Conclusions and future steps

Summary
e Study of 7.-meson’s structure through GPDs within lattice QCD.
e GPDs give a comprehensive picture about hadron structure.

e Ongoing effort for the extraction of form factors.

Future steps
e Handling excited state contamination.
e Extract form factors Mp and M.

e Matching to the light cone.

e Continuum limit.

e Infinite volume limit.

Reconstruction of light-cone distribution ampltitudes.

e [ll-posedness of the inverse Fourier transform.




Thank you!
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loffe time

Question: How can we compute GPDs in Lattice field theory?

dv
e

Hon (2,660 = 5 [ 52e ()|, (on/2) W lon/2, ~m /2 (<vn/2) b (D)

Hadron frame

p+p

P = such that P, =0

trigger interpretation of v as Ioffe time
[Phys.Lett:30B(1969)123, Phys.Rev.D:51(1995)6036]

z2=—-wvn=>v=—2z PtT=—2.P

P () B, (—2/2) v W [=2/2: 2/2] g (2/2) | (9)) o

zL:O




Momenta

J Dz Dy j
0 0.0 0.0 0.0
1 —2.17075  —2.17075 0.2
2 | —2.10085  —2.10085 0.8
3 | —1.77431 —1.77431 1.8
4 | —0.872673 —0.872673 2.9
5 | —0.0526329 0.0526329 3.183
6 2.17075 2.17075 0.6
7 2.10085 2.10085 2.4
8 1.77431 1.77431 5.4
9 0.872673 0.872673 8.7
10 | 0.0526329  0.0526329  9.549




GEVP

Consider a matrix of correlators,

Ci; (1) = (0: (1) 0; (0)) = i e ENING

n=0

If N operators are available (i.e. 4,5 =0,..., N — 1), separate

N-1
O (W)=Y e P NIML, O ()= 3 NN
n=0

tj



GEVP

Lemma: The matrix C©) (¢) satisfies a Generalized Eigenvalue Problem (GEVP):

[Nucl.Phys.B:259(1985)58, JHEP:04(2009)094]
CO (5, t) vl (¢, t0) = A (¢, t0) CO (5, t0) v (t, t0)
such that

(ngo)va> = 5nma /\510) (t7 tO) = eiESH(titO)v (U(O) O(O)Ur(zO)) = (SnmeitE;:Eff

m

Theorem: If t, > t/2, the corrections to a state n of C(?) given by perturbations from

C™ vanish exponentially as:
[JHEP:04(2009)094]

EEf_p 10O (e—“EN—En))



GEVP

Nsource

Ground state at pg

]\’Sink

0.5

Nsource

Ground state at pyg
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